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Abstract

We will denote by M the space of Borel probabilities on the sym-
bolic space Q = {1,2..,m}N. M is equipped Monge-Kantorovich
metric. We consider here the push-forward map ¥ : M — M as a dy-
namical system. The space of Borel probabilities on M is denoted by
M. Given a continuous function A : M — R, an a priori probability
IIy on M, and a certain convolution operation acting on pairs of proba-
bilities on M, we define an associated Level-2 IF'S Ruelle operator. We
show the existence of an eigenfunction and an eigenprobability IIem
for such an operator. Under a normalization condition for A, we show
the existence of some T-invariant probabilities II € M. We are able
to define the variational entropy of such II and a related maximiza-
tion pressure problem associated to A. In some particular examples,
we show how to get eigenprobabilities solutions on 9t for the Level-
2 Thermodynamic Formalism problem from eigenprobabilities on M
for the classical (Level-1) Thermodynamic Formalism. These exam-
ples highlight the fact that our approach is a natural generalization of
the classic case.
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1 Introduction

Denote by M the space of Borel probabilities on the symbolic space 2 =
{1,2...,m}N. We consider here the push-forward map T : M — M as a
dynamical system (see Definition . First, we will briefly investigate the
dynamical properties of the push-forward map in Section [2] (related results
appear in [4], [5], [27] and[§]). Later, given a continuous function (a potential)
A : M — R we will introduce an associated Ruelle operator acting on
continuous functions f : M — R, and we will present a version of the Ruelle
Theorem about the existence of eigenvalues, eigenprobabilities, etc... For the
classical Ruelle Theorem see [24] (or [2], [L5], [21]).

M is equipped Monge-Kantorovich metric (see [28] and [29]). The space
of Borel probabilities on M is denoted by 9. In order to define our Ruelle
operator it will be essential to consider an a priori probability 11y on M,
and the introduction of a certain convolution operation acting on pairs of
probabilities on M (see Section ; it will be also necessary to combine this
convolution with the action of the push-forward map T (see Section [4).

At the beginning of Subsection [4.1] we present the main assumptions for
defining an IFS Ruelle operator By, on our setting, in order to be able to
obtain (after some work), from already known general results on IFS, the
main conclusions of the paper. For example, one of our main results is
Theorem [16] which claims

Theorem 1. If A : M — R is a Lipschitz potential, then there exists a

positive and continuous eigenfunction h : M — R, such that, By, (h) = Ah,
A > 0.

We will provide examples later on in the text (see Examples |§|, and ;
they will clarify to the reader the unequivocal fact that the results obtained
in our setting are a natural generalization of classical Thermodynamical For-
malism (in the sense of [24]); which can be considered the Level-1 setting.

It will be natural to consider in our Level-2 setting the concept of vari-
ational entropy of a holonomic probability, the pressure problem, and equi-
librium probabilities (see Definitions [7] and [9] on Subsection [4.1)). Later, we
present our main result which is the relation between the Ruelle Theorem
and the equilibrium probability (see expression (60)). In the Example
we show that our formalism can be used to provide examples of F-invariant
probabilities on M.



General references in Thermodynamic Formalism for IFS are [1], [6], [7],
[12], [18], [19], [20] and [23].

2 The push-forward map acting in the space
of probabilities on the symbolic space

In the present section, we will describe preliminary results (we also present
several examples to facilitate the understanding of the theory) that will be
needed later in other sections.

We consider the shift acting on the symbolic space Q = {1,2,...,m}". In
Q) we consider the usual metric d = dq : 9% — R which makes € a compact

Space:
_J 0, a=p
dQ(aaﬁ) L { 2%, /{;:minozi #ﬁz (]')

for any «, 8 € Q.

As we mentioned before, we denote by M the set of probabilities on
the Borel sigma-algebra which is a compact convex space when considering
the Hutchinson distance (also called Monge-Kantorovich or 1- Wasserstein)

dyr : M? — R defined by

dyw(p,v) = sup /Qfdu—/ﬂfdv, (2)

f€Lip;(Q)

for any p, v € M, which equivalent to the weak-x convergence because ) is
compact, see [I] Theorem 1.6.

Note that if d(zg, z1) <€, then dyg(0zy,0z,) < €.

We denote by C = C(£2,R) the set of real continuous functions with
domain Q and by € = C'(M,R) the set of real continuous functions (using
the Monge-Kantorovich metric dysx) with domain M.

We denote M the set of o-invariant probabilities and by M¢ the set of
o-ergodic probabilities.

Definition 1. Given probability ;1 € M, the push-forward of p; is the
probability T(py) = pe such that for all Borel set E we get that us(E) =
pi(c7Y(E)). T is called the push-forward map acting on the space of prob-
abilities on 2.



To say that p is o-invariant is the same that to say that T(u) = pu.
Equivalently, for any f € C(Q,R)

[ rast) = [roa)du 3)

In particular,

T(0,) = Go(a)- (4)
Note that if 1, 25 are such that o(x1) = 2o = o(x2), then,
(5(5961) = 50(931) = 0y, = 5(60(11)) = 3(6962) (5>
Moreover,
‘Zn((srl) = 60"(361)' <6>

We denote by 9t the set of probabilities on the Borel sigma-algebra of
M which is a non-empty compact separable convex space, when considering
a metric dys i associated to the weak-* convergence (the Monge-Kantorovich
metric for instance). We denote M< the set of T-invariant probabilities and
by 9% the set of T-ergodic probabilities.

It is important not to confuse the concept that a probability measure
i € M is invariant for ¥, in the sense of T(u) = p, with the statement that
a probability measure II € 9 is invariant for the dynamical transformation
T : M — M, that is IT € M%. The later means: for any continuous function
F-M—=R

/ F(p)dIl(p) = / (F o T)(p)dII(p). (7)

Via the Ruelle operator, we will show the existence of nontrivial ¥-
invariant probabilities in Example [12] (see also Remark .

