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ABSTRACT. We consider new concepts of entropy and pressure for stationary
systems acting on density matrices which generalize the usual ones in Ergodic
Theory. Part of our work is to justify why the definitions and results we
describe here are natural generalizations of the classical concepts of Thermo-
dynamic Formalism (in the sense of R. Bowen, Y. Sinai and D. Ruelle). It is
well-known that the concept of density operator should replace the concept of
measure for the cases in which we consider a quantum formalism.

We consider the operator A acting on the space of density matrices My
over a finite N-dimensional complex Hilbert space

b VipV;®

= tr(W;pW}*) ——+—
igl 7‘( iP Z)tT(VipV;*)’

where W; and V;, i = 1,2,...,k are linear operators in this Hilbert space. In
some sense this operator is a version of an Iterated Function System (IFS).
Namely, the V; () V;* =: F;(.), ¢ = 1,2,...,k, play the role of the inverse
branches (i.e., the dynamics on the configuration space of density matrices)
and the W; play the role of the weights one can consider on the IF'S. In this
way a family W := {W;};—1 . ; determines a Quantum Iterated Function
System (QIFS).
We also present some estimates related to the Holevo bound.

1. INTRODUCTION

In this work we investigate a generalization of the classical Thermodynamic
Formalism (in the sense of Bowen, Sinai and Ruelle) for the setting of density
matrices. We consider the operator A acting on the space of density matrices My
over a finite N-dimensional complex Hilbert space

VipV;*
1 tr(W,pW;)
(1) Z r V)
where W; and V;, i = 1,2,..., k are linear operators in this Hilbert space. Note

that A is not a linear operator. This operator can be seen as a version of an Iterated
Function System (IFS). Namely, the V; (.) V;* =: F;(.), : = 1,2,..., k, play the role
of the inverse branches (i.e., the dynamics on the configuration space of density
matrices p) and the W; play the role of the weights one can consider on the IFS.
We suppose that for all p we have that Zle tr(W;pW}) = 1. Note that such trace
preserving condition, for any normalized operator p (that is, with tr(p) = 1), is
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equivalent to the explicit condition ), W;W; = I. We say that A is a normalized
operator.
A family W := {W;};=1,.. k determines a Quantum Iterated Function System
(QIFS) Fw,
Fw = {Mn, F;, Witiz1,. .k

Basic references on QIFS are [13] and [16]. We want to consider a new concept
of entropy for stationary systems acting on density matrices which generalizes the
usual one in Ergodic Theory. In our setting the V;, i = 1,2,... &k are fixed (i.e.
the dynamics of the inverse branches is fixed in the beginning) and we consider
the different families W;, ¢ = 1,2,...,k, (also with the attached corresponding
eigendensity matrix py ) as possible Jacobians of stationary probabilities.

Given a normalized family W, i = 1,2,...,k, a natural definition of entropy is
given by
(2) . .
tr(W;pw W) tr(W;Vipw VX WF)
W;Vipw V' W ) og ( )
; tr(Vipw V") z:: ( i ) o8 tr(Vipw V;")

where py denotes the barycenter of the unique invariant, attractive measure for the
Markov operator V associated to Fyy. We show that this generalizes the entropy
of a Markov System.

We also want to present a concept of pressure for stationary systems acting on
density matrices which generalizes the usual one in Ergodic Theory. In addition
to the dynamics obtained by the V;, which are fixed, a family of potentials H;,
1 =1,2,...k induces a kind of Ruelle operator given by

k
(3) Lu(p) =Y tr(HipH; )VipV;*
i=1

We show that such operator admits an eigenvalue 3 and an associated eigenstate
pg, that is, one satisfying Ly (pg) = 5 pg-

The natural generalization of the concept of pressure for a family H;, i =
1,2,...,k is the problem of maximizing, on the possible normalized families W;,
i=1,2,...k, the expression

k
(4) hy (W) + Z log (tr(ijgH;)tr(Vjngj*))tr(ijWW;)
j=1
We show a relation between the eigendensity matrix pg for the Ruelle operator and
the set of W;, i = 1,2,...k, which maximizes pressure. In the particular case that
each of the V; is unitary, i = 1,2, ...k, the maximum value is log 3.

Our work is inspired by the results presented in [16] and [21]. We would like to
thank these authors for supplying us with the corresponding references.

It is well-known that completely positive mappings (operators) acting on density
matrices are of great importance in Quantum Computing. These operators can be
written in the Stinespring-Kraus form (see section 12). Also a nice exposition on
the interplay of Ergodic Theory and Quantum Information is presented in [4].
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The initial part of our work aims to present some of the definitions and con-
cepts that are not very well-known (at least for the general audience of people in
Dynamical Systems), in a systematic way. We present the main basic definitions
which are necessary to understand the theory. However, we do not have the inten-
tion of exhausting what is already known. We believe that the theoretical results
presented here can be useful as a general tool to understand problems in Quantum
Computing.

Several examples are presented in the text. We believe that this will help the
reader to understand some of the main issues of the theory. In order to simplify
the notation we will present most of our results for the case of matrices of order 2.

In sections 2 and 3 we present some basic definitions, examples and we show some
preliminary relations of our setting to the classical Thermodynamic Formalism. In
section 4 we present an eigenvalue problem for non-normalized Ruelle operators
which will be required later. Some properties and concepts about density matrices
and Ruelle operators are presented in sections 6 and 7. Sections 8 and 9 are
dedicated to the introduction of some different kinds of entropy that were already
known but do not have a stationary character. In section 10 we introduce the
concept of stationary entropy for measures defined on the set of density matrices. In
section 11 we compare this definition with the usual one for Markov Chains. Section
12 is dedicated to motivate the interest on pressure and the capacity-cost function.
Section 13, 14, 15 and 16 are dedicated to the presentation of our main results on
pressure, important inequalities, examples and its relation with the classical theory
of Thermodynamic Formalism.

In [1] we present a general exposition (describing the setting we consider here)
where we omit proofs, but provide many examples. We believe that paper will help
to complement the present paper for the reader which is a newcomer in the area.
We also present there some basic results concerning the discrete Wigner measure.

In [2] we propose a different concept of entropy which is also a generalization
of the classical one. We also describe some properties of the Quantum Stochastic
Process associated to the Quantum Iterated Function System.

This work is part of the thesis dissertation of C. F. Lardizabal in Prog. Pos-Grad.
Mat. UFRGS (Brazil).

2. BASIC DEFINITIONS

Let My (C) the set of complex matrices of order n. If p € My (C) then p* denotes
the transpose conjugate of p. A state (or vector) in C™ will be denoted by v or |¢)),
and the associated projection will be written |¢)(|. Define

Hy :={p € Mn(C): p* =p}
PHy = {p € Hn : {p,) >0,V € CV}
My :={pePHy :tr(p) =1}

Py i={peHn:p=|¥)(¥,veCY (ply) =1},
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the space of hermitian, positive, density operators and pure states, respectively.
Density operators are also called mixed states. If a quantum system can be in one
of the states {t1, ...,y } then a mixed state p will be written as

k
(5) P = ZZHW%)(VJM
i=1

where the p; are positive numbers with ) . p; = 1.

Definition 1. Let F; : My — My, p; : My — [0,1], i = 1,...,k and such that
> pilp) =1. We call

(6) FN:{MNaFZ7pZZ:157k}
a Quantum Iterated Function System (QIFS).

Definition 2. A QIFS is homogeneous if p; and F;p; are affine mappings, i =
1,...,k.

Suppose that the QIFS considered is such that there are V; and W; linear maps,
i=1,...,k with Y% W7W; = I such that

_ VipV?
(7) Fi(p) = (VipVe)
and
(8) pi(p) = tr(WipW;")

Then we have that a QIFS is homogeneous if V;=W,, ¢ = 1,...,k. Now we can
define a Markov operator V : MY{(My) — MY(My),

'(B)

k
0 V@B =Y [ nlodute)

where M!(My) denotes the space of probability measures over My. We also
define A : My — My,

k
(10) Alp) = Zpi(p)Fi(p)

The operator defined above has no counterpart in the classical Thermodynamic
Formalism. We will also consider the operator defined on the space of density
matrices p,

k

(11) L(p) =Y ailp)VipVi'.
i=k

If for all p we have Zf: x 4i(p) = 1, we say the operator is normalized. We are also
interested in the non-normalized case. If the QIFS is homogeneous, then

(12) Alp) = Z VipVi
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Theorem 1. [21] A mized state p is A-invariant if and only if

(13) p= /M pdp(p),

for some V-invariant measure (.

We recall the definition of the integral above in section 5.

In order to define hyperbolic QIFS, one has to define a distance on the space of
mixed states. For instance, we could choose one of the following;:

(14) Dy (p1, p2) = Vir[(p1 — p2)?]
(15) Ds(p1, p2) = tr/(p1 — p2)?
(16) Ds(p1, p2) = \/2{1 —tr[(p}/ngpim)l/?]h

the Hilbert-Schmidt, trace, and Bures distances, respectively. Such metrics generate
the same topology on M . Considering the space of mixed states with one of those
metrics we can use a definition of hyperbolicity similar to the one used for IFS. That
is, we say a QIFS is hyperbolic if the quantum maps F; are contractions with
respect to one of the distances on My and if the maps p; are Holder-continuous
and positive, see for instance [16].

