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Abstract

We will denote by M the space of Borel probabilities on the sym-
bolic space Q = {1,2...,m}N. M is equipped Monge-Kantorovich
metric. We consider here the push-forward map € : M — M as a dy-
namical system. The space of Borel probabilities on M is denoted by
M. Given a continuous function A : M — R, an a priori probability
Il on M, and a certain convolution operation acting on pairs of prob-
abilities on M, we define an associated Level-2 IFS Ruelle operator.
We show the existence of an eigenfunction and an eigenprobability
II € M for such an operator. Under a normalization condition for
A, we show the existence of some T-invariant probabilities II € 9.
We are able to define the variational entropy of such I1 and a related
maximization pressure problem associated to A. In some particular
examples, we show how to get eigenprobabilities solutions on 9 for
the Level-2 Thermodynamic Formalism problem from eigenprobabili-
ties on M for the classical (Level-1) Thermodynamic Formalism; this
shows that our approach is a natural generalization of the classic case.
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1 Introduction

Denote by M the space of Borel probabilities on the symbolic space 2 =
{1,2...,m}N. We consider here the push-forward map T : M — M as a
dynamical system (see Definition . First, we will briefly investigate the
dynamical properties of the push-forward map in Section [2] (related results
appear in [4], [5], [29] and[27]). Later, given a continuous function (a poten-
tial) A : M — R we will introduce an associated Ruelle operator acting on
continuous functions f : M — R, and we will present a version of the Ruelle
Theorem about the existence of eigenvalues, eigenprobabilities, etc... For the
classical Ruelle Theorem see [25] (or [2], [L6], [22]).

M is equipped Monge-Kantorovich metric (see [30] and [31]). The space
of Borel probabilities on M is denoted by 9. In order to define our Ruelle
operator it will be essential to consider an a priori probability 11y on M,
and the introduction of a certain convolution operation acting on pairs of
probabilities on M (see Section ; it will be also necessary to combine this
convolution with the action of the push-forward map T (see Section [4).

At the beginning of Subsection [4.1] we present the main assumptions for
defining an IFS Ruelle operator By, on our setting, in order to be able to
obtain (after some work), from already known general results on IFS, the
main conclusions of the paper. For example, one of our main results is
Theorem [16] which claims

Theorem 1. If A : M — R is a Lipschitz potential, then there exists a
positive and continuous eigenfunction h : M — R, such that, B, (h) = Ah,
A > 0.

In ergodic theory, questions at level-2 refer to properties related to the
global study of the set of different probabilities on a set Y. For instance, when
the compact metric space is Y = {1,2,..,d}"; in this case, in [I5], given an
ergodic probability p on Y, the author study large deviations (when time n
goes to infinity) for the so-called n-empirical probability % Z;.:Ol Ooi(y) = s
y € Y, in the set of probabilities over Y, and minus entropy plays the role
of a deviation function. On the other hand, given an ergodic probability u
on ) and a continuous function A : Y — R, the study of large deviations
of Birkhoff sums %Z;:Ol A(o’(y)) — [ Adp, y € Y, is a problem at level-1
framework. A useful and important fact is that large deviation properties
at level-1 can be derived from large deviation properties at level-2 (which is
more general), via a contraction principle (for general results see [§]).
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We will provide examples later on in the text (see Examples |§], and ;
they will clarify to the reader the unequivocal fact that the results obtained
in our setting are a natural generalization of classical Thermodynamical For-
malism (in the sense of [25]); which can be considered the Level-1 setting.

It will be natural to consider in our Level-2 setting the concept of vari-
ational entropy of a holonomic probability, the pressure problem, and equi-
librium probabilities (see Definitions [7] and [0 on Subsection [4.1)). Later, we
present our main result which is the relation between the Ruelle Theorem
and the equilibrium probability (see expression (63)). In the Example
we show that our formalism can be used to provide examples of F-invariant
probabilities on M.

General references in Thermodynamic Formalism for IFS are [1], [6], [7],
[12], [19], [20], [21] and [24].

2 The push-forward map acting on the space
of probabilities on the symbolic space

In the present section, we will describe preliminary results (we also present
several examples to facilitate the understanding of the theory) that will be
needed later in other sections.

We consider the shift acting on the symbolic space Q = {1,2, ..., m}". In
Q) we consider the usual metric d = dq : 9% — R which makes € a compact

Space:
_ )0, a=p
dQ(aaﬁ) T { 2%, k= minozi 7& Bz (1)

for any «, 8 € Q.

As we mentioned before, we denote by M the set of probabilities on
the Borel sigma-algebra which is a compact convex space when considering
the Hutchinson distance (also called Monge-Kantorovich or 1- Wasserstein)

dyr : M? — R defined by

dMK(,uaV): sup /Qfd“_/Qdea (2)

f€Lipy ()

for any u,v € M, which equivalent to the weak-* convergence because € is
compact, see [I] Theorem 1.6.
Note that if d(zg, z1) <€, then dyrg(0zy,0z,) < €.
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We denote M the set of o-invariant probabilities and by M¢ the set of
o-ergodic probabilities.

Definition 1. Given probability p; € M, the push-forward of py is the
probability T(p1) = po such that for all Borel set E we get that ps(E) =
pi(c Y (E)). T is called the push-forward map acting on the space of prob-
abilities on 2.

