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Abstract

We will show the central limit theorem for the case of a general one-
dimensional lattice where the space of symbols is a compact metric space.
We consider the CLT for Lipschitz-Gibbs probabilities and in the proof
we use several properties of the Ruelle operator, like existence of eigen-
functions, eigenprobabilities, asymptotic variance, etc.... For defining the
Ruelle operator is required to fix an a priori probability. An important
issue in the proof of the CLT is the existence the second-order derivative
for the pressure, and this will follow from associated analytic properties.
As additional results of independent interest, we will also describe some
explicit estimates of the first and second directional derivatives of some
dynamical entities like entropy and pressure. For example: given a fixed
normalized Hélder potential f, and a variable observable n on the Kernel
of the Ruelle operator Ly, we consider the equilibrium probability pf4:y
for f +tn. We estimate the values % h(pif4¢n)|i—0 and C‘lit—zh(uf_‘_”,)h:o,
where h(usitn) is the entropy of pc4tn. For fixed f we can find con-
ditions that can indicate the n attaining the maximal possible value of
L h(pig4en)li=o (up to a natural normalization of 7)), entirely in terms of
elements on the kernel of Ly; these vector spaces play the role of tangent
spaces in the infinite-dimensional manifold of equilibrium measures for
Holder normalized potentials f.
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1 Introduction

Our main goal in this paper is to show the central limit theorem on a class
of compact general one-dimensional lattices (see Section , which are defined
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as symbolic spaces where the set of symbols is a compact metric space M and
the dynamics is played by the shift map o : MY — MY; this kind of models
is sometimes called in the mathematical literature generalized one-dimensional
XY models (see [2] and [22]). We obtain the CLT for Lipschitz-Gibbs proba-
bilities on 2 := MY from the spectral properties of a Ruelle operator (to be
defined in Section. This will require exploring properties of the so-called Ru-
elle operator as presented in [22], where it is necessary to consider an a priori
probability on M.

In the classical case (where M = {1,2,..,d}), well-known results in this
direction have been obtained by diverse authors on several classes of dynamical
contexts (for instance in [19]). In [2I] it was proven a CLT via martingale
differences in the context of a bijective dynamical system satisfying suitable
conditions, even more, it was shown a proof characterizing the CLT through
properties of decay of correlations when the dynamics is surjective (see also
[34] for an interesting approach). In [I3] central limit theorems were proven
for a wide class of dynamical systems, among them, geodesic flows, piece-wise
expanding maps on the interval, and irrational rotations. In [I4] the authors
proved a CLT using as a main tool the so-called transfer operators defined on a
suitable skew product.

A key element in the proof of the CLT that we present in this paper is
the existence of a certain second-order derivative and this will follow from the
analytic properties of the Ruelle operator that will be properly described later
(see Section [3). As additional results of independent interest, in Theorems
Proposition [22] and Theorems we will also describe some explicit
estimates of the first and second derivatives for some dynamical entities which
are somehow related to the problem.

The characterization of the Ruelle operator in the context of the so-called
generalized one-dimensional XY models has been widely studied in different
works. For instance, in [22] questions related to the spectral properties of this
kind of operator were addressed; it was also shown the existence of equilibrium
states, a variational principle, and the existence of calibrated sub-actions. In
[32] the authors studied the mentioned problems on a model where the allowed
sequences are given in terms of a continuous map of admissibility (a kind of
generalization of the classical shifts of finite type). The spectral gap (and the
analyticity following this property) obtained in item (4) in Theorem 1 in [32]
contemplates our setting here as a particular case.

The Central Limit Theorem is a classical topic in Ergodic Theory. In [5] the
author aims to apply the result for Anosov systems via Markov partitions. In
[13] specific mixing or dependence conditions are assumed, and a general result
follows from assuming the appropriate rate of mixing. The proof in [31I] uses
the analytic dependence of parameters for the case of equilibrium probabilities
for Hlder potentials in the case of finite alphabets. [10] proves CLT for shifts of
finite type. In [4] the author improves the classical Gordin’s method in order to
guarantee the result via ergodic martingales; relaxes independence assumptions
to establish that martingale difference sequences converge to a normal distri-
bution. With different methods, but still using martingales, [35] achieves quite



general results on the topic. We chose the analytic framework because it is more
appropriate for handling the technical demands of the case where the alphabet
is a compact metric space.

This paper is organized as follows: in Section [2] are presented the main
definitions to be used throughout the paper, among them, the one for the Ruelle
operator which we are interested in this context. In Section [3| we state some
well-known properties about the analyticity of some observables derived from
the Ruelle operator and how it depends on the so-called spectral gap property.
In Section[4 we present the proofs of the main results of the paper, among them
a generalized version of the CLT in the context of the so-called general one-
dimensional lattices. At the end of the paper, in Section [5 we present explicit
calculations for the directional derivatives of entropy and pressure in terms of
elements on the Kernel of the Ruelle operator.

We can take advantage of knowing differentiability in the present setting to
investigate questions related to the first and second-directional derivatives of
variations on time of dynamical entities related to pressure and entropy. As an
example, considering a fixed potential f and a variable observable g, denote by
[if+tg the Lipschitz-Gibbs probability (which is also equilibrium for the pressure
of f+tg) for the perturbed potential f+tg, when ¢ is close to zero. It is natural
to ask about the values

d d?
i rseg)li=o and —5 (ks ieg)li=o (1)

where h(pf44q) is the entropy of pyy.y (see Proposition [23| and Corollary .

Throughout the text we will use results from [I7] that considers finite al-
phabets, but the proofs presented there basically depend on the expansiveness
of the shift, and thus apply to the case where the alphabet is a compact metric
space, as we are considering here.

We can ask about the direction g where the value %h(jisisg)|i—o is the
highest possible and how to get analytic estimates of such g; all of that in terms
of elements in the Kernel of the Ruelle operator £;. This can indicate the
direction g of the maximal increasing of entropy. Questions of this nature and
others are the main topics of Section [5| The estimation of £h(tif4¢g)|i—0 Was
already considered in [I7], but for other results we consider here it is appropriate
to prove things in a different way.

We also consider directional derivatives associated with the pressure via
expressions based entirely on elements on the kernel of the Ruelle operator (see
Theorem. For the explicit expression we take advantage of the existence
of a certain orthogonal family on the Kernel of the Ruelle operator (see [23]).