Proposition 1. If a QIFS (6) is homogeneous and hyperbolic then the associated
Markov operator admits a unique invariant measure . Such invariant measure
determines a unique A-invariant state p € My, given by (13).

See [16], [21] for the proof.

3. ExampLES OoF QIFS

Example 1. Q= My, k =2, p1 = p» = 1/2, G1(p) = UspU}, Ga(p) = UspUs.
The normalized identity matrix p, = I/N is A-invariant, for any choice of unitary
Ui and Us. Note that we can write

(17) IS /M pdp(p)

where the measure u, uniformly distributed over Py (the Fubini-Study metric), is
V-invariant.

O

We recall that a mapping A is completely positive (CP) if A ® I is positive

for any extension of the Hilbert space considered Hy — Hy ® Hg. We know that

every CP mapping which is trace-preserving can be represented (in a nonunique
way) in the Stinespring-Kraus form

(18) Mp) =D VieVys D Vivi=1,
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where the V; are linear operators. Moreover if we have Z?zl V;Vi = I, then
A(I/N) =1I/N. This is the case if each of the V; are normal.

We call a unitary trace-preserving CP map a bistochastic map. An example
of such a mapping is

k
(19) Aulp) =Y pUipU;,
=1

where the U; are unitary operators and ) . p; = 1. Note that if we write Fi(p) =
Ui;pU}, then example 1 is part of this class of operators. For such operators we have
that p. is an invariant state for Ay and also that J,, is invariant for the Markov
operator Py induced by this QIFS.

We will present a simple example of the kind of problems we are interested
here, namely eigenvalues and eigendensity matrices. Let Hy be a Hilbert space
of dimension N. As before, let My be the space of density operators on Hy. A
natural problem is to find fixed points for A : My — My,

k
(20) Alp) =D VipVy*
i=1
In order to simplify our notation we fix N =2 and k = 2. Let

V1:<U1 U2>’ ng(wl w2>7p:<[)1 P2>’
V3 U4 w3 Wy P2 P4

where V7 and V5 are invertible and p is a density operator. We would like to find
p such that

(21) VipVy' + VapVs = p.

(1 3) e (7 Ay).
)-

where k,l € R, p € (0,1). Then V*V4 + V5 V5 = I. A simple calculation shows that

p2 = 0, and then
_(a O
p_<0 1—Q)

is invariant to A(p) = VipVi* + VapVst, for ¢ € (0,1).

Example 2. Let

O

Now we make a few considerations about the Ruelle operator £ defined before.
In particular, we show that Perron’s classic eigenvalue problem is a particular case
of the problem for the operator £ acting on matrices. Let

_ Poo 0 o Op01
w=(r 0 ) (o )
0 0 0 0 p1 pz>
V: 7‘/: R =
’ <p10 0) * <0 p11> p <P3 P4
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Define
(22) L(p) = 3 ailp)VipV

We have that £(p) = p implies p; = 0 and

(23) apr+bps = p1
(24) cp1 +dps = pa
where

a=qpio. b=aph1, = awply, d=qipt
Solving (23) and (24) in terms of py gives

b 1—-d
P4, P1 =
—a

p1 = P4

1
that is,

b 1—-d
(25) =

1—a c

which is a restriction over the g;. For simplicity we assume here that the ¢; are
constant. One can show that

(26)
4213, 0 1—qap}, 0
p= q2p8, —q1P5p+1 ) _ 1—qap?,+a3p3, )
0 1_(111700 0 q3P1o
42P51 —q1PgoT1 T—qap3, +a3p3,
Now let

Poo  Po1
P = V = s
Zi: ’ ( Pio P11 )
be a column-stochastic matrix. Let m = (71, 72) such that Pm = . Then

1—

(27) = Po1 7 Poo
Po1 — Poo + 1" po1 — poo + 1

Comparing (27) and (26) suggests that we should fix

1 1 1 1
(28) =", @2=—, @3=—, Q4= —

Poo Po1 P10 p1u1
Then the nonzero entries of p are equal to the entries of m and therefore we associate
the fixed point of P to the fixed point of some £ in a natural way. But note that

such a choice of ¢; is not unique, because

_ 1= Q1030 1 —g3p1opor

poip1o Pt
for any q1, g3 also produces p with nonzero coordinates equal to the coordinates of
w. We also note that the above calculations can be made by taking the V; matrices
with nonzero entries equal to ,/p;; instead of p;;.

(29) i

)
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Now we consider the following problem. Let

_( hoo O _ (0 ho ({0 0
() =0 ) (o)

0 0 p1 P2)
Vi = L H=Y Vi, p=
! (0 hn) Zz: ! (03 pa

Define
4
(30) Llp) = aVipVy,
=1

where ¢; € R. Assume that h;; € R, so we want to obtain A such that L(p) = Ap,
A # 0, and A is the largest eigenvalue. With a few calculations we obtain ps = p3 =
0,
2 2
q1hgop1 + g2hgipa = Ap1

ashiop1 + qah3ips = Apa

that is,
(31) apy +bps = Ap1
(32) cp1 + dpa = Apa,
with
a=qhdy, b=qhy, c=qshly, d=qhi

Therefore

p:( 2lpy 0 ): sZapa 0

0 P4 0 P4
and
A—d b
¢ A—a

Solving for A, we obtain the eigenvalues

at+d ¢ a+d (d—a)? + 4bc
5 Ta- 2 2

A=

1
= 5 (auhdo + aah? + V0@hdy — ahdo)? + dapashd ity ),

where

¢=+/(d—a)?+4dbc= \/(Q4h%1 - ‘hh%o)z + 4Q2QBh(2)1h%0

and the associated eigenfunctions

p:< a_QdCiqpﬁl 0 ): dibig/”l 0
0 pa 0 2

But p; + p4 = 1 so we obtain

a—d+( 0
— a—d+(+2c
p= 0 2c
a—d+(+2¢
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q1hgo—Q4h§1iC 0
(33) _ q1hgo—q4h?; £C+2q3h7, R
0 2q3hi,
q1h3o—qah?, +(+2g3h3,
that is,
—2b 0
_ a—2b—d
p= 0 ¢ a—dF¢
a—2b—d¥¢
*2‘12}%1 0
(34) — Q1h(2)o—QQ2h(2)1—Q4hf1¥C R R
0 Q1h00—(14h11¥§
q1h3,—2q2h3, —qahT, T
Therefore we obtained that p1, p4,q1, ..., qs, A are implicit solutions for the set of

equations (31)-(32). Recall that in this case we obtained py = p3 = 0.

Now we consider the problem of finding the eigenvector associated to the domi-
nant eigenvalue of H. The eigenvalues are

1
A= 5(%0 + h11 £ v/(hoo — h11)2 + 4h01h10)
Then we can find v such that Hv = Av from the set of equations

(35) h()o’Ul + h011}2 = /\’Ul

(36) hiov1 + h11v2 = Avg

which determine vy, vy, A implicitly. Note that if we set

1 1 1 1
(37) Q= 2= —, 3= —, 4= ——
Poo Po1 P1o P11
we have that the set of equations (31)-(32) and (35)-(36) are the same. Hence we
conclude that Perron’s classic eigenvalue problem is a particular case of the problem

for £ acting on matrices.

¢

A different analysis in the quantum setting which is related to Perron’s theorem
is presented in [6].

4. A THEOREM ON EIGENVALUES FOR THE RUELLE OPERATOR

The following proposition is inspired in [18]. We say that a hermitian operator
P :V — V on a Hilbert space (V,(-)) is positive if (Pv,v) > 0, for all v € V,
denoted P > 0. Consider the positive operator Ly : PHy — PHy,

k
(38) Lwyv(p) =Y tr(WipW; )WVipV;.
i=1

We point out that this operator is completely general. In an analogy with the
classical case we can say it corresponds to the general Perron Theorem for positive
matrices (having positive eigenvalues which can be bigger or smaller than one), by
the other hand the setting described in [16], [21] ”basically” considers the analogous
case of the Perron Theorem for stochastic matrices.
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We need a result in this form in order to better understand the Pressure problem
which will be described later.

Proposition 2. There ezists p € My and 8 > 0 such that Lw,v(p) = Bp. The
value 3 is obtained explicitly: 8 = tr(Lw,v(p)).

Proof Define £,, : My — My,

Lwy(p+ L)
tr(Lwy(p+ L))~

The operator above is well defined. In fact, note that Ly v (p), W;Ws, V;Vi are
positive for all j. Then

tr[Ztr( W*)V( v = Ztr( W*)tr(%(ﬁ%)%*)

Ln(p) ==

1 1
=Y tr(WipWy + Wi )ir(VipVi* + —ViV;") >
n n

> D tr(WipW)tr(VipVy') = tr(Liwv)

We know that for any positive operator P # 0, if {v1,...,un} is a orthonormal

base for Hy, then
N

tr(P) = Z(thvﬁ >0

i=1
Therefore, tr(Lw,v(p+ L)) >0, n > 1. Hence L,(p) is well defined.

We know that My is compact and convex, so we can apply Schauder’s theorem
for each of the mappings £,, n > 1 and get p,, € My such that

I
ﬁn(pn) =pn = ['W,V(pn + E) = Bnpn, n>1
where
I
B = tr(Lw,v (pn + E))

By the compacity of My, we can choose a point p € My which is limit of the
sequence {p, }°2; and then, by continuity, L,y (p) = Bp, where 8 = tr(Lw,v (p)).
Also, note that 5 > 0, because if {v1,...,vn} is a orthonormal base of Hy,

N
tr(Lwy(p) = > (Lwv(p)vi,vi) > 0,

i=1

since Ly v (p) is positive, and the inequality will be equal to zero if and only if
Lw,v(p) is the zero operator. Hence, we proved that there exists p € My and
B > 0 such that Lw,v(p) = Bp.

