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1 Discrete Weyl relations

This section follows parts of [3]. Consider the Hilbert space H = CN . Let

{|k〉}N−1k=0 be an orthonormal base. Fix αu, αv ∈ [0, 1] and define the following

matrices UN , VN ∈MN (C):

UN := e
2π
N iαu

N−1∑
k=0

e
2π
N ik|k〉〈k|, VN := e

2π
N iαv

N−1∑
k=0

|k〉〈k − 1| (1)

together with the identification |j〉 = |j mod N〉. Such operators are unitary

and we have
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UN |l〉 = e
2π
N i(αu+l)|l〉, VN |l〉 = e

2π
N iαv |l + 1〉 (2)

Defining n := (n1, n2) ∈ Z2, we have that UN and VN satisfy the discrete

Weyl relations

Un1

N V n2

N = e
2π
N in1n2V n1

N Un2

N (3)

Also, inspired in the continuous case, we define the discrete Weyl opera-

tors:

WN (n) := e−i
π
N n1n2Un1

N V n2

N (4)

Such operators satisfy

W ∗N (n) = W (−n) (5)

and

WN (n)WN (m) = ei
π
N σ(n,m)WN (n+m) (6)

where σ(n,m) := n1m2 − n2m1.

When normalized, the discrete Weyl operators form an orthonormal base

for MN (C). In fact, using (2) and (4), we have

tr(WN (n)) =

N−1∑
l=0

e−i
π
N n1n2〈l|Un1

N V n2

N |l〉

=

N−1∑
l=0

e−i
π
N (n1n2+2n1(αu+l)−2n2αv)〈l|l + n2〉

= δn2,0

N−1∑
l=0

e−
2πin1
N (αu+l) = Nδn,0 (7)

This allows us to obtain

tr(W ∗N (n)WN (m)) = Nδn,m (8)

and therefore for all A ∈MN (C),

A =
1

N

∑
n∈Z2

N

tr
(
W ∗N (n)A

)
WN (n) (9)

where Z2
N := {n = (n1, n2) : 0 ≤ ni ≤ N − 1}.

♦
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2 Introduction to the Wigner function

This section follows parts of [10]. Given a quantum system, we are interested

in obtaining another form of representing the wave function Ψ(x). Such object

will be the Wigner function, which will depend on two variables, moment

and position. In order to understand such functions, we need to study the

structure of phase spaces.

The Wigner function consists of a special way of describing density opera-

tors. In principle, we could say that density operators are a more fundamental

structure than its Wigner representation. For instance, the Wigner represen-

tation is unable to describe the density operators associated to two-level sys-

tems. However, due to its simplicity, we will see that an understanding of the

Wigner distribution gives us insight on certain aspects of density operators.

Definition 1 Given a wave function Ψ(x), the Wigner distribution func-

tion is

W (q, p) = WΨ (q, p) :=
1

2π~

∫ ∞
−∞

eisp/~〈q − s

2
|Ψ〉〈Ψ |q +

s

2
〉ds (10)

where above we are using Dirac notation

〈q − s

2
|Ψ〉 = Ψ(q − s

2
) (11)

〈Ψ |q +
s

2
〉 = Ψ∗(q +

s

2
) (12)

Define the change of coordinates

x = q +
s

2
, x′ = q − s

2
(13)

and then we obtain

W (q, p) =
1

2π~

∫ ∞
−∞

e
i
~p(x−x

′)〈x′|Ψ〉〈Ψ |x〉ds (14)

That is, the Wigner distribution is obtained by calculating the product

Ψ(x′)Ψ∗(x) and then applying the Fourier transform on s = x − x′. Such

distribution has the following properties:∫ ∞
−∞

W (q, p)dp = 〈q|Ψ〉〈Ψ |q〉 = |Ψ(q)|2 (15)
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−∞

W (q, p)dq = 〈p|Ψ〉〈Ψ |p〉 = |Ψ̃(p)|2 (16)∫ ∞
−∞

∫ ∞
−∞

W (q, p)dpdq = 1 (17)

where Ψ̃ is the moment representation of the wave function Ψ .

The Wigner function is real, but can assume negative or positive values.

In this sense, it is not a density, but it is a kind of joint distribution of the

position and momentum distributions.

Now, note that (14) can be written as

W (q, p) =
1

2π~

∫ ∞
−∞

e
i
~p(x−x

′)〈x′
(
|Ψ〉〈Ψ |

)
x〉ds =

1

2π~

∫ ∞
−∞

e
i
~p(x−x

′)〈x′|ρ|x〉ds

(18)

where

x = q +
s

2
, x′ = q − s

2
(19)

where we define the density operator associated to a pure state as

ρ := |Ψ〉〈Ψ | (20)

The general definition for ρ includes pure and mixed states:

ρ =
∑
i

pi|Ψi〉〈Ψi| (21)

where pi ≥ 0 and
∑
i pi = 1. Such equation describes ρ as an incoherent

superposition of pure state density operators |Ψi〉〈Ψi|, where Ψi is a wave

function, but not necessarily an energy eigenstate. On equation (21) the pi
denote the probabilities of finding the system on the state |Ψi〉.

Hence, besides the usual probabilistic interpretation for finding a parti-

cle described by a certain wave function at some position, we also have a

probability distribution that such a particle can be found in different states.