To say that p is o-invariant is the same that to say that T(u) = p.
Equivalently, for any f € C(Q,R)

[ rasu) = [(roordm 3)

In particular,

T(02) = o). (4)
Note that if 1, 25 are such that o(x1) = 2o = o(x2), then,
T((le) = 50(11) = 50(962) = (Z((Sm) <5>
Moreover,
‘In(érl) - 60"(361)' (6>

We denote by 9 the set of probabilities on the Borel sigma-algebra of
M which is a non-empty compact convex space, when considering a metric
dyr associated to the weak-x topology (the Monge-Kantorovich metric for
instance). We denote M< the set of T-invariant probabilities and by 9t the
set of T-ergodic probabilities.

It is important not to confuse the concept that a probability measure
i € M is invariant for T, in the sense of T(u) = p, with the statement that
a probability measure II € 9 is invariant for the dynamical transformation
T : M — M, that is II € M. The later means: for any continuous function
F:-M—=R

/ F(p)dIl(p) = / (F o T)(p)dII(p). (7)

Via the Ruelle operator, we will show the existence of nontrivial %-
invariant probabilities in Example [12] (see also Remark [3)).



Remark 1. As T"(6;,) = 0on(ay), we get that in the case o™ (x1) = 1, then,
0215 0o (z1)s -+ Oon—1(z;) @S @ periodic orbit of period n for €. Note also that

k k k
T 105 0ay) = 22521 Pj Oo(ay)s where 325 1 pj =1, p; 2 0.

k 1k
Then, Zj:l Pjda; €F 1(2]':1 P Oo(a;))-
If v is o-invariant, as T(pu) = p, we get that p € T H(p).
Therefore, if o™ (x1) = x1, then

Z 507 a:l) Z 6aﬂ(x1 (8>

n—1 n—1
andizjzo o (1) Gg ( Z] —0 5Uj($l))'

The transformation T : M — M is continuous (see [4]), takes probabili-
ties to probabilities and is not injective.

Example 1. Suppose o(Z) = Z. Then, 05, is T-invariant.
More generally, if p is o-invariant, then I = 9, € M is T-invariant.
Indeed, given a continuous function f : M — R, we get that

/(foT)d%:f(T(u))=f(/~b)=/fd5u- (9)

Then, 6, € M. That is T* acting on M is such that 11 = §, satisfies
T(IT) = 11, that is T*(0,) = 0,.
More generally given p; € M., j = 1,2,...k, then, when Zlepj =1,

p;>0,7=12 ..k
k k
‘S*(ij Ou,) = ij O - (10)
j=1 j=1

Therefore, Z?zlpj Ou; € Mg

Note that
dMK<5x0>5y0) < d(io,yo)- (11)

Moreover, if p,, — u, then, T(u,) — T(p).
Note that ¥ is not a d to 1 map: consider = # y, in Q such that o(z) =
o(y) = z, and the family p; = t0, + (1 — t)d, for t € [0, 1], then

T(:ut) = tfsa(a:) + (1 - t>60(x) = 6,27 vt
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thus, T1(d,) contains infinitely many distinct measures (Lemma 5| also con-
firms this claim).

For x = (21, x9, .., Ty, ...) and a symbol a denote a z = (a, z1, xa, .., Ty, ...).
Given a Holder potential A : 2 — R, the Ruelle operator £4 acts on contin-
uous functions ¢ : 2 — R via:

La(Y)(x) = 2’”: ey (ax), for allz € Q. (12)
a=1

The dual of the Ruelle operator L4, denoted L%, acts on finite measures
on Q, and to say that £*(u1) = uo, means that for any continuous function

1 we have
[ vt = [ £t dn

We say that p4 is the eigenprobability for the dual of the Ruelle operator
if there exists A > 0 such that £%(ua) = Apa. When A is continuous an
eigenprobability always exists, but may exist more than one (however the
eigenvalue is unique). In the case A is Hélder it is unique; for all this see [25]
or [22].

We say that Holder function A is normalized, if £4(1) = 1. In this case it
is usual to write A in the form A = log J, where J : Q — (0, 1) is such that
for all z € Q we get that Y " | J(ax) = 1. We call Jacobian such function J.

We say that p is a Holder Gibbs probability, if there exists a normalized
Hélder potential A = log J, such that, £j, ;(n) = L4(p) = p. We say that
J is the Jacobian of the Holder Gibbs probability pu.

It is known that such p is the unique equilibrium probability for the
potential log J (maximizes pressure) (see [25]).

The shift transformation o :  — € is such that o(z1, 29, .., Ty, ...) =
(9, T3, .oy Tpyy ...

Note that for any x € 2 we get

L30:) = Y T, (13)
o(y)=z

We denote by G the set of all Hélder Gibbs probabilities.

Theorem 2. (see [25]) Given a Hélder Gibbs probability p associated to the
Holder Jacobian J, and any point zy € €2, we get that in the 1-Wassertein
distance

lim ( ikogJ)n (5960) = K. (14)

n—o0



follows from Theorem 5.1 in [14], which claims that the dual of the
Ruelle operator Lj,, ; : P(X) — P(X) is a contraction for the 1-Wasserstein
metric W7, in the sense that: there exist C' > 0, such that Vn € N and all
p,v € PX)

Wl( (‘CikogJ)n(lu)ﬂ (‘CikogJ>n(V) ) S C A" Wl(lu’v V)' (15>

In this case, taking v = d,,, it follows from that indeed the conver-
gence in is exponential for the 1-Wassertein distance.

