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Here we will present a mathematical model for phase transition. In general 
terms, a phase transition occurs when we consider an evolution of a system 
depending on a continuous external parameter and a sudden appearance of a 
discontinuity of the behaviour of the system happens. A simple example of this fact 
happens with the water, that turns into ice at zero degrees. Other interesting 
examples appear in several different problems in physics, among them the ferro- 
magnetic Ising model. 

We do not claim the model can explain any of the Physical Phenomena 
mentioned above. We just want to present a rigorous mathematical formulation of 
the dimension spectrum theory for a certain class of systems and show that they 
present, in some cases, the phenomena of phase transition. This model is based on 
the concept of generalized dimension that was introduced previously in the 
literature. In order to establish the concept in a rigorous base, we first introduce 
some probability measures that will play the role of probability laws to choose the 
center of balls at random. In this way, we will have generalized dimension and the 
spectra of dimensions in a totally rigorous way for hyperbolic rational maps. These 
systems do not present phase transition. As far as we know, these probability laws 
were never used before in the definition of generalized dimension. Using the fact 
that techniques of hyperbolic rational maps can be applied for some special cases 
of non-hyperbolic rational maps, it is also shown that the existence of phase 
transition in the setting of generalized dimension. There exists a relation of the 
setting of generalized dimension with the setting of the pressure. The setting of 
generalized dimension uses capacity (or box counting) dimension in some way, and 
we believe this is closer to the procedure that physicists use to understand phase 
transition. It will appear in the mathematical model of phase transition presented 
here a continuous evolution of a measure (equilibrium state) and then a sudden 
discontinuity, in fact, a jump for a Dirac measure in a Iixed point. This phenomena 
can be understood in the correct context as a spontaneous magnetization. This will 
be more carefully explained in the paper. The more important point in this paper, 
is the relation of the setting of pressure and generalized dimension. When phase 
transition occurs in one setting, it also occurs in the other. In principle, the setting 
of generalized dimension is simpler to work with. The setting of pressure is, 
nevertheless, closer to the concept of Gibbs states. o 1990 Academic press, IX 
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1. INTRODUCTION 

Phase transition and the spectrum of dimension have been extensively 
studied in the physics literature in the last years (see [13, 14, 17, 441). In 
the work of P. Collet, J. Lebowitz, and A. Porzio [5], D. Rand [38], and T. 
Bohr and D. Rand [2], several different cases of dimension of spectrum 
are considered, and rigorous results were obtained. In [19], we consider 
the dimension spectrum of the maximal measure of a hyperbolic rational 
map on the Riemann sphere, and we showed that phase transitions do not 
occur. 

Here we will use several ideas introduced in the above-mentioned work 
to formulate, in a rigorous way, concepts like generalized dimension and 
others, that have been previously considered in physics literature. 

The spectrum of dimension refers to an initially fixed measure that one 
wants to analyze. In our case we will consider, as we already did in [19], 
this measure, the maximal entropy measure u [ll, 241. This measure, here, 
will play the role of the Boltzman factor in the physical model. 

This maximal entropy measure, also called maximal measure, can be 
seen as a particular case of the equilibrium state (also called Gibbs state), 
in the case where there is no external thermal source (see [3, 41-43, 471). 
If one considers thermal external sources, then one has to consider the 
pressure [42]. The equilibrium states we will consider here are maximal 
pressure measures. This kind of statistical mechanics approach was de- 
vised by D. Ruelle and R. Bowen [42, 431. In general the main references 
in thermodynamic formalism were not concerned with phase transition. 

Now we consider some of the problems in physics in which the dimen- 
sion spectrum and phase transition are related. A variety of complicated 
fractal sets appears in nonlinear physics. In diffusion limited aggregation, 
the probability of a random walker landing next to a given site of the 
aggregate is of interest. In percolation the distribution of voltages across 
different elements in a random resistor network may be of interest [13, 14, 
171. All these examples can be better analyzed by dividing an object in 
boxes (or pieces) labeled by indexes, and in both cases one will have to 
work with fractal sets and the notion of dimension. 

In order to obtain better formalization for these problems, several 
mathematical physicists began to consider a one-dimensional map or a 
diffeomorphism as a model for the creation of boxes and labels (see 
[12-14, 17, 34, 441). 

The generalized dimension appears in the above context in a natural 
way, as a similar procedure used in physics to understand the applied 
examples mentioned before [13, 14, 171. 

Here we relate this concept with the pressure and, from that, equilib- 
rium states for the pressure will appear in a natural way that will be 
followed with the variation of an external parameter. The pressure of 
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thermodynamic formalism considered here is equal to - 1 times the 
pressure that people in statistical physics are used to. 

These equilibrium states should not be confused with the maximal 
measure u (analogous to the Boltzman factor) that will remain fixed 
during the process of phase transition (generalized dimension setting). 

In phase transition, the important and physically relevant place to see 
the evolution of these equilibrium measures is, nevertheless, in the setting 
of generalized dimension and not in the setting of pressure. This will be 
more carefully explained in Section 6. In fact, for each value of the 
parameter, the associated equilibrium state is the probability law that one 
has to consider in order to choose at random the center of the above- 
mentioned boxes (see Remark 8). 

In the setting of pressure, the concept of Hausdorff dimension appears 
in a natural way, and in the setting of generalized dimension, capacity (or 
box counting) dimension is more natural. It is well know that such 
concepts do not always give the same result [22]. 

An essential point in Section 5 will be the fact that Hausdorff dimension 
of measures and capacity dimension of measures are the same for very 
general systems. This relation is presented in a theorem of L. S. Young in 
[481, where it is used with some ideas of F. Ledrapier about the capacity 
dimension of a measure (see also 1221). 

The q-generalized dimension D(q) is usually defined as 

1 
D(q) = - 

lim log c (PiWY 
q-15-0 log 5 

for q 2 0, 

where the summation is in a subcovering with the small number of atoms 
(more than one could exist), among the possible partitions of balls of 
radius 5 with center in points of the set. In our notation pi(&) is the 
u-mass of a.ball of the minimal partition. 

For general systems, as far as we know, there is no rigorous justification 
for the existence of such a limit. One of the main reasons why we have to 
consider thermodynamic formalism, pressure, Hausdorff dimension of 
measures, and capacity of measures is to formalize in a rigorous way the 
concept of generalized dimension. This will be done for hyperbolic ratio- 
nal maps in Section 5. 

In the case that the rational map is hyperbolic, there is no phase 
transition [19]. We will show here that in the case that the rational map is 
subhyperbolic (see Section 2 for definitions), then we will have, in several 
cases, phase transition at the level of equilibrium states (measures). This 
result is stated in Theorem 3 in Section 6. 

