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Abstract

It is well known that in Information Theory and Machine Learning
the Kullback-Leibler divergence, which extends the concept of Shan-
non entropy, plays a fundamental role. Given an a priori probability
kernel ν̂ and a probability π on the measurable space X × Y we con-
sider an appropriate definition of entropy of π relative to ν̂, which is
based on previous works. Using this concept of entropy we obtain a
natural definition of information gain for general measurable spaces
which coincides with the mutual information given from the K-L di-
vergence in the case ν̂ is identified with a probability ν on X. This
will be used to extend the meaning of specific information gain and
dynamical entropy production to the model of thermodynamic formal-
ism for symbolic dynamics over a compact alphabet (TFCA model).
Via the concepts of involution kernel and dual potential, one can ask
if a given potential is symmetric - the relevant information is available
in the potential. In the affirmative case, its corresponding equilibrium
state has zero entropy production.
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tropy production, Thermodynamic Formalism, symbolic spaces.
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1 Introduction

The main goal of this paper is to introduce and study the concepts of in-
formation gain and entropy production to equilibrium measures in symbolic
dynamics over a compact space (rather than finite) alphabet. In this way,
the first part of this work lies in the frontier between Information Theory and
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Ergodic Theory. In the second part of the paper, we consider such model of
thermodynamic formalism for symbolic dynamics over a compact alphabet
(which we will abbreviate by TFCA model) in Ergodic Theory (see [25]).

We start by introducing some elements of Information Theory. In Data
Compression the Shannon entropy1, S(P ) = −

∑d
i=1 pi log(pi), of a probabil-

ity vector P = (p1, ..., pd) plays an important role (see [40] and [12] chap. 5).
For the benefit of the reader we exhibit introductory examples concerning
S(P ) in Section 2.

Related to this, in the study of Decision Trees in Machine Learning it is
also considered another important concept, called information gain. Fol-
lowing [38] (see p. 89-90), for a probability π on X×Y = {1, ..., d}×{1, ..., r}
with x−marginal P = (p1, ..., pd), we define the information gain of π with
respect to P as

IG(π, P ) = −
d∑

x=1

px log(px)︸ ︷︷ ︸
S(P )

−
r∑

y=1

qy

[
−

d∑
x=1

πx,y
qy

log

(
πx,y
qy

)]
︸ ︷︷ ︸

H(π)

, (1)

where qy =
∑

x πx,y, that is, Q = (q1, ..., qr) is the y-marginal of π. In this
expression the number

−

[
d∑

x=1

πx,y
qy

log(
πx,y
qy

)

]
is the Shannon entropy of the probability obtained from the distribution of π
on the line X × {y} and, therefore, H(π) is just the weighted mean of these
entropies according to Q. Example 7 (in Section 2) will exhibit a concrete
interpretation of IG(π, P ).

Denoting by P andQ the marginals of π, we get that the number IG(π, P )
can be rewritten as

d∑
x=1

r∑
y=1

πx,y log

(
πx,y
pxqy

)
,

which, in Information Theory, is called of mutual information (see [12]).
In Ergodic Theory, for the case of the symbolic space

Ω = Ω+ = {1, 2, ..., d}N = {|x1, x2, x3, ...) |xi ∈ {1, 2, ..., d} ,∀i ∈ N}, (2)

it is considered the Kolmogorov-Sinai entropy for stationary probabilities,
that means, probabilities µ on Ω which are invariant by the shift map σ :

1we will consider here log(x) = ln(x), but any basis could be also used. Furthermore,
0 log(0) = 0, by convention.
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Ω → Ω, σ(|x1, x2, x3, ...)) = |x2, x3, x4, ...). The set Ω is a compact metric
space, when equipped with the metric d(|x1, x2, x3, ...), |y1, y2, y3, ...)) = 2−n,
where n = min{i |xi 6= yi}, if x 6= y. It is a measurable space when equipped
with the Borel σ−algebra B. For any n ≥ 1, and any fixed symbols b1, ..., bn
in {1, 2, ..., d}, we define the cylinder set |b1, b2, ..., bn] = {|x1, x2, x3, ...) ∈
X |x1 = b1, ..., xn = bn}. A Borel probability µ on Ω is called shift-invariant
if it satisfies µ(|b1, b2, ..., bn]) =

∑d
i=1 µ(|i, b1, ..., bn]) for any cylinder set. Fi-

nally, the Kolmogorov-Sinai entropy of a shift-invariant Borel probability µ
is given by

h(µ) = lim
n→∞

− 1

n

∑
i1,...,in

µ(|i1, ..., in]) log(µ(|i1, ..., in])). (3)

General references for Ergodic Theory are [41] and [43].
In Thermodynamic Formalism (see [37], [43]) it is quite common to con-

sider the concept of pressure for a Lipschitz potential φ : Ω → R, where
Ω = {1, 2, ..., d}N. We say that a shift-invariant probability µφ is the equilib-
rium probability for the Lipschitz function φ : Ω→ R, if

P (φ) := sup
µ shift-invariant

[

∫
φ dµ+ h(µ)] =

∫
φ dµφ + h(µφ).

The number P (φ) is called the pressure of the potential φ.
In ergodic theory for symbolic dynamics appears also the concept of spe-

cific information gain which can be used to introduce the entropy production
for equilibrium probabilities (see [22] for an introduction to these concepts
in a setting compatible with the present work). If µφ is the equilibrium
probability for the Lipschitz function φ and if µ is shift-invariant, then, the
specific information gain of µ with respect to µφ is given by

h(µ, µφ) := lim
n

1

n

∑
|i1,...,in]

µ(|i1, ..., in]) log

(
µ(|i1, ..., in])

µφ(|i1, ..., in])

)
. (4)

Furthermore, from Proposition 1 in [22] (see also [6]), we get

h(µ, µφ) = [

∫
φ dµφ + h(µφ)]︸ ︷︷ ︸

P (φ)

−[

∫
φ dµ+ h(µ)]. (5)

In Section 3 we exhibit some analogies between equations (5) and (1).
Comparing the equations (3) and (4) it is natural to interpret the specific
information gain as a relative entropy. Furthermore, in [6] the value h(µ, µφ)
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is characterized by a variant of the Shannon-McMillan-Breiman Theorem.
Indeed, from a result on Section 3.2 of [6] we get the following: consider an
ergodic probability µ on Ω, and for a given Lipschitz function φ : Ω → R,
consider the corresponding equilibrium probability µφ. Then, for µ almost
every point x = |x1, x2, x3...) ∈ Ω,

lim
n→∞

1

n
log

(
µ (|x1, x2, ..., xn])

µφ ( |x1, x2, ..., xn] )

)
= h(µ, µφ). (6)

An interpretation of this expression in the sense of the Statistical Me-
chanics of non equilibrium is the following: the observed system µφ is the
equilibrium probability for the Lipschitz function φ, then, given a random
point x ∈ Ω, its time n − 1 orbit {x, σ(x), ..., σn−1(x) } describes the dy-
namical evolution of the system under consideration. For each n ∈ N, let

νxn =
1

n
( δx + δσ(x) + ...+ δσn−1(x) ) the associated probability to x at time n

(the empirical measure). Then, from Birkhoff’s ergodic Theorem, for µφ a.e.
x, we get that νxn → µφ, as n→∞. Denote by µ another ergodic probability
(which is not the equilibrium for φ). Then, for µ a.e. x, as n → ∞, we get
(in the sense of (6))

µ ( |x1, x2, ..., xn] )

µφ ( |x1, x2, ..., xn] )
∼ enh(µ,µφ).

Therefore, the value h(µ, µφ) quantifies the asymptotic exponential rate
which describes how the dynamical time evolution of the system discrimi-
nates between µφ and µ, when n→∞.

We will present now the concept of entropy production for equilibrium
probabilities on {1, ..., d}N and its relations with the specific information
gain. Remember that - for the sake of notation see (2) - we denote Ω by
Ω+. The elements of Ω+ are denoted by x = |x1, x2, ...). Consider the space
Ω− = {1, 2, ..., d}N where any point in the space Ω− will be written in the
form y = (..., y3, y2, y1|. In this way any point in Ω̂ := Ω− × Ω+ will be
written in the form (..., y3, y2, y1|x1, x2, x3, ...) = (y |x).

We consider on Ω̂ the shift map σ̂ given by

σ̂((..., y3, y2, y1|x1, x2, x3, ...)) = (..., y3, y2, y1, x1|x2, x3, ...). (7)

σ̂ is a bijection and its natural projection over Ω = Ω+ is the shift map
σ. The natural projection of the inverse map σ̂−1 over Ω− is denoted by
σ−, that is σ−((...y4, y3, y2, y1|) = (...y4, y3, y2|. Observe that (Ω−, σ−) can be
identified with (Ω+, σ), via the conjugation θ : Ω− → Ω+ = Ω, which is given
by

θ((..., z3, z2, z1|) = |z1, z2, z3, ...). (8)
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Any σ-invariant probability µ on Ω+ can be extended (uniquely) to a
σ̂-invariant probability µ̂ on Ω−×Ω. The restriction of µ̂ to Ω−, denoted by
µ−, is σ−-invariant. By identifying (Ω−, σ−) with (Ω, σ), via the conjugation
θ and denoting by θ∗µ

− the push forward of µ−, we get

θ∗µ
−(|a1, a2....am]) = µ(|am, ..., a2, a1]). (9)

Finally, the entropy production of an equilibrium probability µ on Ω
is defined by the specific information gain ep(µ) := h(µ , θ∗µ

−), that is,

ep(µ) = h(µ , θ∗µ
−) = lim

n

1

n

∑
|a1,...,an]

µ(|a1, ..., an]) log

(
µ(|a1, ..., an])

µ(|an, ..., a2, a1])

)
. (10)

Expression (10) can be considered for equilibrium probabilities of poten-
tials in the Walters’ family of functions in {0, 1}N (see [42]). Indeed, it fol-
lows from the symmetry claimed by Corollary 2.3 in [42] that the equilibrium
probabilities of potentials in this family have entropy production zero. This
family contains probabilities with infinite range dependence and is a natural
extension of the set of Markov measures in Thermodynamic Formalism.