2 Preliminaries

Consider a compact metric space (M, dys) satisfying diam(M) = 1 and define
Q := MY as the set of sequences taking values on M with the shift map given
by T((2n)5% ) = (Zn41)52, acting on it. It is well-known that Q equipped

n=1 n=1



with the product topology results in a compact metric space and, even more, it
is metrizable with d(z,y) := >0 | swdar(Tn, Yn).

Throughout the paper, we denote by Bg, resp. C(Q), resp. Lip(Q2), resp.
M(Q) := C(Q)* resp. M1(£2), resp. Mp(2); the Borel sigma-algebra on €,
resp. the space of continuous functions from € into R, resp. Lipschitz continuous
functions from €2 into R, resp. Borel finite measures on §2, resp. Borel probability
measures on §2, resp. Borel T-invariant probability measures on ).

In this work, we are interested in the statistical behavior of probability
measures obtained as the fixed points of the dual of a Ruelle operator which we
call Lipschitz-Gibbs probabilities. The Ruelle operator for a potential f € C()
is defined as the linear one assigning to each w € Lip(€2) the map L;(w) €
Lip(£2), given by the expression

Li(w)(x) := / e @ (az)dy(a) (2)
M
where v € My (M) is an a priori measure (with support equal M), and each
sequence az = (a,x1, Ta,...) € () satisfies T'(ax) = x.
By the RPF theorem (see [22], or [25], for details), for each f € Lip(f2), there
are \f > 0, wy € Lip(Q)" and py € M;(£2), such that,

Li(wy) = Apwy and L} (py) = Aspy (3)

and, even more, for any w € Lip(2) the following limit holds

lim HE};\(;U) - wf/deproo =0. (4)

n— oo

A straightforward argument shows that the limit in implies the spectral
gap property, i.e., that the main eigenvalue Ay is maximal and isolated into the
spectrum of the operator (see for details [32]).

A potential f € Lip(2) is called normalized when L¢(1) = 1, we denote the
set of normalized potentials by AV(Q2). It is easy to check that for f € A(Q2) the
operator L} preserves M (£2) and it is well-known that for arbitrary f € Lip(€2),
the normalization N(f) := f+log(wys) —log(wysoo) —log(As) belongs to N'(Q).

We call here P(f) := log Ay the pressure of f : @ — R (which due to the
classical variational formula, as in [31] or [22], will play a role only in Section
B).

We denote by py € M1(2) the Lipschitz-Gibbs probability for f, which is the
unique fixed point for the dual Ruelle operator associated to the mnormalization
N(f), i-e., Ly (ng) = pg. Moreover, it is easy to check that py € Mp(Q2)
and, even more, choosing the eigenfunction and eigenprobability in satisfying
Jowgdpy = 1, we have Z%{ = wy (see [22] for details). Besides that, under
suitable assumptions, the identification map f +— pu; is bijective and analytic
(see [3]). In this way, the set N'(2) can be also identified as the set of Lipschitz-
Gibbs probabilities associated with all possible Lipschitz potentials, which we
also denote by N(£2).



In the following sections we elaborate on the analyticity of the pressure map
and later we use that to prove a version of the central limit theorem. For
considering the meaning of equilibrium state for a given Lipschitz continuous
potential, it is necessary the concept of entropy and pressure for T-invariant
probabilities on the XY model (see [22]). Actually, in the mentioned work, it is
shown that the so-called Ruelle operator (taking into account an a priori proba-
bility) has several interesting properties allowing to characterize the dynamical
and statistical behavior of the map T

For the benefit of the reader, in the first part of the next section we will
state some properties of Thermodynamic Formalism for the generalized XY
model, among them analyticity issues, that we will need later. Our focus is on
Lipschitz-Gibbs probabilities.

3 Analyticity of the Ruelle Operator

Our main goal in the next section is to prove a central limit theorem on the
setting of one-dimensional lattices defined on compact metric spaces, using as
a main tool the analyticity of the map f — P(f), more specifically, using the
existence of first and second derivatives of the function ¢t — P(f + tg), with
teR.

In order to do that, first we introduce some important analytic properties
of functions related to the Ruelle operator defined in Section [2| and its corre-
sponding dual, besides their eigenfunctions and eigenprobabilities, the above as
a function of the potential f. We will state some useful properties of the Ruelle
operator given by the expression in .

It is known that for any f € Lip(2) and each n € N the map f — L7} is
analytic (see [3| BI] for the classical case, and [32], B3] for the XY model case).
Even more, the expression for the Fréchet derivative of EZf) at the point f in
the direction of g is given by

D(LY)f(9) = LH9LT(g)) - (5)
=1

The former expression also helps to guarantee that both of the maps f — wy
and f = A\f = e () are analytic. In order to guarantee the former claim, we
need to introduce a strong result requiring advanced technical tools in Functional
Analysis and the so-called approximation theory (for instance the ones presented
in Chapter VII Sections 3-6 in [I2], see also Section 5 in [28] and Section IV in
[26]).

A detailed study of the spectrum of the Ruelle operator appears in [I5]
and [I] under the assumption that f € Lip(€2). In the mentioned works it is
shown that the space of eigenfunctions associated with the main eigenvalue has
dimension 1 and, even more, by a general result in [22] the eigenvalue Af results
isolated. Using the same reasoning, one can take advantage of the following
propositions (see [I5], [27] and [28]) to get similar results in our setting.



Proposition 1. [3, [7, [28, [26] Given f € Lip(Q2), not necessarily normalized,
consider a small circle curve v : [0,1] = C, v(t) = € (™ + \t) around the
eigenvalue Ay (by the spectral gap property no other elements of the spectrum of
Ly belong to the interior of the curve). Then, the eigenfunction wy, where the
map g € Lip(Q) is close by f, can be obtained as the line integral

wy = ;Z(fy(zl - Eg)_ldz)(l). (6)

From the former expression, it follows that the map g — wq is analytic on
a neighborhood of f contained into the space Lip(Q).

Note that the eigenfunction w, for £, described by @ is not necessarily
normalized (in the sense that fQ wgdpg = 1). In fact, the projection operator
m1(Ly) given by the expression

1 ~1
(L) = M(L(zf—ﬁg) dz) (1)
is describing the projection of the space Lip(£2) on the one-dimensional space
of eigenfunctions for the operator £, (see for instance [I2]). Furthermore, the
function g — m1 (L) is complex analytic and any w € Lip(Q) satisfies

Ly(m1(Ly)(w)) = Agm1(Lg)(w).