The support of the probability (Lj,, ;)" (0z,) is in the set of n-preimages
of z¢ by o.

Theorem 3. The set G is dense in the set M:.
The above result was proved in Theorem 8 in [I5] (see also [13]).

Theorem 4. (see [26] and also [18]) Given a probability p in G, it can be
weakly approximated by a probability p, which is a finite convexr combination
of probabilities with support in periodic orbits. Of course, p is a periodic orbit

for T.
The above result was proved in [26] (see (3.1) in page 622).

Lemma 5. T : M — M s surjective over M and L% is injective. This
follows from the fact that when A is normalized,

if L5(v) = p, then T(u) = v. (16)

Proof. Given v € M, is there exist u € M such that T(u) = v?
Suppose that A is any Holder normalized potential, then, take yu = L% (v).
For any continuous f we get that

[ #is) = [(Foortu= [(renraciw) = [ £airoaiar -

[ rean= [ gav

() = v, (17)
In [I7] it is shown that if p; is Holder Gibbs, then L% (i) is not o-
invariant (unless it is the unique fixed point). Therefore, given a Holder

Gibbs probability v, there exists preimages p of v by ¥, such that, are not
o-invariant. It also follows that £ is injective. O

Therefore,

7



The push-forward § map is surjective: when p = L% (v)

S(p) =S(LLyv)) =v. (18)
Note that §(6;) = dox) = v; however, there is no Jacobian J, taking only
positive values, such that L, ;(0(x)) = 0z = p.
§: M — M is mixing:
Theorem 6. Given € > 0, a probability i, € M, and o-invariant probability
i1, there exist probabilities p1 and o in 2, and N > 0, such that
A (pr, i) < €, duxc(pa, fiz) < €, and T (p1) = pia.

Proof. Given the probability jio we get an e-approximation s of jis of the

form
k
Ho = Zp] 596]-7
j=1

where Z _,pj =1
From Theorem I we can €/2-approximate fi; by a Holder Gibbs proba-

bility p; associated to the Holder Jacobian J;.

From Theorem |2, for each j = 1,2,...,k, we get that for large IV;, the
probability (L, ;)™ (5xj) is an €/2-approximation of y1. Therefore, for some
uniform large N we get that

k
pl = Zp](‘cikogjl)]v( Z ;5 ‘Clong Zp] xj ‘Clong) (/JLQ)

is an €/2-approximation of p;, and therefore an e-approximation of fi;.
It follows from in Lemma 5| that T (p1) = pua. O

Corollary 7. There exists a dense orbit for T in M.

Proof. As there exists a countable dense set of probabilities p,, n € N, in
M, the result follows from last result and Baire Theorem. Indeed, for each
k,r € N, take the ball B(py, ). From Baire Theorem and Theorem |§| we get
that

n 1
?,ok:1 Uz ¥ (B(Pkn;))

is not empty. 0



Example 2. Consider a probability p € M and a natural number k. Take
the partition {T1, T2, ., Tg, xr € {1,2,....m},r € {1,2,...,k}}. Consider the
lezicographic order on the set of finite words (x1, xa, ..., xx). Now we re-index
these words using this order and o denotes the cylinder associated with the
J-th word a; = 04;-“, j=1,2,...,m". Finally, denote by z, € Q the periodic
orbit obtained by the repetition of the string (aq, g, ..., Ak ).

For instance, when m = 2 and k = 2 we get

(051 :ﬁ,ag ZE,O@ :ﬁ,OQl :_2
In this case zo = 1,1,1,2,2,1,2,2,1,1,1,2,2,1,2,2,1,1,1,2,2,1,2,2, ...
Note that 023(,22) = 29. Note that the orbit of zo wvisit all cylinders of size 2.
Note that in the general case, for j > 1,

k —
g (Oéj,Oéj+1, coey Ok, Q14 oy, OG5 1, O, ) =

(aj+1,...,amk,al,...,aj_l,aj,aj+1,...).
Therefore, there exists a value r, = r*k, such that, o™ (zx) = z. In
the above example when m = 2 and k = 2, we get that vy = 23, and

ot (o, ay,...) = 0(ag, ag, ...) = (ag, as, ...).
When m = 2 and k = 3 we get that 13 = 3 x 8 = km*.

From @

mk

T (Z N(O‘_j)a(aj,ajﬂ,---,amk ,041,.--,043-71,0@-7---)) =
=1
Z u(a_j)é(ajvaj-&—l:---vamk STy O 1,y (19>

j
We denote pu, € M, k € N, the probability

/’l‘k‘ = Z ,U(Oé_j)é(oz]-,aj_;,_l,...,amk ,011,...,01]'_1,01]',...)7 (2())
J

which is periodic of period ry, for ¥. Therefore, py € M, .
Note that px(a;) = p(@;), and pyg is a probability with weights in <-
periodic orbits, for any k.

Lemma 8. The periodic points of T are dense in M.



Proof. Indeed, given any measure x4 and € > 0, take k such that 27% < e.
The diameter of each cylinder set 77, Z3, ..., 2y is 2.
Consider a Lipchitz function f with Lipschitz constant smaller or equal
to 1; then, for sy, sy € T1, Tg, ..., Tx we get that |f(s1) — f(s2)] < 27",
Consider the T-periodic probability ux of expression . We will show
that dyrx(p, pr) < €.