Remark 1. As T"(6;,) = 0on(ay), we get that in the case 0" (x1) = 1, then,
0215 00 (z1)s -+ Oon—1(z1) 18 @ periodic orbit for of period n for . Note also that

k k k
S(Zj:l pj 513') = Zj:l Pj 50(%)’ where Ej:l pi=1p; =20

k 1k
Then, Zj:l Pj 5zj €% 1(Zj:1 V2 50(50_7))-
If i is o-invariant, as T(pu) = p, we get that p € T (p).

Therefore, if o™ (x1) = x1, then

Z 507 a:l) :L Z 60J(z1 <8>

and 237070 Soi(er) € THE T Goitan))-

4



The transformation T : M — M is continuous (see [4]), takes probabili-
ties to probabilities and is not injective.

Example 1. Suppose o(Z) = Z. Then, 05, is T-invariant.
More generally, if j is o-invariant, then II = 9, € M is T-invariant.
Indeed, given a continuous function f: M — R, we get that

/(fof)d%—f(@(u))—f(u)—/fd%- (9)

Then, 6, € Ms. That is T* acting on M is such that II = §,, satisfies
T(IT) = 11, that is T*(0,) = 0.

More generally given p; € M!, j = 1,2,..,k, then, when Z?lej =1,
p; >0,7=12 .k

k k
T*(ij 5Mj) = ij 5#;" (10)
Jj=1 J=1

Therefore, Zle Pj O, € Mg
Note that
dMK<5I076yo) g d(-ranO)' (11>

Moreover, if p,, — u, then, T(u,) — T(p).
Note that ¥ is not a d to 1 map: consider = # y, in Q such that o(z) =
o(y) = z, and the family p; = t0, + (1 — t)d, for t € [0, 1], then

‘I(Mt) = t§0(w) + (1 — t)5g($) =90,, Vt
thus, ! contains infinitely many distinct measures (Lemma also confirms

this claim).

For x = (21, %9, .., Ty, ...) and a symbol a denote a z = (a, z1, xa, .., Ty, ...).
Given a Holder potential A : €2 — R, the Ruelle operator £, acts on contin-
uous functions ¢ : 2 — R via:

m

Li()(z) = Z e (ax), for allz € Q. (12)

a=1

The dual of the Ruelle operator L4, denoted L%, acts on finite measures
on , and to say that £%(u1) = u2, means that for any continuous function

1) we have
/ RUTES / L) dpr.
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We say that g4 is the eigenprobability for the dual of the Ruelle operator
if there exists A > 0 such that £%(na) = Apa. When A is continuous an
eigenprobability always exists, but may exist more than one (however the
eigenvalue is unique). In the case A is Holder it is unique; for all this see [24]
or [21].

We say that A is normalized if £4(1) = 1. In this case it is usual to write
A in the form A = log J, where J : 2 — (0, 1) is such that for all z € Q we
get that > | J(ax) = 1. We call Jacobian such function call J.

We say that u is a Holder Gibbs probability, if there exists a normalized
potential A = log.J, such that, £;, ;(u) = L4 (1) = . We say that J is the
Jacobian of the Holder Gibbs probability pu.

The shift transformation o :  — € is such that o(z1, 29, .., Ty, ...) =
(T2, T3y ey Tpyy ...

Note that for any x € €2 we get

L4 = D W), (13)
o(y)=z
We denote by G the set of all Holder Gibbs probabilities.

Theorem 2. (see [2]]) Given a Holder Gibbs probability p associated to the
Jacobian J, and any point xy € 2, we get that in the 1-Wassertein distance

lim (ﬁikogJ)n (6360) = W

n—o0

In the case, A is Holder [13] shows that the convergence is exponential in
the 1-Wassertein distance. The support of the probability (Lj,, ;)" (0z,) is in
the set of n-preimages of xy by o.

Theorem 3. (see [1]|]) The set G is dense in the set M.

Theorem 4. (see [17], [Z])] and also [25]) Given a probability u in G, it can be
weakly approximated by a probability p, which is a finite convexr combination
of probabilities with support in periodic orbits. Of course, p is a periodic orbit

for .

Lemma 5. The transformation T : M — M s surjective over M. This
follows from the fact that when A is normalized,

if Ly(v) = u, then T(p) = v. (14)



Proof. Given v € M, is there exist u € M such that T(u) = v?
Suppose that A is any Holder normalized potential, then, take y = L% (v).
For any continuous f we get that

[ #is) = [(toorin= [(renracie) = [ Latroaiar -
[ reaan= [ sav

() = v, (15)
In [16] it is shown that if gy is Holder equilibrium, then £%(p;) is not
o-invariant (unless it is the unique fixed point). Therefore, given a Holder

Gibbs probability v, there exists preimages p of v by ¥, such that, are not
o-invariant. OJ

Therefore,

Theorem 6. Given € > 0, a probability i, € M, and o-invariant probability
i1, there exist probabilities p1 and o in 2, and N > 0, such that

dMK(,Ohﬂl) <€, dMK(M%ﬂQ) <€, and (zN(Pl) = W2-

Proof. Given the probability jio we get an e-approximation pus of jis of the

form
k
Ha = Z Pj 0u;,
j=1

where Z _,pj =1

From Theorem I we can €/2-approximate fi; by a Holder Gibbs proba-
bility u; associated to the Holder Jacobian .J;.

From Theorem [2) I for each j = 1,2,...,k, we get that for large NV;, the
probability (L., ;)7 (dz;) is an €/2-approximation of y;. Therefore, for some
uniform large NV we get that

k
p1 = ij(ﬁikong)N( 2;) = (Lig )Y ij 2;) = (Liog )™ (112)

is an €/2-approximation of p;, and therefore an e-approximation of fi;.
It follows from in Lemma 5| that TV (p1) = pua. O



Corollary 7. There exists a dense orbit for T in M.