♦

3 Discrete Wigner function

This section follows parts of [7] and [11]. In dimension 1, the continuous

Wigner function is in 1-1 correspondence with a density matrix ρ and is

defined by
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Wρ(q, p) = W (q, p) :=
1

2π~

∫ ∞
−∞

eiλp/~〈q − λ

2
|ρ|q +

λ

2
〉dλ (22)

Such function is uniquely defined by the following properties: [7],[11]:

1. W (q, p) ∈ R
2. If ρ1 and ρ2 are two density states then

tr(ρ1ρ2) = 2π~
∫
W1(q, p)W2(q, p)dqdp (23)

3. (Projection property) The integral along a line on phase space, described

by a1q+ a2p = a3, is the probability density that the measurement of the

observable a1Q̂+ a2P̂ gives a3 as a result.

Remark Note that the Wigner function is always associated to a den-

sity matrix. It would be more appropriate to use the notation Wρ instead

of W . When there is no possibility of confusion we will denote W . The pro-

jection property stated above means, in other words, that the projection of

the Wigner function along any direction of the phase space is equal to the

probability distribution of a certain observable a1q + a2p, associated to that

direction. Two special cases of this property are well-known:∫
W (q, p)dq (24)

is the probability distribution for the moment, and∫
W (q, p)dp (25)

is the probability distribution for position. For more details on these proper-

ties, see [11].

♦

We can write W as the expected value of a Fano operator, so we have

W (q, p) = tr(ρÂ(q, p)) (26)

where Â can be written as

Â(q, p) =
1

(2π~)2

∫
exp
[
− λ

~
(P̂ − p) + i

λ′

~
(Q̂− q)

]
dλdλ′ (27)

=
1

(2π~)2

∫
D̂(λ, λ′)exp

[
− i

~
(λ′q − λp)

]
dλdλ′ (28)
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where

D̂(λ, λ′) := exp
[
− i

~
(λP̂ − λ′Q̂)

]
(29)

Also we can write Â as

Â(q, p) =
1

π~
D̂R̂D̂∗ (30)

where above we write D̂ = D̂(q, p) and R̂ is an operator acting on positive

eigenstates such that R̂|x〉 = | − x〉.

The proof that W satisfies properties 1 to 3 stated above follows from

simple phase space properties. The fact that W (q, p) ∈ R is a consequence of

the fact that Â(q, p) is hermitian. As for property 2, we can show that

tr
(
Â(q, p)Â(q′, p′)

)
=

1

2π~
δ(q − q′)δ(p− p′) (31)

As a consequence, it is possible to invert equation (26) so we can write

ρ = 2π~
∫
W (q, p)Â(q, p)dqdp (32)

Property 2 follows from the formula above. As for property 3, note that by

integrating Â(q, p) along a line on phase space gives us a projection operator.

Therefore ∫
δ(a1q + a2p− a3)Â(q, p)dqdp = |a3〉〈a3| (33)

where |a3〉 is an eigenstate of the operator a1Q̂ + a2P̂ with eigenvalue a3.

Later we will describe the proof of this property for the discrete case.

♦

Now we are interested in defining the Wigner function in the discrete case.

The first step is to define a discrete phase space. Consider a Hilbert space of

dimension N and define a base

Bx = {|n〉, n = 0, . . . , N − 1},

which will be seen as a discrete position base. Now we define a base of

moments

Bp = {|k〉, k = 0, . . . , N − 1}

A natural way of introducing the moment base from the position base is via

the discrete Fourier transform. Then we can obtain the states of Bp from

the states in Bx in the following way:
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|k〉 =
1√
N

∑
n

exp[2πink/N ]|n〉 (34)

Therefore, as in the continuous case, position and moment are related by the

Fourier transform.

Remark We can relate the dimension of the Hilbert space with the Planck

constant in the following way. We are supposing that the phase space has

a finite area, which we can suppose equal to 1. In this area we can have N

orthogonal states. If each state fills an area equal to 2π~, we have N = 1/2π~.

So N plays the role of the inverse of the Planck constant and the limit as N

goes to infinity can be seen as the semiclassical limit [7].

♦

Given position and moment bases, we can define their respective displace-

ment operators. For discrete systems, we can define translation operators Û

and V̂ , in a way which is similar to what we have in (1) and (2), section 1:

Ûm|n〉 := |n+m〉, Ûm|k〉 := exp[−2πimk/N ]|k〉 (35)

where the vector sums are mod N . In a similar way the operator V̂ is a shift

on moment base, and it is diagonal on positions:

V̂ m|k〉 := |k +m〉, V̂ m|n〉 := exp[2πimn/N ]|n〉 (36)

Then it is possible to show that

V̂ pÛq = e2
π
N ipqÛqV̂ p, (37)

the discrete Weyl relations (3), seen on section 1. Let us also define a reflection

operator as R̂|n〉 := | − n〉. We have that

Û R̂ = R̂Û−1, V̂ R̂ = R̂V̂ −1 (38)

The reflection operator is related to the Fourier transform in the following

way. Denote by UFT the discrete Fourier transform, that is the operator

whose entries on base Bx are

〈n′|UFT |n〉 = exp[2πinn′/N ] (39)

Then we have

R̂ = U2
FT (40)

♦
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In order to define the discrete Wigner function, we still have to define a

translation operator T̂ and a point operator Â, corresponding to the Fano

operator defined in the continuous case. This is what we will do next. Define

T̂ (q, p) := ÛqV̂ p exp[iπqp/N ] (41)

Such operators satisfy

T̂ (λq, λp) = T̂λ(q, p) (42)

Remark In R2 we define the translation operator with position q and

moment p as

T̂ (q, p) = e−
i
~ (qP̂−pQ̂) (43)

Instead of definitions (35) and (36) given for Û and V̂ we could, in principle,

define Û and V̂ as the exponential of two operators Q̂ and P̂ , defined as being

diagonal in Bx and Bp. However, infinitesimal operators Q̂ and P̂ satisfying

the canonical commutation relations (CCR) cannot be defined over a discrete

Hilbert space [4],[11]. Because of that we will use the finite cyclic shifts, given

by (35) and (36).