We are not sure about the existence of phase transition in the case of 
the general nonhyperbolic rational map, nevertheless, we believe that a set 
of positive Lebesgue measures can exist in the set of parameters, such that 
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phase transition occurs. We wonder if the techniques used by M. Rees in 
[39, 401 can be applied in this situation. The techniques used in [40] are 
inspired by the Jacobson theorem about real quadratic polynomials in the 
real line 1161. 

Phase transition in general is associated with the lack of differen- 
tiability of a scalar function that gives some important information about 
our system. If a discontinuity of the derivative of this function exists, then 
by definition we have a first-order phase transition. In the case that this 
first derivative is continuous, but the second derivative is discontinuous, 
we say that we have a second-order phase transition. Here we will just 
consider first-order transitions. Here we will show the existence of a 
first-order transition in the above sense and, also, a transition in terms of 
measures of equilibrium, that is, a sudden discontinuity of the equilibrium 
measure when we change continuously an external parameter (tempera- 
ture). We will say that these transitions happen, respectively, at Level-l 
and Level-2. 

The main tool to formulate the problem that we consider here is 
thermodynamic formalism. The problem about the extension of the formu- 
lation obtained here to the general rational map is related to the fact that, 
in this case, there is not a complete understanding of equilibrium states (in 
terms of existence and uniqueness) for pressure. 

For Ck-maps it is known that in some cases there is no measure of 
maximal entropy (see [42, 471 for detailed references). For the general 
rational map, there is always a measure of maximal entropy [ll, 241. 

The work presented here, in fact, gives a brief idea of some of the 
difficulties that can happen with the question of uniqueness for the 
maximal pressure measure problem in the general case of rational maps. 
In this work we follow a unique equilibrium state until a certain transition 
value of the parameter, where another different equilibrium measure 
suddenly appears (therefore, we do not have uniqueness in this transition 
point), and then the old solution disappears and we begin to follow the 
new equilibrium measure that suddenly appeared and (after the bifurca- 
tion point) which is also unique. 

In one of the situations covered by our model, we can change an 
external parameter and observe a transition value in which the charge 
distribution located in a segment, suddenly jumps for the charge distribu- 
tion located in one of the extremal points of this segment (see Remark 11). 
We would like to explain the physical meaning of this sudden appearance 
of a jump from a measure to a Dirac delta in a tixed point when we change 
an external parameter. 

Consider the one-sided one-dimensional lattice N and, at each point of 
the lattice, the possibility of the occurrence of spin + or -. This model 
appears when one considers an Ising model with a wall effect. A measure 
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in { +, - }” can be seen as a Gibbs state [42]. In a model well known in 
statistical mechanics, a certain external parameter t is decreased until a 
certain transition value is attained, then there exists a spontaneous magne- 
tization. As is very well known, this clearly corresponds to the appearance 
ofaDiracdeltainthepoint(+,+,+,+ ,... }(or{--,--,--,- ,... ))of 
{ +, - }” (see also [22,181X 

Note that {+, +, +, + ,... 1 is a fixed point for the shift. It is also well 
known that by means of Markov partitions, we can make a change of 
coordinates and obtain that the shift on { + , - 1” is dynamically equivalent 
with a one-dimensional map of degree 2 in the interval. This consideration 
shows that the sudden appearance of a Dirac delta in an extremal of a 
segment (as we had mentioned before, it will appear in our model for 
phase transition) can be seen as a spontaneous magnetization [22]. 

In [18] some of the above ideas are applied in an example where 
appears three equilibrium states in the transition value. The example 
presented in the present paper is analogous to the Ising Model case, and 
the example in [18] is analogous to the Potts Model. 

Another situation in which we have a discontinuity of the Hausdorff 
dimension appears in [6]. In this work a one-parameter family from an 
Anosov system to a DA-system is presented and there is a discontinuity of 
the Hausdorff dimension of the nonwandering set. This example has a 
completely different nature from the considerations presented here. 

This paper is divided in the following way: in Section 2 we describe 
results for rational maps in a topological point of view. In Section 3 the 
ergodic theory of rational maps is considered. After that, in Sections 4, 5, 
6, and 7 we consider, respectively, the dimension spectrum, generalized 
dimension, phase transition, and generalized entropies. In the Appendix 
we prove a technical proposition. 

We thank A. Politi and I. Kan for a conversation about the subject of 
one-dimensional dynamics. 

The present paper was written before references [22,18,21]. In fact the 
results presented there were inspired by the results presented here. We 
refer the reader to 122,211 for models of concrete physical problems using 
an appropriate modification of the ideas presented here. 

2. DYNAMICS OF RATIONAL MAPS 

Consider f(z) a rational map (that is, the quotient of two complex 
polynomials) in the Riemann sphere (the compactification of the complex 
plane with the point in m) of degree d. A complex polynomial is also a 
rational map. 
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DEFINITION 1. The Julia set of f is the closure of the set of expanding 
periodic points, that is, the closure of the set 

{z E C13n E N such that f”(z) = z and I( f”)‘( z)l > I}. 

We will denote the Julia set by J. 

We refer the reader to [l, 7, 9, 25, 291 for general results about the 
topological point of view of the theory of rational maps. The Julia set in 
most of the cases is a fractal [7]. 

DEFINITION 2. We say that a rational map f is hyperbolic if there exist 
c > 0 and A > 1 such that for all z in the Julia set, and all n E N 
Kf">'(zl> CA". 

DEFINITION 3. We will say that f is subhyperbolic, if there exist a 
metric y (perhaps with singularities) and B > 1 such that for any x, y E J, 

We will not explain more intricate details about such metric y because 
it is not essential for us here, how such metric is obtained for maps 
satisfying conditions of Examples 2 and 4. We just use some very well 
known theorems that allow one to use techniques of expanding systems 
(rational hyperbolic maps) to subhyperbolic rational maps. These theo- 
rems are related to the existence of equilibrium states. We refer the 
reader to [15; 9, Expose No. V, Section 4, Proposition 31. See also [25, p. 
871 for mathematical details about such subhyperbolic metrics. It is easy to 
see that any hyperbolic rational map is subhyperbolic. 

EXAMPLE 1. For f(z) = zd, the Julia set is the unit circle. This map is 
hyperbolic with c = 1 and A = d in Definition 2. In this case the Julia set 
has dimension 1. 

This example is quite special, in general the Julia set is not a smooth 
curve, as happen for instance for f(z) = z* + a, where a is a small 
complex number and a # 0, a # -4. 