Indeed,
/fdﬂ—/fdﬂk§§|/%fdu—/(1jfduk\:

Z / fdpw — flog, ajin, o, e, 0, ooy 1, @, ) o 0y) | <

mk

> a2t =27k < (21)

j=1

]

One way to generate probabilities = € 91 is the following: take a prob-
ability v on 2 and define for each continuous function F' : M — R the
bounded linear transformation

F o A(F) = /Q F(S,)dv(x). (22)

By Riesz Theorem there exist a probability =, on M such that for all
F e € we get

ME) = [ PGz ), (23)
We say that =, € 91 is the Level-2 version of v € M.

Example 3. An interesting case is when the v above is the maximal entropy
po- Given a point yo € Q0 and n € N, denote by 7", j = 1,2,...,m", the m"
solutions of o™ (x) = yo. Then

F o A(F) :LF(éw)dy(x):AF(éx)duo( ~ lim —ZF

n—oo M

Then, in some sense =,, is a Level-2 version of the mazimal entropy
measure.
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Definition 2. Given a probability I1 € 9N, we call my the probability such
that Vf € C(Q)

[ vt anw) = ma()
the barycenter of 11.

In this way: for any continuous function f: Q) — R

| f@)amn(s /(/f e ) T (p). (25)

It is is easy to see that m;, = p for any p € M.
Proposition 9. The map I1 — my is a weak contraction.

Proof. Indeed, dyx(mmu,, mn,) = sup{ [,, fdmmn, — [, fdmu, |Lip f <1},
thus we need to evaluate

d d = dlly (v) — dlly(v).
/ fdmm, — / fdmm, / v(f)dL(v) /M v(f)dll(v)
Define G(v) = v(f). We claim that Lip(G) < 1. Indeed,

G(”) - G(V/) = V(f) - V/(f) S dMK(VaV/)v
because Lip f < 1. By definition,

/M V()T (v) — /M V()T () =

:/ G(V)dHl(l/) —/ G(V)dHQ(I/) < dMK(HbHQ);
M M
because Lip(G) < 1. Thus, dyx(mm,, mm,) < dak (11, ).

It is not a contraction, indeed, take II;, = (55%, 1 =1,2 then

[ t@ann @) = [ [ 1) o) dss, ) = fa),

so that my, = 6,,. We recall that G(v) = v(f) satisfy Lip(G) < 1 provided
that Lip(f) <1 (w.r.t. the respective metrics). Thus,

dy (111, 1l) > sup / G(v)dll;(v) —/M G(v)dlly(v) =

G)=v(f), Lip(f)<1 J M

11



= sup 5901(f) - 5902(f) = dMK((Swz:éwz) = dMK(mHmmHz)'

Lip(f)<1

From the other inequality we get that dy i (mi,, mm,) = dyg (111, 13),
so the weak contraction is not a contraction. OJ

Each u € M can be associated to a probability ©, € 9¢ such that
me, = p (see Remark after Theorem 6.10 in [32]). In this case, for any
continuous f : 2 — R we get

[ 1@ante) = [ ([ sonav) ) e, (2)

The support of ©,, is the set of o-ergodic probabilities.
©,, is called the ergodic decomposition of the o-invariant probability u.
Therefore, 1 is the barycenter of ©,,.

Proposition 10. For any o-invariant p we get that me, =

Proof. We will show that for any continuous f we get that

[ t@ame, @ = [ fa)duta

From we get

[ f@au) = [ ([ 1wivw))ae,0)

and from (25)) we get

/f )dme,, ( //f )dv(x))dO, (v).

One can consider the Level-2 version of the above.

12



Theorem 11. (see Remark after Theorem 6.10 in [32]) For any I € M+
and any continuous function ¢ : M — R, there exists a probability measure
Oy on Mg such that the following expression holds

/w B)dIL(B /(/ W () dII(y )dDH(f{),

where I1 € &, and K C M. For each I1 € Ms the probability O on Ms is
called the T-ergodic decomposition of I1.

In this case II is the barycenter of Oy. We will need a non-dynamical
version of the above kind of results.

Remark 2. The set of extreme points of the set M = { probabilities on Q},
is the set (see [11)])

R = {probabilities of the form o6, wherey is any point in Q} C M.

Given p € M, for some é“ € M, we get

[ f@aute /(/f ), ) A(6,). (1)

The support of éu € M is the set °R.
The set of extreme points of the set M = { probabilities on M}, is the
set

R= {probabilities of the form o, wherep is any probability in M} C 9.

For any 11 € M there exists Oy such that for any continuous function

v:M—=R
/ B(B)dIL(B) = / [ / () dil(y) O (1), (28)
M R M

where R has probability 1 for O.
Then, we can write

/Mw(ﬁ)dﬂ(ﬂ)z /m | /M b(y) d8,(1) ] On(6,) = /m 5(5,) On(s,). (29)
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In this case II is the barycenter of Ory.

Example 4. Given a probability p € M we can associate, via barycenter, a
probability i = 11, € M in the following way: denote R = {0,y € Q} C M,
and then we associate o, in M with y € €, and o5, € M with y. Given a set

B C & in M we associate it to a set B € Q via this association.
Now we denote by i € MM a probability, where & = {0,,y € Q} has
probability 1, and such that, given a Borel set C' in M

a(C) = / Lo (8,)d(6,) = u(C N 8).

In this way, given a continuous function F: M — R

[ Fai= [ P)ai) = [ Pt (30)

Remark 3. Given n denote by I',, the equality distributed probability on N
with support on the set

A, = {6, |0"(x) = x}.