♦

Remark Due to technicalities, the phase-space can be taken to be a N×N
or a 2N × 2N grid [7]. Typically we will be interested in phase spaces with

even dimension and we will use the 2N × 2N grid (for instance, if N = 2 the

phase space has 16 points). Our following definitions will follow this choice

as well.

♦

Let α = (q, p) be a point of the discrete phase space, with q and p assuming

values between 0 and 2N − 1. Define

Â(α) :=
1

(2N)2

2N−1∑
λ,λ′=0

T̂ (λ, λ′) exp
[
− 2πi

(λ′q − λp)
2N

]
=

1

2N
ÛqR̂V̂ −peiπpq/N

(44)

We can express the translation operator in terms of Â(α) by inverting the

above definition and then we obtain the Fourier transform of Â:

T̃ (n, k) =

2N−1∑
q,p=0

Â(q, p) exp[−i 2π

2N
(np− kq)] (45)

Note that as we defined the point operators over a lattice of 2N ×2N points,

we get a total of 4N2 operators. However, such set is not independent. That

is, we can show that
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Â(q + σqN, p+ σpN) = Â(q, p)(−1)σpq+σqp+σqσpN (46)

for σq, σp = 0, 1. So we have that N2 operators define the remaining ones.

Define

GN := {α = (q, p) : 0 ≤ q, p ≤ N − 1}

And the set G2N will denote the entire lattice of order 2N .

A relation between Â and T̂ is the following:

Â(α)Â(α′) = T̂ (α− α′)exp[i(π/N)(qαpα′ − qα′pα)]

4N2
(47)

By taking the trace of the above equation we get

tr(Â(α)Â(α′)) =
1

4N
δN (q′ − q)δN (p′ − p) (48)

where α and α′ are in GN and

δN (q) :=
1

N

N−1∑
n=0

e−2πiqn/N (49)

is the periodic Dirac delta function, which is equal to zero unless q ≡
0 mod N .

Definition 2 The discrete Wigner function is

W (α) = Wρ(α) := tr(Â(α)ρ) (50)

where α ∈ G2N .

These 4N2 values are not independent because in a similar way to what we

have for the operator Â, we have

Ŵ (q + σqN, p+ σpN) = Ŵ (q, p)(−1)σpq+σqp+σqσpN (51)

for σq, σp = 0, 1. As the operators Â(α) form a complete set, we can write the

density operator as a linear combination of the Â(α). So we can show that

ρ = 4N
∑
α∈GN

W (α)Â(α) = N
∑

α̃∈G2N

W (α̃)Â(α̃) (52)

Remark It is possible to show that the discrete Wigner function defined

above satisfies properties 1 to 3 stated in the beginning of this section. Prop-

erty 1 is a consequence of the fact that Â(q, p) are hermitian operators. Prop-

erty 2 follows from the completeness of the set Â(α), which allows us to show



10 A. Baraviera, C. F. Lardizabal, A. O. Lopes, and M. Terra Cunha

that

tr(ρ1ρ2) = N
∑

α∈G2N

W1(α)W2(α) (53)

The proof of the third property requires a brief analysis of the lattice GN
and we refer the reader to section 21 for details.

♦

Conclusions We have defined the Wigner function for systems over a

Hilbert space of dimension N < ∞. The Wigner functions is defined as the

expected value of the operator Â(α) defined over the phase space given by

equation (44). The definition is such that W (α) ∈ R and is such that we can

calculate the inner product between states and gives the correct marginal

distributions along any line over the phase space, which is the lattice G2N

with 4N2 points. Also, the values of W (α) on the sublattice GN are enough

to determine W in the entire space.

♦

4 Calculating Wigner functions

In order to calculate the Wigner function of a quantum state, we will use

(35), (36) and (44) se we can write W in the following convenient form:

Lemma 1

W (q, p) =
1

2N

N−1∑
n=0

〈q − n|ρ|n〉 exp
[2πi

N
p(n− q/2)

]
(54)

Proof In the following calculations, recall that the inner product is linear on

the second variable. We have that

W (q, p) = tr(Aρ) =
1

2N
exp[iπpq/N ]tr(UqRV −pρ)

=
1

2N
exp[iπpq/N ]

N−1∑
i=0

〈n|UqRV −pρ|n〉 =
1

2N
exp[iπpq/N ]

N−1∑
i=0

〈U−qn|RV −pρ|n〉

=
1

2N
exp[iπpq/N ]

N−1∑
i=0

〈n−q|RV −pρ|n〉 =
1

2N
exp[iπpq/N ]

N−1∑
i=0

〈q−n|V −pρ|n〉

=
1

2N
exp[iπpq/N ]

N−1∑
i=0

〈V p(q − n)|ρ|n〉 =
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1

2N
exp[iπpq/N ]

N−1∑
i=0

exp[−2πip(q − n)/N ]〈q − n|ρ|n〉

Also, note that

iπpq/N −2πip(q−n)/N =
ipπ

N
(q−2(q−n)) =

ipπ

N
(2n− q) =

2πip

N
(n− q/2)

Hence,

W (q, p) =
1

2N

N−1∑
n=0

〈q − n|ρ|n〉 exp[
2πip

N
(n− q/2)]

�

We believe there is a misprint in [7] in the expression corresponding to the

W (q, p) described by the claim of the above lemma.