EXAMPLE 2. Suppose f(z) is such that all critical points are not 
periodic, but are eventually periodic, that means, any critical point, after a 
finite number of iterations hits a periodic expanding point. In this case is 
known (Sullivan [45]) that the Julia set is the all Riemann sphere. It is also 
known in this case that f is not hyperbolic, but there exist a metric y with 
singularities, such that f is subhyperbolic ([8, 91, also [25, p. 871). 

EXAMPLE 3. An specific example of the above situation is f(z) = 
((z - 2)/z)* in the complex variable z. In this case, the critical points are 
2 and 03, and f(2) = 0, f(O) = co, f(m) = 1, and finally f(l) = 1. Note also 
that f’(l) = -4. 
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This example is known as Lattes example. It is obtained as a quotient 
map of a Weierstrass elliptic function. 

In the case f(z) = ((z - 2)/~)~ we are considering the “complex 
multiplication” endomorphism A: z + fi iz of q? (see [25, pp. 86-891). 

Remark 1. Other possible rational maps satisfying the hypothesis of 
Example 2 can be obtained with this procedure above mentioned, using 
different “complex multiplications” (see [25, p. 891). 

DEFINITION 4. Given a periodic point p, of period it, we call (f?‘(p) 
the exponent of p. 

All periodic points with exponent of modulus larger than one are in the 
Julia set. In the other way, all periodic points with exponent of modulus 
smaller than one, are not in the Julia set and there is just a finite number 
of such periodic points. 

For more detailed information about the other possibilities, we refer the 
reader to [l, 251. 

DEFINITION 5. Given a point z E @, the upper Liapunov number of z, 
is the number 

lim sup i logI( f”)‘( z)l. 
n-m 

DEFINITION 6. In a similar way, given a point z E C, the lower Lia- 
punov number of z is the number 

linm_imnf $ logl( f”)‘( 2) I. 

DEFINITION 7. Given a point z E @, if the upper and lower Liapunov 
numbers of z are equal, we will say that z has the Liapunov number 

Remark 2. It follows easily from the considerations about f(z) = 
((z - 2)/2)’ and its relation with the endomorphism A: z + fi iz, that 
every point in C, different from 1, has upper Liapunov number log 6 (this 
fact will be proved in the Appendix). The Liapunov number of 1 is log4. 
Note that this last value is strictly larger than log fi. This situation will be 
explored later in Section 6. The same phenomena also happens for other 
rational maps mentioned in Remark 1. Therefore, the possible “complex 
multiplication” and periods associated to the Weierstrass elliptic function 
will be important later on in this paper. Note the important point that f 
preserves a measure (the maximal measure> with a density with respect to 
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2-dimensional Lebesgue measure. If u denotes the maximal measure, then 
up to a finite number of points we have for z E C, u(B(z, 4)) = t*. 

DEFINITION 8. The orbit of z, is the set {f”(z)ln E N}. 

In this way we can say the maps satisfying the hypothesis of Example 2 
are the ones that have orbits of the critical point finite. 

DEFINITION 9. A periodic point p is called an attractor if the exponent 
of p has modulus smaller than one. 

Any attracting periodic orbit has a neighbourhood I/ such that all points 
z in I/ satisfy the fact that lim,,, f”(z) converges to the orbit of p. This 
orbit has the cardinality of the period of p. 

EXAMPLE 4. Suppose f is such that some trajectories of the critical 
points are attracted to an attracting periodic orbit and the other critical 
points are eventually periodic. In this case, the Julia set is an arbor (tree), 
and the rational map is subhyperbolic, but not hyperbolic (see Douady and 
Hubbard [9]). In this case the Julia set has two-dimensional Lebesgue 
measure zero. 

EXAMPLE 5. Consider f(z) = 1 - 2z2 in the complex plane. This is a 
specific example of a map satisfying the hypothesis of Example 4. In this 
case 0 and 03 are the critical points, f(w) = ~0, f(O) = 1, f(l) = - 1, and 
finally f( - 1) = - 1. It is well known that the Julia set of f is an arbor 
without branches, in fact, the segment [ - 1, 11. If we consider the map 
f(z) restricted to the interval [ - 1, 11, then the change of coordinates 
z = sin 7ry/2, conjugates f(z) with l(y) = 1 - 21~1 for y E [ - 1, 11 (see 
[34]). Observe the analogy of this situation with Example 3. In this case 
l(y) = 1 - 21~1 plays the role of A: z + fiiz of Example 3. 

Remark 3. In the same way as in Example 3, all Liapunov numbers of 
z E (- 1, 1) are equal to log 2, but the point - 1 has Liapunov number 
log4 (see Appendix). Observe that we have the same property as Remark 
1, namely, the periodic orbit that is hit by the image of the orbit of the 
critical point has Liapunov number strictly larger than any other possible 
Liapunov number for z in (- 1,1X 

EXAMPLE 6. The Tchebycheff polynomials seen as a complex map also 
satisfy the hypothesis of Example 4. In fact, in this case the Julia set is also 
[ - 1, 11. 

Remark 4. The maps of Examples 1, 2, 6 are the ones with parabolic 
orbifold [49, 81. 

In the case that f is hyperbolic, the Julia set always has two-dimen- 
sional Lebesgue measure zero [l, 25, 291. An important conjecture exists 
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that claims that the set of hyperbolic rational maps is dense in the set of 
all possible rational maps (it is known that it is open). See [29] for 
important results related to the conjecture. 

In Herman [lS] one can find other kinds of rational maps, such that the 
Julia set is the all-Riemann sphere, but they are not included in the 
situation of Example 2. 

Related to the above-mentioned conjecture, we mention the result of 
M. Rees, which claims that a set of positive Lebesgue measure. In the set 
of possible parameters of a rational map of degree d exists, such that the 
Julia set of f belonging to this set is the all sphere S2. In this case, of 
course, the rational map is not hyperbolic. Most of these cases are not of 
the kind mentioned in Example 2, but the set of positive Lebesgue 
measure is obtained as the closure of a set of maps satisfying the 
hypothesis of Example 2 (see [39, 401). 

All the Examples 2 to 6 are degenerated cases, where not all the strong 
results that are known for hyperbolic rational maps can be proved. 

3. ERGODIC THEORY OF RATIONAL MAPS 

Let M(f) be the set of invariant probabilities for f, that is, the set of 
measures u such that v(f-‘(A)) = v(A), for any Bore1 set A on R2 and 
also v(W2) = 1. The support of all these invariant measures is the Julia set 
J. We will not consider the measures concentrated in the finite number of 
attracting periodic orbits of f (they are not in J). 