In the next proposition we use the operator in to guarantee analyticity of
the maps f — Ay and f — P(f).

Proposition 2. Let f € Lip(Q2) be a not normalized potential. Then, the map
g — Ag is analytic on the variable g varying on a neighborhood of f. By the
above, it follows that also the pressure map g — P(g) = log()\y) is analytic on
the same neighborhood of f.

Proof. Note that 7 (L4)(wy) is an eigenfunction for the operator £, associated
to Ag, and varies analytically on g. Consider p € M () supported on €2, such

that, [, wsdp # 0. Then,

_ fQ Ly(mi(Ly)(wy)) dp
Ag = . (8)
fQ m1(Ly)(wy) dp

Note that the denominator is not zero for g close to f, which guarantees
that the former expression is well-defined and a quotient of analytic functions.
Therefore, the function g — A4 results in analytic on the variable g. O

Consider 6 acting on Lip(£2) given by 6(f) := L. It is well-known that the
map 6 is analytic on all the space Lip(2) (see [8, 27, [33] for details).

More precisely, considering a fixed w € Lip(f2), we have that the Fréchet
derivative of # at f in direction of g satisfies the expression

01 +9) (w) =07 (w) = 3 50 we?)
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In [33] the authors show analytic properties of the Ruelle operator defined
in the expression (2)), even more, from Theorem 3.5 in [33], we have that for
f,g,w € Lip(Q) the following analytic expression holds

Lr)@) =Y 5 [ 0 wlaa) gfar) o) o)

In particular, a second-order expression for Taylor’s polynomial in our setting
is given by

Lo = [

M

2

ef(az) w(az) (1 + glaz) + g(a;)

Jdv(a) +os(g) . (10)

It is important to point out that the proof of the former expression was
obtained without using the spectral gap property of the Ruelle operator (well-
known in the case where M is a finite set as described in [28] and [31]).

Above it is considered the strong norm of operators and that M(Q) := C(Q)*
is the Banach space of continuous linear functionals with domain on C(£2). We
remark that on top page 190 in [20] the author mention the fact that the linear
set of measures on 2 - with the total variation norm - does not carry a natural
analytic structure.

It follows that if we fix f € Lip(Q?) and consider a family of potentials ¢f,
where t € R, then, the maps t — w;y and ¢t — Ay are analytic on the variable t.
For the corresponding result for the map ¢ — p;¢, as mentioned in [20], given a
normalized potential f, and a fixed Holder function g, the function ¢ — [ g ps is
analytic. In the next lemma, we present an explicit expression for the Gateaux
derivative for the map f +— Ay.

Lemma 3. [3, [17] Consider f,g € Lip(Q), t € R, and assume that f € N (Q).
Then,

d d
ﬁ/\f+tg|t=0 = aep(fﬂg”t:o = /di.“ﬂ (11)
If the potential f is not normalized. Then,
d d
—A o= —ePUFD| o=\ / duy . 12
i f+tg|t_0 dte ls=0 f Qg Hf (12)

The former lemma implies directly the following result characterizing the
Gateaux derivative for the function f — P(f).

Lemma 4. [3,[17] Given f,g € Lip(Q) and t € R, denote by p(t) := P(f + tg)
the pressure of the potential f +tg. Then, we have

PO = ZPU - t9)lo = [ gduy (13)



Remark 5. Note that the possible values of %ep(t)\tzs are on a finite sub-
interval (a,b) C R. Moreover, we have

P(s) = ol = [ gy (14)

Actually, it is only necessary to take r :==t — s, ¥ := f + sg and later calculate
%p(rﬂr:o such as appears in Lemma .

The next theorem is the main purpose of [I7] and provides a structure of
the Riemann manifold for N (Q).

Theorem 6. [17] The set N(Q) is an analytic infinite dimensional manifold,
and the tangent space of N'(Q) at f satisfies Tr(N(Q)) = Ker(Ly), with L; act-
ing on the space Lip(). Furthermore, the inner product < v,w >:= fQ vwdjiy,
where v,w € TF(N(Q)), provides a Riemann structure on the manifold N ().

In particular, the norm of an element n € Ker(Ly) is given by |0 = 1/ [, n*dpy -

We point out that the results of [I7] are also applied to the present case,
where we consider the action of the shift on Q and when the space of symbols M
is a compact metric space. This is so because the main ingredient was the use
of Ruelle operators (in the same way that can be handled here) plus analyticity
(which is true in our setting).

Remark 7. The calculation of the Gauss curvature for v,w € Tr(N(Q)) ap-
pears in [23] and the existence of geodesics in this context is the topic of [24).

The Riemannian metric described in Theorem |§| is related (but somehow
different) to the so-called Pressure Riemannian metric (see [6] and [29]).

In Section [5| we will be interested, among other topics, in estimating direc-
tional derivatives in the direction 7 € Ker(Ly) related to the pressure problem
P(y) for a potential ¢ € Lip(£2). In this case, it is also natural to consider
variations of the form f + tg, with g € Lip(€2) not necessarily on the Kernel of
Ly, and the corresponding directional derivative

d
G (Marsso) + [ ¢ dugsg lumo (15)

where f € N(Q) and ji744, is the Lipschitz-Gibbs probability for f + tg, with ¢
close to zero. We want to get explicit expressions for such derivatives and this
will be presented in .

For fixed ¢, we can ask about the maximal value of for n € Ker(Ly),
when 7 satisfies [, n* = 1.

4 Central Limit Theorem

Throughout this section, we prove the central limit theorem for our setting.
We will show that one can adapt some ideas of the classical case to the XY



model. Given the probability space (Q, Bq, P), i.e., P € M;(Q), we say that
the measurable function X : Q — R has a Gaussian distribution with mean o
and variance 02 > 0, when for any interval (a,b) C R

(t—a)?

b b
P({x€Q|X(x)€(a,b)}):ﬁ/ e dt::/ Ao 2 (1) .