Proof. As there exists a countable dense set of probabilities p,, n € N, in
M., the result follows from last result and Baire Theorem. Indeed, for each
k,r € N, take the ball B(py, %) From Baire Theorem and Theorem |§| we get
that

[e.e] oo —n 1
rj?‘,k:l Un:l T (B(pk7 ;))
is not empty. O

Example 2. Consider a probability i € M and a natural number k. Take
the partition {T1, Tz, -, Tx,xr € {1,2,....m},r € {1,2,...,k}}. Consider the
lezicographic order on the set of finite words (x1,xs, ..., xx). Now we re-index
these words using this order and & denotes the cylinder associated with the
J-th word a; = af, j=1,2,...,m". Finally, denote by z, € Q the periodic
orbit obtained by the repetition of the string (o, g, ..., k).

Note that for j > 1,

kj —
o (Oéj,O[j_H,...,Oémk70[1,...70[]‘_1,04]‘,...) =

(Ot s eey Qe Q1 ey QG 1, Oy OLjg s <o)

Therefore, there exists a value 1, = 7% k, such that, 0™ (2) = 2.
From @

k

L (Z M(O‘_j)é(aj@jﬂ,---,amk 70417---706_7'—170{7'7---)) =
j=1
Z ,U(a_j)é(a]-,aj_;,_l,...,amk ,011,...,04]'_1,01]',...) . (16>

j
We denote u, € M, k € N, the probability

He = Z M(a_j)‘;(aﬁaﬁh---,amk L5y =150 5002) (17)

J

which is periodic of period ry, for €. Therefore, py € M, .
Note that px(a;) = p(@;), and pg is a probability with weights in <-
periodic orbits, for any k.



Lemma 8. The periodic points of T are dense in M.

Proof. Indeed, given any measure 4 and € > 0, take k such that 27% < e.
The diameter of each cylinder set 77, Z3, ..., 2y is 2.
Consider a Lipchitz function f with Lipschitz constant smaller or equal
to 1; then, for si, s € T1, Ta, ..., T we get that |f(s1) — f(s2)| <27
Consider the T-periodic probability u of expression . We will show
that dyrx (@, p) < €.

Indeed,
[ tan= [san <31 [ fau- [ gaw) -
j=1 Y% @

Z /fdu— flag, s, oy e, Q14 oy 01, ) fi(ay) | <

mk

> a2t =27F < (18)
O

One way to generate probabilities = € 91 is the following: take a prob-
ability v on 2 and define for each continuous function F' : M — R the
bounded linear transformation

F— A(F) = /Q F(8,)dv(z). (19)

By Riesz Theorem there exist a probability =, on M such that for all
F e € we get

MF) = [ Pz, () (20)
We say that =, € 91 is the Level-2 version of v € M.

Example 3. An interesting case is when the v above is the maximal entropy
po- Given a point yo € 2 and n € N, denote by 27", j = 1,2,...,m", the m"
solutions of o™(x) = yo. Then

F = AF) = | F6)ivla) = [ F)duoa) = lim —2 37 Fo). 21



Then, in some sense =, is a Level-2 version of the maximal entropy
measure.

Definition 2. Given a probability I1 € M, we call my the probability such
that Vf € C(Q)

[ vt anw) = ma)
the barycenter of 11.

It is natural to say that mpy € M is the Level-1 version of II € 9.
In this way: for any continuous function f : € — R

[ srimate) = [ ([ swdot) ) o) (22)

It is is easy to see that m;, = p for any p € M.

The map II — my is continuous when using Monge-Kantorovich met-
ric dyx obtained from d. The map II — my is a weak contraction (see
Proposition [J)).

Proposition 9. The map Il — my s a weak contraction.

Proof. Indeed, dyx(mmu,, mn,) = sup{ [,, fdmn, — [, fdmn, |Lip f <1},
thus we need to evaluate

| famn = [ gamn, = [ viname) = [ v(pae)
Define G(v) = v(f). We claim that Lip(G) < 1. Indeed,
G(v) = G() = v(f) = V() < dux(v,V),

because Lip f < 1. By definition,

/M V()T (v) — / () —

M

:/ G(V)dHl(V)—/ G(v)dlly(v) < dyg (11, 1I,),
M M

because Llp(G) S 1. ThllS7 dMK(mnl,mHQ) S dMK(Hl,HQ).

10



It is not a contraction, indeed, take II; = ds, , © = 1,2 then

[ @) = [ [ 1) oo dss, () = fa),

so that my, = d,,. We recall that G(v) = v(f) satisfy Lip(G) < 1 provided
that Lip(f) <1 (w.r.t. the respective metrics). Thus,

dMK(Hl,H2> Z sup /G dH1 /G dH2
Gv)=vr(f), Lip(f)<1

= sup 6rl(f> - 6rz(f> - dMK(5I27 5172) - dMK(mHUmHz)'
Lip(f)<1

From the other inequality we get that dy i (mim,, mm,) = dyk (11, 11s),
so the weak contraction is not a contraction. O

Each p € MY can be associated to a probability ©, on M¢ such that
me, = p (see Theorem 6.4 in [22] or next proposition). In this case, for any
continuous f : 2 — R we get

[ f@duta /(/f vy ) (). (23)

The support of ©, is the set of o-ergodic probabilities.
©,, is called the ergodic decomposition of the o-invariant probability u.
Therefore, 1 is the barycenter of ©,,.

Proposition 10. For any o-invariant p we get that me, =

Proof. We will show that for any continuous f we get that

[ t@ame, @) = [ fa)duta

From we get

[ t@auto) = [ ([ vt e, )

and from (22)) we get

/f z)dme, (x //f )du(z))d©, (v).