In the same way the probabilities on {1, 2}N described in [29] has entropy
production zero (see Section 2 in [29]).

From now on we consider more general spaces (measurable spaces or
compact metric spaces) instead of finite sets or finite alphabet.

In Information Theory, for a measurable space X, the Shannon entropy
is extended by the Kullback-Leibler divergence (see [23]) given by

DKL(P |ν) =


∫

log(dP
dν

) dP if P � ν

+∞, otherwise
,

where ν can be interpreted as an a priori probability on X, P is another
probability on X and P � ν means that P is absolutely continuous with
respect to ν.

The K-L divergence is also used to extend for measurable spaces the
information gain or mutual information. If π is absolutely continuous with
respect to P ×Q, then, denoting by dπ

dPdQ
the Radon-Nikodyn derivative, the

mutual information can be expressed in terms of

DKL(π |P ×Q) =

∫
log

(
dπ

dPdQ
(x, y)

)
dπ(x, y). (11)

From another point of view, in the TFCA model studied in [25], which
considers a symbolic dynamic over an alphabet given by a compact metric
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space M (instead of a finite or enumerable set), it was proposed to consider
a relative entropy given by

hν(µ) := − sup{
∫
c(|x1, x2, ...)) dµ(|x1, x2, ...)) |

∫
ec(|a,w)) dν(a) = 1 ∀w ∈MN},

where ν is an a priori probability on M , µ is a shift-invariant (stationary)
probability on Ω := MN = {|x1, x2, x3, ...)|xi ∈M ∀i ∈ N} and the functions
c : MN → R are necessarily Lipschitz. Variations of this expression appear
in [26], [35] and more recently in [24].

In [1] it was proved that hν coincides with the specific entropy in Statisti-
cal Mechanics, which is related to the DKL. In the present work we propose
to rewrite hν in terms of a variational characterization of (11) which assures
that hν(µ) is related with DKL in a more direct way than [1]. Precisely, if P
is a probability on X and π is a probability on X × Y with y−marginal Q,
then from Theorem 13 we obtain that

DKL(π | ν ×Q) = sup

{∫
c(x, y) dπ(x, y) |

∫
ec(x,y)dν(x) = 1∀y, c ∈ F(π)

}
, (12)

where c ∈ F(π) if c is a measurable function such that
∫
c dπ is well defined.

Furthermore, in Theorem 28 we prove that for compact metric spaces X and
Y the above supremum can be taken over Lipschitz functions.

We notice that taking X := M , Y := M{2,3,4,5,...}, and identifying Ω with
X × Y by the rule

Ω 3 |x1, x2, x3, x4, ...)→ (x1, |x2, x3, x4, ...)) ∈ X × Y, (13)

then, the entropy hν can be rewritten as

hν(µ) = − sup{
∫
c(x, y) dµ(x, y) |

∫
ec(x,y) dν(x) = 1∀y ∈ Y },

where the supremum is taken over Lipschitz functions. It follows from (12)
that the entropy proposed in [25] (and [35]) can be rewritten in terms of
DKL. We elaborate more about this issue for the case of the TFCA model
in Section 6.

Explicit expressions for the entropy of shift invariant probabilities in the
case of a certain family of potentials (called of product type) defined on
symbolic spaces where the alphabet is the interval [0, 1] is presented in [36]
(for the case of the finite alphabet {−1, 1} see [9]).

In [30] the authors analyze the change of the relative entropy (KL-divergence)
for Gibbs probabilities under the action of the dual of the Ruelle operator
and its relation with the Second Law of Thermodynamics.

In Section 4 we introduce the concept of information gain with respect to
a probability kernel.
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Definition 1. Let X and Y be measurable spaces. We will call of a proba-
bility kernel any family ν̂ = {ν̂y | y ∈ Y } of probabilities on X × Y , such
that,

1) ∀ y ∈ Y , we have ν̂y(Xy) = 1, where Xy = {(x, y) |x ∈ X},
2) ∀A ⊂ X × Y measurable, we have that y → νy(A) is measurable.

If ν̂ is a probability kernel and Q is a probability on Y , then we can define
a probability π = ν̂ dQ on X × Y by π(A) =

∫
ν̂y(A) dQ(y). It means∫

f(x, y) dπ(x, y) :=

∫
f(x, y)ν̂y(dx)dQ(y). (14)

The right-hand side of the above expression can be seen as a Rokhlin’s dis-
integration of π.

Following [24] we consider for the present setting the definition of entropy
described below.

Definition 2. Let X and Y be measurable spaces. We define the entropy of
any probability π on X × Y relative to the probability kernel ν̂ as

H ν̂(π) = − sup{
∫
c(x, y) dπ(x, y) |

∫
ec(x,y)ν̂y(dx) = 1 ∀y, c ∈ F(π)}.

Finally, we will introduce and study the following meaning of information
gain, which is able to extend all the different notions of information gain
considered in this paper.

Definition 3. Let X and Y be measurable spaces. We define the informa-
tion gain of a probability π on X × Y relative to the probability kernel ν̂,
by

IG(π, ν̂) = −H ν̂(π).

If π has a y-marginal Q then from Theorem 13 of Section 4 we have that

IG(π, ν̂) = DKL(π | ν̂ dQ).

Following [24], it is possible to remark that there are natural extensions
of the above concepts if we replace X × Y by a measurable space M with a
measurable partition (which induces an equivalence relation) and probability
kernels by general transverse functions. On the other hand, the above infor-
mation gain is related with the generalized conditional relative entropy (see
chap. 5 in [18]) in the following sense: If π has y−marginal Q and π0 has
a disintegration π0 = ν̂ dQ̃ then the conditional relative entropy of π with
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respect to π0 is given by DKL(π|ν̂ dQ) and therefore its value coincides with
IG(π, ν̂) above defined.

In addition to being connected with the previous work [24], we remark
that there are at least two natural reasons for our preference of the above ap-
proach using probability kernels instead of a probability π0. The first one is
because the conditional relative entropy, as above defined, does not consider
π0 totally, but only ν̂, while the y−marginal Q̃ of π0 is replaced by Q. So it
is not necessary to compute a disintegration (or a regular conditional proba-
bility measure) ν̂ for π0, but just to consider a priori such probability kernel
ν̂ instead of π0. In this case, it is not necessary to impose more restrictions
on the spaces which would be necessary in order to get a disintegration. The
second one is that for a fixed probability π0 the regular conditional proba-
bility measure ν̂ is in general not unique. If ν̂ and µ̂ are different probability
kernels satisfying

π0 = ν̂ dQ̃ = µ̂ dQ̃

then the conditional relative entropy may not be well defined and more as-
sumptions are required, as for example Q � Q̃ . In Section 5 we consider
compact metrical spaces X and Y and show that, under some assumptions
on π0, an information gain (or, conditional relative entropy) IG(π, π0) can
be naturally introduced.

The above generalized information gain will be used in Section 6 to in-
troduces the concept of information gain in the TFCA model. Finally, we
will be able to introduce the definition of entropy production in the TFCA
model (see Section 7). In our reasoning, it will be natural to use as a tool
the concept of involution kernel (for references about the involution kernel
with setting compatible with the present paper see [2], [25] and [28]).

In Section 7 we define the concepts of involution kernel and dual potential
(see Definition 44) and in Theorem 54 we present a formula for the entropy
production of an equilibrium probability µA in terms ofA and a dual potential
A−, that is ep(µA) =

∫
(A)− (A− ◦ θ−1) dµA. It follows that if the potential

is symmetric, then the corresponding equilibrium probability has entropy
production zero (Theorem 55).

An important issue that we would like to emphasize is the following:
given a potential A, the natural way to obtain its equilibrium measure is to
find eigenvalues, eigenfunctions and eigenmeasures for the Ruelle operator.
Given a potential A, to find an involution kernel and its dual potential is a
much simpler matter in several cases (and there is no need to find an eigen-
value). In this way, if we manage to show that the potential is symmetric,
we are guaranteed that its equilibrium measure is symmetric. This is a great
simplification of the problem in these cases.
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For example, in Section 5 in [8] the authors present examples (prod-
uct type potentials in Example 2 and Ising type potentials in Example 3)
of potentials in {−1, 1}N that are symmetric by exhibiting the explicit ex-
pression of the involution kernel. From Theorem 55 it follows that the
equilibrium probabilities for such potentials have zero entropy production.
Furthermore, we can extend the reasoning of Example 2 in Section 5 in
[8] (which considers the alphabet {−1, 1}) in order to get an explicit in-
volution kernel for a Lipschitz potential A : [0, 1]N → R (in this case the
alphabet is the compact set [0, 1]). Indeed, consider a sequence an > 0,
n ≥ 1, such that

∑
i≥1

∑
j>i aj < ∞, and for x = |x1, x2, x3...) ∈ [0, 1]N,

we define A(x) =
∑∞

n=1 anxn (it is a product type potential). Consider
W : [0, 1]N×N → R, given by

W (y|x) =
∞∑
i=1

[(xi + yi)(
∑
j>i

aj)] =
∞∑
i=1

(xi + yi)(ai+1 + ai+2 + ....).

Then, one can show that W is an involution kernel and A is symmetric. A
particular example is when an = 2−n, n ≥ 1, in which case A is of Lipchitz
class and its equilibrium measure has entropy production zero. Thermody-
namic Formalism and equilibrium measures for product type potentials on
[0, 1]N are studied in [36].

As another example, in Section 10.4.1 in [19] explicit expressions for the
involution kernel of potentials in the Walters’ family are calculated (see also
[20]).

Results related to the role of the entropy production (the fluctuation
Theorem and the detailed balance condition) in problems in Physics and
Dynamics can be found in [16], [22], [32], [39] and [4]. A concrete example of
a system where the entropy production plays an important role is presented
in [13]: a classical gas confined in a cylinder by a movable piston (see the
first page of [13]).

We would like to thank L. Cioletti for helpful comments during the writing
of this paper.

2 Simple examples in information theory

The reader interested in the results of a more theoretical nature can skip this
section without prejudice to what follows.