O
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5. VECTOR INTEGRALS AND BARYCENTERS

We recall here a few basic definitions. For more details, see [16] and [21]. Let
X be a metric space. Let (V,+,-) be a real vector space, and 7 a topology on V.
We say that (V,+,-;7) is a topological vector space if it is Hausdorff and if the
operations + and - are continuous. For instance, in the context of density matrices,
we will consider V' as the space of hermitian operators Hy and X will be the space
of density matrices M.

Definition 3. Let (X,X) be a measurable space, let p € M(X), let (V,+,+;7) be a
locally conver space and let f : X — V. we say that x € V is the integral of f in
X, denoted by

o [
if

(40) () = /X Vo fdp,
for all W € V*.

It is known that if we have a compact metric space X, V is a locally convex
space and f : X — V is a continuous function such that ¢of(X) is compact then
the integral of f in X exists and belongs to cof(X). We will also use the following
well-known result, the barycentric formula:

Proposition 3. [22] Let V be a locally convex space, let E C V' be a complete,
convez and bounded set, and u € M*(E). Then there is a unique x € E such that

ta) = [ 1

In the context of QIFS, we can take V = F = My.

foralll € V*.

6. EXAMPLE: DENSITY MATRICES

In this section we briefly review how the constructions of the previous section
adjust to the case of density matrices. Define V := Hy, VT := PHy (note that
such space is a convex cone), and let the partial order < on PHy be p < ¢ if and
only if ¥ — p >0, i.e., if ¥» — p is positive. Then

(V,V* e) = (Hn,PHn,tr),

is a regular state space [21]. Also, the set B of unity trace in VT is, of course, the
space of density matrices, so B = My.

Let Z C V* be a nonempty vector subspace of V*. The smallest topology in
V' such that every functional defined in Z is continuous on that topology, denoted
by o(V,Z), turns V into a locally convex space. In particular, o(V,V*) is the
weak topology in V. If (V]| - ||) is a normed space, then o(V*,V) is called a
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weak™* topology in V* (we identify V' with a subspace of V**). We also have that
(C,7) = (PHn,T), where 7 is the weak* topology (and which is equal to the
Euclidean, see [21]) is a metrizable compact structure. In this case we have that
Be=BnNC = My.

Definition 4. A Markov operator for probability measures is an operator P :
MY(X) — MY(X) such that

(41) P(Apy + (1= A)pz) = APpy + (1 = A) Ppa,
for p, p2 € MH(X), X € (0,1).

An example of such operator is the one which we have defined before and we
denote it by V : MY(My) — M (My),

k
(42) (VV)(B)——EZ:jcvluﬂzhdv

We call it the Markov operator induced by the QIFS F = {Mn, Fi,pi}i=1,... k-
Define

mp(X) :={f: X — R:fis bounded, measurable}
Then define U : mp(X) — mp(X),

k
(43) US)(@) = pi(a) f(Fi(x)
i=1

Proposition 4. [21] Let f € my(X) and p € M*(X), then

k
(44) %WP%MM:Z/MﬂEMu

where (f, 1) denotes the integral of f with respect to p.

Definition 5. An operator Q : VT — V+ is submarkovian if
(1) Qz+y)=Q(x) +Qy)
(2) Qlax) = aQ(x)
3) 1R < =,

forallz, ye VT, a > 0.

Every submarkovian operator @ : V* — V7 can be extended in a unique way
to a positive linear contraction on V, see [21].

Definition 6. Let P : V™ — V* a Markov operator and let P; : VT — V*, i =
1,...,k be submarkovian operators such that P =", P;. We say that (P,{P;}%_,)
is a Markov pair.

From [21], we know that there is a 1-1 correspondence between homogeneous
IFS and Markov pairs.
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7. SOME LEMMAS FOR IFS

We want to understand the structure of A : My — My,
_VipVir
45 = tr(W;pW;}) ,
(45) Zp Z r (V PV

where V;, W; are linear, >, W}W,; = I. Such operator is associated in a natural way
to an IF'S which is not homogeneous. In this section we state a few useful properties
which are relevant for our study. The following lemmas hold for any IFS, except
for lemma 3, where the proof presented here is valid only for homogeneous IFS.

Lemma 1. Let {X,F;,p;}i=1,...x be an IFS, U a linear functional on X. Then
UoT =ToA, whereU is given by (43).

Proof We have

) = Zpi(x)‘lf(Fi(x)) = ‘I’(Zpi(w)Fi(x)) = U(A(2))

U

Corollary 1. Let F = (X, F;,p;)i=1,....x be an IFS and let po € X. Then A(po) =

po if and only if U(V(po)) = Y (po), for all ¥ linear functional.

Proof Suppose that L(pg) = po. Then
= pilpo)¥(Fi(po)) = ¥ (Y pi(po)Filpo)) = ¥(A(po)) = ¥ (po)
Conversely, if U(U(pg)) = ¥(po), then
W (A(po)) =U(Y(po)) = Y (po)

[l

Lemma 2. Let F = {X, F;,p; }i=1,...x be an IFS.

(1) Let po € X such that Fi(po) = po, i =1,..., k. Then Vd,, = d,,.
(2) Let po € X such that Vé,, = 0,,, then A(po) = po.
Proof 1. We have
k k
B) =3 /F RIS [ pionatri)as,
i=17F; i=1
k k
Z (po)1B(Fi(po)) = Zpi(po)lB(Po) = 0y (B)
i=1 i=1
2. Let ¥ be a linear functional. Then
V(A p) = U(¥ (o)) = [ UCW(p)dsy, = [ V()5
— [ w(e)ds,, = wip)

[l

Lemma 3. Let {X, F;,p;}i=1,. 1 be a homogeneous IFS, A =), p; F;
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(1) Let p, be the barycenter of a probability measure v. Then A(p,) is the
barycenter of Vv, where V is the associated Markov operator.

(2) Let p be an invariant probability measure for V. Then the barycenter of u,
denoted by p,, is a fived point of A.

Proof 1. We have, for ¥ linear functional,

\II(A(p,,)):/\IJ(A(p))du:/Uo\I/dz/:/\I/dVV

2. By lemma (1), we have

U(A(pu)) =Uo T (p,) = /Z/{ oWdy = /\I/qu = /\I/du =V(p,),

where the fact that U o U is linear follows from the homogeneity of F.
O

In order to prove uniqueness in item (2) above it would be necessary to assume
hyperbolicity [20]. It is known that without this hypothesis even in the classical
case (for transformations for instance) it can happen the phenomena of phase tran-
sition (two or more probabilities which are solutions) [23] [15]. The present setting
contains the classical case and therefore in general there is no uniqueness.

Example 3. Let k=N =2,

= = 4
Vi ( 0 1), Vs <_3g§ ; )

Wy = (1/2)I, Wy = (v/3/2)I. Then

o VieVy
Alp) = ZPi(P)Fz‘(P) = Ztr(WiPWi )W
1 .3 VepVy 1. . 3 Vaply
= ViV + 22T Cypye 2 2P0
AP vy T T A T

induces an IFS and it is such that pg = £|0)(0] + 2[1)(1| is a fixed point, with
Fi(po) = Fa(po) = po. We can apply lemma 2 and conclude that §,, is an invariant
measure for the Markov operator V associated to the IFS determined by p; and F;.

o

The following lemma, a simple variation from results seen in [21], specifies a
condition we need in order to obtain a fixed point for A from a certain measure
which is invariant for the Markov operator V.

Lemma 4. Let {Mn, F;,p;}i=1,.. i be an IFS which admits an attractive invariant
measure (1 for V. Then lim, .o A"(po) = pu, for every po € My, where p, is the
barycenter of L.
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Proof Let pg € My. Then

WA (po)) = U™ (W(py)) = / U (W (p))ds,, = / Y(p)dV"s,,

so U(A"(po)) — [ ¥(p)dpn = V(p,), as n — oo, for all ¥ linear functional. Hence,
A”(po) — p, as n — oo, for all pg € My
d

In lemma 4, we have a general QIFS and an attractive invariant p, then g is
the unique invariant measure, an easy consequence of attractivity [21]. In general,
we will be interested in QIFS which has an attractive invariant measure. This will
follow if we assume hyperbolicity.

8. INTEGRAL FORMULAE FOR THE ENTROPY OF IFS

Part of the results we present here in this section are variations of results pre-
sented in [21]. Let (X,d) be a complete separable metric space. Let (V,V 7 e)
be a complete state space, B = {z € VT : e(z) = 1} and F = (X, F;, pi)i=1
the homogeneous IFS induced by the Markov pair (A, {A;}%_,). Now define I :=
{1,...,k}. Let ne N, v € I}, i € I,. Define F,; := F; o F, and

(46) pui(a) { pi(Fa)p(x) i pi(x) 0

0 otherwise

Proposition 5. Letn € N, f € my(X), z € X. Then

U™ f)(x) =D pu(@) f(Fi(x))

eI

Proposition 6. Let v € B, n € N. Then

x) = Z p.(x)F,(x

ey

Proposition 7. Let F be an IFS and let g : B — R. Then for n € N,
(1) If g is concave (resp. convez, affine) thenU™g < goA™ (resp. U™g > goA™,
U'g=goA").
(2) If T is a fized point for A then the sequence (U™g)(T))nen is decreasing
(resp. increasing, constant) if g is concave (resp. convez, affine).