DEFINITION 10. For a continuous function g = J + R and u E M(f), 
we will define the pressure of u with respect to g by 

where h(v) denotes the entropy of u (see [27, 471 for the definition of 
entropy and general results in ergodic theory). We will denote the pres- 
sure of u with respect to g by P(u, g). 

DEFINITION 11. We will call P(g) = sup(P(u, g)lv E M(f)} the topo- 
logical pressure of the function g. 

In the case that f is hyperbolic and g is Holder-continuous, there 
always exists always a unique measure that attains such supremum. This 
measure is ergodic. These measures are sometimes called equilibrium 
state for g or a Gibbs measure in the context of thermodynamic formalism 
[3, 42, 431. 
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We refer the reader to [41] for results related to the Hausdorff dimen- 
sion of the Julia set of hyperbolic rational maps and its relation with the 
pressure. 

DEFINITION 12. In the case that there exists a probability in M(f) that 
we will denote by v(g), such that P(g) = h(u(g)) + /g(z) &u(g))(z), we 
will call this measure a maximal pressure measure for g: J + I& 

In the case that f is subhyperbolic and g is Holder continuous, the 
same proof of existence of an equilibrium state for hyperbolic rational 
maps works, using the metric y of Definition 3. 

Here we will need to consider g(z) = - t log1 f’(z)l, where t in R is an 
external parameter that is considered fixed in the moment. In this case 
g(z) is not Holder-continuous if there exists a singularity (f’(x) = 0) in 
the Julia set, as happens in Examples 2 to 5. 

The difficulties of this situation can be handle in the following way. First 
consider smooth approximations of - t loglg’(z)l around the critical point, 
then obtain the solution for the Holder-continuous case, and finally make 
a limit of the measures obtained in each approximation. The weak limit 
will be a maximal pressure measure for - t log1 f’(z)1 = g(z). The metric y 
is degenerated around the critical points, and in this way we obtain the 
existence of an equilibrium state, but we cannot assure uniqueness any- 
more. 

Another different way to show the existence of equilibrium states for 
-tloglf’(z)l is to use the techniques of L. Mendoza in [33, Section 21. The 
same proof presented there then works for the general subhyperbolic case. 
In the general case, the existence of equilibrium states for -t logIf’ = 
g(z) with t E I&’ fixed are not known. 

For g(z) constant equal to zero, nevertheless, the situation is well 
understood in the case of the general rational map, as we now explain. 

DEFINITION 13. For g constant equal to zero, a maximal pressure 
measure for g is called a maximal measure. 

Let z,, be a point in the Riemann sphere, and for each n E N, let us 
denote z(lt, i, z,,), i E {1,2,. . . , d”} the P-solutions (with multiplicity) of 
the equation f”(z) = zO. Denote the Dirac delta measure on z by 6(z). 
Let z&r, z,,) be the probability 

d-” 2 6(z(n, i, z,)). 
i=l 

In [ll, 241 it was shown that for any z,, (but at most two exceptional 
points), and independent of z,,, the weak limit limn+- z&r, z,> = u exists 
and the measure u is the maximal measure of the rational map f. 
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Hyperbolicity is not assumed to obtain this result. We have also that u is 
ergodic and has entropy log d. This u is the unique measure of maximal 
entropy. 

DEFINITION 14. For any real t E R we will denote P(t) = P(g), when 
g(z) = -t loglf’(z)l. 

From [41, 421 it is known that P(t) is convex and real analytic in the 
variable t, when f is hyperbolic. When f is subhyperbolic, P(t) can have 
points where it is not differentiable as we will see later. 

Following L. S. Young [48] we have the following definition: 

DEFINITION 15. For a given probability u we will call the Hausdorff 
dimension of the measure u, denoted by HD(u), the value 
inf(HD(A)]u(A) = 1, A Borelean set in J). Here HD(A) denotes the 
Hausdorlf dimension of the set A. 

DEFINITION 16. For any real t E R we will denote u(t) the maximal 
pressure measure for g(z) = -t logIf’(z in the case u(t) is unique. 

It is proved in [28, 30-321 that if f is hyperbolic, then 

P’(t) = -/loglf’(z)ld(u(t))(z) = -h(u(t)) . (HD(u(t)))-‘. 

Using the metric y (see Definition 3), one can obtain for subhyperbolic 
maps the same result as above in the case P(t) is differentiable at t. The 
proof is absolutely equal to [31, 321. 

In the same way as in [19,23] one can obtain P(t) as 

p(t) = ,‘lm ; log j(f”)‘(z)l-’ du( z) - log d, 

in the subhyperbolic case. The above integrals are finite from [28]. 
It is also known that for the general rational map and u an ergodic 

probability, there exist a Borelean set A such that v(A) = 1 and Vz E A, 

lim log 4WY 5)) 
&T-+0 1% 5 

= HD(v) = h(a)(jloglf’(z)ldu(z)il, 

where B(z, 5) denotes the disk of center z and radius ,$ [28]. 
Another way to obtain HD(u) is HD(v) = lim, +i inftcapacity dimen- 

sion of A, for all Bore1 sets A such that u(A) 2 S] (see 1481). 
For u E M(f) we will call the value / logIf’( du(z), the Liapunov 

number of the measure u, and we will denote such value by LE(v). In the 
case that u = u(t), we will denote LE(u( t)) = LE(t), t E R. 
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FIGURE 1 

We will also denote HD(t) and h(t), respectively, the HausdorlT dimen- 
sion and the entropy of u(t), t E R (see McCluskey and Manning picture 
on Fig. 1). 

Other results about the maximal measure can be obtained in [20,25,26, 
30, 37, 44, 491; among them, we point out the result of H. Brolin that 
shows that the maximal measure for a polynomial map on C is the charge 
distribution in the Julia set [4]. This happens, for example, for the 
polynomial f(z) = 1 - 2z2 (this will be mentioned in Remark 11). 

For rational maps that are not polynomials, the charge distribution is 
always different from the maximal measure [20]. 

4. THE DIMENSION SPECTRUM FOR THE MAXIMAL MEASURE 

In Sections 4 and 5 we consider the dimension spectrum and general- 
ized dimension of the maximal measure u. 

DEFINITION 17. Let J(cr) be the set of points z E J, such that the limit 
exists 

lirtl L log,(fn)‘(Z)I-a = -log d. 
n-rm n 

Using the strong results presented in 1281 for the general rational map, 
we can also conclude as in 1191 that, if z E J(a) then 

lim 1% 4B(z&) = 
lw 5 

a. 
5+0 
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DEFINITION 18. Let /‘(a> be the Hausdorff dimension of the set J(a). 

The following result was obtained in [19], and later we will consider a 
slight generalization of it. 