In this section we consider the Shannon entropy S(P ) and information
gain IG(π, P ) via worked examples. We believe that this short presentation
will be helpful for mathematicians that do not have much familiarity with
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these concepts. Nice general references on Information Theory and informa-
tion gain are [12] and [31]. We start by considering the Shannon entropy
which is sometimes alternatively called mean information.

The number S(P ) can be interpreted (taking basis 2 for the logarithm)
as a lower bound for the average of questions of type “yes or no” which are
necessary in order to analyze the statistics of a symbol picked at random
- according to the probability distribution P = (p1, ..., pd) - on the finite
alphabet {1, ..., d}. From the sequence of answers to successive questions - of
a certain type - one can introduce a binary code on the set {1, ..., d}, where
0 corresponds to “yes” and 1 to “no” (see [12] chap. 5).

Example 4. Suppose that a box has balls of 4 possible different colors. Two
people will play a game with the following rules: one ball is picked off the box
by one of them and the other person must discover the color of this ball by
making questions of the type “yes or not”.

If this game is repeated several times, the balls are picked randomly ac-
cording with the probability P = (p1, p2, p3, p4) = (1

4
, 1

4
, 1

4
, 1

4
) and the strategy

used for the questions is optimal, what is the mean value of the number of
questions which are necessary?

We will replace the colors with symbols of the set {1, 2, 3, 4}. One can
consider the following strategy of questions:
Q1: is the picked symbol 1 or 2?
- with the answer “yes” it can be considered the question Q2: is the symbol
1?
- with the answer “no” it can be considered the question Q2’: is the symbol
3?
Using this strategy it is necessary exactly two questions in order to discover
the symbol (color) which was taken. It coincides with the Shannon entropy
(the mean information)

S(P ) = −
4∑
i=1

1

4
log2(

1

4
) = 2.

Observe that the set of symbols {1, 2, 3, 4} can be encoded as the answers
(yy, yn, ny, nn). Replacing y by 0 and n by 1 we can encode {1, 2, 3, 4} as
(00, 01, 10, 11) in binary expansion, which is optimal.

Example 5. Proceeding as in above example, but now assuming that the
colors of the balls are picked randomly according to the probability P =
(p1, p2, p3, p4) = (1

2
, 1

4
, 1

8
, 1

8
), one can use the following strategy of questions:
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Q1: is the symbol (color) 1? (with probability (frequency) 1
2

this unique ques-
tion solves the problem)
- with the answer “yes” we finish.
- with the answer “no” we consider the question Q2: is the symbol 2?
- with the answer “yes” we finish.
- with the answer “no” again, we then consider the question Q3: is the sym-
bol 3?
If this game is repeated several times, using this strategy the mean number of
questions is:

(1 question)
1

2
+ (2 questions)

1

4
+ (3 questions)

1

4
=

7

4
.

It coincides with the Shannon entropy (mean information)

S(P ) = −[
1

2
log2(

1

2
) +

1

4
log2(

1

4
) +

1

8
log2(

1

8
) +

1

8
log2(

1

8
)] =

7

4
.

In this case {1, 2, 3, 4} can be encoded as {0, 10, 110, 111} in binary expansion,
being this one optimal.

Example 6. Proceeding as above and supposing that there are only two col-
ors of balls which are picked randomly according with the probability P =
(p1, p2) = (2

3
, 1

3
) one can consider the following question:

Q1: is the color (symbol) 1?
With this strategy, the mean number of questions is exactly 1 which is bigger
than the Shannon entropy S(P ) ≈ 0, 918. In this case {1, 2} can be encoded
as {0, 1} in binary expansion.

We refer to [12] chap. 5 for a more complete discussion of the topic.
Our intention above was just to illustrate - with introductory and simple
examples - the fact that the Shannon entropy is as a lower bound for the
average number of questions and how one can introduce a binary code for a
set of symbols {1, ..., d}.

From now on we will discuss an example concerning the Information Gain
IG(π, P ) (or mutual information). We refer to [38] (see p. 89-90) for a more
detailed discussion of this topic in the context of decision trees in Machine
Learning.

Example 7. Consider - in a similar way as before - a box with a collection
of 100 objects, being 30 of them of the color blue and 70 of them of the color
red. It’s also known that:
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a. 10 of the blue objects are balls and 20 of them are cubes
b. 45 of the red objects are balls and 25 of them are cubes.

Considering all this set of information we can construct probabilities P
and π in the following way:

30 blue
70 red

→ P =

(
0.3
0.7

) balls cubes
blue 10 20
red 45 25

→ π =

(
0.10 0.20
0.45 0.25

)
.

We consider that π is defined in a Cartesian product X × Y and has
x−marginal P = ( 30

100
, 70

100
) (adding in the lines of π) and y−marginal Q =

( 55
100
, 45

100
) (adding in the rows of π).

We will consider two kinds of different games.

Game one: One object is randomly picked of the box and we shall dis-
cover its color by asking questions of the type yes or no. In this case the
Shannon’s entropy, or mean information, is equal to

S(P ) = −
[

30

100
log(

30

100
) +

70

100
log(

70

100
)

]
.

Game two: In this game - in a similar way as in game one - we have
the same goal. However, in the present game, after the object was picked we
receive a partial information about the result, which is: “it is a cube” or “it
is a ball”.

In this game, with probability (or, frequency) 55
100

, the information to be
received it will be that it was picked a ball. Using this information we must
concentrate our attention for such class of objects and so the colors are dis-
tributed according to the probability (10

55
, 45

55
). Similarly, with probability (fre-

quency) 45
100

, the information received will be that a cube was picked. In this
case, we consider the colors distributed according to the probability (20

45
, 25

45
).

Therefore, the mean information in this game is given by a weighted mean
of two Shannon’s entropies, that is,

H(π) = − 55

100

[
10

55
log(

10

55
) +

45

55
log(

45

55
)

]
− 45

100

[
20

45
log(

20

45
) +

25

45
log(

25

45
)

]
.

Finally, we observe that the information gain IG(π, P ) given in (1) is
the difference between the mean information in game one and the mean in-
formation in game two,

IG(π, P ) = S(P )−H(π).
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3 Relations between the different concepts of

information gain

In this section we propose to explain a relation between the information
gain given by (1) and the specific information gain given by (4) and (5).
In Thermodynamic Formalism a Lipschitz potential φ : Ω → R is called
normalized if

∑
x1
eφ(|x1,x2,x3,...)) = 1, ∀x2, x3, ... ∈ {1, ..., d}. In this case

P (φ) = 0 and furthermore

eφ(|x1,x2,x3,...)) = lim
n→∞

µφ(|x1, x2, ..., xn])∑
i µφ(|i, x2, ..., xn])

(see [37], cor. 3.2.2). We will call, for any shift-invariant probability µ,
Jacobian of µ the function

Jµ(|x1, x2, ...)) := lim
n→∞

µ(|x1, x2, ..., xn])∑
i µ(|i, x2, ..., xn])

= lim
n→∞

µ(|x1, x2, ..., xn])

µ(|x2, ..., xn])
,

which is defined µ−a.e2 . In this way, for a normalized potential φ, we have
that log(Jµφ) = φ, and (5) can be rewritten as

h(µ, µφ) = −[

∫
log(Jµφ) dµ+ h(µ)]. (15)

We also remark that from Lemma 7 in [26] the Kolmogorov-Sinai entropy
satisfies

h(µ) = − sup


∫
c dµ |

c is Lipschitz and∑
x1
ec(|x1,x2,x3...)) = 1

∀x2, x3, ... ∈ {1, ..., d}

 . (16)

Furthermore, for a normalized function φ we have h(µφ) = −
∫
φ dµφ. There-

fore, if µ = µψ is the equilibrium probability for the normalized function ψ,
then (15) can be rewritten as

h(µψ, µφ) = −[

∫
log(Jµφ) dµψ −

∫
log(Jµψ)dµψ] = −[

∫
φ dµψ −

∫
ψdµψ].

In order to explain the relations between h(µ, µφ) and the information gain
given by (1) we need also to extend (1). For a probability π on the finite

2our abstract definition corresponds to the inverse of the usual Jacobian T ′ for the
action of a locally invertible map T and the Lebesgue measure.
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set X ×Y , we will call Jπ(x, y) := πx,y∑
x πx,y

the Jacobian of the probability π

(which is defined π-a.e.). Then, we have that H(π) given in (1) satisfies

H(π) = −
d∑

x=1

r∑
y=1

πx,y log(Jπ(x, y)) = −
∫

log(Jπ) dπ.

In Proposition 62 of Appendix Section 8 we will prove (in a similar way
as in chap. 3 in [34]) that

H(π) = − sup{
∑
x,y

f(x, y)πx,y |
∑
x∈X

ef(x,y) = 1, ∀y}. (17)

For any given probability P on X = {1, ..., d} and any given probability
Q̃ = (q̃1, ..., q̃r) on Y = {1, ..., r}, with q̃i > 0, ∀i, consider the product
measure π0 = P × Q̃ on X × Y . Then,

1. Jπ0(x, y) =
pxq̃y∑
x pxq̃y

=
pxq̃y
q̃y

= px,

2. S(P ) = −
∑
x,y

(π0)x,y log(px) = −
∑
x,y

(π0)x,y log(Jπ0(x, y)) = H(π0),

3. If π is any probability on X × Y with x-marginal P , then,

IG(π, P ) = S(P )−H(π)
2.
= H(π0)−H(π)

= −[

∫
log(Jπ0) dπ0 +H(π)]

= −[

∫
log(Jπ0) dπ +H(π)],

where the last equality is satisfied because Jπ0(x, y)
1.
= px depends only on

the first coordinate, and the x-marginal of both probabilities π and π0 is the
probability P .

This allows us to extend the definition of information gain (1) in the
following way:

Definition 8. Let π0, π be probabilities on X × Y , such that (π0)x,y >
0, ∀ (x, y) ∈ X × Y . We define the information gain of π with respect to
π0 by

IG(π, π0) = −[

∫
log(Jπ0) dπ +H(π)]. (18)

The expression of the information gain IG(π, π0) and the expression of
the specific information gain h(µ, µφ) given in (15) are similar. Furthermore,
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the Jacobians and both variational characterizations of h(µ) and H(π) given
in (16) and (17) are alike.