Also suppose that F is homogeneous. Then
(3) If g is concave (resp. convex, affine), then Ug is concave (resp. convet,

affine).

We recall some well-known definitions and results. Define 7 : RT™ — R as

| —zlogx ifx#0
(47) n() = { 0 if 2 =0
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Then the Shannon-Boltzmann entropy function is A : X — R™T,

k

(48) h(z) = n(pi(x))

i=1
Let n € N. Define the partial entropy H,, : X — RT as
(19) Ho() = 3 0o (@),
eIy
for n > 1 and Hy(z) := 0, z € X. Define, for z € X,
— 1 1
(50) H(z) :=limsup — H,(z),, H(z):=liminf —H,(z),
n—oo N n—oo N

the upper and lower entropy on x. If such limits are equal, we call its common
value the entropy on x, denoted by H(x).

Denote by MY (X) the set of V-invariant probability measures on X. Let p €
MY (X). The partial entropy of the measure y is defined by

(51) Hy (1) = n((pi, 1),

eIy
for n > 1 and Ho(p) := 0.

Proposition 8. Let p € MY (X). Then the sequences (: Hy, (1)) nen and (Hp1(pn)—
H, (1))nen are nonnegative, decreasing, and have the same limit.

We denote the common limit of the sequences mentioned in the proposition above
as H(u) and we call it the entropy of the measure p, i.e.,

(52) H(u) = lim ~Hy () = lim (Hyyy () — Ho(12)

n—oo N, n—oo

The following result gives us an integral formula for entropy, and also a relation
between the entropies defined before. We write S(u) := MY (X) N Lim(V" 1) nen,
where Lim(V" 1) pen is the convex hull of the set of accumulation points of (V™) pen,
and Sz (p) is the set S(u) associated to the Markov operator induced by the IFS
F. For the definition of compact structure and (C, 7)-continuity, see [21].

Theorem 2. [21] (Integral formula for entropy of homogeneous IFS, compact case).
Let (C,7) be a metrizable compact structure (V,V T, e) such that (A,{A;}%_)) is
(C, 7)-continuous. Assume that py € Be := BN C' is such that A(po) = po. Then

Hipn) = H() = [

X

for each v € Sz (0,,), where Fc is the IFS F restricted to (B, T).

The analogous result for hyperbolic IFS is the following.
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Theorem 3. [21] Let F = (X, F;,pi)i=1,...x be a hyperbolic IFS, v € X, u €
MY(X) an attractive invariant measure for F. Then

H(x) = lim (Hyir(x) — Hy(2))

and

H(w) = H(p) = /X hdp.

9. SOME CALCULATIONS ON ENTROPY

Let U be a unitary matrix of order mn acting on H,,, ® H,,. Its Schmidt decom-
position is
K
U= Z VGVA @ VE K =min{m? n?}
i=1
The operators VA and VP act on certain Hilbert spaces H,, and H,,, respectively.
We also have that Zfil ¢ =1 Let 0 = pa®p? = ps®I,/n and define

K
Apa) =trg(UcU*) = Z%‘VZ'APAV;A*

i=1

Above, recall that the partial trace is
trp(lai)(az| @ [b1)(ba|) := |a1){azltr(|b1)(b2])

where |a1) and |as) are vectors on the state space of A and |b1) and |by) are vectors
on the state space of B. The trace on the right side is the usual trace on B. A
calculation shows that if p2 = I,,/m, then A(p2) = p2 and so A is such that
A(I,/m) = I,/m and A is trace preserving.

Let F be the homogeneous IFS associated to the VA, that is, p;(p) = tr(q: VA pV,A*),
Fi(p) = (a:ViApVA*) /tr(¢:ViApVA*) and let py be a fixed point of A = 3. p;F;.
Following [21], we have that pg is the barycenter of V"¢,,, n € N. By theorem 2,
we can calculate the entropy of such IFS. In this case we have

(53) Hipn) = H) = [
MnN
where v € MY (X) N Lim(V"6,, )nen-
0

Let F = (M, Fi,pi)i=1,...x be an IFS, A(p) = >, p;F;. Let U be the conjugate
of V. By proposition 5,

U h)(p) = > pp)h(E.(p))

eI (p)

and since h(p) = Z?Zl n(p;(p)), we have, for v = (i1,...,1,), and every pg € My,

(54) hdV"s,, = / U hdb
Mn My
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k

(55) = - () ;i (F.(p)) log p;j(F.(p))ddy,
/MN Lezlgp p j;p p))log p;(F.(p

k

(56) == ppo) Y pi(Fi(po)) logp;(F.(po))
LETT =1
(57) == pi,(po)pis (Fi, po) - pi, (Fi,,_, (Fi, o (- -+ (Fi, p0))))
eIy

(58) x ZPa‘(Fin (Fip o (- (Fiypo)))) log ps (Fy, (Fip, (- - (Fiypo)))) = U™ ) (po)

Suppose A(pg) = po. We have by proposition 7, since h is concave, that (U™ h),en
is decreasing, U™h < h o A™ and so

(59) [ havns,, < h(A (o) = o),
Mn
for every n.

10. AN EXPRESSION FOR A STATIONARY ENTROPY

In this section we present a definition of entropy which captures a stationary

behavior. Let H be a hermitian operator and V;, i = 1,..., k linear operators. We
can define the dynamics F; : My — Mpy:
ViV
60 Fi(p) = ————
(60) () = Gritai

Let W;, ¢ = 1,...,k be linear and such that Zle WiW,; = I. This determines
functions p; : My — R,

(61) pi(p) = tr(WipWy)
Then we have Zle pi(p) = 1, for every p. Therefore a family W := {W,;}i=1,. &

determines a QIFS Fy = {Muy, Fi, pi ti=1,... k, With F;, p; given by (60) and (61).
We introduce the following definition.

Definition 7. Let Fy be a QIFS such that there is a unique attractive invariant
measure for the associated Markov operator V. Let pyw be the barycenter of such
measure. Define the QIFS entropy:
(62)
k * * * *
ztr W 87) S0 (—W VW TR tog (LW
(Vipw Vi) tr(Vipw V;¥)

Remember that by lemma 4, we have that pW is a fixed point for

63 Alp) = A -3 tr(WipW7) VpV
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Lemma 5. hy (W) > 0, for every family W; of linear operators satisfying Y, W; W; =
I.

Proof Note that, by definition,
(W) = @) ow) = [ have,,
Mn
and the function h (Shannon-Boltzmann entropy) is > 0. This proves the lemma.
Another elementary proof is the following. Since py is positive, we have that
(WipwWiv,v) = (pwWiv, Wrv) >0, v € Hy. So for {v;};=1,. n an orthonormal

base for Hy,
N

tr(WipwW}) = Z(WipWWi*vl,vl> >0
=1
Analogously the expression above holds for the V;pw V;*, and therefore also for
W;Vipw Vi* W, because
(WiVipw Vi Wiv,v) = (Vipw V" Wv, Wiv) >0
To conclude that hy (W) > 0, we have to show that tr(W;Vipw V;*W5) < tr(Vipw V;").
From Zle WiW,; = I, we get

k
tr(W;Vipw Vi W) = tr(Wi W, Vipw Vi') <> tr (W W Vipw Vi)
j=1

k
= tr()_ Wi WVipw Vi) = tr(Vipw V')
j=1

O

Remark For any fixed dynamics V, if we have that W) W,, = I for some m
then the remaining p; must be zero, because of the condition ), W;W; = I. In
this case we have hy (W) = 0. We also have that hy (W) < logk and for any given
dynamics V, hy (W) attains the maximum if we choose W; = 1/v/kI, for each i,
where I denotes the identity operator.

O
Note that by the calculations made in section 9, we have hy (W) = Uh(pw),
where Uh(p) = 3_,; pi(p)h(Fi(p))-

Lemma 6. Let F = (M, F;, pi) be a QIFS, with F;, p; in the form (60) and (61).
Suppose there is pg € My such that é,, is the unique V-invariant measure. Then
Ar(po) = po (AF is the operator associated to F) and

/U"hd5po =U"h(po) = h(po),
for all n € N. Besides, U"h(po) = Uh(po) and so
hy (W) =U"h(po),
for all m € N.
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Proof The fact that A(pg) = po follows from lemma 2, item 2. Also,

U"h(po) = /L{”hdépo = /th"cSpO = /hchPO = h(po)
and
Uh(po) = /Z/I"hdépo = /th”(SPO = /th(Spo = /L{hdépo =Uh(po)
O

Lemma 7. Let v be a V-invariant attractive measure. Then if p,, is the barycenter
of u we have, for any p,

(64) lim U"h(p) = /L{hdu = /hdu < h(p,)

n—oo

Proof The inequality follows from [21], proposition 1.15. Also, by proposition 4
we have

n—00 n— o0

lim U"h(p) = lim [ U"hdj, = lim / UhdV" 16, = / Uhdp,

the last equality being true because of the weak convergence of (V"d,)nen. This
proves the first equality in (64). Since [Uhdp = [hdVp = [ hdp, we obtain the
second equality.