One can ask how Wρ changes with ρ. Suppose first ρ is a projector from a

wave ψ which has norm 1 in L2. Suppose (aφ1+bφ2) = ψ, where ψ, φ1, φ2 have

norm 1, and ρ = |ψ >< ψ|. Then, Wψ 6= aWφ1
+ bWφ1

. The linearity occurs

only when ρ =
∑
i ci|i >< i|, that is, when ρ is diagonal. This in general

do not happen for operators |ψ >< ψ| induced by a wave ψ. However, if

ρ = (aρ1+bρ2), where ρ, ρ1, ρ2 are density matrices, then Wρ = aWρ1 +bWρ2 .

Example 1 Let N = 2, and let |ψ〉 = a|0〉 + b|1〉 be a state superposition.

Let W1(α) and W2(α) be the Wigner functions for |0〉 and |1〉, respectively.

We have that the Wigner function W for |ψ〉 is such that

W (α) = |a|2W1(α) + |b|2W2(α) + 2Re{ab∗〈1|A(α)|0〉} (55)

In fact, note that

W (α) = tr(A(α)ρ) = tr
(
A(α)(|a|2|0〉〈0|+ |b|2|1〉〈1|+ ab∗|0〉〈1|+ a∗b|1〉〈0|)

)
= |a|2W1(α) + |b|2W2(α) + ab∗tr(A(α)|0〉〈1|) + a∗btr(A(α)|1〉〈0|)

= |a|2W1(α) + |b|2W2(α) + ab∗tr(〈1|A(α)|0〉) + a∗btr(〈0|A(α)|1〉)

so the result follows.

♦

Let us remark a few properties of the Wigner function for a pure state

ρ. In this case by expanding ρ in terms of the phase space operators as in

equation (52) and by imposing the condition ρ2 = ρ, we get

W (α) = 4N2
∑

β,γ∈GN

Γ (α, β, γ)W (β)W (γ) (56)
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where the function Γ (α, β, γ), which depends on 3 points (i.e., a triangle) is

given by

Γ (α, β, γ) := tr(Â(α)Â(β)Â(γ)) =
1

4N3
exp

[2πi

N
S(α, β, γ)

]
, (57)

of 2 of the 3 point (α, β, γ) contain even q and p coordinates. Otherwise we

define

Γ (α, β, γ) := 0, (58)

and in the above expression, valid for even N , the value S(α, β, γ) is the area

of the triangle formed by these points (measured in units of the elementary

triangle formed by 3 points which are one position apart from each other).

♦

Now we calculate the Wigner function for a position eigenvalue

ρq0 = |q0〉〈q0| (59)

We obtain the following closed expression for W :

Wq0(q, p) =
1

2N
〈q0|ÛqR̂V̂ −p|q0〉eiπpq/N

=
1

2N
δN (q − 2q0)(−1)p[(q−2q0) mod N ] (60)

We can also write the Wigner function of a state which is a linear superpo-

sition:

|ψ〉 =
1√
2

(|q0〉+ e−iφ|q1〉) (61)

Again, we can obtain a closed expression for W , which is

W (q, p) =
1

2

(
Wq0(q, p) +Wq1(q, p) +∆Wq0,q1(q, p)

)
(62)

where the interference term is

∆Wq0,q1(q, p) :=
1

N
δN (q̃)(−1)q̃p cos

(2π

λ
p+ φ

)
(63)

where

q̃ = q0 + q1 − q, λ =
2N

q0 − q1
(64)

This is an explicit expression for the calculation seen in example 1.

♦

Now we make a few considerations on the time evolution of quantum sys-

tems on phase space. If U is the unitary operator which determines the evo-
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lution of a state, then the associated density matrix evolves in the following

way,

ρ(t+ 1) = Uρ(t)U∗ (65)

By this fact, we can show that the Wigner function evolves in the following

way:

W (α, t+ 1) =
∑

β∈G2N

ZαβW (β, t) (66)

where the matrix Zαβ is defined as

Zαβ := Ntr
(
Â(α)UÂ(β)U∗

)
(67)

Therefore the time evolution in phase space is represented by a linear trans-

formation, which is a consequence of Schrödinger’s equation. The unitarity

imposes a few restrictions on the matrix Zαβ . In fact, since purity of states is

preserved, the time evolution has to preserve the restriction given by equa-

tion (56). Therefore, the matrix has to leave the function Γ (α, β, γ) invariant,

that is,

Γ (α′, β′, γ′) =
∑
α,β,γ

Zα′αZβ′βZγ′γΓ (α, β, γ) (68)

The real matrix Zαβ contains all the information on the time evolution of the

system. In general, such matrix relates a point α with several other points β.

So the evolution will be, in general, nonlocal, a unique property of quantum

mechanics. In classical systems, the value of the classical distribution function

W (α, t+ 1) is equal to the value W (β, t) for some point β, which consists of

a well defined function of α and t. However, we have in [7] a few examples of

unitary operators which generate a local dynamical evolution on the phase

space.