We believe that the next remark can help the reader in understanding
why the introduction of probability kernels is natural to replace finite sets
by measurable sets (in the study of Information gain).

Remark 9. In the right hand side of above expression (18) does not appear
π0 but only Jπ0. If Q̃ is the y marginal of π0 then, by definition of Jπ0, for
any function f ,∑

x,y

f(x, y)π0(x, y) =
∑
x,y

f(x, y)Jπ0(x, y)Q̃(y).

Furthermore, for each fixed y we have that
∑

x J
π0(x, y) = 1. Therefore, for

each fixed y, we can interpret Jπ0 as a probability in X × {y}. In this way
Jπ0 is a probability kernel in the sense of Definition 1. A similar remark is
true for (15).

4 Information Gain and probability kernels

Our purpose in this section is to extend the definition of information gain
IG(π, π0), given by (18), for the case when X and Y are measurable spaces.
As we will see, a natural way of to extend (18) is by considering probability
kernels and the notion of entropy given in [24]. This entropy is an extension
of that previously introduced in [25] and [35] for compact spaces using an
a priori probability. In [35] an entropy has been introduced for holonomic
probabilities associated with iterated function systems (IFS), but we point
out that the expression of the entropy in [35] does not use such structures.
It may seem surprising, but it is related, by a variational principle, with the
spectral radius of a transfer operator which is defined from the IFS. As we
will see below the entropy considered in this section does not consider any
dynamics.

From now on we consider σ−algebrasA on X and B on Y and the product
σ−algebra on X × Y . If c : X × Y → R is measurable then, for any fixed
y ∈ Y , the function cy(x) := c(x, y) defined on X is measurable (see [5]
Theorem 6.7).

In order to make an identification with the setting of [24] we consider in
the space X × Y the equivalence relation (x1, y1) ∼ (x2, y2), if and only if,
y1 = y2. So the equivalence classes are the horizontal lines of X × Y . The so
called transverse functions in [24] corresponds to probability kernels in the
present setting (see Definition 1).
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If X and Y are metric spaces, as considered in [24], then condition 1)
in Definition 1 is equivalent to say that the probability νy has support on
Xy. Another equivalent way of defining a probability kernel is as a family of
probabilities ν̂y on X such that for any measurable set B ⊂ X we have that
y → νy(B) is measurable (to prove this statement, just adapt the reasoning
of Theorem 6.4 in [5] to the current setting).

The next definition was taken from the reasoning of [24].

Definition 10. We define the entropy of any probability π on X×Y relative
to the probability kernel ν̂ as

H ν̂(π) = − sup{
∫
c(x, y) dπ(x, y) |

∫
ec(x,y)ν̂y(dx) = 1 ∀y, c ∈ F(π)},

where F(π) is the set of measurable functions with a well-defined integral
with respect to π.

It follows from Lemma 16 below that we can take the above supremum
over functions c which are bounded below. Such functions belongs to F(π),
even though we may have

∫
c dπ = +∞.

Usually, we also fix a probability ν on X satisfying supp(ν) = X, which
we call an a priori probability on X. Given an a priori probability ν on
X and considering the identification of X and Xy, we can consider the a
priori probability kernel ν̂ as given by ν̂y(dx) = ν(dx) (for condition 2. see
Theorem 6.4 in [5]). In this case we write ν̂ ≡ ν, and we denote H ν̂(π) also
by Hν(π), which will be given by

Hν(π) = − sup{
∫
c(x, y) dπ(x, y) |

∫
ec(x,y)dν(x) = 1 ∀y, c ∈ F(π)}.

Definition 11. We say that a measurable function c : X × Y → R is ν̂-
normalized if ∫

ec(x,y)ν̂y(dx) = 1 ,∀y ∈ Y.

If ν is an a priori probability on X, we say that c : X → R is ν−normalized,
if it is measurable and

∫
ecdν = 1.

Example 12. If ν is an a priori probability on X and c : X × Y → R is
ν-normalized, that is, ∫

ec(x,y)dν(x) = 1 ,∀y ∈ Y,

then defining, for each y, the probability ν̂y on Xy by ν̂y(dx) := ec(x,y)dν(x),
we get that ν̂ is a probability kernel. It corresponds to the case where all
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the probabilities ν̂y are densities for the same probability ν. More generally,
if ν̂ is a probability kernel and c is ν̂−normalized, then ec(x,y)ν̂y(dx) is a
probability kernel too. If Q is a probability on Y we get also a probability
π := ν̂ dQ on X × Y by (14) and the right hand side is a disintegration of π
with respect to the horizontal lines of X × Y . If ν̂ ≡ ν we get ν̂dQ = dνdQ
is a product measure.

The function c = 0 is ν̂−normalized and therefore H ν̂(π) ≤ 0. If ν̃ is
not a probability, but just is a finite measure on X, satisfying ν̃(X) = d and
we define dν̂ := 1

d
dν̃, then H ν̃(π) = H ν̂(π) + log(d), where H ν̃ is defined

in a similar way. Now, taking X and Y as finite sets, ν̃ as the counting
measure on X and applying equation (17), we came to the conclusion that
such definition of entropy is a natural extension of the definition of H(π).

If P is a probability on X we also define

Sν(P ) := − sup

{∫
c(x) dP (x) |

∫
ec(x) dν(x) = 1, where c ∈ F(P )

}
.

We start by proving the next theorem which shows that the above defini-
tions provide variational characterizations of the Kullback-Leibler divergence.
It also shows that −H ν̂ is equivalent to generalized conditional relative en-
tropy (see chap. 5 in [18]) as explained in the Introduction Section.

Theorem 13. Let P and ν be probabilities on X, π be a probability on X×Y
with y−marginal Q and ν̂ be a probability kernel. Then,

Sν(P ) = −DKL(P | ν) and H ν̂(π) = −DKL(π | ν̂ dQ).

Consequently, if ν̂ ≡ ν, we have Hν(π) = −DKL(π | ν ×Q).

The proof will be divided into several lemmas (the last one is Lemma 21
which will finish the proof).

Remark 14. It is known that (see for example chap.5 of [18])

DKL(P | ν) = sup

{∫
c dP − log(

∫
ec dν), where c ∈ F(P ) and

∫
ec dν <∞

}
.

It follows that

DKL(P | ν) = −Sν(P ) and DKL(π | ν̂ dQ) ≥ −H ν̂(π).

Anyway we provide a complete proof.
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Definition 15. We say that a measurable function J : X × Y → [0,+∞) is
a ν̂ − Jacobian, if

∫
J(x, y) ν̂y(dx) = 1, ∀y ∈ Y .

Given an a priori probability ν on X, we say that a measurable function
J : X → [0,+∞) is a ν−Jacobian if

∫
Jdν = 1.

If c is ν̂−normalized, then J = ec is a ν̂-Jacobian. On the other hand, if
J is a ν̂−Jacobian and it does not assume the value zero, then c = log(J) is
ν̂−normalized.

Lemma 16.

H ν̂(π) = − sup

{∫
log(J(x, y)) dπ(x, y) | J is a ν̂-Jacobian

}
.

Furthermore, we can also take the supremum over positive Jacobians J sat-
isfying inf{J(x, y)|x ∈ X, y ∈ Y } > 0.

Proof. If c is ν̂−normalized then J = ec is a ν̂-Jacobian. It follows that

sup

{∫
log(J(x, y)) dπ(x, y) | J is a ν̂-Jacobian

}
≥ sup

{∫
c(x, y) dπ(x, y) | c is ν̂-normalized

}
.

On the other hand, for any fixed ν̂-Jacobian J , let Jn =
J+ 1

n

1+ 1
n

. As J ≥ 0 we

have Jn ≥ 1
n+1

. The function Jn is also a ν̂−Jacobian. Furthermore,∫
log(J) dπ ≤ lim inf

n

∫
log(J +

1

n
)dπ = lim inf

n

∫
log(Jn) dπ.

As the function cn = log(Jn) is ν̂−normalized and bounded below, this ends
the proof.

Lemma 17. Let P be a probability on X and π be a probability on X × Y ,
with x−marginal P . If P is not absolutely continuous with respect to the a
priori probability ν, then Sν(P ) = −∞ and Hν(π) = −∞.

Proof. If P is not absolutely continuous with respect to ν then there exists
a measurable set A, such that, ν(A) = 0 and P (A) > 0. For each β > 0, let
cβ : X → R be the measurable function defined as

cβ(x) =

{
0 ifx ∈ X − A
β ifx ∈ A .

Then, we have
∫
ecβ(x) dν(x) = 1 and

∫
cβ(x) dπ(x, y) =

∫
cβ(x) dP (x) =

βP (A). As β is arbitrary, we can take β → +∞, and then we get that
Sν(P ) = −∞ and also that Hν(π) = −∞.
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Observe that J0 := dP
dν

is a ν−Jacobian. Let X0 = {x ∈ X | J0(x) > 0}.
Given any measurable and bounded function f : X → R, we have∫

f dP =

∫
f · J0 dν =

∫
f · IX0 · J0 dν =

∫
X0

f dP.

It follows that P (X0) = 1 and
∫
f(x) dP (x) =

∫
X0
f(x) dP (x), for any mea-

surable function f .
Furthermore the integral

∫
log(J0)dP is well defined (it can be +∞) be-

cause
∫

log(J0)dP =
∫

log(dP
dν

)dP
dν
dν and the function x log(x) is bounded

below.

The next result shows that −Sν(P ) is the Kullback-Leibler divergence of
P with respect to ν.

Lemma 18. Let P be a probability on X, such that, P � ν. Then,

Sν(P ) = −DKL(P | ν) = −
∫

log(
dP

dν
) dP.

Proof. Let J0 := dP
dν

and X0 := {x ∈ X | J0(x) > 0}. We claim that∫
X0

log(J0) dP = sup

{∫
X0

log(J(x)) dP (x) | J is a ν−Jacobian

}
.

Indeed, from Lemma 16 we can consider a ν−Jacobian J : X → (0,+∞)
such that infx,y J(x, y) > 0. By applying the Jensen’s inequality we have∫

X0

log

(
J

J0

)
dP ≤ log

∫
X0

J

J0

dP = log

∫
X0

J dν ≤ log

∫
J dν = 0.