The former expression is equivalent to saying that

1 1 (t=a)?
I, XdP:/I_ . szi/Ia e 2 dt
[ tan )P = [ I sundP = = [ Tun(®

which implies (via approximation by simple functions) that for any ¢ € C(R)
the following expression holds

o= = [t

Then, in this case, the mean is given by

(t—a

)2
2 dt = Ay 52 .
t /Rsﬂ(t) D02 (t)

1 1 (t—a)?
o= Xdpzi/te_§ o2 dt:/tdaazt.
/Q Vorno? Jr R P (1)

and the variance satisfies the expression

o? ::/Q(X—/QXdP)QdP

1 1 (t—a)?
= — t—a)?e 2 o2 dtz/t—an a.o2(t) .
Ner /R< ) (¢ = ot

Theorem 8. Denote 5(t) := P(f +1tg) — P(f), where f and g belong to Lip(2)
and t € R. Given ¢ € R, the Central Limit Theorem claims that

' 1 n—1 ] c
Tim gy ({zeq G jgom(of(x)) —F(0) <c}) = / oo (). (1)
The right-hand side of expression describes the Gaussian distribution with
mean « = 0 and variance o® = 8" (0).

Below, we will present a general formulation of the above claim, for the
specific proof of the CLT see Theorem Before that, we will present some
technical results that allow us to prove one of the main theorems of this paper:

Lemma 9. Denote by 5(t) :== P(f +tg) — P(f) = p(t) — p(0), where f,g €
Lip(Q), [, 9dus =0, and consider s € R. Then,

d2
POl = 8"(s)

1 (= )2 (7
~ Jm - [ (;(gorﬂﬂ(S))) Aoy = 7109 9)

The last expression is known as the asymptotic variance UJ% +sg(g) for the
Lipschitz-Gibbs probability pisieq-



Proof. In order to simplify the proof we consider the case where f € N(), i.e.,
when L(1) = 1. The above implies wy = 1, P(f) = 0 and so 3(t) = p(t).
Observe that 5'(0) = p'(0) = [, gduy = 0; we point out that the hypothesis
fQ gdpy = 0 is satisfied by tangent vectors to the infinite-dimensional manifold
of Lipschitz-Gibbs probabilities, at the point p; (see Theorem @)

In this case, we have to show that

50) = lim /9(2_39 o) du 1

Indeed, in the same way, such as appears in the last result, we assume

Lpitg(wrieg) = D wpyg, (19)

and §'(0) = p'(0) = [ gdps = 0.
First, note that the derivative at the left side in satisfies

d
Gt @l = [ e glaaiv)
M

d
+ / ef(az) (—wartg(ax)) [t=0dv(a) .
M dt
In order to estimate 8”(0), for a fixed = € Q, we have to take the derivative

d? d
o Lrata(wrsg) @)li=o :$</M I+ gaz) wy 1y (az)dv(a)
d
+ /M B(Htg)(az)awfﬂg(al“)d’/(a)) li=0 -

We consider initially the first term of , for a fixed z €
d
([ el glas) wyseyaz)avia) ) omo
M

pr
- / eI g(a2)? w4y (ax)dv(a) o
M

(20)

d
+/ e(f+t9)(“)g(ax)d—wf+tg(ax)dy(a)|t:o
M t

= /M ef9?) g(ax)? dv(a) + /M ef97) g(ax) (% wf_,_tg(ax)) lt=odv(a)

= Li(g*) (@) + Ls(g % Wttgle=0)() -

Then, integrating w.r.t. ps, we have

/Q % ( /M oI +t9)(az) g(ax)wf+tg(ax)du(a))lt:o dyiy ()

d
— [ 25y + [ £10 5 wrsislio) dus (21)
Q Q
d
— 2 -
—/Qg duf—l—/ﬂg. (dt wf+tg)|t=0duf.

10



Now we estimate the second term of , also for a fixed z €

d az) @
T (/M ettt )@wfﬁg(afc)dl/(a)) |t=0

d
= / elfFto)az) g(ar) %wfﬂg(ax)d”(aﬂtzo
M

d2
o [ e Lo glayiv @)

d d2
=Ls(y @wf+tg|t:0 )(x) + Ly (@wfﬂg\t:o)(x) .

Therefore, integrating w.r.t. the measure ji, it follows that

d az)
/Q P (/M e(fHta)( )%wf_i_tg(ax)dl/(a))h:() dpus(x)

d d?
:/ Ly (9 Fwregh=o) duy +/ Ly (GzWs+gl=0) dps (22)
Q Q
d d?
= o g- (%wf%»tg) le=0 dpiy + o wa+tg|t:0 dpy -
Therefore, from and we get
d? 9 d
i Lrvtg(Werg)li=odny = | g"dus +2 | g. (%wf-i-tg) li=o dpig
Q Q Q
d2
+/9wa+tg‘t:0d:uf'

(23)

On the other hand, since we are assuming §'(0) = p/(0) = [ gdpy = 0, for
each z the following holds

d? d srd d
(@O wpiig(@)limo = 7 () wrag(@) + €O Zwpig(@) ) mo
d2

d d d?
= PO gws(z) + 2@61)(0 \tzoawfﬂg(xﬂtzo +er© @wfﬂg(@hzo

d d?
= @ep(t)h:o +2 /Q gdpg @wfﬂg(xﬂtzo + @wfﬂg(f)\t:o

&2 e
= @e?’( Me—o + @wfﬂg(x)h:o .

Then,
d2
/Q a2 (ep(t) Wiitg)|e=0 dpy

2o P2
:/Q@ep()\tzodﬂf‘F/Q@wfﬂgh:od/«tf (24)

11



Besides that, since f € N (Q), we have

d2
730 ="(0) + ((0)* = p"(0) -

Therefore, from (23)), (24)), and the assumption 5'(0) = p/(0) = Jo gdpy =0,
we get that

d? . 9 d
p”(O) _ o 2 ep( )|t 0= /Qg dpy +2 /Q g. (%wf+tg>|t:0 dpg . (25)

Furthermore, given n € N, following the same reasoning as above, but now
for the expression

— ()

LY g(Wrteg) Wiy fg

we get that

d2
np”(0)=n @ep(t)hzo

n—1 N2 (26)

=/ (3 go07) dus+2 / (Zgooj) ( Writg ) li=o dps
Q \4
=0
From it follows that for all n € N the following holds
d2
p"(0) = @ep t)|t=0
(27)

1/(290@ dpg + - /(zgogj) (% gy Yy

As [ gdpus = 0 and 4 wiitg(+)|t=o is a bounded function on €, it follows
from the Ergodic Theorem (and Dominated Convergence Theorem) that

d2
5//(0) — p//(()) = 72 ep(t)‘t 0= nli)nolo ;/ (Z go O‘J) d’uf (28)