♦

To conclude this section, we calculate the Wigner function for a quan-

tum channel Λ, as the ones considered for our analysis of QIFS. This is a

straightforward calculation. Let Vi be linear operators, i = 1, . . . , k such that∑
i V
∗
i Vi = I. Then Λ(ρ) =

∑
i ViρV

∗
i ∈MN . Hence,

WΛ(ρ)(q, p) =
1

2N

N−1∑
n=0

〈q − n|Λ(ρ)|n〉 exp
[2πi

N
p(n− q/2)

]

=
1

2N

N−1∑
n=0

k∑
i=1

〈q − n|ViρV ∗i |n〉 exp
[2πi

N
p(n− q/2)

]
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=
1

2N

N−1∑
n=0

k∑
i=1

〈(q − n)Vi|ρ|V ∗i (n)〉 exp
[2πi

N
p(n− q/2)

]
(69)

Writing ρ =
∑N−1
j=0 ρj |j〉〈j|,

∑
j ρj = 1, we get

WΛ(ρ)(q, p) =
1

2N

N−1∑
n,j=0

k∑
i=1

ρj〈(q − n)Vi|j〉〈j|V ∗i (n)〉 exp
[2πi

N
p(n− q/2)

]
(70)

Therefore the Wigner function of Λ(ρ) is obtained in a simple way from the

function for ρ.

♦

5 some properties of the discrete Wigner function

We have seen in section 3 that the discrete Wigner function

W (α) = tr(Â(α)ρ) (71)

satisfies properties 1 and 2. Now let us prove property 3. Let ρ =
∑
i pi|i〉〈i|,∑

i pi = 1 be a density operator. Denote by

Bx = {|n〉, n = 0, . . . , N − 1},

a position basis and

Bp = {|k〉, k = 0, . . . , N − 1}

a moment basis, as before, where

|k〉 =
1√
N

∑
n

exp[2πink/N ]|n〉 (72)

To prove property 3, we must show that as we sum the operators Â(q, p) over

the point of the phase space which lie over a line L, we obtain a projection

operator. This implies that by summing the values of the Wigner function

over all the points of a line we get a positive number, which can be interpreted

as a probability.

We begin by defining a line on the phase space. A line L is a set of point

of the lattice, defined as
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L = L(n1, n2, n3) = {(q, p) ∈ G2N : n1p− n2q = n3, 0 ≤ ni ≤ 2N − 1} (73)

Also, we say that two lines as parallel if they are parameterized by the same

integers n1 and n2.

Now, let us show that as we sum the point operators A over a line, we get

projection operators. So we are interested in the operator

ÂL =
∑

(q,p)∈L

Â(q, p) (74)

Since δN (q) = 1
N

∑N−1
n=0 e

−2πiqn/N , we can rewrite such operator as

AL =

2N−1∑
q,p=0

Â(q, p)δ2N (n1p− n2q − n3)

=
1

2N

2N−1∑
λ=0

2N−1∑
q,p=0

Â(q, p) exp[−i 2π

2N
λ(n1p− n2q − n3)]

=
1

2N

2N−1∑
λ=0

T̂λ(n1, n2) exp[i
2π

2N
n3λ] (75)

where we use the Fourier transform of Â to obtain the last equality. Since

T̂ is unitary, we have N eigenvectors |φj〉 with eigenvalues exp[−2πiφj/N ].

Besides, such operator is cyclic and satisfies T̂N = I. Therefore as its eigen-

values are N − th roots of unity, the φj are integers. So we can rewrite (75)

as

ÂL =
1

2N

2N−1∑
λ=0

N∑
j=0

exp[−i 2π

2N
(2φj − n3)λ]|φj〉〈φj |

=

N∑
j=0

δ2N (2φj − n3)|φj〉〈φj | (76)

Hence we have that ÂL is a projection operator over a subspace generated

by a subset of eigenvectors of the translation operator T̂ (n1, n2).

♦

Example 1 For a line Lq defined by q = n3 (that is, n1 = 1, n2 = 0), the

Wigner function summed over all point of Lq is∑
(q,p)∈Lq

Wρ(q, p) =
∑
p

Wρ(n3, p) = 〈n3/2|ρ|n3/2〉 (77)
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if n3 is even, and equal to zero otherwise.

♦

More precisely, we have the following proposition:

Proposition 1 Let N be even and let ρ be a density operator. Then

2N−1∑
p=0

Wρ(2q, p) = 〈q|ρ|q〉, q = 0, 2, . . . , N − 1

and
2N−1∑
p=0

Wρ(2q + 1, p) = 0, q = 0, 2, . . . , N − 1

Proof First, to see why the case q odd implies that the Wigner function

equals zero, consider the expression for W given by

Wρ(q, p) =
1

2N

N−1∑
n=0

〈q − n|ρ|n〉 exp
[2πi

N
p(n− q/2)

]
(78)

Write ρ =
∑
j cj |j〉〈j|, cj > 0. Then

〈q − n|ρ|n〉 =
∑
j

cj〈q − n|j〉〈j|n〉 (79)

which is 6= 0 if and only if j = q − n = n for some j. In particular, in order

to have a nonzero inner product above, we must have that q is even, because

q − n = n implies q = 2n.

Now suppose that q = 2q0. By the analysis above, we see that in the sum

of the terms forming the Wigner function (eq. (78)), we only have to sum the

indices such that the equation

q − n = n⇔ 2q0 − n = n (80)

is satisfied (recall that all calculations are made modulo N). Such equation

has two solutions, namely n = q0 and n = q0 +N/2. To see that there are no

other solutions for (80), we proceed in the following way. From 2q0 − n = n

we get 2(q0 − n) = 0. We know that n = 0 and n = q0 + N/2 are solutions.