That is T, = # > wen, 0., because #A, = m”.

By compactness there exist a probability 1IP on 9N such that for a con-
vergent subsequence I',, — IIP, when k — oo. We call II” the periodic
preference probability. As '), is T invariant for each n, it follows that TP
15 T-invariant.

3 Convolution and a contractive dynamics in
the space of probabilities

Given a continuous function R : 2 x Q2 — Q we will define a product convo-
lution * : M x M — M. Take two probabilities v, u € M we set

(v p)(A) = [v x p] (R7(4))

in the sense that for any continuous function f: € — R

/Q fd(v ) = / F(R(z,y)) dv(x) dyu(y).
14



v * i is a new probability in M.
We refer the reader to [28] and [3] for results considering distinct concepts
of convolution that are different from ours.

Lemma 12. Given a convolution x obtained from R, for a fixed n, the map
W — mxp 18 s-Lipschitz with respect to Monge-Kantorovich distance, provided
that R is s-Lipschitz w.r.t. the second variable.

Proof. Indeed, consider pu, i’ € M then

Ay (% pm* ') = Sup /fdn*u /fdn*u

Lip(f

. /f (2, ) dn(z) duly /f (r.9) dn(e) dil(y).  (31)

Given f satisfying Lip (f) < 1, define g(y) := [ f(R(x,y)) dn(x), then,Vy €
Q) we get,

o) = 9| = | [ F(RG9) dn(o) ~ [ F(Rla ) )] <

< [ Lin(s) - do(Ri, ), Bo. i) < Lip(f)sdo(v.y/) < sdoluy)
thus Lip(1g) < 1. Returning to expression ([31) we obtain
/ 1 1 /
dyvr(n*p,n+p') <s sup [/ —g(y) dn(z) du(y)—/—g(y) dn(z) dp'(y)] <
Lip(f)<t J S §

< s durc(ps p)-
]

Corollary 13. Letn;, j = 1,2,... be a sequence of probabilities on Q and R :
0% — Q a convolution kernel which is s-Lipschitz contractive w.r.t. second
variable. Then the CIFS(countable iterated function system) R = (Q, ¢;),
J € N, where ¢;(p) = n;* 1, is uniformly contractible with Lipschitz constant
s.

Lemma 14. If R(z,y) = R(y,x) we get for the associated convolution :

Wk V=V L.
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Proof. Vf € C(Q)

jgfdu/*u>::/Qj«fux,y»dvcwdu<y>=

u/f (y, 2))dv(z)du(y t/fdu*y.

The next example will exhibit the concept of convolution that we will use
here (which is not commutative).

O

Example 5. For example, given n € N, we can get a product convolution *,

in M via Ry(x,y) = (m,(x), y1, Y2, -..) = (1, ooy T, Y1, Y2, -..), where m,(x) =
(1, ..., Ty). In this case

1
dQ(Rn(x7 ?/), Rn(xa y/)) S Q_ndﬂ(y7 y,)a

and thus R, 1S 55 —szschztz w.r.t. y.
The %, com)olutwn 1s defined for pairs of probabilities n, p in M: we set
Nxppt € M as the probability such that for any continuous function f : 2 — R

[ 1@ s )@ = [ [ 1Rate) duo) duty) =

//f(xl,...,l'n,yl,yg,...)d?](.T)d/L(y).

This product convolution is not commutative.
Example 6. For ezample, when n = 1, we write p — n %1 . One can show
that
(%1 ) % = (1 %1 ).
We leave the proof to the reader. Note that (1, %1 p) *; p is different from
11 (1 %1 )

Example 7. Now we introduce the dynamics of T, and at the same time
we will combine it with the convolution p — n *y p. In this way, for any
continuous function f : €2 — R

/f ) 1 p)( Q//f& dv(x) dp(y) =



[ [ rmen v dut) = [ [ fespiv@ ). 62

If v is o-invariant then

[ 1@ a0 e = [ [ e duty (33)

In this case is not necessarily true that T(v) %1 p is o-invariant, even if
W is o-invariant.

Moreover,
T(0z) *1 02 = Oy 2 (34)
where © = (X1, X2, ..., Ty, ..) € Q and z € Q.
Note that
[ @) 1 0)) = [ fea ) duty) (35)
If o(z) = x, then
T(0z) %10, = gy 2 (36)
If we denote 1, (u) = T(v) *1 p, then
Uy (y (1) = T(12) %1 (T(v1) %1 ) (37)

is such that for a continuous function A : Q — R

/MQWM%MM@z/ﬁummeMMMMMW@

// (m(o(x)), y) dva(w) d(Z(v1) #1 p)(y) =
/// (m1lo w)) s v)dvi(u) du(v) dvs (z) =
///Am%“%”de(x)dvl(u)du(v), (38)

If =19y, vo = 0y, 1 = 04, a,b,y € Q, then
/Adwl/z (wl’l (M)) = A(b2> (Ig,y). (39)
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We present a particular example that will illustrate the theory.

Example 8. Giwen n € N and x,y, it is easy to see that

{Z(éx)*néy = 6:172@3 ,,,,, Tn+1,Y) <4O>

when x = (L1, Lo, ..., Ty, ..). If o(x) = x, then

‘Z((Sm)*néy = Ozy,20,23,.. Ty

Given the probabilities v and p, if v is o-invariant, then for any n € N

[ i@y = [ [ 1@ m g dvis) duty). (@)

We leave the proof to the reader.