Now, taking r :=t¢ — s, and calculatlng oz 2 epr(r )|,—0, we obtain that

n—1

7 =1'(s) = Jim [ (3 (500 = 59)) dgng

n—oo N
=0

The former Theorem implies the following:

12



Corollary 10. Consider B(t) := P(f +tg) — P(f), t € R, where f,g € Lip(Q)
and [¢, gdpy = 0. Then,

1 n—1 2
o3(g) == p"(0) = lim — godl) du
f i eV

d

2

= [ g°dp +2/g. w =0 duy .
/Q f 0 (dt f+tg)|t f

The value 3”(s) stated at Lemma |§| is called the asymptotic variance for
the Lipschitz-Gibbs probability 1. This value is the one to be used as a
variance of the Gaussian distribution obtained in the central limit theorem for
the Lipschitz-Gibbs probability us (see [31], [10] or [9]). Our proof adapts the
reasoning used in [19] for our setting.

Remark 11. Note that in the case when g is co-boundary to a constant c € R,
i.e., there exists v € C(Q) such that g = v —voo +c. Then, for any s € R,
we have p'(s) = ¢ and, therefore, for any s € R, it follows that p'’(s) = 0. In
Proposition 4.2 in [31|] it was shown the converse, i.e., when, p”(s) =0 for all
s € R, then, g is co-boundary to a constant.

We will assume from now on that g € Lip(Q2) and not co-boundary to a
constant. In this case, it follows from Remark |11 that the map ¢t — P(f + tg)
is strictly convex.

Before presenting the main theorem of this paper, we will introduce the
following well-known technical result which allows us to prove properties of
convergence of a family of probability distributions using the point-wise conver-
gence of their corresponding moment generating functions (for more details see
Theorem 2 in section XIII in [I6]).

Theorem 12. (Continuity Thm [16, [30]) Consider a sequence of Borel proba-
bility densities (pn )5, on R and its corresponding moment generating functions
given by on(z) == [z e*'dpy(t). If for each value z € R we have

o2
lim ¢,(2) = p(z) = /e”d¢aﬁz (t) = et o
n—oo R

That is, @ is the moment generating function of the Gaussian densily ¢q o2 on
R, then, the sequence of probability densities (pn)S2, converges weakly to the
Gaussian probability ¢ -» when n — oco.

Remark 13. The former theorem implies that for, either a simple function of

the form u := Z?Zl ajla; or a function u € C(R), we have

fim [ w(t)dpn(t) = /Q w(t)deoa (1)

n—oo Q

Now we are able to state the main result of this section, which is a very
generalized version of the CLT.
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Theorem 14. Denote by ¢, o2 the Gaussian density on R with mean o and
variance o2, consider B(t) :== P(f +tg) — P(f), so, #'(0) = [ gdus and 0% =
B"(0). Let u be, either a simple function u := Zk

j=10la; ora function u €
C(R). Then, we have

Tim. Qu(jﬁ;o(goajﬂ'wn)dw [ ) donga®). (30)

Proof. 1t is well-known that the moment generation function for the Gaussian
distribution ¢g g~ oy with mean 0 and variance 5”(0) is given by the expression

"
22879

QO(Z) = /eth¢O,B/'(O)(t) =€ 2
R

For each n € N, denote by p,, the Borel probability measure on R, such that,
the interval (a,b) has p,-measure equal to

putat) =y ({z €2 o= S (ol - #0)) € (@b)})-
j=0

Let ¢, be the corresponding moment generation function associated with
the probability distribution p,,, i.e., the one satisfying for each z € R

on(2) = / e*tdp, (1)

We will show that for z fixed, we get that

lim ¢,(2) =p(z) =€ 2,
n—oo
that is, the map ¢ is the moment generation function of ¢g g (q)-
At the first, consider the Taylor’s polynomial of order 2 at zero for the map
B(t), which is given by

Blt) = B(0) 1 + 58" (O0) + o) (31)

where 3'(0) = [, gduy and 8”(0) is given by (29).

Besides that, assume that [, wyigdpsisg = 1, for all ¢ € R, where wy g
and pyri4 satisfy the expressions appearing in .

Observe that p, = (yn)«pf, With v, = ﬁ Z;L;()l(g ool — B'(0)). Then,
the moment generating function for the Borel probability measure p,, is given
by the expression

14



on(2) = [ eapue)
R
:/62% )5 (a0o =80 g
Q

= PO / & 9 T 7w La((L5) (o))

)\n
— 2 -38(0 1 n
=€ ﬁﬁ()rn ﬁf—f—z%g(w.f)dpf
(32)
_ ., n_ g 1 f"l‘Z g
2= 6(0) 1 By f /‘Cf-i-z wf)dpf
f f+z—
-2z B'(0)+nB(z L+
=e v B0 +n b -/,CerZ wf)dpf
f+zfg

L 1 w
:en(—zﬁ%o)ﬁw(zﬁ))/ f+zﬁ9( 7)

A’ﬂ
Q f+ZTg

dpf.

On the other hand, by the continuity of the maps f — w; and f — py, it
follows immediately that

lim w
nooo JTEURY

=wys and nli_}n;@prrZ%g =ps. (33)

In order to estimate ([32)), observe that taking the potential f+z ﬁ g instead

of f in and choosing wy instead of w in as well, by the assumption
fQ wydpy =1, it follows that any x € Q satisfies the limit

g, ()@
. = Jim g 5@ [ wrdoges
f+z =g (34)

= wy() /wa dps = wy ().

Besides that, since ||£f+z (wf)HOO < oo for any n € N, we can take into
7=

account the reasoning in (34) for estimating the limit in .
Indeed, first note that limn_)oo B(z ﬁ) = 3(0) = 0. Therefore, up to a multi-

plicative constant, from 7 , , and the assumption fwf dpy =1,

15



it will follow that

n—oo n—oo Q
" (wy)
) 2 8(0)-L 4 B(z L Ftz g\ S
_nhm (2B (0) o + Bz ﬁn))/ NG dp;

@ A
" (35)

‘C}L+ 1 (wf)

=3O gy [ SR
n—oo O

T dpy
ftz =g

_ 1870 /wfdpf _ PO
Q

where e 3 8”(0) ig the moment generation function for the Gaussian probability
distribution ¢07/8”(0) .
Finally, from the above, we get that the following limit holds

n—oo

. 22157 z
lim ¢, (z) = e 270 = /e "o, (0) (1) -
R

So, our claim holds by Theorem [12] O

Remark 15. Theorem implies the following interesting cases: If we take
u(z) = 1(_oo,c) we get that is the same as the expression in ; when
we take u(x) := x we obtain that the limit in is equal to 3'(0) = [, gdpy;
moreover, choosing u(x) = x2, it follows that the limit in s equal to the
value B"(0) = limy, o0 = fQ(Z?;Ol good)2duy.