Also, note that x = 0 and x = N/2 are solutions of 2x = 0. Now, if y is a

solution of 2x = 0 then y −N/2 also is. Clearly if y is an element between 0

and N/2 then 2y will be at most equal to 2N −2, hence 2y 6= 0. Finally, let y

be an element between N/2 and N and by contradiction suppose that 2y = 0.
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Then by the remark above we have that z = 2y −N/2 is also a solution and

z is between 0 and N/2. But there are no solutions for 2x = 0 between 0 and

N/2. This shows that 2x = 0 admits only the solutions stated above.

Now note that if n equals q0 then

exp
[2πi

N
p(n− q/2)

]
= 1 (81)

If n = q0 + N/2, we have that the exponential above is equal to ±1, being

positive or negative if p is even or odd, respectively. Therefore, for N even

and q = 2q0, we have

Wρ(2q0, p) =
1

2N
(〈q0|ρ|q0〉 ± 〈q0 +N/2|ρ|q0 +N/2〉) (82)

where the sign ± depends on p. For fixed q and considering all possible p

(i.e., p = 0, . . . , 2N − 1), we have that the second inner product above will

have a plus sign in front of it in the N possibilities in which p is even and

will have a negative sign in the N remaining possibilities. So∑
p

Wρ(2q0, p) = 〈q0|ρ|q0〉 (83)

This concludes the proof.

�

Corollary 1 If q is odd then Wρ(q, p) = 0, for any p and any ρ density

operator.

Proof Follows from the first paragraph of the proof above.

�

Definition 3 Let ψ be a state. The W -transform of ψ is

φ(p) :=

2N−1∑
q=0

Wψ(q, 2p) (84)

for p = 0, . . . , 2N − 1.

Let φ be the W -transform of ψ, and let Fψ be the discrete Fourier trans-

form of ψ.

Question:
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|(Fψ)(p)|2 ?
= φ(p), p = 0, 1, . . . , N − 1 (85)

Answer For N = 2 and ψ = |0〉 or |1〉, the answer is yes. In fact, let

|ψ〉 = |0〉 = (1, 0). Then

F|0〉 =
1√
2

∑
j

exp [2πij0/2]|j〉 =
1√
2

(|0〉+ |1〉)

⇒ (F|0〉)(0) =
1√
2
⇒ |(F|0〉)(0)|2 =

1

2

And

φ(0) =
∑
q

W|0〉(q, 0) =
1

4
+ 0 +

1

4
+ 0 =

1

2

Also

(F|0〉)(1) =
1√
2
⇒ |(F|0〉)(1)|2 =

1

2

And

φ(1) =
∑
q

W|0〉(q, 2) =
1

4
+ 0 +

1

4
+ 0 =

1

2

Therefore in this case

|(Fψ)(p)|2 = φ(p), p = 0, 1 (86)

Now let |ψ〉 = |1〉 = (0, 1). Then

F|1〉 =
1√
2

∑
j

exp [2πij/2]|j〉 =
1√
2

(|0〉+ exp [2πi/2]|1〉) =
1√
2

(|0〉 − |1〉)

⇒ (F|1〉)(0) =
1√
2
⇒ |(F|0〉)(0)|2 =

1

2

And

φ(0) =
∑
q

W|1〉(q, 0) =
1

4
+ 0 +

1

4
+ 0 =

1

2

Also

(F|1〉)(1) = − 1√
2
⇒ |(F|0〉)(0)|2 =

1

2

And

φ(1) =
∑
q

W|1〉(q, 2) =
1

4
+ 0 +

1

4
+ 0 =

1

2

Therefore

|(Fψ)(p)|2 = φ(p), p = 0, 1 (87)



A dynamical point of view of Quantum Information 19

Now let us write an example in which the state considered is mixed. Let

ψ = 1/
√

2(|0〉+ |1〉). Then

F|ψ〉 =
1√
2

(F|0〉+ F|1〉) =
1√
2

[ 1√
2

(|0〉+ |1〉) +
1√
2

(|0〉 − |1〉)
]

= |0〉 (88)

Then |(Fψ)(0)|2 = 1 e |(Fψ)(1)|2 = 0. Now let us calculate φ(p), p = 0, 1.

By definition, we have φ(p) =
∑
qWψ(q, 2p). We can use the expression (62):

Wψ(q, 0) =
1

2

(
W|0〉(q, 0) +W|1〉(q, 0) +∆0,1(q, 0)

)
(89)

Wψ(q, 2) =
1

2

(
W|0〉(q, 2) +W|1〉(q, 2) +∆0,1(q, 2)

)
(90)

Then

Wψ(0, 0) =
1

2
(
1

4
+

1

4
+ 0) =

1

4

Wψ(1, 0) =
1

2
(0 + 0 +

1

2
) =

1

4

Wψ(2, 0) =
1

2
(
1

4
+

1

4
+ 0) =

1

4

Wψ(3, 0) =
1

2
(0 + 0 +

1

2
) =

1

4

which implies φ(0) = 1 = |(Fψ)(0)|2. Similarly,

Wψ(0, 2) =
1

2
(
1

4
+

1

4
+ 0 + 0) =

1

4

Wψ(1, 2) =
1

2
(0 + 0− 1

2
) = −1

4

Wψ(2, 2) =
1

2
(
1

4
+

1

4
+ 0 + 0) =

1

4

Wψ(3, 2) =
1

2
(0 + 0− 1

2
) = −1

4

and so φ(1) = 0 = |(Fψ)(1)|2.

♦

Inspired in the calculation above, we prove the following lemma, valid for

pure states only. After that, we will prove the result for density operators.