This shows that ∫
X0

log(J) dP ≤
∫
X0

log(J0) dP.

A similar estimate for π will be described by the next result.

Lemma 19. Assume that there exists a ν̂−Jacobian J on X × Y satisfying∫∫
f(x, y)J0(x, y) ν̂y(dx)dπ(x, y) =

∫
f(x, y) dπ(x, y), (19)

for any measurable function f : X × Y → R. Then,

H ν̂(π) = −
∫

log(J0) dπ.
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Proof. The reasoning is similar to the previous case. The set A0 = {(x, y) ∈
X × Y |J0(x, y) > 0} satisfies π(A0) = 1. For any ν̂−Jacobian J : X × Y →
(0,+∞), satisfying infx,y J(x, y) > 0 we have∫

A0

log

(
J

J0

)
dπ ≤ log

∫
A0

J

J0

dπ = log

∫
J

J0

· IA0 · J0 ν̂
y(dx)dπ(x, y)

= log

∫
J · IA0 ν̂

y(dx)dπ(x, y) ≤ log

∫
J ν̂y(dx)dπ(x, y) = 0.

We will say that a function J0 satisfying (19) is a ν̂−Jacobian of π.

Denoting by Q the y−marginal of π, the equation (19) can be rewritten
as ∫∫

f(x, y)J0(x, y) ν̂y(dx)dQ(y) =

∫
f(x, y) dπ(x, y)

and so J0(x, y) ν̂y(dx)dQ(y) is a disintegration of π with respect to the hor-
izontal lines of X × Y . Supposing also that ν is an a priori probability on
X, and ν̂ ≡ ν, we get that π � ν × Q, with dπ

dνdq
= J0. Then, under the

hypotheses of the above proposition and assuming that ν̂ ≡ ν, we get (see
also (11))

Hν(π) = −DKL(π | ν ×Q).

Lemma 20. Let ν̂ be a probability kernel and π be a probability on X × Y
with y−marginal Q. Suppose that π � ν̂ dQ. Then

H ν̂(π) = −DKL(π | ν̂ dQ).

Proof. We suppose that π � ν̂ dQ and we denote by J its Radon-Nikodyn
derivative. Then, for any measurable function g : X × Y → R we have∫∫

g(x, y)J(x, y) ν̂y(dx)dQ(y) =

∫
g(x, y) dπ(x, y).

As Q is the y-marginal of π, taking functions g depending just of the second
coordinate, we get∫

g(y)[

∫
J(x, y) ν̂y(dx)]dQ(y) =

∫
g(y) dQ(y).

Then
∫
J(x, y) ν̂y(dx) = dQ

dQ
= 1 for Q−a.e. y. Replacing J by 1 in a subset of

X ×Y having zero measure with respect to π, we get a measurable Jacobian
J̃ satisfying, for any measurable function g : X × Y → R,∫∫

g(x, y)J̃(x, y) ν̂y(dx)dQ(y) =

∫
g(x, y) dπ(x, y).
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It follows from Lemma 19 that

H ν̂(π) = −
∫

log(J̃) dπ = −DKL(π | ν̂ dQ).

Lemma 21. Let ν̂ be a probability kernel and π be a probability on X × Y ,
with y−marginal Q. If π is not absolutely continuous with respect to ν̂ dQ,
then H ν̂(π) = −∞.

Proof. If π is not absolutely continuous with respect to ν̂ dQ, then, there
exists a measurable set A ⊂ X × Y , such that,

∫
ν̂y(A) dQ(y) = 0 and

π(A) > 0. It follows that {y | ν̂y(A) 6= 0} is a measurable set on Y satisfying
Q({y | ν̂y(A) 6= 0}) = 0. The set X × {y | ν̂y(A) 6= 0} is measurable in
X × Y and, as the y−marginal of π is Q, we get π(X × {y | ν̂y(A) 6= 0}) =
Q({y | ν̂y(A) 6= 0}) = 0. Let B = A − (X × {y | ν̂y(A)) 6= 0}). The set B is
measurable and π(B) = π(A) > 0, while ν̂y(B) = 0 ∀y ∈ Y .

For each β > 0, let cβ : X × Y → R be the measurable function defined
as

cβ(x, y) =

{
0 if (x, y) ∈ BC

β if (x, y) ∈ B .

Then, for each fixed y we have∫
ecβ(x,y) dν̂y(dx) = eβ ν̂y(B) + e0ν̂y(BC) = 1.

This shows that cβ is ν̂−normalized. The rest of the proof is similar to the
reasoning of Proposition 17.

The above results end the proof of Theorem 13.

Proposition 22. Let P be a probability on X satisfying P � ν. Consider
any probability Q on Y and any probability π on X × Y , with x−marginal
P . Then, we have:
1. Hν(π) ≤ Sν(P )
2. Sν(P ) = Hν(P ×Q).

Proof. The proof of item 1. is a direct consequence of the definitions of Sν

and Hν because we can consider any measurable function c : X → R, as
a measurable function defined on X × Y which depends just on the first
coordinate.

In order to prove item 2. we consider the function J(x, y) = dP
dν

(x). This
function is a ν−Jacobian of P × Q, then, applying Propositions 18 and 19,
we conclude the proof.
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The proof of the next result follows the same reasoning which was used
in [25] and [24].

Proposition 23. The entropy H ν̂(·) has the following properties:
1. H ν̂ is concave
2. H ν̂ is upper semi continuous. More precisely, if

∫
fdπn →

∫
f dπ, for any

measurable and bounded function f on X×Y , then, lim sup
n

H ν̂(πn) ≤ H ν̂(π).

Definition 24. We define the information gain of a probability π on
X × Y , with respect to the a priori probability kernel ν̂, as

IG(π, ν̂) = −H ν̂(π).

If π has marginals P and Q and π � P ×Q, then choosing ν̂ ≡ P we get

IG(π, P ) = −HP (π) = DKL(π |P ×Q),

which corresponds to the mutual information given by (11). As c = 0 is
ν̂−normalized we get IG(π, ν̂) ≥ 0. Furthermore, IG(π, ν̂) = 0, if dπ =
ν̂y(dx)dQ(y), for some Q.

The information gain IG(π, P ) above defined can be computed from
Sν(P ) and Hν(π), and it “does not depend” on the choice of the a priori
probability ν on X as the following result shows.

Proposition 25. Let P be a probability on X, π be a probability on X × Y ,
with x−marginal P and let ν be an a priori probability on X. Assume that
Sν(P ) and Hν(π) are finite. Then,

IG(π, P ) = Sν(P )−Hν(π).

Proof. By hypothesis there exists φ : X → [0,+∞), a ν−Jacobian of P
and J : X × Y → [0,+∞), which is a ν−Jacobian of π. Denoting by Q
the y−marginal of π, we have dπ(x, y) = J(x, y)dν(x)dQ(y) and dP (x) =
φ(x)dν(x). The set A = {x ∈ X |φ(x) > 0} satisfies P (A) = 1 and, as π
has x−marginal P , we finally get π(A× Y ) = 1. So we can write dπ(x, y) =
J(x,y)
φ(x)

dP (x)dQ(y) and therefore

Sν(P )−Hν(π) = −
∫

log(φ)dP +

∫
log(J)dπ = −HP (π) = IG(π, P ).
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Proposition 26. Let ν̂ be an a priori probability kernel and π be a probability
on X × Y . Given a bounded and ν̂−normalized function φ0 : X × Y → R,
consider the a priori probability kernel µ̂y(dx) = eφ0(x,y)ν̂y(dx). Then,

IG(π, µ̂) = −
∫
φ0 dπ + IG(π, ν̂).

Proof.

IG(π, µ̂) = −H µ̂(π) = sup{
∫
c dπ |

∫
ec(x,y) µ̂y(dx) = 1 ∀y}

= sup{
∫
c dπ |

∫
ec+φ0 ν̂y(dx) = 1∀y}

= sup{
∫
c− φ0 dπ |

∫
ec ν̂y(dx) = 1 ∀y}

= −
∫
φ0 dπ −H ν̂(π).

Corollary 27. Let ν be an a priori probability on X and π be a probability
on X × Y . Given a bounded and ν−normalized function φ0 : X × Y → R,
consider the a priori probability kernel µ̂y(dx) = eφ0(x,y)dν(x). Then,

IG(π, µ̂) = −
∫
φ0 dπ −Hν(π).

This last result shows that the above definition of information gain, using
probability kernels, is a natural extension of (18) (see also Remark 9). Given
a probability Q0 on Y we can associate a probability π0 on X × Y given
by dπ0 = eφ0(x,y)dν(x)dQ0(y). A natural generalization of (18), in principle,
could be given by

IG(π, π0) = −
∫
φ0 dπ −Hν(π), (20)

but we remark that in some cases it is not even well defined. Indeed, if
Y = {0, 1} and π0 = ν × δ0, the functions φ0 and ψ0 given by φ0(x, y) = 0
and ψ0(x, y) = y · f(x), where f 6= 0 is a ν-normalized function, provide two
different disintegrations of π0, which are

dπ0(x, y) = eφ0(x,y)dν(x)dδ0(y) and dπ0(x, y) = eψ0(x,y)dν(x)dδ0(y).
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If π = ν × δ1, then Hν(π) = Hν(ν × δ1) = Sν(ν) = 0, and so

−
∫
ψ0 dπ −Hν(π) = −

∫
ψ0 dπ =

∫
f(x) dν(x)

while

−
∫
φ0 dπ −Hν(π) = 0.

The problem concerning the extension of (18) for measurable spaces can
be solved by using probability kernels. We observe that the right-hand side
of (20) contains just π, φ0 and ν. Therefore, we realize that we are not using
Q0 and the associated π0, but only the probability kernel µ̂ = eφ0dν, which is
part of a disintegration of π0. In this sense, it is natural to define information
gain by using probability kernels and to consider IG(π, µ̂) instead of trying
to define IG(π, π0).