5 First and Second Derivatives

Given an a priori measure v € My (M) and a potential f € Lip(£2), consider as
in the Ruelle operator £ given by

Li(w)(z) = /M el (az)dv(a).

Assume that f € V() and denote by p the probability such that £} (uy) =
ps. Remember that the set of all us’s, obtained when f € N(€), is also denoted
by N(Q) and any element in this set is called a Lipschitz-Gibbs probability.

The entropy of puy € N(Q), where f = logJ (see [22]), is given by the
expression

oeg) = = [ 1og Jdus == [ sy (36)

Denote by N : Lip(©2) — N(Q) the function sending a f € Lip(Q) into its
associated normalized potential N(f) =: logJ; € N(Q), it is well known that
the function f — N(f) is analytic (see Theorem 3.5 in [I7]). Denote by C the
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set of Lipschitz continuous functions ¢ : Q@ — R of the form ¢ = w — (woo) +¢,
where ¢ € R and w € Lip(Q).

Theorem 3.3 in [I7] claims that for f € N (), the vector spaces Ker(Ly)
and C intersect trivially and, even more

Lip(Q) = Ker(Lf) ®C .

Therefore, any potential ¢ € Lip(£2), can be written in the form
<p:§+<w—(woa)+c), (37)

with &€ € Ker(Lf) and w:= (I — L) (c — L¢(¢)) € Lip(Q).

Moreover, if ¢ € N(£2) is co-boundary to v € N'(Q), then, the associated &
appearing in is the same for both ¢ and .

For a function n € Ker(Ly) which satisfies fQ ndus = 0, a natural normal-
ization is to assume that [, n*duy = 1.

Remark 16. Given f,g € Lip(Q) and a function ¢ € Lip(Q) in the form

note that
/ Pdpifig —/ pdpy = / Edpiyrg — / Edpy .
Q Q Q Q

Therefore, for computations like the calculus of the derivatives

LAy
di Qsa Hf+tg

we can assume that ¢ € Ker(Ly), i.e., to take ¢ =¢&.

Remark 17. Note that when p € Ker(Ly), we get that

(I—Lp)'p=p (38)

Theorem 18. [Thm 3.5 in [T7]] The derivative of the map N at the point f,
denoted by DNy, is the linear projection of the space Lip(Q2) on Ker(Ly(ys)) in
the direction of C.

Given a normalized Hdlder potential f, a function g and small ¢, it will be
necessary later to consider ¢ — N(f + tg), and the associated derivative on t.

Theorem 19. [T7] Consider the map n — psiy, where f,n € Lip(Q). Assume
that f € N(Q), ¢ € Lip(Q) satisfies [, ¢duy =0, and finally that n € Ker(Ly).
Then,

/soduf+n=/(I—Ef)*l(w)ndufﬂLO(lel||n||2)- (39)
Q Q

Now, assuming that f,g € Lip(Q) are general (not necessarily in the kernel
of Ly), Theorem C in [I7] claims

17



G | etnidico = [ G=£9)7 ) DN o)y ()

where g5 = @ — [, edpy.
Finally, if we consider f € N(Q), n € Ker(Ly), and do not assume that
fQ wduy = 0, we get the more general result

/deufw:;/ﬂw(nooj)duf+0(||<ﬁl|l|n|2)- (41)

Proof. The first claim and the last claim are stated in Theorem 4.1 in
Section 4 in [I7]. Expression is the the claim of Theorem C in Section 1.2
n [17]. O

A useful result follows from the above:

Theorem 20. [I7] Assume that f,n, € Lip(R), f € N(RQ), and consider the
law t — pyien, wheren € Ker(Ly). Then,

d
dt/ O dpifyinl= 0—/9077dﬂf~ (42)
Q

Proof. For a proof see (2) in Theorem 5.1 in [I7].
O

In the next results we will use in a fundamental way the property that any
function can be decompose in the form .

Corollary 21. Assume f,g,p € Lip(Q), with f € N(Q). Consider the law
t = lir4eg, where g does not necessarily belong to the kernel of Ly. Assume that
there are v,w € C(Q) such that g=n+ (v—voo) and p =+ (w—woo)+e,
where n,§ € Ker(Ly), and ¢ € R. Then , we have,

d
it @dﬂf+tg|t 0*/ Endug . (43)

Proof. From and Remark |17| we can take

d
dat <Pdﬂf+tg|t =0 = dt/fdﬂf+tg|t =0-

From (40))
d _
@/fd/‘fﬂgh:o Z/(I—ﬁf) Y(€) . DNy(g)dpy
Q Q

:/Qf~77dﬂf-

(44)

18



A different proof of was presented in [I7].
In the following proposition, we study the behavior of the entropy h(uy) for
a Lipschitz-Gibbs probability ur € N(2).

Proposition 22. Consider the patht — sy, where f and n belong to Lip(£2).

Assume that f = logJ € N(Q) and n € Ker(Ly). Denoting h(t) := h(pf1ry)
the entropy of the Lipschitz-Gibbs probability sy, we get

GhOlo = = [ fuduy (45)

and

d2
oo ==( [ adus+ [ popdug) == [ Qo+ 0udus . a0
Q Q Q

Proof. First note that it follows from the chain rule and Theorem

d d
[ ndegian = 5P+ ) = 5 (0 + [ 7+ ) dusien)

d

(47)
:ih(t) + / ndpfitn + /(f+t77)7]dﬂf+tn~
0 Q

Since n € Ker(Ly), we get [, ndug = 0. This implies that

d
GhOlo = = [ fnd

Furthermore, from , it follows that

d? d
ﬁh(t”t:o =~ (/Q(f‘*‘tn)ndﬂfﬂn)h:o

=— (/anzduﬁ/gnzdw)

— [ 0w + 1) 72

—— [ (og 7 +10g(e)) ey = — [ 1o8(70) 1 diy
It is natural to assume a normalization condition fQ n*dus = 1. In this case
—/Q log(J e) n*duy > —/Q log (e) n*dpg = —1.
The function i may enhance points x where the value (J(x) e) is close to zero

(producing large values for %h(t)h:o)) or points & where the value (J(z)e) is

close to e (producing values %h(tﬂt:o) close to —1). O
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Proposition 23. Assume, f,g € Lip(2), with g not necessarily on Ker(Ly).
Then,

d,
AL / Cnduy (48)

where f =(+ (u—uoo)+candg=n+ (v—voo), with(,n € Ker(Ly) and
ceR.