Lemma 2 Let ψ = |m〉 ∈ {|0〉, . . . , |N − 1〉}, N even. Then

|(Fψ)(p)|2 = φ(p), p = 0, 1, . . . , N − 1 (91)
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Proof We have

F|m〉 =
1√
N

N−1∑
j=0

exp [2πijm/N ]|j〉

So

(F|m〉)(p) =
1√
N

exp [2πipm/N ]⇒ |(F|m〉)(p)|2 =
1

N

Let us calculate φ(p) =
∑2N−1
q=0 W|m〉(q, 2p). By the corollary 1, we only have

to sum the even q. Then φ(p) =
∑N−1
q=0 W|m〉(2q, 2p). By proposition 1 we

get, using expression (82), that

Wρ(2q0, p) =
1

2N
(〈q0|ρ|q0〉+ 〈q0 +N/2|ρ|q0 +N/2〉) (92)

where the sign of the second inner product is positive because 2p is even.

Now note that only one of the inner products above can be nonzero, because

ρ is pure, by assumption. Moreover, ρ pure implies that such inner products

are equal to 1. Finally, since q varies between 0 and 2N − 1 we have exactly

two nonzero terms in the sum of φ(p) namely, the terms corresponding to the

m and m+N/2 indices. Hence,

φ(p) = 1/2N + 1/2N = 1/N = |(F|m〉)(p)|2

This concludes the proof.

�

The following result, inspired in the previous one, completes proposition 1,

which related the discrete Wigner function with the base of position vectors.

Now we do the corresponding work for the basis of momentum vectors.

Proposition 2 Let N be even and let ρ be a density operator. Let |p〉 be

a vector of the momentum basis, that is, obtained via the discrete Fourier

transform of a position base vector:

|p〉 =
1√
N

N−1∑
j=0

exp [2πijp/N ]|j〉 (93)

Then
2N−1∑
q=0

Wρ(q, 2p) = 〈p|ρ|p〉, p = 0, 1, . . . N − 1 (94)

2N−1∑
q=0

Wρ(q, 2p+ 1) = 0, p = 0, 1, . . . N − 1 (95)
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Proof Let us calculate φ(p) =
∑2N−1
q=0 Wρ(q, 2p). By corollary 1, we only have

to sum the even q indices. Then φ(p) =
∑N−1
q=0 Wρ(2q, 2p). By proposition 1

we get, using expression (82), that

Wρ(2q, 2p) =
1

2N
(〈q|ρ|q〉+ 〈q +N/2|ρ|q +N/2〉) (96)

where the sign of the second inner product is a plus because 2p is even. Write

ρ =
∑
i ci|i〉〈i|. Take, for instance, q = 0. Then

Wρ(0, 2p) =
1

2N
(〈0|ρ|0〉+ 〈0 +N/2|ρ|0 +N/2〉)

=
1

2N
(
∑
i

ci〈0|i〉〈i|0〉+ 〈N/2|i〉〈i|N/2〉) =
1

2N
(c0 + cN/2) (97)

As we know, Wρ(1, 2p) = 0. Take q = 2, then

Wρ(2, 2p) =
1

2N
(c1 + cN/2+1) (98)

and so on (noting that we always have zeroes when q is odd). In this way, we

end up summing all ci coefficients ci twice (because q varies between 0 and

2N − 1) and we get that

φ(p) =

2N−1∑
q=0

Wρ(q, 2p) =
1

N
(c0 + c1 + · · ·+ c2N−1) =

1

N
(99)

By the calculation above, we only have to calculate 〈p|ρ|p〉 and show that

such number equals 1/N . Recall that the inner product we consider is linear

on the second variable, so we write ρ =
∑
m cm|m〉〈m| and then:

〈p|ρ|p〉 =
∑
m

cm
1

N

N−1∑
j=0

exp [−2πijp/N ]

N−1∑
l=0

exp [2πilp/N ]〈j|m〉〈m|l〉

=
∑
m

cm
1

N

N−1∑
j=0

exp [−2πijp/N ] exp [2πimp/N ]〈j|m〉 =
1

N

∑
m

cm =
1

N

(100)

�

Conclusion By propositions 1 and 2 we have for the discrete Wigner trans-

form that if N is even and ρ is a density operator then
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2N−1∑
p=0

Wρ(2q, p) = 〈q|ρ|q〉,
2N−1∑
p=0

Wρ(2q+1, p) = 0, q = 0, 1, . . . , N−1 (101)

and if

|p〉 =
1√
N

N−1∑
j=0

exp [2πijp/N ]|j〉 (102)

then

2N−1∑
q=0

Wρ(q, 2p) = 〈p|ρ|p〉,
2N−1∑
q=0

Wρ(q, 2p+ 1) = 0, p = 0, 1, . . . N − 1 (103)

Such expressions are the discrete analog of the result we have for the contin-

uous Wigner function, namely the result that relates the marginals with the

Fourier transform F : if ρ = |ψ〉〈ψ| then∫
Wρ(q, p)dp = |ψ(q)|2,

∫
Wρ(q, p)dq = |Fψ(p)|2 (104)

See [5] for more details.