5 Entropy and information gain for compact

metric spaces

In this section, we consider compact metric spaces X and Y equipped with
their respective Borel σ-algebras. We will prove that, in this case, Hν coin-
cides with the entropy considered in [35], which is defined from a supremum
taken over Lipschitz functions instead of measurable functions. This shows
that the concept of entropy, as defined in [24] for metric spaces, which is
also considered here for measurable spaces, extends the concept of entropy
as described in [25] and [35]. This also shows that such entropies are given
by simple expressions concerning DKL. In the second part of this section, we
also propose to rewrite the information gain by using “special” probabilities
π0 instead of probability kernels ν̂ (see the end of the previous section). This
will be coherent with the reasoning of future sections and also extends (5),
(15) and (18) from finite sets (finite alphabet) to compact spaces.

Theorem 28. Suppose that X and Y are compact metric spaces and consider
the Borel sigma-algebras in X and Y . Then,

Hν(π) = − sup{
∫
f(x, y) dπ(x, y)|

∫
ef(x,y) dν(x) = 1, ∀y, with f Lipschitz}.

Proof. By definition

Hν(π) = − sup{
∫
f(x, y) dπ(x, y)|

∫
ef(x,y)dν(x) = 1∀y, f ∈ F(π)}.
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We denote

hν(π) := − sup{
∫
f(x, y) dπ(x, y) |

∫
ef(x,y)dν(x) = 1, ∀y, with f Lipschitz}.

It will be necessary to prove that Hν = hν .

If ψ : X × Y → R is Lipschitz and ν−normalized, Q is any probability
on Y and πψ is the probability on X × Y , given by∫

f(x, y) dπψ(x, y) :=

∫∫
f(x, y)eψ(x,y) dν(x)dQ(y), for f measurable,

then, eψ is a ν-Jacobian of πψ. It follows in this case, that

Hν(πψ) = −
∫
ψ(x, y) dπψ(x, y) = hν(πψ).

Suppose by contradiction there exists a probability η on X×Y such that
−Hν(η) > −hν(η). Consequently, −hν(η) 6= +∞.

First, we claim that there exists a Lipschitz function ϕ : X×Y → R such
that, for any probability π on X × Y ,∫

ϕdη + hν(η) >

∫
ϕdπ +Hν(π).

The proof of this claim follows the same reasoning of the proof of Theorem
3 in [1] (see also [14] chap. 1). We consider the weak* topology on the space
of finite signed-measures and we extend Hν and hν as the value −∞, if π is
not a probability.

As −Hν is convex, non negative and lower semi-continuous, its epigraph
epi(−Hν) = {(π, t) | − Hν(π) ≤ t} is convex and closed. As (η,−hν(η)) /∈
epi(−Hν), it follows from Hahn-Banach Theorem that there is c ∈ R and a
linear functional

(π, t)→
∫
g dπ + at,

where g is a fixed continuous function and a ∈ R is fixed, such that, for any
(π, t) ∈ epi(−Hν) we have∫

g dη − ahν(η) < c <

∫
g dπ + at.

Observe that necessarily a > 0. We denote ϕ = − g
a
. If a probability π

satisfies −Hν(π) < +∞, then (π,−Hν(π)) ∈ epi(−Hν) and finally we get∫
ϕdη + hν(η) > − c

a
>

∫
ϕdπ +Hν(π).

25



Even in the case −Hν(π) = +∞ these inequalities remain valid.
Finally, as the set of Lipschitz functions is dense in the set of continuous

functions (in the uniform convergence) we can assume that for a Lipschitz
function ϕ we have ∫

ϕdη + hν(η) >

∫
ϕdπ +Hν(π),

for any probability π. This finishes the proof of the claim.

Let Q be the y-marginal of η and ϕ̃(y) = log(
∫
eϕ(x,y)dν(x)). The function

ψ(x, y) = ϕ(x, y)− ϕ̃(y) is Lipschitz, ν−normalized and for any probability
π on X × Y , with y−marginal Q, we have∫

ψ dη + hν(η) >

∫
ψ dπ +Hν(π).

Let π = πψ be defined by∫
f(x, y) dπψ(x, y) :=

∫∫
f(x, y)eψ(x,y) dν(x)dQ(y).

Then, as πψ has y− marginal Q and Hν(πψ) = −
∫
ψ dπψ, we get that∫

ψ dη + hν(η) >

∫
ψ dπψ +Hν(πψ) = 0.

This is a contradiction because, by definition of hν ,
∫
ψ dη + hν(η) ≤ 0.

The next results will be necessary later; in the direction of getting a
different point of view for the concept of information gain.

Proposition 29. Let X and Y be compact metric spaces and suppose that
there exists a continuous/Lipschitz function φ : X × Y → R, such that,
J = eφ is a ν-Jacobian of π. Let P and Q be the marginals of π on X and
Y . Then, P is equivalent to ν (each one is absolutely continuous with respect
to each other) and

dP

dν
(x) =

∫
eφ(x,y)dQ(y),

which is also continuous/Lipschitz. There exist constants c2 > c1 > 0, such
that, c1 <

dP
dν

< c2, ∀x ∈ X. Finally, defining ψ := φ − log(dP
dν

), we have
that eψ is a P−Jacobian of π.
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Proof. If a measurable and bounded function g depends only of the first
coordinate, then, using Fubini’s Theorem, we get∫

g(x)dP (x) =

∫
g(x)dπ(x, y) =

∫∫
eφ(x,y)g(x) dν(x)dQ(y)

=

∫
[

∫
eφ(x,y)dQ(y)]g(x) dν(x).

It follows that dP
dν

(x) =
∫
eφ(x,y)dQ(y) is a density. Clearly the function

dP
dν

is continuous/Lipschitz and there are constants c2 > c1 > 0, such that,
c1 <

dP
dν

(x) < c2, ∀x ∈ X. This shows that P and ν are equivalent and that
log(dP

dν
) is continuous/Lipschitz.

Let ψ(x, y) := φ(x, y) − log(dP
dν

)(x). Then, for any measurable and
bounded function g : X × Y → R we have∫

eψ(x,y)g(x, y) dP (x) =

∫
eφ(x,y)g(x, y)dν(x).

By integrating both sides with respect to Q and using the fact that eφ is a
ν−Jacobian of π, we get∫

[

∫
eψ(x,y)g(x, y)) dP (x)]dQ(y) =

∫
g(x, y)dπ(x, y).

This shows that ψ is a P−Jacobian of π.

Proposition 30. Suppose that X and Y are compact metric spaces. Let ν
be a probability on X with supp(ν) = X and φ : X ×Y → R be a continuous
function. Let π0 be a probability on X × Y with ν-Jacobian J = eφ. If π0

is positive on open sets of X × Y , then φ is the unique continuous function,
such that, eφ is a ν−Jacobian of π0.

Proof. Let Q be the y-marginal of π0 and φ2 be a continuous function, such
that, eφ2 is a ν−Jacobian of π0. Then,

dπ0(x, y) = eφ(x,y)dν(x)dQ(y) and dπ0(x, y) = eφ2(x,y)dν(x)dQ(y).

This shows that the positive functions eφ2 and eφ satisfy eφ2(x,y) = eφ(x,y),
π0-a.e. (x, y) ∈ X × Y . As π0 is positive on open sets and φ, φ2 are also
continuous, we get φ2(x, y) = φ(x, y), for all (x, y) ∈ X × Y .

Definition 31 (Information Gain for compact spaces). Let X and Y be
compact metric spaces and π0 be a probability on X × Y which is positive on
open sets and has x−marginal P0. Suppose there exists a continuous function
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ψ0 : X × Y → R, such that, eψ0 is a P0−Jacobian of π0. For any probability
π on X × Y we define the information gain of π with respect to π0 as

IG(π, π0) = −
∫
ψ0 dπ −HP0(π). (21)

Suppose that π0 has y−marginal Q0 and dπ0(x, y) = eψ0(x,y)dP0(x)dQ0(y).
Observe that in the expression −

∫
ψ0 dπ − HP0(π) of (21) appears ψ0 and

P0 but not Q0. By considering the probability kernel ν̂y(dx) = eψ0(x,y)dP0(x)
the next result shows that this definition is coherent with Definition 24.

Proposition 32. Under the assumptions of Definition 31, we define ν̂y(dx) =
eψ0(x,y)dP0(x). Then,

IG(π, π0) = IG(π, ν̂).

Proof. It is a consequence of Corollary 27.

The next proposition shows that the above interpretation of information
gain does not depend, in a sense to be explained, on the choice of the a priori
probability ν.

Proposition 33. Let X and Y be compact metric spaces and π0 be a probabil-
ity on X×Y which is positive on open sets. Let ν be an a priori probability on
X. Suppose there exist a continuous function φ, such that, eφ is a ν-Jacobian
of π0. Let π be any probability on X × Y . Then,

IG(π, π0) = −
∫
φ dπ −Hν(π).

Proof. Let P and Q be the marginals of π0. From Lemma 29, P is equivalent
to ν, with dP

dν
(x) =

∫
eφ(x,y)dQ(y). Furthermore, the continuous function

ψ := φ−log(dP
dν

) is such that eψ is the P−Jacobian of π0. Clearly, eψ−φ = dν
dP

,
and so a Lipschitz function c is ν-normalized, if and only if, c+ ψ − φ is P -
normalized.

It follows that for any probability π we get

Hν(π) = HP (π) +

∫
ψ − φ dπ.

Therefore,

IG(π, π0) = −
∫
ψ dπ −HP (π) = −

∫
φ dπ −Hν(π).
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From the above, it is legitimate to say that (21) generalizes (18). The next
example shows that in a certain sense to be explained, (21) also generalizes
(5) and (15).