Proof. If g is not necessarily on the kernel of Ly, we get from that

d

gdps = P(f +1tg)le—o
Q

d

= (h(uf+tq) /Q(ertg) duf+tg)|t:0

d

—hlursag)li—o + | gdus
Q
4 [a=27 (1= [ dug) . DNs(o)dus
Q Q

where we used the derivative of the product in the last line.

Using expression for f=(+ (u—uoo)+c, with { € Ker(Ly), we get
for the derivative the equivalent expression

d d
a /Q fdugiigli=o = %/ﬂcdﬂfﬁghzo .

Now in , taking ¢ = (, from remark we get

Ghlngln = = [ (1= £1)7(C) DNy (g)

(50)
- /QCDNf(g) dyiy -
We assumed that g =7+ (v —vo o), where ) € Ker(Ly), then,
d
2 Hrrtg) = C DNy (g) dpy = A Cndpg - (51)
U

Corollary 24. Given f,g € Lip(Q), assume that f = (+ (u—uoo)+c and
g=n+(v—wvoo), with (,n € Ker(Ly) and [,n*dus = 1. Then, the mazimal
value of

d,
pn h(pifsiq) /Cnd/m (52)

among all the n’s on the kernel of the operator L, indicates the direction of the
larger increasing of entropy for h(priig), when t is close to zero.
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Given a Holder function ¢, the pressure of ¢ is

P(p) =Mei1415(9){h(u)+ /Q sodu}~ (53)

Given ¢ € Lip(Q2), the Pressure problem about find the value P(yp) (see
the expression in ) for o-invariant probabilities u is one of the main issues
in Termodynamic Formalism (see [3I] and [22]). For analyzing this problem
a concept of entropy is required and this topic was addressed via . It is
known the existence of a unique maximizing solution up € N(Q), for P(p),
where B € N(Q), and up is called the equilibrium probability for ¢ (and also
for B). Even more, the functions B and ¢ are co-boundary each other (see [31]).

It is natural to consider variations of the law ¢ — f + tg and the directional
derivative

d
I (h(,uf-i-tg) +/Q<P dﬂf+tg>|t:0~ (54)

For fixed ¢, we can ask about the maximal value of for 1 in the kernel of

Ly, when 7 satisfies [ n? = 1. In this direction we can can take advantage of

expressions and .

In the next theorem, we are interested in the directional derivatives asso-
ciated with such a problem, but when g is not necessarily on the Kernel of
L.

Theorem 25. Given ¢ € Lip(Q), denote by up € N'(Q), the unique mazimizing
solution for P(y), where B € N(Q) is normalized. Consider another normalized
potential f and the associated equilibrium probability py € N(Q), where py #
wup. Assume that f = (+(u—uoo)+c, g = n+(v—voo) and ¢ = {+(w—woo)+k,
where ¢,n,§ € Ker(Ly) and ¢,k € R. In this case, we do not assume that g
is in the Kernel of Ly, but we assume for simplification that it has integral
[ gduy = 0. An equivalent expression for , for a fixed g (and therefore for
the associated n € Ker(Ly)) is:

/ (€ —¢) nduy . (55)
Q

Proof. From Corollary R1] and Proposition 23] we have

d d
*h(ﬂf+tg)|t:0+*/ Qdpifitgli—o = — / Cﬂdﬂf'i‘/ Enduy
dt dt o 0 .

(56)
=/ (€& = Q) nduy .
Q

O

Note that in the case is critical for all variations 7 on the kernel (that
is, = 0), it will also be critical for all variations g not in the kernel (but
with £y mean zero).
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Note also that when uy, which is Lipschitz-Gibbs probability for the nor-
malized potential f, maximizes , the functions f and ¢ are co-boundaries.
In this case £ — ¢ = 0 and is equal to zero in any direction 7. Therefore,
the probability pup is a critical point for the directional derivatives of the law

te hpgieg) + Jo @ ditgieg-
In Subsection [6.1| we show for some particular examples of 115 a more explicit
expression for (55)) (see for instance expression (66))).

Another expression for the second derivative of pressure can be obtained in
the following way.

Theorem 26. Given f,g € Lip(Q?) and t € R, assume f € N(Q) and denote
by p(t) := P(f +tg). Then,

42 d 2
p"(0) = —5 P(f+tg)|i=o =/ (g—/ gdpy + *(sot—sotoo)lt:o) duyg . (57)
dt 0 0 dt

where wyyq = €% is the eigenfunction for f +tg.

Proof. We assume that for all ¢ (small and close to 0) and any =

/ Jy(az)dv(a) = / (F(az) +tg(az)) o1 ()2 (D =(8) gy () = 1
M M

where J; := e/ tt9tei—¢roo—p(t)  We know that

d
PO = P79l = [ gdus, (58)
Q
d
dt (SDt — Pt 0 U>dﬂf|t:0 =0, (59)
Q
and
d2
o2 /ﬂ(% —@roa)dufli=o =0 .
Moreover,
d? (f(az)+tg(az)) -+l (az) — ¢ (2)]—p(t)
0- | /Me 90+l (02) =20 )] =20 gy (a) dp ()

4 /Q /M Htaz) (g(az) + L (g1faz) — @) — L p(o))av(a)dns (@)

:/Q/M Ji(ax) (Q(ax) + %(sot(ax) — () — %p(t))z
2

2
() (S () — @) — p(t) ) dv(a)dpg ()
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Then, from the above and 7 it follows that

dt2// (@) +t9(02) +Hio (42) =0 @1 oy (@) dja s () 1o

= [ [ (ste2) + eu(as) — autalico — plt)ico)
<dt2 (pi(az) — <Pt( Nle=0 — %p(t”t:O)dy(Q)dﬂf(ﬂf)
/ / (az) gpt(aa:) o1())|t=0 — %p(t)\mo)z - j?p(t)h:odl/(a)d,uf(x) )