11



One can consider the Level-2 version of the above.

Theorem 11. (see Theorem 6.1 in [22]) For any I1 € Mz and any continu-
ous function ¢ : M — R

/w B)dIL(B /(/ W () dII(v >dDH(f[),

where T1 € R, and R C M. For each II € M the probability Oy on Mg is
called the T-ergodic decomposition of I1.

In this case II is the barycenter of Or. We will need a non-dynamical
version of the above kind of results.

Remark 2. The set of extreme points of the set M = { probabilities on Q},
is the set (see [11)])

R = {probabilities of the form §, wherey is any point in Q} C M.

Given p € M, for some (:)# e M, we get

[ it = [ ([ 11 ) ad, . (24)

The support of éﬂ € M is the set °R.
The set of extreme points of the set M = { probabilities on M}, is the
set

A= {probabilities of the form o, wherep is any probability in M} C M.

For any I1 € 9 there exists Oy such that for any continuous function

v M—=R
/M B(B)dII(B) = / [ /M () dT1() | d O (1), (25)

where & has probability 1 for Oy.
Then, we can write

/Mwﬁ)dw): /m [ /M () do,(7) | On(s,) = /m () On(6,). (26)

12



In this case II is the barycenter of Ory.

Example 4. Given a probability p € M we can associate, via barycenter, a
probability i = 11, € M in the following way: denote R = {0,y € Q} C M,
and then we associate o, in M with y € €, and o5, € M with y. Given a set

B C & in M we associate it to a set B € Q via this association.
Now we denote by i € MM a probability, where & = {0,,y € Q} has
probability 1, and such that, given a Borel set C' in M

a(C) = / Lo (8,)d(6,) = u(C N 8).

In this way, given a continuous function F: M — R

[ Fai= [ P)ai) = [ Pt 27)

Remark 3. Given n denote by I',, the equality distributed probability on N
with support on the set

A, = {6, |0"(x) = x}.

That is T, = # > wen, 0., because #A, = m”.

By compactness there exist a probability 1IP on 9N such that for a con-
vergent subsequence I',, — IIP, when k — oo. We call II” the periodic
preference probability. As '), is T invariant for each n, it follows that TP
15 T-invariant.

3 Convolution and a contractive dynamics in
the space of probabilities

Given a continuous function R : 2 x Q2 — Q we will define a product convo-
lution * : M x M. Take two probabilities v, u € M we set

(v p)(A) = [v x p] (R7(A))

in the sense that for any continuous function f: € — R

/Q fd(v ) = / F(R(z,y)) dv(x) dy(y).
13



v * i is a new probability in M.
We refer the reader to [26] and [3] for results considering distinct concepts
of convolution that are different from ours.

Lemma 12. Given a convolution x obtained from R, for a fized n, the map
W — nxp 18 s-Lipschitz with respect to Monge-Kantorovich distance, provided
that R 1s s-Lipschitz w.r.t. the second variable.

Proof. Indeed, consider pu, i’ € M then

darrc (0 * pyn * ') Lsup /fdn*u /fdn*u
ip(f

. /f (2, ) dn(z) du(y /f () dn(x) d(y).  (28)

Defining g(y) := [ f(R(z,y))dn(z), Vy € Q we get,
90) ~ 9)| = | [ F(Ble.p)dne) - [ F(Blay) dnto)] <

< / Lip(f) - do(R(z, ), R(z,y/))dn(x) < sda(y, v')

thus Lip(1g) < 1. Returning to expression ([2§) we obtain

du(nsp,n*p') < s sup [/ Loy dn(a) du(y)—/lg(y) dn(x) dp' (y)] <
Lip(f)<1 J S s

< s-dur(p, 1)
]

Corollary 13. Letn;, j = 1,2,... be a sequence of probabilities on §2 and R :
0% — Q a convolution kernel which is s-Lipschitz contractive w.r.t. second
variable. Then the CIFS(countable iterated function system) R = (€, ¢;),
J €N, where ¢;(p) = n; *p, is uniformly contractible with Lipschitz constant
s.

Lemma 14. If R(x,y) = R(y,x) we get for the associated convolution *:

Wk V=V L.

14



Proof. Vf € C(Q)

jgfdu/*u>::/Qj«fux,y»dvcwdu(y>=

b/f (y, 2))dv(z)du(y t/fdu*y.

The next example will exhibit the concept of convolution that we will use
here (which is not commutative).

O

Example 5. For example, given n € N, we can get a product convolution

*n i M via Rn(xvy) = Rn(xvy) = (ﬂ'n(x)aylay%'“) = (mla“'axnaylay% )7
where T, () = (21, ..., ). In this case

, 1
dQ(Rn(Iv y)? Rn(fﬁ, Yy )) S 2_nd9(y7 y,)a

and thus R, 1S 55 —szschztz w.r.t. y.
The %, convolutwn 1s defined for pairs of probabilities n, p in M: we set
Nxppt € M as the probability such that for any continuous function f : 2 — R

[ 1@ s )@ = [ [ 1Rate) duo) duty) =

//f(xl,...,l'n,yl,yg,...)d?](.T)dIU(y).

This product convolution is not commutative.
Example 6. For ezample, when n = 1, we write p — n %1 . One can show
that
(%1 ) % = (1 %1 ).
We leave the proof to the reader. Note that (1, %1 p) *; p is different from
11 (1 %1 )

Example 7. Now we introduce the dynamics of T, and at the same time
we will combine it with the convolution p — n *y p. In this way, for any
continuous function f : €2 — R

/f ) 1 p)( Q//f& dv(x) dp(y) =



[ [ rmen v dut) = [ [ fespiv@dnt). @9

If v is o-invariant then

[ 1@ a0 e = [ [ e duty (30)

In this case is not necessarily true that T(v) %1 p is o-invariant, even if
W is o-invariant.