THEOREM 1. Suppose f is a hyperbolic rational map and u is the maximal 
measure. Then for a given a E Iw, there exists a unique t E [w such that 
P’(t) = -log d/o and [(a) = HD(u(t)), where u(t) is the maximal pres- 
sure measure for - t log1 f ‘(z)l. The function / is real analytic on the 
variable a. 

Now we will present a generalization of the above result: 

THEOREM 2. Suppose f is a subhyperbolic rational map and u the 
maximal measure. Suppose for a given a, there exists a t E [w, such that P is 
differentiable at t and 

log d 
P’(t) = - - 

a ’ 

then f(a) = HDMt)), where u(t) is a maximal pressure measure for 
-t log1 f’(z)l. 

Proof. Under the above conditions the existence of u(t) follows from 
the same proof of [19], considering the metric y (mentioned in Definition 
3), instead of the usual metric in S2. 

Remark 5. Differentiability of pressure, uniqueness, and existence of 
equilibrium states are closely related as can be seen in [23, 221. 

Remark 6. The important consequence of Theorems 2 and 3 is that 
you can consider the support of u(t) instead of the set J(a), if you are 
interested just in questions related with the Hausdort? dimension. More 
than this fact, the u(t) will be important because they will be the 
equilibrium states that will change continuously with t until a transition 
value of the parameter is attained, where there will be a sudden jump for 
a new equilibrium state. This situation does not happen for hyperbolic 
systems but can happen for subhyperbolic systems, as we will see later. 
The transition point will be the value of parameter t where we do not 
have differentiability of P. 

After these two remarks we will return to analyze the P(t) function of a 
subhyperbolic rational map satisfying the hypothesis of Examples 2, 3, 5, 
and 6. In this case it was recently proved by A. Zdunik [49] that for such 
rational maps the pressure P(t) is linear in the interval [0, HD(J)]. For 
the maps of Examples 2 and 3 the pressure is given by P(t) = log a’ - 
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t(log d/2) for I E [O, HDc.01 = [O, 21. Therefore, P(O) = log d and P(2) = 
0. For the map of Example 5, P(O) = log2 and P(1) = 0, and therefore 
P(t) = log 2 - t log 2 for t E [O, 11. This result of A. Zdunik follows a 
previous work of Przyticki, Urbanski, and Zdunik [37], where the asymp- 
totic variance of the maximal measure is considered. The asymptotic 
variance, by the way, is the second derivative of the pressure in the origin. 
The linearity of Z’(t) in [O, HD(J)] is related to the fact that in the 
above-mentioned cases this second derivative is zero. 

We will show here that due to the fact that the Liapunov number of the 
expanding fixed point of Examples 3 and 5 is strictly larger than the other 
possible upper-Liapunov number of points of z in the Julia set, there 
exists a phase transition at the level of the equilibrium states. Further- 
more, I’(t) will not be linear, but it is linear by parts in the interval 
C-w, HD(J)I. 

For hyperbolic rational maps, f(z) = zd is the only one such that 
u(t) = u for all t in R (see [48]). 

5. GENERALIZED DIMENSIONS FOR THE MAXIMAL MEASURE 

For a given t E R consider 4 such that q = P(t)/log d. We are using 
the notation of the end of Section 3. Consider also (Y such that P’(t) = 
-log d/a. These three variables are uniquely related in the case P is 
differentiable on t. 

For each q consider J((Y) contained in ./(a> (see Definition 171, a 
support of u(t) such that HD(j(a)) = f(a) = HD(t) = HD(u(t)). Fix a 
certain q E R (and therefore t and a). 

For each 5 > 0, 6 > 0, and A c j(a), such that u(t) (A) 2 1 - 6, 
consider the minimal number of balls of radius 5 necessary to cover A. 

Denote p,(t) the u-mass of a generic element of this minimal cover 
associated with A and 5. Now X.(pj(&)Iq will denote the sum of all p&&)4, 
where i cover all the indices of the above-mentioned partition. 

Now in away analogous to that in [48, p. 1191, we define 

_C(q,A,S) = lim inf 
ha PiW4 

f--o 1% 5 ’ 

C(q,A,6) = Frno sup 
1ogCPi(5)q 

-a log 5 ’ 

_c(q,u) = sup inf a4, A, 61, 
6-O A d(a) 

u(tXA)> l-6 
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and 

C(q,u) = sup inf qq,uv. 
6+0 A CJb) 

u(tXA)>a-6 

From [28] the hypotheses of Theorem 4.4 in [48] are satisfied; therefore, 
using the conclusion of this theorem we have that Qq, u> = c(q, u>. We 
will denote such expressions as lim 5 + ,-,(log C(pi(&>>9/log (1 to use the 
standard notation in the dimension spectrum theory. 

PROPOSITION 1. There exists the limit 

lim log’ (“(‘))’ = cuq _ HD( t) , 

5-O 1% 5 

Proof. Using Theorem 4.4 of [48] we know that the cardinality of a 
partition of a minimal t-cover of a set of large u(t) measure is like 
t- H&t) 

This could be also obtained using techniques presented in [35, 361. Now 
using Theorems 2 and 3, we know that u(B(z, t>jg is of order ta9, because 
we are assuming z E A(Y). From this we conclude that 

lim log c(pi(‘))q = -HD( t) + q 
log 5 

a . 
t-0 

DEFINITION 19. For q E IL?, define 

T(q) = lim log c(Pi(5))9 
5-O log 5 

= aq - HD(t), 

where t satisfies the equation q = P(t)/log d and p’(t) = -log d/a. 

We point out that in general (for hyperbolic rational maps), the above 
definition create several difficulties to allow one to estimate the real value 
of r(q). Nevertheless, we believe this is the only formalization of the 
concept of generalized dimension that makes sense in the general situa- 
tion, and corresponds to what one should expect to happen (Cpj((>q = 
pq9. 

The remarkable fact, however, is that the definition is computable in 
some non-hyperbolic cases. This will be explained later and is related to 
the fact that in the computable examples the Liapunov numbers are 
basically constant for most of the points in the Julia set. For hyperbolic 
rational maps in general there are fluctuations of the Liapunov numbers, 
in fact zd is the only counterexample. 



490 ARTUR 0. LOPES 

Remark 7. Note that if we define V(t) = P(-t)/log d, then we have 
1/(7(q)) = q. Therefore the lack of Cl-differentiability for P(t) will always 
associated with the same property for T(q). 