O

Lemma 8. Let F = (Muy, F;,pi) be a QIFS, with F;, p; in the form (60) and (61).
Suppose that p is the unique point such that Ar(p) = p. Suppose that F;(p) = p,
i=1,....k. Then

Unh(p) = h(p),

n=1,2,..., and therefore hy (W) does not depend on n.

Proof The proof follows by induction. Let n = 1. We have:

Uhlp) = 3 pilp)h(Fi(p) = h(p) 3_pi(p) = hlp)

And note that U™h(p) = UU™ 1h)(p), which concludes the proof.

11. ENTROPY AND MARKOV CHAINS

Let V;, W; be linear operators, ¢ = 1,...,k, Zle WiW; = 1. Suppose the V; are
fixed and that they determine a dynamics given by F; : My — My, i=1,... k.
Define

k
(65) P :={(p1,.--,pk) :pi:MNHRﬂi:l,...,k,Zpi(p) =1,Vpe My}
i=1

P =Pn{(p1,...,px): Wi =1,....k:pi(p) = tr(W;pW}),

(66) Wi linear , Y W;W; = I}
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(67) Mg :={p € M*(My) : 3p € P’ such that V,u = u},
where V, : MY (My) — M (My),
k
(68) LB =Y [ pdu
' ; 7 B)
Note that a family W := {W;},=1 _ determines a QIFS Fyy,
Fw = A{AMN, Fi,pi}i=1,...k

Let P = (pij)i,j=1,....n be astochastic, irreducible matrix. Let p be the stationary
vector of P. The entropy of P is defined as

N
(69) H(P):=— Z pipij log pij
i,j=1
We consider a few examples which will be useful later in this work.

Example 4. (Homogeneous case, 4 matrices). Let N =2, k =4 and

w () (0 )

(o) 5= (0 o)

ZVZ_*VZ_:<I)OOJOFZ710 0 )

Po1 + P11

)

Note that

and so ), V;*V; = I if we suppose that

po— < Poo Po1 )
Pio P11
is column-stochastic. We have

VipVy — < POOOP1 8 > L Vaply = < po(1)ﬂ4 8 >

« (0 0 « (0 0
VarVs <0 P1op1 >7 VarVs (0 P11P4>

tr(VipVi') = poop1, tr(VepVs') = po1pa

SO

tr(VapVs') = prop1, tr(VapVy) = p11pa

The fixed point of A(p) =", VipV;* is

DPo1 0
— 1—poo+po1
Pv = 0 1—poo
1—poo+po1
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Let m = (71, m2) such that Pm = w. We know that

(70) r= Po1 , 1 — poo

1 —poo +Ppo1 1 —poo + por
Then the nonzero entries of py are the entries of m and so we associate the fixed
point of P to the fixed point of a certain A in a natural way. Let us calculate
hy(W). Note that A defined above is associated to a homogeneous IFS. Then
W, =V, i=1,...,k and

hy (W) = hy(V)
k k

tr(Wipy W) R tr(W;Vipy VW)
_; t’/‘ vav* EZ: (WJV;[)VV; Wj ) 10g< tT(VszV;*) : )
(71) - ;tr(vjvipvvi v )os ()

A simple calculation yields H(P) = hy (V), where H(P) is the entropy of P, given
by (69). This shows that the entropy of Markov chains is a particular case of the
QIF'S entropy.

O
Example 5. (Nonhomogeneous case, 4 matrices). Let N =2, k =4 and
_( /Poo O (0 \/po1
Vi ( o 0) =0 o
(o) = (0 i)
P10 0 0 Vpu
_ ( Voo 0 )7 Wy — ( 0 aor >
0 0
0 0
= W =
( Vaio 0 ) ! ( 0 Van >

Note that

w1, _ ( Poo+ Do qoo + q10 0
S (5 ) S ()

Po1 + P11 qo1 + q11
and so ), V;*V; = >, W/ W; = I if we suppose that

Poo Po1 q q
P::< >’Q:<oo 01)
Pio P11 q10 411

are column-stochastic. Then
tr(VipVy') = poop1, tr(VapVy') = po1pa
tr(VapVs') = propr, tr(VapVy') = piipa
tr(WipW7y') = qoop1, tr(WapWs) = qo1pa
tr(WspW3) = quopr, tr(WapWy5) = quipa
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We want the fixed point of A(p) =", pi(p)Fi(p). This leads us to

0 0 0 0 0 0
oo ( Poop1 >+qo1 ( Po1pa >+L]10 ( >+6111< > —p
Poo 0 0 Po1 0 0 Pb1o 0 piop1 P11 0 pi1pa

Note that the p;; cancel and so we obtain a calculation which is the same as the
one obtained in the previous example. Hence

go1 0
_ 1—qoo+
pw = qUB qo1 1—qoo ,
1—goo+qo1

and its nonzero entries are the entries of the fixed point for the stochastic matrix
Q. Calculating hy (W) gives

k k R
tr(Wipw W) ( tr(W;Vipw VW)
W, Vipw Vi W*)l ( j )
; tr(Vipw V;*) ; pw o8 tr(Vipw V;*)
(72)
=T (900 log qoo0 + q10 log q10) — _do (go11og go1 + gi1log qi1) = H(Q)
qo1 + q10 go1 + q10

So we have obtained a calculation which is analogous to the one for the homogeneous
case. This result generalizes what we have seen in the previous example.

Example 6. (Homogeneous case, 2 matrices). Let N =2, k = 2 and

w0 ) 5= (0 Vi)

Note that, just as in the previous examples

ZVi*Vi: < Doo + P1o 0 )
- 0 Do1 + P11

and so ), V;*V; = I if we suppose

pP.—= ( Poo  DPo1 >
Pio P11

is column-stochastic. The fixed point for A is

Po1 PooP1oPo1 + Po1P11P10
— Po1+pio Po1+Pio Po1+Pio
pv PooP1oPo1 + Po1P11P10 Pio
Po1+Ppio Po1+Ppio Po1+P10

The entries of the main diagonal of py correspond to the entries of the fixed point

of P. The entries of the secondary diagonal are a linear combination of the ones in

the main diagonal. Then for the V; chosen we have

tr(V; Vipy ViVy)
tr(Vipv Vi")

(73) hy (W) = hy (V) Ztr(VVpVV v )10 (

0,J

) = H(P)

by an identical calculation made for the equation (72) from the previous example.
In other words, the fact that the fixed point of A is not diagonal does not change
the calculations for the entropy.



24 A. BARAVIERA, C. F. LARDIZABAL, A. O. LOPES, AND M. TERRA CUNHA

O
Example 7. (Nonhomogeneous case, 2 matrices). Let N =2, k = 2,
Vlz(\/]?oo 0) sz(o \/p01)
Vo 0 /)7 0 puu
Voo 0 0 aor
W, = qoo ) Wy = ( )
! < 1/ 410 0 2 0 Va1l
As in the other examples, >, V;*V; = 3. W*W; = I if we suppose
P::<poo Po1 ) Q= ( Q0 qo1 )
Pio P11 qi0 q11
is column-stochastic. From
tr(VipVi') = p1, tr(VapVy') = pa
tr(WipWy') = p1, tr(WapW3) = pa
tr(WiVipViWT) = poopr, tr(WaVipVi"Wy) = piop1
tr(WiVapVa WT) = po1pa, tr(WaVapVa'Ws) = p1ipa
and a simple calculation, we get hy (W) = H(P).
O
Lemma 9. Let V;; be matrices of order n,
Vij = /Pijli)(J]
fori,j=1,...,n. Let
)i= > VigpV;;
4,J
where P = (pij)ij=1,..n. Then for alln, A}(p) = Apn(p).
Proof Note that
(74) ViaVij = /Prin/Dizouilk) (J]
S0
= Ap( ZVUP = > VVip(ViaVig)*
klyisg
= Zthpulk (jlplg) (k| = Zpkjlk (jlpl3) (k| = Ap=(p)
The general case follows by iterating the above calculation.
(I

Corollary 2. Under the lemma hypothesis, we have lim,,_,oo A% (p) = Ax(p), where
m = lim,_,o P" is the stochastic matrix which has all columns equal to the station-
ary vector for P.
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12. CAPACITY-COST FUNCTION AND PRESSURE

Recall that every trace preserving, completely positive (CP) mapping can be
written in the Stinespring-Kraus form,

k k
Ap) =D VipVi', Y ViVi=1,
=1 =1

for V; linear operators. These mappings are also called quantum channels. This is
one of the main motivations for considering the class of operators (a generalization
of the above ones) described in the present paper. These are natural objets in the
analysis of certain problems in quantum computing.

Definition 8. The Holevo capacity for sending classic information via a quan-
tum channel A is defined as

(75) Cp := max S(imA(pi)) —ipiS(A(m))

p;€[0,1]

piEMN
where S(p) = —tr(plog p) is the von Neumann entropy. The mazimum is, therefore,
over all choices of p;, i = 1,...,n and density operators p;, for some n € N. The

Holevo capacity establishes an upper bound on the amount of information that a
quantum system contains [17].

Definition 9. Let A be a quantum channel. Define the minimum output en-
tropy as

H™m(A) = Iﬁf? S(A(l) (1))

Additivity conjecture We have that
CA1®/\2 = CAI + CAz
Minimum output entropy conjecture For any channels A; and A,

Hmin(Al ®A2) —_ Hmin(Al) +Hmin(A2)

In [19], is it shown that the additivity conjecture is equivalent to the minimum
output entropy conjecture, and in [10] a counterexample is obtained for this last
conjecture.