4 IFSs in probability spaces

In the bibliography, there are two main ways to introduce an IFS in M: us-
ing a countable number of maps (which includes the case of a finite number),
or indexing the maps by compact metric space.

4.1 The compact model and holonomic probabilities

It was introduced in [6] the concept of IFS with measures (IFSm for short).
In this case, (X,d) is a compact metric space and A is another compact
space, R = (¢x,q := (¢z))rea Where ¢, : X — X are continuous maps and
q = (¢2),cx 1s a collection of measures on A for all z € X, such that

H1 sup,ex ¢z(A) < oo,
H2 inf,cx ¢.(A) > 0,

H3 z — ¢,(A) is a Borel map, i.e, is B(X)-measurable for all fixed A €
B(A),

H4 x — q, is weak-x-continuous.
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The transfer operator acts on continuous functions f : X — R is given
by

z) = / F(6r(2))dau(N). (42)

The dual operator acts in probabilities p on X via Riesz representation
theorem:

B2 (0)(f) = /X B,(f)(x)dp(a). (43)

Below we consider the convolution *,,, where n is fixed, previously defined
in Example [5]

Our setup is:
1) X = M, compact and d = dpx;
2) A = M, compact;
3) ¢up) = T(v) *n f
4) dg,(v) = eA(d’“(“ dIly(v), where A is a continuous potential A : M — R
and Il € 9 is a fixed a priori probability over M. This defines the family
q considered in the above general setting.

Thus, we will consider here the IFSm

= (M7¢V7Q>V€M' (44>

Then, for a fixed n € N, we can write the transfer operator By, := B, a1
as:

Buo(F)) = [ F(S(0) 50 1), (v) =

/ A ) F(T(0) 4, p)dTTo(v), (45)
M

for any continuous function F': M — R

We will see that, under mild assumptions, the definitions 1), 2), 3), and 4),
mentioned above in our setup satisfy the required hypothesis described in [6],
so we can derive the standard properties obtained in classical thermodynamic
formalism for our IFSm (44)).

Indeed, the above hypothesis (H1)-(H4) from [0] are trivially satisfied
for dq,(v) = eA»W)dlly(v), if A is at least continuous. But, some of the
theorems will require more regularity from the IFS.

We say that A : M — R is [Ij-normalized if for any u € M we get
B, (1)(p) = 1.
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Example 9. Following the above definition of Br, for n = 1 consider a
continuous function A : Q — R, and for any p € M we set A(p) = [ Adp.
Such potential A satisfies the necessary conditions of the future Theorem
¥}
Take Ty = =3 6 € M. Considering the probability j1 = o,

m £4j=1"0(5j,...5.)

according to (36| we get that
D6smnsy (1) = T (0. ) ¥1 =T (0(jj. ) *¥1 0y = 0jy. (46)

Therefore, for v = % 0(jjgorj)s we get from (34)

Aoy (1) = A @5, ;550 (1) = A, y).

Given the continuous function f : Q0 — R, consider the continuous func-
tion F - M — R such that F(p) = [, fdp. Then, we get from ,
and

B, (F)(6,) = /M AP (T (v) %, dy)dIly(v) =

1 m
eA(¢u(6y))F(§(1/) x1 0,) d— ds,. . (v)=
/M Y m ]z_; (4,3:35-53-+)

1 m
ooy Z/ 36300 OV P (E(855.5.9) 1 6,) =
m — M

7j=1

m m

LS AR5, = 3 A fGy) = L4 (47)
J=1 Jj=1

Remark 4. The last expression describes the action of the classical Ruelle

operator for the a priori probability % Z;nzl 0; and the potential A (see [16]

or[22]). Therefore, in some sense, the above definition of B, is a Level-2

version of the classical Ruelle operator.

Example 10. Note that for n =1 we get ¢,,(du, (1)) = T(v2) *1 (T(v1)* 1),
a case which was discussed in expression .
In this case
By, (F)(3,) =

/ / A (6 ON+AGU G (6, (T(1) %1 6,) ) d TTo(1y)d T (1) =
MJIM
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In the general case we get that for any up € M

Bf, (F) (1) =
/ / A G D FAGL I B (6, (6, (1)) dTlo() dTTg(vs).  (48)
MIM

Given the potential A we will derive a probability 114 € 9t which will
play the role of the Gibbs probability for the potential A (see Definition .

A natural choice for the a priori probability Ilj is the probability IT? which
was described above.

We recall the main results derived from [6] (when applied to our setting):

Theorem 15. [6, Theorem 2.5] Denote by S the IFSm described by and
suppose that there is a positive number A and a strictly positive continuous
function h : M — R such that Br,(h) = Ah. Then the following limit exists

N—o0

lim %m (BY (1)()) = log A (49)

the convergence is uniform in p € M and A = X(Bn,) is the spectral radius
of By, acting on C(Q,R).

In our case, the family of measures satisfies the requirements from [0].
Indeed, as dg,(v) = e W dlly(v), we get that u(u,v) = log %(u) =
A(¢, (1)) has the regularity prescribed in [7].

Note that in the case A is IIp-normalized, that is By, (1) = 1, we get that
A=1land h =1

Theorem 16. [6, Theorem 2.6] Let S be the IFSm described by . If A is
Lipschitz, then there exists a positive and continuous eigenfunction h : M —
R such that Bp,(h) = (B, )h.