Example 34. Suppose X = {1, 2, ..., d}, Y = {1, 2, ..., d}{2,3,4,5,...} and iden-
tify Ω with X × Y by the homeomorphism

Ω 3 |x1, x2, x3, x4, ...)→ (x1, |x2, x3, x4, ...)) ∈ X × Y. (22)

When considering the a priori probability ν as the counting measure on X,
we get that a ν−Jacobian of an invariant probability π is given by

Jπ(x1, x2, x3, ...) = lim
n→∞

π(x1, x2, ...., xn)

π(x2, x3, ...xn)
,

for π a.e. x ∈ Ω (it can be extended for any point of Ω by taking Jπ = 1
d

in a set of zero measure). Furthermore, the Kolmogorov-Sinai entropy of π
coincides with Hν(π). A measurable function φ : Ω → R is normalized if∑

a e
φ(|a,x2,x3,...)) = 1, for all |x2, x3, ...). If φ is Lipschitz with corresponding

equilibrium probability πφ, then the unique continuous Jacobian of πφ is eφ

and the pressure of φ is zero. In this case, it follows from (5) and Proposition
33 that for any invariant probability π we have

h(π, πφ) = IG(π, πφ).

6 Specific information gain in the TFCA model

In this section, we introduce a dictionary connecting the definitions and
results of previous sections with analogous ones for the TFCA model. This
will allow us to introduce the specific information gain in this setting; a
necessary step for introducing the concept of entropy production in the next
section. First, we will remember some of the main definitions and results for
the TFCA model described in [25] and which will be extensively used here.

Let (M,d) be a compact metric space and denote by Ω = Ω+ the space
MN. Elements in Ω will be written in the form x = |x1, x2, x3, ...), xi ∈ M .

The space Ω is compact using the metric d(x, y) =
∑∞

i=1
d(xi,yi)

2i
. We also

consider the Borel sigma-algebra in Ω.
The relation of the setting of this section with the previous ones can

be clarified by considering X = M , Y = M{2,3,4,5,...} and identifying Ω
with X × Y , using the homeomorphism given in (22). Observe that Y can
be also identified with X × Y using the homeomorphism |x2, x3, x4, ...) →
(x2, |x3, x4, x5, ...)). From this identification the shift map σ : Ω → Ω given
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by σ(|x1, x2, x3, ...)) = |x2, x3, ...) can be also interpreted as the projection
on Y . We say that a probability µ on Ω = MN is invariant for the shift map
σ (or, shift-invariant), if for any continuous function f : Ω → Ω, we have∫
f dµ =

∫
f ◦ σ dµ.

Assume we fixed an a priori probability ν on M satisfying supp(ν) = M .
For each Lipschitz function A : Ω → R we consider the linear operator
LA,ν : C(Ω)→ C(Ω) defined by

LA,ν(f)(x) =

∫
eA(|a,x1,x2,x3,...))f(|a, x1, x2, x3, ...)) dν(a), x = |x1, x2, x3, ...).

We call LA,ν the Ruelle operator (or, transfer operator) associated to the
Lipschitz potential A and the a priori probability ν (we refer the reader to
[25] for general properties of this operator).

For this operator there exists a unique (simple) positive eigenvalue λA
associated to a positive eigenfunction h = hA. If a continuous function h > 0
satisfies LA,ν(h) = λA ·h, then h is Lipschitz. If h1 and h2 are eigenfunctions
associated to λA, then h2 = c · h1 for some constant c. There exists a unique
probability measure ρA on Ω satisfying L∗A,ν(ρA) = λA ·ρA, which means that∫

LA,ν(f) dρA = λA

∫
f dρA,

for any continuous function f : Ω → R. For a matter of convenience we fix
the eigenfunction hA which satisfies

∫
hA dρA = 1.

We point out that in the case the space of symbols M is not countable
we really need to introduce an a priori probability in order to get a transfer
operator.

A Lipschitz function A is called ν-normalized if LĀ,ν(1) = 1, that is,∫
eA(|a,x1,x2,x3,...)) dν(a) = 1, ∀x = |x1, x2, x3, ...).

The function
Ā = A+ log(hA)− log(hA ◦ σ)− log(λA) (23)

is ν-normalized. The associated eigenprobability ρĀ is shift-invariant and it
will be denoted also by µA. It also satisfies dµA = hAdρA and L∗

Ā,ν
(µA) = µA.

The relative entropy of an invariant probability µ on Ω with respect to
the a priori probability ν on M is defined in [25] as

hν(µ) = − sup
B is ν−normalized

∫
B dµ.
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Considering the above identification of Ω and X × Y and applying Theorem
28 we see that this definition is consistent with the previous definition of Hν .
Let us formally enunciate this result (using also Theorem 13).

Theorem 35. Denoting by π the probability on X×Y , which corresponds to
the shift-invariant probability µ on Ω, we get that the relative entropy hν(µ),
as defined in [25], coincides with Hν(π). Furthermore, if Q is the y−marginal
of π (which is identified with π because µ is shift invariant), then we have

hν(µ) = Hν(π) = −DKL(π | ν ×Q).

In [1] it is proved that hν(µ) coincides with the so called specific entropy
of Statistical Mechanics (see [17]).

For any Lipschitz function A : Ω → R we have hν(µA) = −
∫
Ā dµA.

Furthermore,

Pν(A) := sup
µ shift−invariant

∫
Adµ+ hν(µ) =

∫
AdµA + hν(µA) = log(λA).

The number Pν(A) is called the ν−pressure of A. A probability µ attaining
the supremum value Pν(A) is called an equilibrium probability for A. In
[1] it is proved that µA is the unique equilibrium probability for A.

If M is a finite set with d elements and the a priori probability ν is set to
be the counting measure (which is not a probability), then the relative en-
tropy hν(µ) above defined coincides with the Kolmogorov-Sinai entropy h(µ)
(see Prop.7 in [25] and Lemma 7 in [26]). If we set the a priori probability
ν as the normalized counting measure on M (which is a probability), then
hν(µ) = h(µ)− log d ≤ 0.

We remark that all the above concepts depend on the choice of the a
priori probability on M . A universe of different choices is possible. If ν1 and
ν2 are two different a priori probabilities which are not equivalent, then a
probability µ on Ω could be a ν1-equilibrium probability, and, at the same
time, it not to be a ν2-equilibrium probability (see Proposition 36).

We will call an invariant probability µ on Ω of equilibrium probability
if there exists at least one a priori probability ν, satisfying supp(ν) = M , and
also a Lipschitz ν-normalized function A, such that, L∗(A,ν)(µ) = µ. In this
case the probability µ is the ν-equilibrium probability for the normalized
potential A. If A is a Lipschitz function which is not normalized we can
apply the construction given by (23) and we get an associated normalized
potential Ā (which is also Lipschitz). The probability µ is the ν-equilibrium
probability for both functions A and Ā.
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Let A : Ω→ R be a ν−normalized Lipschitz function. We will call eA of a
ν−Jacobian of the shift-invariant probability µ if for any continuous function
g : Ω→ R we have∫∫

eA(|a,x2,x3,...))g(|a, x2, x3, ...))dν(a)dµ(|x2, x3, ...)) =

∫
g(x)dµ(x).

The following statements are equivalent for a ν−normalized Lipschitz func-
tion A and a shift-invariant probability µ on Ω:
i. eA is a ν−Jacobian of µ;
ii. µ is the ν-equilibrium probability of A;
iii. L∗(A,ν)(µ) = µ.

Given an equilibrium probability µ we denote by Pµ the projection of µ on
the first coordinate. This means that for any continuous function g : Ω→ R,
which depends only of the first coordinate, we have∫

M

g(a)dPµ(a) :=

∫
Ω

g(x1)dµ(|x1, x2, x3, ...)).

The next result is a Corollary of Proposition 29.

Proposition 36. Suppose that µ is an equilibrium probability and let Pµ be
the projection of µ on the first coordinate. If µ is the ν-equilibrium probability
for the Lipschitz normalized potential A, then ν is equivalent to Pµ and

dPµ
dν

(a) =

∫
eA(|a,x1,x2,x3...))dµ(|x1, x2, x3, ...)),

which is also Lipschitz.

It is known that any equilibrium probability µ is positive on open sets of
Ω = MN (see Prop. 3.1.8. in [33] - see also [7]). Therefore, the next result is
a Corollary of Proposition 30.

Proposition 37. Let µ be an equilibrium probability and let ν be an a priori
probability. Suppose A is a Lipschitz ν−normalized function, such that, µ is
the ν−equilibrium for A, then A is the unique Lipschitz ν−Jacobian of µ.

The next definition is inspired by (5) and (21).

Definition 38. Let η be a shift-invariant probability and µ be an equilibrium
probability. Then, we define the specific information gain of η, with
respect to µ, by

h(η, µ) =

[∫
B dµ+ hPµ(µ)

]
−
[∫

B dη − hPµ(η)

]
, (24)

where B is any Lipschitz function, such that, µ is the Pµ-equilibrium proba-
bility of B.
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Observe that by the variational principle the information gain is ≥ 0.
There exists a unique Pµ-normalized function B̄, such that, µ is the Pµ-

equilibrium for B̄. If B is not normalized, then there exists a positive function
hB and a positive number λB, such that,

B̄ = B + log(hB)− log(hB) ◦ σ − log(λB).

It follows that∫
B dµ+ hPµ(µ)−

∫
B dη− hPµ(η) =

∫
B̄ dµ+ hPµ(µ)−

∫
B̄ dη− hPµ(η).

This shows that h(η, µ) is well defined (it does not change if either B is Pµ-
normalized, or not). We remark that if B is (the unique possible) normalized
potential, then

∫
B dµ+hPµ(µ) = 0 and therefore we get the following result

which is a particular version of (21).

Proposition 39. If µ is an equilibrium probability and eB is the Lipschitz
Pµ−Jacobian of µ, then

h(η, µ) = −
∫
B dη − hPµ(η).

The above definition considers, for an equilibrium probability µ, the a pri-
ori probability Pµ. In this way, the previous definition of specific information
gain does not allow a choice of ν. The next result, which is a Corollary of
Proposition 33, shows that if we exchange Pµ by another a priori probability
ν, then, it is true a similar formula for h(η, µ). This means, that the infor-
mation gain does not depend on the particular choice of ν, as long as µ is a
ν-equilibrium probability.