Remark 8. The measure u(t) is also ergodic for t E R, therefore u(t) 
and u are equal or have disjoint support. Anyway, note that if one 
consider a point in the support of u(t), the balls in R2 with center on this 
point and positive radius have positive u-measure. Some authors in the 
physics literature consider the points where you take the center of balls in 
J(U) chosen at random. We point out that if one wants to consider this 
approach, then one have to consider these centers of balls chosen at 
random with respect to the probability u(t) and not u. 

Note that for q = 1, we have P(t)/log d = q = 1, and this equation is 
satisfied for t = 0. In this case HD(t) = HD(O) = HD(u) and also r(1) = 
HD(u) - HD(0) because -LE(t) = P’(O) = -log d/a = -h(u)/a [ll, 
241, and therefore (Y = h(u)/LE(O) = HD(u). Therefore r(1) = 0. 

Let us compute the derivative of 7 in 1, lim,,, T(q)/(q - 1) = r’(l). 
As P( - T(q)) = q log d by Remark 7, we have 

log d log d 
r’(1) = - p,(7(1)) = -- = 

log d 

P’(O) 
- = HD(u). 
LE(O) 

This result is in accordance with [34, p. 6891. In our case the information 
dimension is the Hausdorff dimension of the maximal measure U. 

Given m(x) and n(y), we will say that m(x) is the anti-Legendre 
transform of n(y), if for any x E R, 

m(x) = - $fw{n(Y) -v}’ 

PROPOSITION 2. The anti-legendre transform of T(q) is /‘<a>, q E Iw, 
a E II& 

ProoF From Theorems 2 and 3, /‘<a> = I-RX t>, where P’(t) = 
-log d * (Y-‘. Consider B = CQ E R! lixed, then inf,,n{r(q) - qB} is at- 
tained when +(QO) = B. As (d/dq)P(-r(q)) = log d (Remark 71, then 
- P’( - r(&,))r’(&) = log d. Therefore, 

log d log d 
P’( -+&))) = - B = - -. 

a0 

How can we discover which Go satisfies this equation? The answer is 
Go = 40, the one associated with oo. The reason is that P(-4qo)) = 
q. log d and P(t,) = q. log d, therefore 4qo) = -to (remember the rela- 
tion satisfied by qo, to, and a,). In fact, in this case, P’(t,) = -log d/B 
and therefore we also have r(qo) = r(Go). 
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Therefore, we have for 

491 

4oao - +20) = 40ao - qoq, + HWo) = HD(to) =fbo). 

Therefore we conclude that the anti-Legendre transform of T(q) is /C(Y). 

For an instantaneous geometrical proof of Proposition 2 rotate Fig. 1 an 
angle of r/2. 

Now we will show that ~(0) = -HD(.I). From the above Proposition 2, 
and general arguments of the type: if ,Y is the Legendre transform of T, 
then r is the Legendre transform of /, we conclude 

T(0) = in’,(a .o -//(a)} = ink{-/(a)}. 

The point where /(a> is maximum is when t = HD(J), because in this 
case HDMt)) = HD(J) (see [41]). Therefore, /<(Y> = HD(J). Therefore, 
we conclude that T(O) = -HD(J). 

Now following the usual terminology, let us define: 

DEFINITION 20. The generalized dimension D(q) for q E R - (l} is by 
definition D(q) = T(q)/(q - 1). 

In the case q = 1, we define D(1) = HD(u), and from ~‘(1) = HD(u) 
we conclude D(q) is continuous. Note also that D(O) = HD(J). 

6. PHASE TRANSITION FOR THE MAXIMAL MEASURE IN SOME 

NON-HYPERBOLIC CASES 

The below result will not be essentially used here, but for sake of 
completeness we will prove this result in the appendix. 

PROPOSITION 3. Suppose f is a rational map such that log If’(z)1 is 
bounded above in the Julia set, then there exist an ergodic measure v E M( f > 
such that the Liapunov number of thk measure v is larger than the 
upper-Liapunov number of any point z in J. 

The proof of Proposition 3 will be done in the Appendix. Note that we 
allowed the existence of singularities in the Julia set. 

DEFINITION 21. We will call a measure v E M( f > a measure of maxi- 
mal Liapunov number, if its Liapunov number is larger or equal to the 
Liapunov number of any other invariant measure. We will denote such 
measure by p. 



492 AFCTUR 0. LOPES 

EXAMPLE 7. For the map f(z) = ((z - 2)/z)*, the measure of maxi- 
mal Liapunov number is the measure concentrated in the point 1 (see 
Appendix). 

EXAMPLE 8. For the map f(z) = 1 - 2z*, the measure of maximal 
Liapunov number is the measure concentrated in the point - 1 (see 
Appendix). 

DEFINITION 22. We will say a rational map has a gap if the Liapunov 
number of the maximal Liapunov number measure is strictly larger than 
the Liapunov number of any other invariant measure, that is, 

WP) > “E~pw. 

Therefore, we can say that f(z) = ((z - 2)/z)* and f(z) = 1 - 22 * have 
a gap (see Appendix). Several different examples satisfying the hypothesis 
of Remark 1 can have a gap. 

PROPOSITION 4. Suppose f is a rational map that has a gap, then there 
exist a value t, < 0 such that fort < t,. Z’(t) is linear. In fact, Z’(t) = h(p) - 
tLE(p). 

Proof. As f has a gap, there exist A > 0 such that LE(p) > LE(v) + 
A, for any. v E M(f 1, different from p. 

Consider t, negative, small enough such that t,A + log2 < 0. There- 
fore, h(p) - tLE(p) 2 h(p) - t(LE(v) + A) 2 h(v) - log 2 - tLE(v) - 
tA 2 h(v) - tLE(v) - (ti + log2) 2 h(v) - tLE(v) for any v E M(f) 
and t < t,. From this we conclude that p is the equilibrium state for P(t) 
when t < t,. The value of P(t) is P(t) = h(p) - tLE(p). 

Remark 9. In the case f(z) = ((z - 2)/z)*, we have h(p) = 0, LE(p) 
= log 4, and therefore P(t) = - t log 4 for t negative enough. 

Remark 10. In the case f(z) = 1 - 2z*, we also have h(p) = 0, 
LE(p) = log4 and therefore P(t) = -t log4. 

DEFINITION 22. We will say that a rational map f presents phase 
transition of first-order (or at Level-l) if P(t) is not differentiable. 

Note that P(t) can be in some cases differentiable but not infinitely 
differentiable (see [211X In this case we should also say we have first-order 
transition. 

DEFINITION 23. We will say that a rational map f presents phase 
transition at Level-2 if, when we decrease t we continuously follow a 
unique equilibrium state, then for some transition parameter t, appears 
another equilibrium state. Therefore, we have two different equilibrium 
states for t,. After this value, for t < t,, we follow continuously the new 
equilibrium state that just appear in the transition parameter t,. 
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Note from Remark 7 that phase transition of first order is associated 
also to nondifferentiability of T(q) and the generalized dimension D(q). 