Definition 3. Given A and 11y we say that 1= f[A’HO s eigenprobability
for A and 11y if there exist a positive number A such that for all continuous
F:M—=R

By, (I1) = AL
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This means that for any F : M — R we get

A [ Pt = [ B () i) -

/ ( / A B (6, (1)) Ty () ) dTI(5,.). (50)
M M

Remark 5. Note that the eigenvalue X is identified when we apply to
the function F' = 1. Moreover, shoud be true for functions of the form
F(p) = [ fdp, where we take a fized continuous function f:Q — R.

Remark 6. Given A, 11, and II = fIA,HO, the eigenprobability for A and Ilg,
we get from that the equation 15 equivalent to

A / F(p)dil(p) = A /M F() 4D (5,) =

LLif,
L,

v(p))dIlo(v) ) ] dIL (p) dDy (11) =

"F(o
AN B¢, (p))do(v) ) ], (p) dD(5,)

[ e, anaw)) ) 946, o1
M IM

We will present several examples always taking n = 1 in our main theorem
above.

Example 11. Assume the hypothesis of Example[9. Here we will apply the
reasoning of Remark 3.

Take ITy = + > i1 06,5, and a continuous potential A : M — R.

We will show that we can describe the eigenprobability I for 11y and A
of Definition[3 via the eigenprobability g for the dual of the Ruelle operator
Lp of a certain continuous potential B : 0 — R. Consider a continuous
function F : M — R.

We assume I1 satisfies equation (1] . ) for some \. From (51]) and . this

means

3 [ P = A [ Piao (6 -
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/ [ / A B, (1)dTly(v) ) | dD5(5,) =
M M

1 m
/M — > M0 OV P (e (1) D3 (6, (52)
j=1

We will test if a probability I that has support on probabilities of the form
ds,, y € 82, can satisfy . Using and , in the affirmative case, this

would imply that
v [ P04, -
Q
L Ze/‘(‘”w 598 F(33(8,)) D165,
/ iZ‘fA(é“‘”)F (0(j.9)) A (95,)- (53)
Qm i1

Next we will describe some expressions that will be useful in the future

Ezample [29
Consider the continuous potential B(r) = B(ry,re,..) = A(S,) and the
Gibbs probability pp associated to the corresponding eigenvalue [3. Denote

G(y) = F(0y).
5 / Y)dps(y

Then, we get
/ﬁA y)dus(y / Z Ae)G (G, y))dus(y)- (54)

Therefore, taking dOg(ds,) as duB(y), and A = [ we get that equality

15 equivalent to equality .
The final conclusion is that d Oq(ds,) can be taken as dup(y).

For such class of potentials A and such a priori Iy, the action of 11 in
each continuous function F' is given by

/M // ¥) dos, (7) 1d D5 (05,) =
| /M P)dis, () Vduno) = [ FG) dns(o) (55)
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From now on, we can assume that the operator is IIy-normalized, that is
B, (1) = 1, otherwise, we can replace the measures by

o)
pu(”)— ph(,u) q#( )

obtaining B, (1) = 1. Note, however, that in this procedure we may lose the
knowledge about the regularity of p,,.

Definition 4. If A is Ily-normalized we say that Il = ﬂA,no 1s Gibbs if

~ ~

By, (1) =11

This means that for any F' : M — R we get

/ F(p)dil(p) = / Buy (F) (1) d11(3,) =
M

M

/ ( / A P, (1) )dTLy(v) ) ATI(5,). (56)
M M

Example 12. Assume the hypothesis of Example [I]]

Take 11y = % Z;”:l (550’].’].‘“’],”) and assume that A is normalized. We will
show the existence of T-invariant probabilities.

We showed in Example|11] that we can describe the eigenprobability I of
Definition @ (or the one in Definition |4)) via the eigenprobability ug for the
Ruelle operator of a certain continuous potential B. We take G(y) = F(6,).

Therefore, can recover for such class of potentials A, the action of Il in
each continuous function F via

[ Foaie) = [ ([ ass)austn = [ Godun.
Therefore, from the above and

[ wesipti = [ ( [ronas,) dunto) -

/ Glo(y))dun(y) = / Gly)dus(y) = / Fp)di1(p),

M

because pup is o-invariant. Then 11 is T-invariant.
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Example 13. Assume the hypothesis of Example[9d. We will show the exis-
tence of normalzzed potentials A : M —> R.
Then, for A fQ Adp, Ho ZJ 106G5.5...5.92 and a special class of

functions F(p fQ ), we showed that for any y

Bu, (F)(dy) = L4(F)(y)-

We will assume from now on that L ;(1) = 1.

Then, if p = Y} prby, € M, where ), pr = 1, we get from above that
Br,(1)(p) = 1. As A (and also A) is continuous and any probability in M can
be approximated by probabilities of the form p, we get that A is Ilg-normalized.

This means
1= / (AG) gT1 (1),
M

Consider the Gibbs probability 1= fIAﬂO associate to the 1lg-normalized
potential A. We will show a natural relation offI with my.

I1 should satisfy in this case the property: for any G : M — R (not just
for F of the above form)

Ty A (6, () dTI().
/M G(p)diI(p) /M< /M Gl () dMlo(v) ) dT1()

This should be true in particular for the case when G is in the particular
form of the F above. The above means for our choice of Il

/ / eA(¢V(M))F(¢V(#)) AT (v) df[(#) _
M IM
/M % Z eA(¢>ajoo(u))F(¢6joo (M))dﬂ(,u) _

/ Z“(“d” /fj, dp(z) )dT1(n) =

[ i s - s
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Theorem 17. There exists a duality of the a priori Ily and the eigenprob-
ability Il. Moreover, if we interchange them, the eigenvalue in 15 the
same, and furthermore

mm, = M.