Moreover,
T(0z) *1 02 = Oy 2 (31)
where © = (X1, X2, ..., Ty, ..) € Q and z € Q.
Note that
/f( ) #1 1)( /f 2, y) du(y (32)
If o(z) = x, then
T(0z) %10, = gy 2 (33)
If we denote 1, (u) = T(v) *1 p, then
Uy (y (1) = T(12) %1 (T(v1) %1 ) (34)

is such that for a continuous function A : Q — R

/ A(2)dths (10 (1)) (2) = / A(2)d [T () #1 (T(w1) %1 12)](2)

// (m(o(x)), y) dva(w) d(Z(v1) #1 p)(y) =
/// (m1lo w)) s v)dvi(u) du(v) dvs (z) =
///Am%“%”de(x)dvl(u)du(v), (35)

If =19y, vo = 0y, 1 = 04, a,b,y € Q, then
/Adwl/z (wl’l (M)) = A(b2> (Ig,y). (36)

16



We present a particular example that will illustrate the theory.

Example 8. Given a probability v and a probability p, for any n € N
T(02)*n0y = Oag,a9,..citm,ys (37)

for x = (x1,x9, ..., Ty, ..).

If v is o-invariant, then for any n € N

[ i@y = [ [ 1@ g dvl) duty). (39)

We leave the proof to the reader.

4 IFSs in probability spaces

There are two main ways to introduce an IFS in M, using a compact number
of maps (which includes the case of a finite number) and using a noncompact
(usually countable one) number of maps.

4.1 The compact model and holonomic probabilities

It was introduced in [6] the concept of IFS with measures (IFSm for short).
In this case, (X,d) is a compact metric space and A is another compact
space, R = (¢x,q := (¢z))rea Where ¢, : X — X are continuous maps and
q = (¢z),cx 1s a collection of measures on A for all z € X, such that

H1 sup,cy ¢.(A) < o0,
H2 inf,ex q.(A) >0,

H3 z — ¢,(A) is a Borel map, i.e, is B(X)-measurable for all fixed A €
B(A),

H4 x +— q, is weak-x-continuous.

The transfer operator acts on continuous functions f : X — R is given
by

B,(f)(x) = / F(6r(2))das(N). (39)
17



The dual operator acts in probabilities p on X via Riesz Theorem:

By(0)() = [ Bu0)(@)dpla) (40

X

Below we consider the convolution *,,, where n is fixed, previously defined
in Example o]
Our setup is:
1) X = M, compact and d = dy;
2) A = M, compact;
3) ¢u(p) =) *n f
4) dg,(v) = eA(¢“(“ dlly(v), where A is a continuous potential A : M — R
and II, € M is a fixed a priori probability over M.
Thus, we will consider here the IFSm

S =M, o, qu)vem- (41)

Then, for a fixed n € N, we can write the transfer operator By, := B, a1
as:

By (F)() = /M F(T(0) % 1)dgu(v) =

/ A F(T() 4, p)dTTo(v), (42)
M

for any continuous function F : M — R

We will see that, under mild assumptions, the definitions 1), 2), 3), and 4),
mentioned above in our setup satisfy the required hypothesis described in [6],
so we can derive the standard properties obtained in classical thermodynamic
formalism for our IFSm (41)).

Indeed, the above hypothesis (H1)-(H4) from [6] are trivially satisfied
for dg,(v) = eA»W)dll,(v), if A is at least continuous. But, some of the
theorems will require more regularity from the IFS.

We say that A : M — R is [Ij-normalized if for any u € M we get
B, (1)(p) = 1.

Example 9. Following the above definition of Br, for n = 1 consider a
continuous function A : Q — R, and for any p € M we set Alp)= | Adp.

Such potential A satisfies the necessary conditions of the future Theorem
L1,

18



Take 11y = % S 6, € M. Considering the probability 1 = 0,

§=1 90(j,3,5,..5.)

according to we get that
B6s0miy (1) = T (0. i) ¥1 =T (0(jj. ) *¥1 0y = 0jy. (43)
Therefore, for v = % 0(j,jjrrj)» We get from

A(dy (1) = A(@s,,,, (1) = AlGy).

Given the continuous function f : Q) — R, consider the continuous func-

tion F': M — R such that F(p) = [, fdp. Then, we get from ([3),
and

B, (F)(0,) = /M MO F(T(v) %1 6,)dlo(v) =

1 m
eA(%(dy))F(T(y) %1 0 )d_ 55 (I/) _
/./Vl 1% m ; (3:3:45->3--)

1 m

Z/ eA((z)é(j,j,j»--,j»-)(Jy))F(I(5(j,j,j,.-,j-~)) *1 0y)
m “— Jum

j=1

1 m m

S AR, = S A () = L4 ()

j=1 j=1
Remark 4. The last expression describes the action of the classical Ruelle
operator for the a priori probability - >y 0; and the potential A (see [15]

or[21]). Therefore, in some sense, the above definition of Bn, is a Level-2
verston of the classical Ruelle operator.

Example 10. Note that for n =1 we get ¢,,(d,, (1)) = T(va) *1 (T(11)*11),
a case which was discussed in expression (35)).
In this case

Bii, (F)(0,) =

/ / eA(Bry (41 (5y)))+A(¢u1(5y))F(¢V2 (T(11) *1 6,) ) dTo(r1)d TTo(vs) =
M IM

m

S e Ao fir, 5.,

r,s=1
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In the general case we get that for any up € M
By, (F)(p) =

[ oot 0 g, 5, () o). (45)
MJIM

Given the potential A we will derive a probability 114, € 9t which will
play the role of the Gibbs probability for the potential A (see Definition .

A natural choice for the a priori probability Il is the probability II? which
was described above.