In [34], it was shown for the first time (as far as we know), the 
nondifferentiability of T(q) for f(z) = 1 - 22’. Following the definitions 
given here, and using Remark 7, we say in this case there phase transition 
exists at Level-l. 

From Theorem 1 we have the nonexistence of phase transition at 
Level-l and Level-2, for hyperbolic rational maps. 

THEOREM 3. There exist a countable family of nonhyperbolic rational 
maps with phase transition at Level-l and Level-2. 

ProoJ Consider first f(z) = ((2 - 2)/2j2, the map of Example 3, then 
it follows from results of A. Zdunik [49], that the pressure function P(t) is 
linear and of the form P(t) = log 2 - t log 2/2, for t E [O, HD(J)] = [0,2]. 

It is also proved in [49] that the maximal measure is equivalent to the 
two-dimensional Lebesgue measure. In fact, the maximal measure has a 
density with singularities in the points 0, 03, and 1. 

As the maximal Liapunov number measure p is concentrated in 1 (see 
Appendix) we have seen in Remark 9 and Proposition 4, for t negative 
small enough, we have P(t) = - t log 4. Therefore, we have a phase 
transition at first level. In the point to = - +, we have the only point 
where P(t) is not differentiable. 

For t > t,, P(t) has the maximal measure as unique equilibrium state 
(u(t) has Hausdortf dimension 2 by the McCluskey-Manning picture, and 
the maximal measure, is the only one with this HausdortI’ dimension). 

For t = t, = - 5, the transition parameter, we have a bifurcation and 
we have two equilibrium states, the maximal measure and the measure p 
concentrated in 1. For t < t, = - f, we have p as the unique equilibrium 
state for P(t) (see Proposition 4). 

Therefore, we have just shown the existence of a transition at second 
level for the rational map f(z) = ((2 - 2)/212. 

Several different examples can be consider with different “complex 
multiplication” as it was discussed in Example 3 and Remark 1. The result 
of A. Zdunik about the linearity of P(t) in t E [O, HD(J)] is for all the all 
class of maps satisfying the hypothesis of Examples 2, 3 and 5. In this way, 
we have a countable family of examples with the same behaviour as 
f(z) = ((2 - 2)/d2. 

Another example where the same situation occurs is with the map 
f(z) = 1 - 2z2. For the parameter t = - 1 (in the setting of the pressure 
P(t)) the maximal measure jumps to the measure concentrated in the 
point - 1, when we decrease the parameter t. 

There is another setting where we can also show the same result about 
the phase transition for f(z) = ((z - 2)/2j2 at first level. We just have to 
consider the function T(q) instead of P(t) and use Remark 7. From the 
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considerations of Example 3 (see also [49]), it is known that u(B(2,{)) = t2. 
Now as u(f(B(2,g%> = t&3(.@), t2)), we have that, in the point 0 = f(2), 

This follows from the invariance of u and the fact that 2 is a critical point. 
As f(0) = co, we have in the same way u(B(m, 6)) = 5, and as f(w) = 1 

and CO is critical, we also have u(B(1, 5)) = t1j2. 
In order to compute T(q) we have to consider u(t), where t is related in 

the usual way to q. As it happens that u(t) = U, for t > - 5 and 
u(t) = S(1) for t < - 5, then (see end of Remark 2) 

C (p,( 5))’ = (-2+2q or tq/*. 

Now considering the lower envelope of the linear maps 

1 
-2+2q and 247 

we observe linear by part maps with a lack of differentiability in just the 
point :. In this point T(q) = 5. This corresponds by Remark 7 to the same 
result obtained before, for P(t), in which the critical value of the parame- 
ter was - $. 

This way to look at the problem by means of generalized dimension 
arguments is analogous to the one used in [34] for the map f(z) = 1 - 22 2. 

This is the end of the proof of Theorem 3. 

It would be interesting to investigate if there exist examples of a 
pressure function on P(t), linear for t negative enough, and P(t) nonlin- 
ear for t > 0. We wonder if it is possible to obtain such examples with 
Level-2 phase-transition. Denote by p and u(tJ the two possible equilib- 
rium states in the critical parameter t,; then we imagine that the situation 
on this case would be described by Fig. 2. 

Note that indeed an example very close to the abovementioned situation 
can occur (see 121, 221). 

In Fig. 3 we show the graph of P(t) for f(z) = ((2 - 2)/~)~, as was 
mentioned before in Theorem 3. 

Remark 11. In the case f(z) = 1 - 2z2, the maximal measure is the 
charge distribution on [ - 1, 11, and for the critical parameter t, = - 1, 
there is a phase-transition, because there is a jump from this charge 
distribution to the unitary charge in the point - 1. Here we are using the 
results mentioned in the end of Section 3. As we said before in Section 1, 
this fact can be seen as a model for a sudden magnetization of a 
ferromagnetic system (see also [18, 21, 221). 
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FIGURE 2 

7. THE GENERALIZED ENTROPY 

In order to complete the description of the main concepts used in 
dimension spectrum and phase transition, we introduce a formal definition 
of generalized entropy that shouId represent the usual one. 

Given an invariant measure u E M(f), consider for each z E J, 

@(G 5)) 
E u(f(B(z, 0)) . 

FIGURE 3 
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The above limit exists u-almost everywhere by the Radon-Nikodyn theo- 
rem (see [28, 18, 231). 

DEFINITION 24. Denote 

Ok 0) 
J(z) = JetI v(f(B(*,[))) ’ 

for z u-almost everywhere, the Jacobian of the measure u in the point z. 

It is well known (see [28]) that h(u) = - / log J(z) d&z). Now we will 
use some concepts of large deviation theory [lo, 231. For each x E R 
consider the free energy for the random variable -log J(z) and the 
measure u E M(f): for u E R, 

From [23, 101, if c is differentiable on 0, we have c’(0) = 
- / log J(z) dv(z) = h(v). 

It is possible to show that if J(z) is Holder-continuous, then c is 
differentiable on 0 [26, 181. 

DEFINITION 25. Define for 4 E R - (01, E(q) the generalized entropy 
as E(q) = c(q - 1)/q - 1. 

If we consider x = q - 1, then x --+ 0, if and only if q -+ 1. Therefore, 
we can extend the above definition for q = 1 as E(1) = h(v). 

In [21, 221 related results concerning the spectrum of dimension will 
appear. 