Remark Concerning QIFS, our interest in capacity is motivated by the following
observation. Considering expression (75), note that the term

(1) > nS(Ale)

is a convex combination of von Neumann entropies, in the same way as the QIFS
entropy. So we see that given a QIFS, we can consider capacity functions, and the
QIFS entropy arises in a natural way. For an example, we perform the following
calculation. If \; are the eigenvalues of p then we can write

(77) S(p)=—=>_ Ailog\;
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Then write the QIFS entropy as

k

(78) hy(W) == tr(Wipw W, )ai; (pw) log ai; (pw)
ij=1

where

We see that for pyr € My and i fixed, we have )", a;j(pw) = 1. Define for each i
the density operator

(80) pii= D aig(ow)li) il

Then by (77),

(81) S(pi) = —Zaij(pw)log aij(pw)

J

By (78), we can write

k
(82) hy (W)(pw) = Z tr(Wipw Wi)S(pi)

A Positive Operator-Valued Measurement (POVM) is described by a set of
positive operators P; (POVM elements) such that ) . P; = I. If the measurement
is performed on a system described by the state vector |¢), then the probability of
obtaining ¢ as the outcome is given by

(83) pi = (Y| F|¢)

Note that a QIFS F induced by linear V; and W;, contains a POVM by taking W*W;
as POVM elements. If X is a random variable that takes values p1,...px then the
Shannon entropy is H(X) = — >, p; log p; and the joint entropy of variables X and
Y is

(84) H(va) = _Zp('rvy) logp(sc,y)

z,y
where p(x,y) is the probability that X = x and X = y. The mutual information
I(X :Y)isdefined by I(X : V) := HX)+H(Y)—H(X,Y). Then, considering the
QIF'S entropy we can state the Holevo bound in the following way: first consider a
QIFS F such that there is a unique attractive measure which is invariant for the
Markov operator V associated to F. Let py be the barycenter of such measure.

Theorem 4. (Holevo bound for QIFS) Suppose F is induced by linear operators
Vi and Wi with Y, W;W; = I and for each i = 1,...,k write p; = tr(W;pw W}*)
and p; = Y, aij(pw)|5)(j|, where a;; is given by (79). Suppose Alice prepares a
mized state px chosen from the ensemble {p1, ..., pr} with probabilities {p1,...,pr}
(that is, we assume px is a state determined by a random variable X such that it
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assumes the value p; with probability p; ). Suppose Bob performs a POVM measure-
ment on that state with POVM elements {P;}i=1,...m and measurement outcome
described by a random variable Y. Then, by writing p =Y. pipi, we have

(85) I(X:Y) <S5(p) = hy (W) (pw) =: £(€)

The number £(€) is the Holevo information of the ensemble given by & =
{pi;pi}i=1,... k- We see that (85) holds by applying the Holevo bound for the von
Neumann entropy (see [17]) together with (80) and (82).

O

We are also interested in a different class of problems which concern maximiza-
tion (and not minimization) of entropy plus a given potential (a cost) [9],[11],[12].

Definition 10. Let Mg be the set of invariant measures defined in the section 11
and let H be a hermitian operator. For p € Mg let p,, be its barycenter. Define
the capacity-cost function C : RT — RT as

(86) C(a) = max {hwy(p,) : tr(Hp,) < a}

HEMF

The following analysis is inspired in [8]. There is a relation between the cost-
capacity function and the variational problem for pressure. In fact, let F : Rt — R+
be the function given by

(87) FQA) = sup {hw.v (pp) = Mr(Hpu)}

We have the following fact. There is a unique probability measure vy € My such
that

F()‘) = hW,V(pVo) - At’l“(le,O)

Also, we have the following lemma:
Lemma 10. Let A <0, and & =tr(Hp,,). Then
(88) C(a) = hw,v(pu,)
Proof Let v € Mp, v # vy, with tr(Hp,) < & = tr(Hp,,). Then
hw,v (pv) = Atr(Hpy) < hw,v (pu,) — Atr(Hpy, )
S0
hwv (pv) < hw.v (pv,)

Hence

hw,v (pvy) = sup {hw,v(pu) s tr(Hpy) < a} = C(a)
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13. ANALYSIS OF THE PRESSURE PROBLEM

Let V;, Wi, H; be linear operators, i = 1,...,k, with >, W*W; = I and let
k

(89) Hp:=_ HpH;

i=1
a hermitian operator. We are interested in obtaining a version of the variational
principle of pressure for our context. We will see that the pressure will be a max-
imum whenever we have a certain relation between the potential H and the prob-
ability distribution considered (represented here by the W;). We begin by fixing a
dynamics, given by the V;. From the reasoning described below, it will be natural to
consider as definition of pressure the maximization among the possible stationary
W; of the expression

k
hv (W) + 3 1og (tr(Hjps Hy )tr(VipaVy') ) r (Wipw W)
j=1

where pg is the eigenstate of a certain Ruelle operator, described below. We begin
our analysis by using the following elementary lemma.

Lemma 11. [18] If ry,...,7% and qi,...,qx are two probability distributions over
1,...,k, such thatr; >0, j=1,...,k, then
k k
(90) —qu log g; +qu logr; <0
j=1 j=1

and equality holds if and only if rj =q;, j=1,... k.

The potential given by (89), together with the V;, induces an operator given by

k
(91) La(p) =S tr(HipH? VipV*
=1

By proposition 2 we know that such operator admits an eigenvalue § with its
associated eigenstate pg. Then Ly (ps) = Bpg implies

k
(92) > tr(HipgH; )WVipsVi* = Bps

i=1
In coordinates, (92) can be written as

k
(93) > tr(HipgH;)(VipsVi )i = Blps) i

i=1

Remark Comparing the above calculation with the problem of finding an eigen-
value A of a matrix A = (a;;), we have that equation (92) can be seen as the
analogous of the expression

(94) IEA =)
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Above, the matrix A plays the role of a potential, E4 denotes the matrix with
entries e and [; denotes the j-th coordinate of the left eigenvector ! associated
to the eigenvalue A. In coordinates,

(95) D lie®i =Ny, dj=1,....k

o

From this point we can perform two calculations. First, considering (92) we will
take the trace of such equation in order to obtain a scalar equation. In spite of
the fact that taking the trace makes us lose part of the information given by the
eigenvector equation, we are still able to obtain a version of what we will call the
basic inequality, which can be seen as a QIF'S version of the variational principle
of pressure. However, there is an algebraic drawback to this approach, namely,
that we will not be able to recover the classic variational problem as a particular
case of such inequality (such disadvantage is a consequence of taking the trace,
clearly). The second calculation begins at equation (93), the coordinate equations
associated to the matrix equation for the eigenvectors. In this case we also obtain
a basic inequality, but then we will have the classic variational problem of pressure
as a particular case.

An important question which is of our interest, regarding both calculations men-
tioned above, is to ask whether it is possible for a given system to attain its max-
imum pressure. It is not clear that given any dynamics, we can obtain a measure
reaching such a maximum. With respect to our context, we will remark a natural
condition on the dynamics which allows us to determine expressions for the measure
which maximizes the pressure. Now we perform the calculations mentioned above.

Based on (92), define

1 * *
(96) rj = gtr(HpsHj)tr(VipsVy)
So we have . r; = 1. Let
, WVipw VW
(97) g = tr(L)
) tr(Vipw V)

where, as before, py is the fixed point associated to the operator Ar,,

k
(98) Az (p) =Y pi(p)Fi(p)
i=1
induced by the QIFS (My, Fi,pi)i=1.... ks
VipV*
Fi(p) = —P%
+(0) tr(VipVy")

and
pi(p) = tr(WipW;)
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Note that we have
k
W W;Vipw V;*
Z q; = VpWV* ; pw Vi)

1
L —
tr(Vipw Vi)
Then we can apply lemma 11 for r;, qj», j=1,...k, with 7 fixed, to obtain
W, Vipw VW W, Vipw VW
o (0
- tr(Vipw Vi") tr(Vipw V;")

k
r(> W WiVipw Vi) =
j=1

W, Vipw ViW? | . .
(99) + Z (W) log (Btr(ijﬂHj )tr(VipsV; )) <0
and equality holds if and only if for all 4, j,
tr(W;Vipw VW)
tr(Vipw Vi)

1 * *
—tr(HjpsH )tr(VipgV)') =

(100) 5

Then
W;Vipw VW * W;iVipw V;*W*
;tr( trmpwvi*)j)l " tr(v;pwvi*f)
WV pw VW
+ Ztr(%) log (tr(ijﬁH;)tr(Vjp[;V}*))
J ! ¢

W;Vipw VW7
< (VN
Z szV*) &
which is equivalent to
() (e
r tr(Vipw V;*) tr(Vipw V;*)

r(W;Vipw VW) i} .
(101) +Z Voo V) log (tr(H; paH;)tr(VipaV;)) < log 3

Multiplying by tr(WipWWi*) and summing over the ¢ index, we have
tr(Wipw W)

(W, Vs py VEW
tr(Vipw V;*) rWiVipw VIWS)

hy (W) + 3 og (tr(Hp H; ir (VisVi)) D

(102) < Ztr(WipWWi*) log 5 =log 8

and equality holds if and only if for all 4, j,
(W, Vipw Vi W?)