We recall the main results derived from [6] (when applied to our setting):

Theorem 15. [6, Theorem 2.5] Denote by S the IFSm described by and
suppose that there is a positive number A and a strictly positive continuous
function h : M — R such that Br,(h) = Ah. Then the following limit exists

lim %ln (BiY,(1)(w)) = log A (46)

N—oo

the convergence is uniform in p € M and X = \(Bn,) is the spectral radius
of Bn, acting on C'(§,R).

In our case, the family of measures satisfies the requirements from [0].
Indeed, as dq,(v) = eA»W)dlly(v), we get that u(p,v) := log jil.l’;(u) =
A(¢, (1)) has the regularity prescribed in [7].

Note that in the case A is IIp-normalized, that is B, (1) = 1, we get that
A=1and h=1.

Theorem 16. [0, Theorem 2.6] Let S be the IFSm described by . If A is
Lipschitz, then there exists a positive and continuous eigenfunction h : M —
R such that Br,(h) = A(Br,)h.

Definition 3. Given A and 11y we say that 1= ﬂA,HO 1s eigenprobability
for A and 11y if there exist a positive number A such that for all continuous
F:M—-=R R K
Br, (IT) = AL
This means that for any F': M — R we get

A /M F(p)diI(p) = / Bu, (F) (1) d11(5,) =

M

/ ( / G B, (1)) dTo(v) ) dTI(3,.). (47)
M M
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Remark 5. Note that the eigenvalue X is identified when we apply to
the function ' = 1. Moreover, shoud be true for functions of the form
F(p) = [ fdp, where we take a fized continuous function f: Q — R.

Remark 6. From the equation 15 equivalent to

A / F(p)dIi(p) = A /M F) dDy(5,) =

// / AN F (¢, (p))dIlo(v)) | dI1 (p) dOy (IT) =
K

AN B¢y (p))dTTo(v) ) ] b, (p) D (5,)

/ [ / A B, (1)L (v) ) | dD5(5,). (48)
M M

We will present several examples always taking n = 1 in our main theorem
above.

Example 11. Assume the hypothesis of Example[9. Here we will apply the
reasoning of Remark[3
Take 11y = % Z;nzl 55(j,j,j,_,,j_,) and a continuous potential A : M — R.

We will show that we can describe the eigenprobability I for Ily and A
of Definition[3 via the eigenprobability pp for the dual of the Ruelle operator
Lp of a certain continuous potential B : 0 — R. Consider a continuous
function F': M — R.

We assume I1 satisfies equation (48 . ) for some \. From (48]) and . this

3 [ P = A | Fao 6, -

/ [ / G P, (1))dTTy(v) ) | dD5(5,) =
M M

/Mmz 0D (g (1) dD1(5,) (19)

We wnll test if a probability 11 that has support on probabilities of the form
ds,, y € K2, can satisfy . Using and , in the affirmative case, this
would imply that

v [ P04, -

21



1 O~ A(dso0 (6,
[ 3 O P (6,)) a9y,

j=1

1 m
/Q - Z eA(éu,y))F(é(j,y)) dOy(0s,)- (50)
j=1

Next we will describe some expressions that will be useful in the future

Ezample [26,
Consider the continuous potential B(r) = B(ry,re,..) = A(S,) and the

equilibrium probability pp associated to the corresponding eigenvalue 3. De-

note G(y) = F(6,).
5 [ Gldusty

Then, we get
/LA y)dus(y / Z AeIG (G, y))dus(y)- (51)

Therefore, taking dOg(ds,) as duB(y), and A = [ we get that equality

15 equivalent to equality .
The final conclusion is that d Oq(ds,) can be taken as dup(y).

For such class of potentials A and such a priori Iy, the action of 11 in
each continuous function F' is given by

/ // ¥ dds, (7) 1d Dy (3s,) =
i / d85,0) 1 dpenlo) = [ F(&)dpenlo) (52)

From now on, we can assume that the operator is IIy-normalized, that is
B, (1) = 1, otherwise, we can replace the measures by

_ M)
PM(V)— P—h(u) QM( )

obtaining B, (1) = 1. Note, however, that in this procedure we may lose the
knowledge about the regularity of p,,.
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Definition 4. If A is Ily-normalized we say that Il = fIAﬂO 1s Gibbs if

~ ~

By, (1) = 11.

This means that for any F: M — R we get

/ F(p)dI1(p) = / Buy(F)() dTI(6,) =
M M

/ ( / A P, (1) )dTLy(v) ) ATI(5,). (53)
M M

Example 12. Assume the hypothesis of Example [I]]

Take Iy = + Z 55(]” - and assume that A is normalized. We will
show the exzstence of ‘Z mvariant probabilities.

We showed in Example |11 that we can describe the eigenprobability II of
Definition @ (or the one in Definition |4)) via the eigenprobability ug for the
Ruelle operator of a certain continuous potential B. We take G(y) = F(0,).

Therefore, can recover for such class of potentials A, the action of Il in
each continuous function I via

[ Pttt = [ ([ s dust) = [ Glodnsto).
Therefore, from the above and

[ wesipti = [ ( [ronas,) dunto) -
[ Gletninte) = [ Gdns) = [ P,

because pp is o-invariant. Then 11 is T-invariant.

Example 13. Assume the hypothesis of Example[9d. We will show the exis-
tence of normalzzed potentials A : M —> R.
Then, for A fQ Adp, Ho E] 10655592 and a special class of

functions F(p fQ ), we showed that for any y

By (F)(0y) = L4(f)(y)-

We will assume from now on that L ;(1) = 1.
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Then, if p = >} proy, € M, where Y, pr, = 1, we get from above that
Bn,(1)(p) = 1. As A (and also A) is continuous and any probability in M can
be approzimated by probabilities of the form p, we get that A is Ilg-normalized.