♦

Example 2 Denote by Wρ the matrix with entries Wρ(q, p) for q, p =

0, . . . , 2N−1. For instance, if N = 2 and writing |0〉 = (1, 0) and |1〉 = (0, 1),

we have that Wρ contains the image of the Wigner function for each point of

the phase space. We immediately notice that the integral over all space equals

1:

W|0〉〈0| =


1
4

1
4

1
4

1
4

0 0 0 0
1
4 −

1
4

1
4 −

1
4

0 0 0 0

 , W|1〉〈1| =


1
4 −

1
4

1
4 −

1
4

0 0 0 0
1
4

1
4

1
4

1
4

0 0 0 0

 (105)

♦

Example 3 Denote by Wρ the matrix with entries Wρ(q, p) for q, p =

0, . . . , 2N − 1. Let N = 4, and writing |0〉 = (1, 0, 0, 0), |1〉 = (0, 1, 0, 0),

|2〉 = (0, 0, 1, 0), |3〉 = (0, 0, 0, 1), we have, in a similar way as seen in the

previous example, that
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W|0〉〈0| =



1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



W|1〉〈1| =



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

0 0 0 0 0 0 0 0



W|2〉〈2| =



1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



W|3〉〈3| =



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

1
8 −

1
8

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

0 0 0 0 0 0 0 0


♦

Remark 1 What occurs in general for pure states: the Wigner function

W|q0〉〈q0| is zero except in two lines, located in q ≡ 2(modN). When q = 2q0,

W assumes the value 1/2N , and when q = 2q0 ± N , W assumes the value

1/2N for even values of p and −1/2N for odd values. Such oscillations are

typical of interference fringes and can be interpreted as arising from the
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interference between the line q = 2q0 and a mirror image formed at a distance

of 2N from 2q0, induced by the periodic boundary conditions [7].

Remark 2 The fact that the Wigner function assumes negative values

in the interference line is essential for one to be able to recover the correct

marginal distributions. Summing the values W (q, p) along a vertical line gives

us the probability of measuring q/2, which should be equal to 1 if q = 2q0,

and equal to zero, otherwise.

♦

A natural question is to try to understand the action of the operator which

defines QIFS in the dual variables p. This is the purpose of the next results.

Lemma 3 Let Λ(ρ) =
∑
i ViρV

∗
i and define F (ρ) = FρF∗, where F is any

unitary map. Then there is G : MN → MN such that the above diagram

commutes:
MN

F−−−−→ MN

Λ

y yG
MN

F−−−−→ MN

(106)

Proof First, note that F−1(ρ) = F∗ρF . Also F is unitary, therefore we have

F−1 = F∗. Define G = F ◦ Λ ◦ F−1. Explicitly,

G(ρ) = F (
∑
i

ViF∗ρFV ∗i ) = F
[∑

i

ViF∗ρFV ∗i
]
F∗

=
∑
i

FViF∗ρFV ∗i F∗ =
∑
i

ṼiρṼ
∗
i

where Ṽi = FViF∗. And a simple inspection shows that

F (Λ(ρ)) = G(F (ρ)) =
∑
i

FViρV ∗i F∗

�

Example 2 Consider N = 2. Then the discrete Fourier transform is given

by

F =
1√
2

(
1 1

1 −1

)
(107)

In this case we have F−1 = F . Let

V1 =

(√
p11 0

0 0

)
, V2 =

(
0
√
p12

0 0

)
, (108)
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V3 =

(√
p21 0

0 0

)
, V4 =

(
0 0

0
√
p22

)
(109)

where the pij form a column stochastic matrix P . Then lemma 3 for this

example shows that G(ρ) =
∑
i ṼiρṼ

∗
i , where

Ṽ1 = FV1F∗ =
1

2

√
p11

(
1 1

1 1

)
, Ṽ2 = FV2F∗ =

1

2

√
p12

(
1 −1

1 −1

)

Ṽ3 = FV3F∗ =
1

2

√
p21

(
1 1

−1 −1

)
, Ṽ4 = FV4F∗ =

1

2

√
p22

(
1 −1

−1 1

)
Then, from p11 + p21 = 1, p12 + p22 = 1 and writing

ρ =

(
ρ11 ρ12
ρ21 1− ρ11

)
we get from 3 the expression

F (Λ(ρ)) = G(F (ρ)) =
∑
i

FViρV ∗i F∗

=

(
1
2 p11ρ11 + p12(1− ρ11)− 1

2

p11ρ11 + p12(1− ρ11)− 1
2

1
2

)
(110)

In the case that the vector π = (ρ11, 1− ρ11) is fixed for the stochastic matrix

P , we can rewrite the expression above as

F (Λ(ρ)) = G(F (ρ)) =

(
1
2 ρ11 − 1

2

ρ11 − 1
2

1
2

)
(111)

♦

Lemma 4 Define Λ : MN → MN , Λ(ρ) =
∑
i ViρV

∗
i , with Vi linear,∑

i V
∗
i Vi = I and let WΛ(ρ) be the associated discrete Wigner function. Then

given (q, p) there are Mi = Mi(q, p) such that

WΛ(ρ)(q, p) =
∑
i

tr(MiρM
∗
i )

Proof First, as A(q, p) is hermitian, we have a decomposition

A = UDU−1

where U is unitary and D is diagonal (and real). Then

A1/2 = UD1/2U−1
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where (A1/2)2 = A, D1/2 is the diagonal matrix whose entries are the positive

square roots of the entries of D. Then

WΛ(ρ)(q, p) = tr(Â(q, p)Λ(ρ)) = tr(Â
∑
i

ViρV
∗
i ) =

∑
i

tr(ÂViρV
∗
i )

=
∑
i

tr(A1/2ViρV
∗
i A

1/2) =
∑
i

tr(UD1/2U−1ViρV
∗
i UD

1/2U−1) (112)

Defining Mi = UD1/2U−1Vi and noting that U−1 = U∗, we can write

WΛ(ρ)(q, p) =
∑
i

tr(MiρM
∗
i )

�
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