In the case u is the maximal measure, it is easy to see that J(z) = d- ’ 
for any z E J, and therefore E(q) is a constant equal to log d for all 
possible q E R. 

APPENDIX 

PROPOSITION 3. Suppose f is a rational map such that logIf’(z)I is 
bounded above in the Julia set, then there exist an ergodic measure v E h4( f ) 
such that the Liapunov number of this v is larger than the upper-Liapunov 
number of any point z in J. 

This proof is based in the following general lemma that appears in [46, 
Lemma 11.3.51. We will sketch the proof. 
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Lemma. Assume that If,,), n 2 0 is a subadditive sequence of upper- 
semicontinuous real valued bounded maps, defined on a compact metric 
space A. Then there exist an ergodic f-invariant measure u E M(f) such 
that, for v-almost every point x, 

Proof of the lemma. We choose for each n E N, x,, such that f&J = 
sup, E A fJ.z), and define a probability measure 

Consider u a weak limit of (u,). Since (f,) is subadditive, f, s fi + 
flof+ .-- +fr 0 fnP1, then (l/n)f,(x,) I u,<f,>. 

If u is a weak-limit of u,, then as n goes to 00, u(fl) 2 
lim,,,(l/n)sup,,, f,Jz). Now 

fin If* +f*of2 + ... +f2qZn-*, 

fin -<fl +f*n-lOfT 

f2n If1 +f*of+f*of3 + .-- +f*Of- +fpf*“-‘. 

If we add the above inequalities, we have 

then as n goes to m, we have 

By induction we can also have 

This is the end of the proof of the lemma. 

Proof of Proposition 3. Consider fJz> = logKf”Y(z)l and apply the 
lemma. Now we assume the proposition is proved. 

Now we will show the following proposition. 

PROPOSITION 5. The rational maps f(z) = ((z - 2)/z>* and f(z) = 
1 - 2z2 have gaps. 
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Proo~Y Let us first consider f(z) = 1 - 2z2. Remember that f(O) = 
- 1, f(- 1) = - 1, f<- 1) = - 1, If’(l)] = 4, and 0 is the critical point. 
The points z such that 3n E N, f”(z) = 0 (the critical point) have 
Liapunov numbers equal to --oo and therefore are smaller than log4. 

Suppose z is such that for all n E N, f”(z) # 0. 
Consider the change of coordinates z = h(y) = sin(yr/2). The map f 

in the new coordinates y is given by I(y) = 1 - 21 y I. We have also 
f = holoh-‘. 

Note that the Liapunov number of any such possible y is log2 for the 
map 1 (here we are using f”(z) # 0, Vn E N and f = h 0 10 h-l). 

The derivative of h is h’(z) = (~/2lcos(yr/2) and is a bounded 
function with singularities h’( - 1) = h’(l) = 0. 

The equation for the nth iterate of f is f n = h 0 1” 0 h-‘. Therefore, 

f”‘(z) = (h’((l”#)(z)) . (l”‘(h-l(z)) * ((h-‘)‘(z)))). 

As h’(y) I a/2, y E [-1, 11, Il”‘(y>I = 2”, y E L-1,11, and (h-‘)‘(z) is 
fixed, then we conclude that for any periodic orbit z, 

lim 1 loglfnr(z)I I log2 < log4 = logIf’(l 
n-m n 

It is possible to show that any invariant probability can be approximated 
by probabilities that are convex combinations of probabilities that are 
sums of Dirac deltas (with equal mass) in the orbit of periodic points [27]. 
From this fact Proposition 5 easily follows. Therefore, f (z> = 1 - 2z2 has 
a gap. 

Consider now f(z) = ((z - 2>/zj2. 
Again consider z E J such that there is no 12 E N such that f “(z> is a 

critical point. Remember that 2 and 03 are the critical points of f and 
f(2) = 0, f(O) = m, f(m) = 1, and f(1) = 1. We also have If’(l)] = 4. 

There is an identification function h given when we consider the 
quotient of the complex multiplication 

We will denote such identification by h and it will play the same role as 
the change of coordinates in the case f(z) = 1 - 2z2 above. 

The problem here is that h’(z) can become close to tQ in the points h(2), 
h(O), h(m), and h(r). Therefore, when we consider 

f”‘(z) = (h’(bh-‘)(z)(l”‘(h-‘))(h-l!)(z)), (*) 

we could have, in principle, problems in controlling the modulus If “‘(z>l . 
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We could give a proof in the same lines of the case 1 - 2z2, but we will 
give a proof with a different reasoning. 

In order to avoid problems with the point m, consider a linear change of 
coordinates such that f in the new coordinates has the finite points a2, a,, 
a,, and a,, corresponding to 2, 0, cQ, and 1. We will also denote the new 
function by f. 

Consider I/ a neighbourhood that is the union of balls of the center 
points u2, a,, a,, and a, and radius 4. 

As h’ is bounded outside I’, then from (*> we have that, in order to 
have (l/n)loglf”‘(z)l larger than log fi, we have to spend a long time of 
the orbit of z in the neighbourhood I/. As f(a2) = a,, f(ua) = a,, 
f(u,> = a, and f(q) = a,, this means to spend a large part of the orbit of 
2 in B(u,,t>. 

Let us analyze the string that corresponds to a large period of time in 
Ha,, 5). We will show that this is not enough to increase the Liapunov 
number, because in this situation the orbit has to be very close to the 
critical point and this has a high order contribution in decreasing the 
Liapunov number of the orbit. Now we will formalize the above considera- 
tions. 

Consider the string given by k, I E N, 0 < k < 1 < IZ, such that. 

FW p N% s> 
f’(z) E B(UlT s>, j E {k,k + 1,...,1} 

and, finally, 

f’+w @ e,, 6). 
Denote by m = 1 - k and 6 = If’(z) - ail. As the derivative lf’(q)l = 
4, then 64” < 5. Asf’(u,) = 0, we have then If~(f~-i(z))l z 21fk-i(z) - 
GI. NOW If“-‘(z) - a-1 = If“(z) - ~~1”~ = tS112, and finally 

If’(fk-‘( z))l - 2~3~‘~ - 2~4-“2”. 

Therefore, the value of the string 

I(fm+l)‘(fkP1( *))I = If’(fk-l(~))Ilfm~(fk(z))l is of the order 4-*/2m 04”. 

In this way 

A logIfm+l’ (y-‘(z))1 = log4 - ; log4. 
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Therefore, we conclude that 

1 
limsup - logIf”-‘( z)l 5 log4l/* = log2. 

n-tm n 

The conclusion is that f has a gap. 
An analogous proof for the case 1 - 2z2 can be also obtained with 

simple modifications of the above argument. 
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