This means
1= / (AG) gT1o (1),
M

Consider the Gibbs probability 1= fIAﬂO associate to the 1lg-normalized
potential A. We will show a natural relation of 11 with my.

11 should satisfy in this case the property: for any G : M — R (not just
for F' of the above form)

/ Glp)di1(p) = / ( / ACIDG(, (1)) dly(v) ) dTI(1).
M M M

This should be true in particular for the case when G is in the particular
form of the F above. The above means for our choice of Il

/ / AN (g, (1)) dllo(v) dT1(n) =
M
/%Z A0 WD P o5 (1)) TT(1) =

/M %Zef i) / £, du(2))d i) =

f it~ f i~ s

Theorem 17. There exists a duality of the a priori Iy and the eigenprob-
ability II. Moreover, if we interchange them, the eigenvalue in 15 the
same, and furthermore

mi

O:mﬁ.

Proof. Given A : M — R, we will show a relation of the a priori IIy and the
eigenprobability II for A.
In this case we get for any F': M — R

A /MF<p>dH<p>: /M< /M AN F (6, (1) dlo(v) ) dTI(k).  (54)
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Now suppose that for the potential A we take the a priori as f[, and then
we get the eigenprobability, denoted by II;, for this pair associated to to
some eigenvalue § > 0. Then, for any F

A (w) ; ().
8 / p)dIT (p /M< /M SN F (6, (1)) dTIG) )AL (). (55)

If in the above equation, we set II; = Ilj we get in the same expres-
sion as in ((54)), up to the values A and 5. From Remark [2{ we get that A = (.
As F' is any continuous function we get that Il is the eigenprobability for
the a priori L.

should be true in particular for the case when F' is in the particular
form

- / f(x)dp(z), (56)

for some fixed f : 2 — R. This means for our choice of II, and the eigen-
probability II that for any f

)\/f(y)dmﬁ(y) =\ /(/ f(@)dp(x))dIl(p) = )\/F(p)dﬂ(p) _
/ / o /f )d 6 (1) () ) dlly(v) ) d11() =

// A@v10) B (b, (1)) T (v) ) d 1T (1), (57)

Note that A = S in and .
Now suppose that for A we take the a priori H and then we get that

IT; = Il is the eigenprobability for this pair and the eigenvalue A > 0. For
F' of the above form (56| we get from (57))

3 [ swdmn ) =3 [([ sdp@atte) =3 [ Py, -
/ </ ) / F(@)d 6 (1) () ) dT1(p2) ))lllo(v) =
A F(g, (1)) dTTo()dTI(n) =\ [ fpdma(y).  (59)
K /

As the equality is for any f: 2 — R we get that my = my,.
[
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Theorem 18. [6, Theorem 3.2] Let S be the IFSm described by ({1). Then
there exists a positive number p < p(Br,), such that the set

G (lp) = {Il € M = By, (IT) = p I}
18 not empty.

Definition 5. Given the cartesian product space M=M X A=MxM,
for each f € C(M,R) consider the “A-differential” df : M — R which is
defined by df [u](v) = f(¢u (1)) — (1)

Definition 6. A measure I1 over M is said holonomic, with respect to the

IFS S, if for all f € C(M,R) we have

| atnw) ditgu. ) =o.

M

Notation,

H(S) = {II|1I is a holonomic probability measure with respect to the IFSm S}.

We now define the Variational Entropy of a holonomic measure.

Definition 7. [6, Definition 5.1, Theorem 5.6] or [20] for a preceding point
of view. Let S the IFSm described by (41)), Il € H(S), Q any probability
with support on M, and dX1(u, v) = dIL,(v)dr () a disintegration of 1. The
variational entropy offI with respect to the a priori probability Q) is defined

by
o - e L[ Belo)
mmwﬁﬁém{&l 0 i)} <0,

where Bo(g) (1) = [ 9(6,(1)dQ(W).

We will consider from now on the operator By, as in and the varia-
tional entropy hllo, where Il is the fixed a priori probability on M.

Recall that, for the IFSm S, dg,(v) := eA® W) dIly(v), for a continuous
potential A : M — R.

Definition 8. Following [6, Definition 5.8/, we define the topological pressure
for the potential ¢ := et : M — R by

P(y)= sup  inf {/M Iy P9 (1) dﬁ(u)} <0,

TIeH(S) 96(;(;(‘)/‘3) 9(w)
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where

A (p, v) = dll,(v)dm () (59)
is the disintegration of I1, with respect to the marginal .

Proposition 19. [0, Lema 5.9] The pressure satisfies

P() = sup AMO(TI) + /M In((4)) dr (1)

TIEH(S)

sup B+ [ A d() (60)
TIEH(S) M

Definition 9. A holonomic probability 114 € H(S) satisfying the equality

P(y) = A (TLy) + / A(p) dralp),

M

where ™y comes from the disintegration of T4 (as in ), 15 called an
equilibrium state for the potential A : M — R.

From [0, Theorem 5.13] the set of equilibrium states is not empty for the
IFSm S, since dg,(v) := eA®W)dP(v) (a continuous and positive weight).

Remark 7. As we already show that there exists a positive eigenfunction
for Bn, (Theorem @) and an eigenmeasure for Bfi (Theorem @, then it
follows from [6] that the pressure obtained by the entropy with respect to the
a priori measure Iy satisfy P(¢) = In(p(Bn,)). Thus an equilibrium measure
T4 satisfies

n(p(Br,)) = h(TLy) + /M Ap) dr(ju).

Recall that the projection ® from II over M to 9, defining IT = CD(fI),
is given by

A

| stmavi) = [ gavings = [ g, vo
M M M

Definition 10. The probability I, = ®(I14) € 9 is caled the projected
equilibrium probability for A and the a priori probability Iy € M.
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Consider the functional m : C'(M,R) — R given by
m(A) = P(e?). (61)
It is immediate to verify that m is a convex and a finite valued functional.