1
(103) tr(Vipw V;')

1 * *
BtT(ijﬁHj)tr(VjpﬁVj ) =



A THERMODYNAMIC FORMALISM FOR DENSITY MATRICES IN Q. L 31

Let us rewrite inequality (102). First we use the fact that py is a fixed point of

Afwv

Vipw V"
104 tr( WH——————— =
(104) ZT ipw tr(V;pWV;*) pw

Now we compose both sides of the equality above with the operator

k
(105) S log (tr(Hpa ;) tr(VioaV;) ) W Wi
j=1
and then we obtain
k

> tr(Wipw W7)

i=1

k
VpWV*

k

(106) = pw > log (tr(HypaH; )tr(VipgVy') Wy Wi
j=1

Reordering terms we get

k

tr(W;pw W)
log (tr(HjpsH; )tr(VipsV;) = Vipw V"W W;
St (o0, 0001 3 S

k
(107) — pw > log (tr(Hyps H; )tr(VipsVy') WS Wi
j=1
Taking the trace on both sides we get

k

tr( WpWW*)
I tr(H H Yer( V WV, pw VW*
jzlog(r ips r(Vips );t Vipw V") tr(W;Vipw VW)

k
(108) Z g (tr(H;pa ) e (Vi Vi) ) tr(ow W, W)

Note that the left hand side of (108) is one of the sums appearing in (102). Therefore
replacing (108) into (102) gives our main result.

Theorem 5. Let Fyw be a QIFS such that there is a unique attractive invariant
measure for the associated Markov operator V. Let pw be the barycenter of such
measure and let pg be an eigenstate of Ly (p) with eigenvalue 3. Then

k
(109) hyv (W) + ) log (tT(HjPBHf)tT(‘/jPﬁ‘/j*))tT(ijwa) <logf3

j=1

and equality holds if and only if for all i, 7,

tr(W;Vipw VW)
tr(Vipw Vi)

1 * *
(110) BtT(HJ‘PﬁHj)tT(VjPBV} ) =
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In section 16 we make some considerations about certain cases in which we can

reach an equality in (109).

For the calculations regarding expression (93), define
1 (VipsV; )im
(111) Tjim = —tr(HjpgH})————1"—
iim = Gt ) =
Then we have Zj rjiim = 1. Let
(i Vi
T (Vi V)

A calculation similar to the one we have made for (109) gives us

(112)

k
hv(W) + Z tT(ijWw;) log t?“(ijﬁH;)

Jj=1

(Vjpﬁvj*)lm

(pﬂ)lm

and equality holds if and only if for all ¢, j,1, m,
(VipsVi)im _ tr(W;Vipw V' W)

k
(113) +Ztr(ijWWf)log (

j=1

)Slogﬁ

1 *
(114) S tr(H,ppH3)

B (pg)im  tr(VipwVy)

14. REVISITING THE EIGENVALUE PROBLEM

Consider the operator

k
(115) Lulp) =Y tr(HipH;)VipVy

i=1

o

induced by a fixed dynamics V; i = 1,...,k, V; linear, and by Hp := >, H;pH,
H,; linear. The eigenvalues equation for Lpy written in coordinates gives us the

following system, for k = 2:

tr(HipgHT)(v3 p11 + 2011012012 + Vigpa2)

(116) +tr(HapsH3 ) (wiip11 + 2wiiwizprz + wimpez) = Bpi

tr(HypgHY)(v21v11011 + (V21012 + V22011) p12 + V22012022)

(117)  +tr(HapsHj ) (worwi1p11 + (Werwig + waowi1)p12 + Weewiapez) = Bpio

tr(HipgH7) (v p11 + 2021022p12 + V3pp22)

(118) +tT(H2PﬁH;)(U’g1PM + 2wawoop12 + wggp22) = Bp22
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And we can also write, for i = 1,2,

(119)
tr(HipH;) = ((hi1)* 4 (hi2)?)p11 + 2(hi1 hiy + Righby)p1z2 + ((hig)? + (Rby)®)pa2
O
Fix Hq, Ho, let Vq, V5 be defined by
Vi1 V12 0 0

120 V; = Vo =

(120) (OO)(ww)
then we have, by (116)-(118) that p1 = 0 and

(121) tr(HipgHY ) (vi1p11 + vigpaz) = Bpua

(122) tr(HapgHj) (w3 p11 + wiapaz) = Bpaz
that is,

(123) [((h%l)Q + (h}2)2)p11 + ((hb)z + (@2)2)022](“%1,011 + U%2P22) = fp1u

(124) [((h31)? + (h12)P)p11 + ((h12)? + (h32)*)paz) (w3 p11 + wiap22) = Bp2z

Also, suppose that

(125) V11 = V12 = W21 = Way = 1

Then we get
(126) ((h11)? + (h12)?)p11 + ((h12)? + (hie)*)paz = Bp1a
(127) ((h11)? + (h39)*)p11 + ((h12)? + (h35))p22 = Bpas

Let A = (ai;) be a matrix with positive entries and consider the problem of
finding its eigenvalues and eigenvectors. Then from

(128) a1 + ajgve = Pug

(129) a21v1 + ag2v2 = [Bug

we see that the systems (126)-(127) and (128)-(129) are the same if we choose
(130) an = (hiy)” + ()%, a1z = (hiy)? + (hy)?

(131) as1 = (h11)? + (h35)%, aze = (h1y)” + (h3,)?

We conclude that Perron’s classic eigenvalue problem is a particular case of the
problem associated to Ly acting on matrices. In fact, if we fix

o we(3y) (1))

and given A a matrix with positive entries, choose

os) o om=(V0 ) m= (V0 )
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Then the operator Ly has a diagonal eigenstate

pi1 O
134 _
(134) o5 (0 pm)

associated to the eigenvalue 3, and we have that, defining v = (p11, p22), we get

Av = [,

Example 8. Let

w4 4)me (). a(:

Then Av = (v leads us to

[N
N———

(136) vy + 4ve = By
1
(137) 3v1 + V2= Bus
The eigenvalues are
3 1
-+ -v193
4 4
with eigenvectors
1 1 1
(—= £+ -—Vv193,1)
1 1
1+ 5+ 55v193°12 12
Then we have 8 = %4—% 193, v = ﬁlﬁ\/@(l—z—kﬁv 193, 1) such that Av = (.
Let
(138)

(7 )38 (5 ) (5 3)

Then solving Ly (p) = Bp gives us p12 = 0 and

(139) p11 + 4paz = Bp11

1
(140) 3p11 + 5P22 = Bpa2

which is the same system as (136)-(137). So 8 = 3 + 1v/193 and the corresponding
eigenstate, since p1o = 0, is

5 +15 V193

12 112 ¥ 777 0
(141) p= 1+%+%\/193
0 1
1+ 75+ 15 V193
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15. SOME CLASSIC INEQUALITY CALCULATIONS

A natural question is to ask whether the maximum among normalized W;, i =
1,...,k, for the pressure problem associated to a given potential is realized as the
logarithm of the main eigenvalue of a certain Ruelle operator associated to the
potential H;, ¢ = 1,..., k. This problem will be considered in this section and also
in the next one.

We begin by recalling a classic inequality. Consider

k k
(142) —> gjlogg; + Y _gjlogr; <0
Jj=1 Jj=1
given by lemma 11. Let A be a matrix. If v denotes the left eigenvector of matrix
E“4 (such that each entry is e%), then vE4 = Bv can be written as

(143) > vie"s = By, Vj
Define
ey,
144 -
( ) J ﬁvj
So >, 1i; = 1. Let ¢;; > 0 such that )", ¢;; = 1. By (142), we have
k k eaijv-
(145) = aijlogg; + > qijlog £ <0
i=1 i=1 B
That is,
k k k
(146) - Z 45 log qij + Z ¢ijaij + Z qij(logv; — logv;) < log 3
i=1 i=1 i=1
Let @ be a matrix with entries ¢;;, let 7 = (m1,...,m) be the stationary vector

associated to Q. Since ), q;; = 1, Q is column-stochastic so we write Qm = 7.
Multiplying the above inequality by 7; and summing the j index, we get

(147) - Zﬂ'j Z%j log ql‘j+2 T Zqijaifrz Uy Zqij(logviflogvj) < logﬂ
J i J % j %

In coordinates, Qm = 7 is Zj gijm; = m;, for all 5. Then

- ZWJ‘ Z%‘j log g;; + Zﬂj Z(Iijaij
i i 3 p
(148) +> 1Y gijlogui =Y m Y gijlogv; <logf
J i J i

These calculations are well-known and gives us the following inequality:

(149) - Zﬂj Zqzj log gi; + Zﬂ'j Z%‘jaij <logp3

Definition 11. We call inequality (149) the classic inequality associated to the
matriz A with positive entries, and stochastic matriz Q.
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Definition 12. For fized k, and l,m =1,...,k we call the inequality

k
hy (W) + Z tr(Wipw W) logtr(H;psH;)

j=1

(‘/}pﬁvj*)lm

k
(150) + 3t (Wpw W) log( o

j=1

) < log 33,

the basic inequality associated to the potential Hp =, H;pH; and to the QIFS
determined by V;, W;, i = 1,... k. Fquality holds if for all i,j,1,m,
VipsVi)im _ tr(W;Vipw Vi W)

(P8)im tr(Vipw Vi)

(151) %tr(ijﬁH;)

O

As before, pg is an eigenstate of Lg(p) and pw is the barycenter of the unique
attractive, invariant measure for the Markov operator V associated to the QIFS
Fw . Given the classic inequality (149) we want to compare it to the basic inequality
(150). More precisely, we would like to obtain operators V; that satisfy the following:
given a matrix A with positive entries and a stochastic matrix @, there are H; and
W, such that inequality (150) becomes inequality (149). We have the following
proposition.