Finally, since we have py € Mr(Q), it follows that

d? d 2
G Olo = [ (o= [ adus+ 00— oo 0)lima) dus.
O

Theorem 27. Suppose f € N(Q), we are going to take derivative on the di-
rection g € Lip(Q2). Denote by w(t,x) 1= wyig(x) the eigenfunction for Ly
assoctated to the eigenvalue Ayiq. Then, the function x — 8 w(t, x)|t=o satis-
fies the following expression for all x € §)

(&5 = Diggutt. Do = [ adur ~ £100). (60)

Proof. We will estimate for each ¢ € R the partial derivative of the eigenfunction
w(t, x)|t=0. Indeed, taking derivative on ¢, we obtain

0

o Lr+ta(W(t, ))(@) = Liveg(gw(t, ) (@) + ﬁf+tg(%w

(t,.)) ().

On the other hand, for all € Q) we have

0 d 0
a(/\f+tg w(t,z)) = wl(t, I)%)‘f+tg + Afttg aw(tax) :

Then,
0 d 0
Lraagglt, @)+ Lriaggrlt, @) = w(t,2) GArvig + st gro(t,2)
(61)
Therefore, when t = 0 we get
0 0
£1(9)(@) + L(gult, Nemo) @) = [ gdg + Grult,a)lo
Q
Finally,
0
(L5 = DGl i) = [ gdus = £5(g) (62)
Q
O
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For fixed f, g, the eigenfunction wy, ¢ close to 0, of the Ruelle operator Ly,
satisfies
f+tg = B, —logw; + log(w; o o) + log Ay,

where \; is the eigenvalue and B; is the associated normalized potential. In
order to get control of all elements in this coboundary equation it is worthwhile
to get some information in %wt. In the case of a general g, we get the implicit
expression . The operator L — I is not injetive due to the fact that (£y —
I)(1) = 0; however some functions can be eventualy inverted.

The last result is new. The next one, was stated and proved in [23]. We can
get it now as a corollary of Theorem

Corollary 28. Ifg € Ker(L) and w(t, x) := wyy4(2x) is the main eigenfuntion
of Lyyig, then, %w(t,x)hzg is a constant function independent of x.

Proof. Since we assume g € Ker(Ly), it follows that [, gduy = 0 as well.
Therefore, from we get that

(L5~ ) w(t, Ymo) = 0.

The above, in particular implies that (%w(t, x)|t=0) is constant. O

5.1 Examples with explicit computation

We consider in this section the symbolic space Q := {0,1}" and the shift o
acting on it; this corresponds to take the space of symbols M = {0, 1}.

In this subsection, we want to show that for some particular examples of
1 one can get more explicit expressions which are helpful in applications of
Theorem [25] (see expression (66])). In order to do that we take advantage of the
existence of an orthonormal basis in the Kernel of a certain Ruelle operator (see
[23] and [11]).

We denote by P the line stochastic matrix (with all entries positive)
Foo FPoa
P= ’ ' . 63
< Py P (63)
Consider the invariant Markov probability g obtained from the stochastic
matrix (P; ;)i j=0,1 and the unique initial left invariant vector of probability
7 = (m,m) € [0,1]°.
The associated normalized potential B = log J satisfies: J : {0, 1} — (0,1)
is constant equal
i Pij
Jij="Tt
T
on the cylinder [ij] := {z € Q|1 = ;22 = j}, 1,5 =0, 1.
Let w := (wy,w2,...,wn) € {0,1}" be a finite word on the symbols {0,1}.
Denote by [w] the cylinder set [w] := {z € Q|1 = w1, ..., T = Wy }. The empty
word, denoted by 0, is also considered a finite word.

24



Given p as above, consider the Hilbert space L?(u1) equipped with the inner

product < f,g >= fogdu.
The family of Holder functions

Pwn Pwn7
22 1[w0] 1[w1] (64)

o) iy

w = (w1,wsa,....,wn) € {0,1}™, is an orthonormal set for L?(u) (see [18] for a
general expression and [23] for (64); see also [1 1]). In order to get a (Haar) basis
we have to add ep := \/ul([OD 1[0] 7 ( ] to this family.

€y =

Given a finite word w := (w1, wa, ... wn) € {0,1}", we denote

T, . /Ty .
Y ——€6w T ——  — €
\/W(]\/PO,wl “ \/7T1\/P1,w1 ©

Qg =

Finally, we set
1

Ay = — Qg - 65
© " faal o)
the normalization of a,.
In order to get a complete orthonomal set for the kernel of the Ruelle operator
Liog 7 acting on L?(u), we will have to add to the functions of the form two
more functions: af) and g, which are described in Definition 6.8 in [23]. Denote

Vi = miPiodjoo) — moFPool[10]

and
Vo = 7TOP01I[11] - 7T1P11—7[01]7

and, finally set
1

~0
= —V,
AR
and
ag = Ly
[Vl

Denote by {0,1}* the set of all the finite words on {0, 1}, i.e., {0,1}* :=
PUU;2,{0,1}™. One of the main results in [23] is

Theorem 29. The family (aw)wefo,1}+, plus the two functions d% and &é, de-
termine an orthonormal set on the kernel of the Ruelle operator Liog j acting
on L2(u).

The set of elements in this orthonormal family will be generically described
by (Gw)w (We allow w to be the empty word (.)
An item of major interest here is to express the Lipschitz function n € Liog s

on the form
n= Z N Qe
we{0,1}*
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where 1, ;=< n,a, > .

An important issue in expression in Theorem was to express f =
(+(u—uoo)+c,g=n+((wv—voo)and p = £+ (w—woo)+ k, where
¢,n, & € Ker(Ly) and ¢,k € R. Here we take g =1, and f = log J, where J was
defined above.

Therefore, given ¢ we set

¢= Z fwafw y

we{0,1}*

§= Z Pule -

we{0,1}*

and

Since the family (G, )., is orthonormal on Ker(Liog ), it follows that

[ €= 0nn (o~ f)ie Y oy )dn

Il
—.
g

we{0,1}* we{0,1}* (66)
= Z (Sow - fw) Nw
we{0,1}*
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