Theorem 20. [6, Theorem 6.1, Corollary 6.2] Consider the IFSm S. If m
is Gateauz differentiable in A then

#{D(IT) : 11 is an equilibrium state for ¢ = e} = 1.

References

[1] A. Arbieto, A. Junqueira and B. Santiago. On weakly hyperbolic iterated
function systems. Bull. Braz. Math. Soc. (N.S.), 48(1):111-140, oct 2016.

[2] A. T. Baraviera, L. M. Cioletti, A. O. Lopes, J. Mohr and R. R. Souza, On
the general one-dimensional XY model: positive and zero temperature, se-
lection and non-selection. Reviews in Mathematical Physics, 23(10), 1063-
1113 (2011)

[3] L. S. Barchinski, S-Convolucao e o Operador de Transferéncia General-

izado, PhD thesis UFRGS (2016)

[4] W. Bauer and K. Sigmund, Topological Dynamics of Transformations In-
duced on the Space of Probability Measures, Monatshefte fur Mathematik
79, 81-92 (1975)

[5] N. C. Bernardes and R. M. Vermesch, On the dynamics of induced maps
on the space of probability measures, TAMS, vol. 368, Number 11, 7703-
7725 (2016)

6] J. E. Brasil, E. R. Oliveira, and R. R. Souza, Thermodynamic Formalism
for General Iterated Function Systems with Measures. Qual. Theory Dyn.
Syst. 22, 19 (2023).

[7] L. Cioletti and E. R. Oliveira. Applications of variable discounting dy-
namic programming to iterated function systems and related problems.
Nonlinearity, 32(3):853, 2019.

28



[8] F. B. Rodrigues, Estudo das propriedades de algumas dinamicas em
P(X): o push forward e a convolugao, PhD thesis UFRGS (2012)

[9] A. H. Fan and Ka-Sing Lau, Iterated function system and Ruelle operator.
J. Math. Anal. Appl. 231(2):319-344 (1999)

[10] N. Gigli, Introduction to Optimal transport: theory and Applications,
Pub. Mat. - IMPA (2011)

-B. Hinart-Urruty an . Lemarechal, Fundatnentals of Convex Anal-
11] J-B. Hiri U dC. L hal, Fund Is of C Anal
ysis, Springer Verlag (2001)

[12] P. Hanus, R. Mauldin and M. Urbaiiski, Thermodynamic formalism and
multifractal analysis of conformal infinite iterated function systems. Acta
Math. Hungar. 96.1-2 : 27-98 (2002)

[13] B. Kloeckner, A. O. Lopes and M. Stadlbauer, Contraction in the
Wasserstein metric for some Markov chains, and applications to the dy-
namics of expanding maps, Nonlinearity, 28, Number 11, 41174137 (2015)

[14] A. O. Lopes, Entropy and Large Deviation, NonLinearity, Vol. 3, N. 2,
527-546, 1990.

[15] A. O. Lopes, J. K. Mengue, J. Mohr and R. R. Souza, Entropy and
Variational Principle for one-dimensional Lattice Systems with a general

a-priori probability: positive and zero temperature, Erg. Theory and Dyn
Systems, 35 (6), 1925-1961 (2015)

[16] A. O. Lopes and R. Ruggiero, Nonequilibrium in Thermodynamic For-
malism: the Second Law, gases and Information Geometry, Qualitative
Theory of Dynamical Systems 21: 21 p 1-44 (2022)

[17] A. O. Lopes and J. Mengue, Zeta measures and Thermodynamic Formal-
ism for temperature zero, Bulletin of the Brazilian Mathematical Society
41 (3) pp 449-480 (2010)

[18] E. R. Oliveira, W. A. de S. Pedra and V. Vargas, Grand-canonical Ther-
modynamic Formalism via IFS: volume, temperature, gas pressure and
grand-canonical topological pressure, arXiv (2023)

29



[19] A. O. Lopes and J. Mengue, The generalized IFS Bayesian method and
an associated variational principle covering the classical and dynamical
cases, to appear in Dyn. Systems.

[20] A. O. Lopes and E. R. Oliveira, Entropy and variational principles for
holonomic probabilities of IFS, Disc. and Cont. Dyn. Systems, (Series A)
Vol 23, N 3, 937-955 (2009)

[21] A. O. Lopes, Thermodynamic Formalism, Maximizing Probabilities and
Large Deviations, Notes UFRGS (on line)

[22] R. Mané, Introduction to Ergodic Theory, Springer

23] E Mihailescu, Thermodynamic formalism for invariant measures in it-
erated function systems with overlaps, Communications in Contemporary
Mathematics 24 (06), 2150041

[24] W. Parry and M. Pollicott, Zeta functions and the periodic orbit struc-
ture of hyperbolic dynamics, Astérisque 187188 (1990), 268 pp.

[25] W. Parry, Equilibrium states and weighted uniform distribution of closed
orbits. Dynamical systems (College Park, MD, 198687), Lecture Notes in
Math, 1342, Springer, Berlin, (1988), 617-625

[26] B. B. Uggioni, Convergéncia da convolucao de probabilidades invariantes
pelo deslocamento, PhD dissertation - UFRGS (2016)

[27] R. M. Vermersch, Measure-Theoretic Uniformly Positive Entropy on the
Space of Probability Measures, Qualitative Theory of Dynamical Systems
23:29 (2024)

[28] C. Villani, Topics in optimal transportation, AMS, Providence, (2003)

[29] C. Villani, Optimal Transport, Old and New, Springer Verlag (2008)

30



	Introduction
	The push-forward map acting in the space of probabilities on the symbolic space
	Convolution and a contractive dynamics in the space of probabilities
	IFSs in probability spaces
	The compact model and holonomic probabilities