Proposition 9. Define

1 0 0 1 0 0 0 0

Let A = (aij) be a matriz with positive entries and Q = (g;;) a two-dimensional
column-stochastic matriz. Define

w3 oma= (V9T V) e (V9T

0 0 0 0
154 Hs = Hyo =
( ) 21 ( v/ ea21 \/ ea21 ) ’ 22 ( £/ ea22 £/ e%22 )

and also

(155) W1:<\/?8)7W2:(0\/(Q?>

o wme(t) me (0 )

Then the basic inequality associated to Wi, Vi, H;, i@ = 1,...,4, 1 = m =1 or
Il =m =2, is equivalent to the classic inequality associated to A and Q.

We use the following lemma.
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Lemma 12. For V; given by

(157) VI:(\/EFS)Vz:(g\/;E)

59 o= (m 0) 9= (0 e )

where vi; > 0, we have that the associated QIFS is such that pw and pg are diagonal
density operators, for any choice of W; and H;, i =1,...,4.

Proof of Lemma 12 We have that py is a fixed point of

o VipVi
Alp) = tr(WipW; )W

)= ( P11 pr2 > 7
P12 P22
we have that A(p) = p leads us to

t’f‘(WlpWik) V11P11 0 tT‘(ngWQ*) V12022 0
w(VipVs) \ 0 0 ) w(ey) \ 0 0

Writing

thT(WsPWg) ( 0 0 )Jr tr(WapWy) < 0 0 ) _ ( P11 P12 )
tr(VspVs') 0 wva1p11 tr(VapVy) 0 wva2p22 P12 P22
Then p12 = 0 and so py is diagonal. In a similar way we prove pg is diagonal.
O
Proof of Proposition 9 Let V;, W;, i =1,...,4 and H;j, ¢,7 = 1,2 as in the
statement of the proposition. A simple calculation shows that

(159) tr(H;jpsgH;) = e*

(since pg is diagonal, by lemma 12). By example 5, the choice of V; and W; we
made is such that the entropy hy (W) reduces to the Markov chain entropy. Then
a calculation yields

(VipgVi ) (pp)11

(160) (p)11 B (ps)1n =1
In a similar way,
(161) (VipsVi)2a _ (pa)22 _ 1
(p3)22 (pB)22
Then from the basic inequality with I =m =1 or [ = m = 2 we get
tr(WiV;ow VWY

(162) hy (W) + ZtT(ijWW;) >

7 %

““logtr(H;psH) <1
t?“(VJvaj*) Og T( Zpﬁ 1) — Ogﬂ

Finally, since tr(H;jpsH;;) = e* and Qm = 7, we conclude that (162) becomes
(149).
(]



38 A. BARAVIERA, C. F. LARDIZABAL, A. O. LOPES, AND M. TERRA CUNHA

Example 9. Let
2 2 2 V2
1 < 0 0 ) ) 2 ) 3 ( 0 0 ) ) 4
Then

-2 0 —iv2 0
Hf = H; =1 H;= H=1
1 (_22 0>7 2 ) 3 (—Z\/i 0>7 4

If we suppose the V; are the same as from proposition 9, we have that pg is diagonal,
SO

tr(HippHY) = 4, tr(HapgH3) =1, tr(HzpgHj3) =2, tr(HipgH]) =1
Then L (p) = Bp leads us to
4p11 + pa2 = Bp11

2p11 + pa2 = Bpa2
A simple calculation gives

54+ V1T
==

4 3+/17 0
P = -—F= 4
7T+ V17 0 1
O

We want to calculate the W; which maximize the basic inequality (150). Recall
that from proposition 9, the choice of V; we made is such that

g

with eigenstate

(VipaVi Jm _
(PB)im ’
So
k
(163) hv (W) + ) tr(WipwW;) logtr(Hjps H) < log 3
Jj=1

and equality holds if and only if, for all 4, j,1, m,

1 VipgV: )im  tr(W;Vipw V;SW?
&) (pﬁ)lm tr(VvipW‘/i )
Choose, for instance, I = m = 1. Then condition (164) becomes
1 tr(W;Vipw VW)
165 “tr(H,psHY) = J
(165) S pp ) = Tl
To simplify calculations, write W; = Wi W, and W, = (w};). Then we get
tr(H;pgH; . . )
(166) %:w’n:w%27 i=1,...,4

So we conclude
(167) W; = tr(HipsH;) 0 ) L i=1,....4

1
VB ( 0 tr(HipgH})
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That is,
2 1 V2 1
(168) Wy =—I, Wo=—I, Wy=—1I, Wy=—I
VB VB VB VB
Note that
4 2
S wrw = =- V2
i VP

To solve that, we renormalize the potential. Define

2 VB
169 H; :=+aH;, «a:=
(169) Va v

Then a calculation shows that £;(p) = B,o gives us the same eigenstate as before,
that is Ps = Pg- But note that the associated eigenvalue becomes 3 = af. Now,

note that it is possible to renormalize the W; in such a way that we obtain W; with
>, WiW,; = I, and that these maximize the basic inequality for the H; initially
fixed. In fact, given the renormalized H;, define

(170) W, =vaW;, i=1,...,4

Note that 3", W;*W; = I. Also we obtain

k
(171) hv (W) + Y tr(Wpg W) log tr(vVaH;psy/aH;) <logaf
j=1
which is equivalent to
~ k ~ ~

(172)  hv(W)+ > tr(W,py W;) log(atr(H,psH})) < loga + log

j=1
That is

~ k ~ ~
hy (W) + Ztr(ijWW;) log a
j=1
k: ~ ~
(173) + > tr(Wipy W) log tr(H,pgH; ) < log o + log 3,
j=1

and if we cancel loga on both sides, we get the same inequality as for the non-
renormalized H;. As we have seen before, such W; gives us equality. Hence

k
(174) hv (W) + > tr(Wyp Wi) log tr(H;ps H; ) = log 8

j=1
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16. REMARKS ON THE PROBLEM OF PRESSURE AND QUANTUM MECHANICS

One of the questions we are interested in is to understand how to formulate a
variational principle for pressure in the context of quantum information theory. An
appropriate combination of such theories could have as a starting point a relation
between the inequality for positive numbers

—> giloggi+ Y gilogp; <0,

(lemma 11, seen in certain proofs of the variational principle of pressure), and the
QIFS entropy. We have carried out such a plan and then we have obtained the
basic inequality, which can be written as

k
(175) hyv (W) + ) log (tT(HjPBH}‘)tT(VjPﬁ‘G*))tT(ijWWf) <logf3

j=1

where equality holds if and only if for all i, j,

1 (W, Vipw VW)

B tr(Vipw V;*)

As we have discussed before, it is not clear that given any dynamics, we can obtain

a measure such that we can reach the maximum value log 5. Considering particular
cases we can suppose, for instance, that the V; are unitary. In this way we combine

(176) (HjpsH;)tr(VipgV;") =

in a natural way a problem of classic thermodynamics, with an evolution which has
a quantum character. In this particular setting, we have for each i that V;V* =
V*V; = I and then the basic inequality becomes

k
(177) hv (W) + > tr(WpwW;) log tr(H;pg H; ) < log 8

Jj=1

and equality holds if and only if for all ¢, 7,

1
(178) EtT(HjPBHf) = tr(W;Vipw V;"W7)

We have the following:

Lemma 13. Given a QIFS with a unitary dynamics (i.e., V; is unitary for each
i), there are W; which mazimize (175), i.e., such that

k
(179) hy (W) + Y tr(W;py W) log tr(H,pp H;) = log 8
j=1
Proof Define, for each j,
N 1
(180) W; = BtT(HjPﬁH;)I

where I is the identity. The equality condition (178) is satisfied by such Wj, so the
lemma follows.

O
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Remark The above lemma also holds for the basic inequality in coordinates,
given by (150). Also, it is immediate to obtain a similar version of the above
lemma for any QIFS such that the V; are multiples of the identity, and also for
QIFS such that py fixes each branch of the QIFS, that is, satisfying, for each 4,

Viow V;*

r(Vipwvye) Y

17. CONCLUDING REMARKS

Considering the QIFS setting, we defined a concept of entropy and a Ruelle
operator in such a way that we are able to get some analogous results to the classical
Thermodynamic Formalism. Such Ruelle operator admits a positive eigenvalue,
which gives us an upper bound for the pressure (entropy plus a potential) associated
to the QIFS. Our configuration space is the set of density matrices. We did not
consider the usual space of symbols or a shift operator, as it is assumed in the
Ruelle-Perron-Frobenius theory. We have replaced the dynamics given by the shift
with the one given by the inverse branches of the iterated functions (which are
defined by a set of operators).

The references [16] and [21] are of fundamental importance in our investigation.

A starting point for further investigation could be to study more properties of the
QIF'S entropy, such as convexity and subadditivity. Also, a natural question is to
ask whether it is possible to consider a QIFS acting in an infinite tensor product of
finite Hilbert spaces which would be the analogous of considering the full Bernoulli
space.

In a forthcoming paper we are going to consider relative entropies and quantum
conditional expectations.
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