Proof. Given A: M — R, we will show a relation of the a priori Il and the
eigenprobability IT for A.
In this case we get for any F': M — R

3 [Pt = [ ([ AR ) atye) dit). (5)

Now suppose that for the potential A we take the a priori as f[, and then
we get the eigenprobability, denoted by II;, for this pair associated to to
some eigenvalue $ > 0. Then, for any F'

_ A (W) i ().
8 / p)dIL (p) = /M< /M S B(g, () 1) AL (). (58)

If in the above equation, we set II; = Il we get in the same expres-
sion as in , up to the values A and 5. From Remark [2] we get that A = (.
As F is any continuous function we get that Ily is the eigenprobability for
the a priori I1.

(50) should be true in particular for the case when F' is in the particular
form

~ [ f@yipta), (59

for some fixed f : 2 — R. This means for our choice of Il and the eigen-
probability II that for any f

)\/f(y)dmﬁ(y) =\ /(/ f(x)dp(z))dIl(p) = A/F(,))dﬂ(p) _
/ / o /f )d &, (1) () ) dllo(v) ) dTI(p) =

/ / A (g, (1)) dTTo () ) dT1(1). (60)
Note that A = S in and (| .
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Now suppose that for A we take the a priori f[, and then we get that
[T, = Il is the eigenprobability for this pair and the eigenvalue A\ > 0. For
F of the above form (59)) we get from

A/ﬂwwmwﬁ—A/q}@mmmﬂmm_x/F@ﬂ%_

A () 2)d b, (1) () dT () =
[ e ([ o) aion )

[ (] e, ) ataii = [ g o
M IM

As the equality is for any f: 2 — R we get that my = my,.
[

Theorem 18. [6, Theorem 3.2] Let S be the IFSm described by (44). Then

there exists a positive number p < p(Brn,), such that the set
G*(Ily) = {Il € M : By (II) = pII}
18 not empty.

Definition 5. Given the cartesian product space M= M x A, for each
f e C(M,R) consider the “A-differential” df : M — R which is defined by
df[kl(v) = f(ou(p) — f1).

Definition 6. A measure I over M is said holonomic, with respect to the

IFS S, if for all f € C(M,R) we have

| dtnw) ditgu. ) =o.
M
Notation,

H(S) = {1 |11 is a holonomic probability measure with respect to the IFSm S}.

We now define the Variational Entropy of a holonomic measure.

Definition 7. [6, Definition 5.1, Theorem 5.6/ or [21] for a preceding point
of view. Let S the IFSm described by [@4), 11 € H(9), Q any probability with
full support on M, and dll(p,v) = dIl,(v)dm(p) a disintegration of 11, with
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respect to the marginal w. The variational entropy off[ with respect to the a
priori probability () is defined by

o= e L[ Belo)
h“(H)‘gegg%m{/Ml 00 i)} <0,

where Bo(g)(1) = [u, 9(6(1))dQ(v).

We will consider from now on the operator By, as in and the varia-
tional entropy hllo, where Il is the fixed a priori probability on M.

Recall that, for the IFSm S, dg,(v) := e dlly(v), for a continuous
potential A : M — R.

Definition 8. Following [6, Definition 5.8/, we define the topological pressure
for the potential ¢ := e : M — R by

P(y)= sup  inf {/MlnM dw(“)}go,

e (S) gecg%vm 9(w)

where
dll(p, v) = dIl,(v)dr (1) (62)

15 the disintegration of 11, with respect to the marginal .

Proposition 19. [0, Lema 5.9] The pressure satisfies

P() = sup AM(T) + /M (1) dr(p)

IIeH(S)

sup B+ [ A dn() (63)
IIEH(S) M

Definition 9. A holonomic probability 11, € H(S) satisfying the equality

P(y) = A (TLy) + / A(p) dralp),

M

where w4 comes from the disintegration of 14 (as in ), 1s called an
equilibrium state for the potential A : M — R.
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From [6] Theorem 5.13] the set of equilibrium states is not empty for the
IFSm S, since dg,(v) := eA* W) dP(v) (a continuous and positive weight).

Remark 7. As we already show that there exists a positive eigenfunction
for By, (Theorem @) and an eigenmeasure for Bfi (Theorem @, then it
follows from [6] that the pressure obtained by the entropy with respect to the
a priori measure Iy satisfy P(¢) = In(p(Bn,)). Thus an equilibrium measure
14 satisfies

In(p(B,)) = K0 + [ AG) dn(us)

Recall that the projection ® from II over M to 9, defining I = (IJ(fI),
is given by

/QW@W:/MWWmW:/JWmW%W
M M

M

Definition 10. The probability T, = ®(I14) € M is caled the projected
equilibrium probability for A and the a priori probability Iy € 9.

Consider the functional m : C'(M,R) — R given by
m(A) = P(et). (64)
It is immediate to verify that m is a convex and a finite valued functional.

Theorem 20. [0, Theorem 6.1, Corollary 6.2] Consider the IFSm S. If m
is Gateauz differentiable in A then

#{D(IT) : 11 is an equilibrium state for ¢ = e} = 1.
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