Proposition 40. Consider any a priori probability ν and any Lipschitz func-
tion A, such that, µ is the ν-equilibrium probability for A. Let η be any
invariant probability. Then h(η, µ) as defined in (24) satisfies

h(η, µ) =

[∫
Adµ+ hν(µ)

]
−
[∫

Adη − hν(η)

]
. (25)

Proof. First note that if we replace A by its normalization Ā, then the value
on the right hand side of the above expression does not change. Then, we
can suppose that A is ν−normalized. In this case, it is just necessary to
prove that

h(η, µ) = −
[∫

Adη − hν(η)

]
. (26)

It follows from Theorem 35 and above proposition that h(η, µ) corresponds
to IG(π, π0) in Definition 31. In this way, using this dictionary, equation
(26) follows from Proposition 33.
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Example 41. Consider any a priori probability ν and the Lipschitz function
A = 0. We observe that ν̄ = ν × ν × ν × ... is the ν-equilibrium probability
for A = 0. Given any invariant probability η, then

h(η, ν̄) = −hν(η). (27)

Therefore, the specific information gain generalizes the concept of relative
entropy in [25].

Now we propose an interpretation of the information gain by using trans-
fer operators defined from a priori probability kernels.

Remark 42. Let µ be an equilibrium probability and suppose that eB is the
Lipschitz ν−Jacobian of µ. Consider the identification of Ω and X × Y
given by (22) and then define an a priori probability kernel on Ω by ν̂y(da) =
eB(a,y)dν(a), y = |·, x2, x3, x4, ...). For a fixed ν̂−normalized function A, let
HA be the operator acting on bounded and measurable functions f : Ω → R
by

HA(f)(y) =

∫
eA(a,y)f(a, y)ν̂y(da), y = |x1, x2, x3, ...).

Let η be a shift-invariant probability on Ω and suppose there exists a ν̂-
normalized function A such that H∗A(η) = η. This means that for any mea-
surable function f , we have∫

eA(a,y)f(a, y) ν̂y(da)dη(y) =

∫
f(y) dη(y).

Then, h(η, µ) = IG(η, µ) = IG(η, ν̂) = −H ν̂(η) =
∫
Adη. Furthermore,

IG(η, µ) = sup{
∫
c dη | c is ν̂ − normalized}.

We finish this section by recalling some results presented in [1]. Let η, µ
be two probabilities on Ω. For each Γ ⊂ N consider the canonical projection
πΓ : Ω→MΓ and, for each n ∈ N, denote by Λn the set {1, ..., n}. Moreover,
denote by An, the σ-algebra on Ω generated by the projections {πΓ, Γ ⊂ Λn}.
Denote also

HΛn(η |µ) =

{ ∫
Ω

dη|An
dµ|An

log
(
dη|An
dµ|An

)
dµ, if η � µ on An

+∞, otherwise
.

The next result is a consequence of Theorems 1 and 3 in [1]. From this
result, we get an alternative and equivalent way of extending the concept of
specific information gain for the TFCA model by considering (4) instead (5)
and (21).
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Proposition 43. If µ is an equilibrium probability and η is shift-invariant
on Ω, then

lim
n→∞

1

n
HΛn(η |µ) = h(η, µ).

7 The Involution kernel and the entropy pro-

duction in the TFCA model

In the same way as in last section we assume that M is a compact met-
ric space. We denote by Ω− the space MN with elements written in the
form y = (..., y3, y2, y1|, yi ∈ M , and using the same metric as the one pre-
viously defined in Ω = Ω+. Furthermore, σ− : Ω− → Ω− is defined by
σ−((..., y4, y3, y2, y1|) = (..., y4, y3, y2|. Points in Ω̂ = Ω− × Ω+ are written in
the form

(y |x) = (..., y3, y2, y1|x1, x2, x3, ...)

and the bidirectional shift map σ̂ : Ω̂→ Ω̂ is defined by (7).
Observe that (Ω−, σ−) can be identified with (Ω, σ) from the conjugation

θ : Ω− → Ω, given by θ((..., z3, z2, z1|) = |z1, z2, z3, ...). Using this conjugation
any result previously stated for (Ω, σ) has an analogous claim for (Ω−, σ−).

Consider a Lipschitz function A : Ω− × Ω → R, which does not depend
of y ∈ Ω−. Then, it is naturally expressed as A(x) = A ( |x1, x2, x3, ...) ).
One can show that there exists a (several, in fact) Lipschitz function W :
Ω−×Ω→ R, which is called an involution kernel, and a Lipschitz function
A−, such that

A− := A ◦ σ̂−1 +W ◦ σ̂−1 −W, (28)

where the function A− does not depend on x ∈ Ω (see [2],[25]). The action
of A− is naturally expressed in coordinates y = (..., y3, y2, y1| as y → A−(y)
and the action of W can be expressed as (y |x) → W (y |x). All the above
can be written in the form:

A−((..., y3, y2, y1|) = A(|y1, x1, x2, ...) ) +W (..., y3, y2|y1, x1, x2, ...)
−W (..., y3, y2, y1|x1, x2, ...)

, (29)

for any (..., y3, y2, y1|x1, x2, x3, ...) ∈ Ω̂.

Definition 44. We say that a function A− : Ω− → R satisfying (28) is a
dual potential of A (via W ). Moreover, we say that A is symmetric if
A = A− ◦ θ−1, for some dual potential A−, where θ was defined by (8).
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As we mentioned in the Introduction Section, for several important ex-
amples of potentials A it is possible to get the involution kernel W in an
explict form (see [2], [3], [8]).

Following [2] and [25] we state two propositions.

Proposition 45. Let A : Ω+ → R be a Lipschitz function and W : Ω̂ → R
be a Lipschitz involution kernel for A. Consider the function A− which was
defined by (28). Fix an a priori probability ν on M . Then, for any x ∈ Ω+,
y ∈ Ω− and any function f : Ω̂→ R,

LA−,ν
(
f(·|x) eW (·|x)

)
(y) = LA,ν

(
f ◦ σ̂(y|·) eW (y|·)) (x). (30)

Proposition 46. Let A : Ω+ → R be a Lipschitz function and W : Ω̂ → R
be a Lipschitz involution kernel for A. Consider the function A− as de-
fined by (28). Fix an a priori probability ν on M . Let ρA and ρA− be
the eigenmeasures for L∗A,ν and L∗A−,ν, respectively. Suppose c is such that∫∫

eW (y|x)−c dρA−(y)dρA(x) = 1, and denote K(y|x) := eW (y|x)−c. Then,

1. The probability
d µ̂A = K(y|x) dρA−(y) dρA(x)

is invariant for σ̂ and it is an extension of the ν-equilibrium probability µA.
2. The function hA(x) =

∫
K(y|x) dρA−(y) is the main eigenfunction for

LA,ν , and the function hA−(y) =
∫
K(y|x) dρA(x) is the main eigenfunction

for LA−,ν .
3. λA = λA− .

An involution kernel can express duality relations. From Proposition 46
we get that the function (y|x)→ eW (y|x)−c is an integral kernel that connects
dual objects: the eigenfunction and the eigenprobability for the Ruelle op-
erator. In [11], in the setting of Ergodic Optimization, the authors consider
the involution kernel as a cost function in a Transport Theory problem and
generic properties. It follows that the concepts of subactions and maximizing
probabilities are related by Kantorovich duality.

Now we apply these above results in the understanding of the concept of
entropy production. We start by refining item 1. of the last proposition.

Proposition 47. The probability d µ̂A = K(y|x) dρA−(y) dρA(x) is the unique
σ̂-invariant extension to Ω̂ of the equilibrium probability µA on Ω.

36



Proof. Let µ̂ be any σ̂-invariant probability on Ω̂ satisfying
∫
g dµ̂ =

∫
g dµA,

when g(y|x) does not depend of y. Consider any continuous function f on Ω̂.
We claim that

∫
f dµ̂ =

∫
f dµ̂A. Indeed, as Ω̂ is compact, the function f is

uniformly continuous. Fix any point y0 ∈ M and define the functions fn on
Ω̂, n ∈ N, by fn(y|x) = f(yn|x), where yn = (..., y0, y0, y0, yn, yn−1, ..., y2, y1|.

It follows that {fn} converges uniformly to f , and moreover, the function
fn((..., y3, y2, y1|x1, x2, x3, ...)) does not depend of yk, for k > n.

From,∫
fn dµ̂ =

∫
fn ◦ σ̂−n dµ̂ =

∫
fn ◦ σ̂−n dµA =

∫
fn ◦ σ̂−n dµ̂A =

∫
fn dµ̂A,

we conclude that
∫
f dµ̂ =

∫
f dµ̂A.

Notation 48. Let µ be an equilibrium probability on Ω+. We denote by µ̂
the unique σ̂-invariant extension to Ω̂ of µ and by µ− the restriction of µ̂ to
Ω−.

Proposition 49. Let A : Ω+ → R be a Lipschitz function and W be any Lips-
chitz involution kernel for A. Now, consider the function A− on Ω− as defined
by (28). Fix an a priori probability ν on M . Let µA be the ν−equilibrium of
A and let (µA)− defined as above. Then, (µA)− is the ν− equilibrium of A−

in Ω−, that is
(µA)− = µ(A−).

Proof. From the above

d µ̂A = K(y|x) dρA−(y)dρA(x),

and hA−(y) =
∫
K(y|x) dρA(x) is the main eigenfunction for LA−,ν . Then,

for any continuous function f : Ω− → R we get∫
f(y) d(µA)− =

∫
f(y) dµ̂A =

∫∫
f(y)K(y|x) dρA(x)dρA− (y)

=

∫
f(y)hA−(y)dρA− (y) =

∫
f(y) dµA− .

Definition 50. The entropy production of the equilibrium probability µ
is defined as

ep(µ) = h(µ, θ∗µ
−),

where θ∗µ
− on Ω+ is the push-forward of µ− by the conjugation θ : Ω− → Ω+

given by (8).

37



Observe that as a consequence of the variational principle we get ep(µ) ≥
0, and it is zero, if and only if, µ− = µ. As the specific information gain
h(µ, µ−) “does not depend of ν”, the above definition also “does not depend of
ν”. In fact, by definition, we should have to consider the a priori probability
Pµ− , but, if for some a priori probability ν the measure µ is a ν-equilibrium
probability, then it follows that the probability µ− also satisfies this property.
Now, applying Proposition 40 we get an alternative formula for computing
expression ep(µ), but now using the a priori probability ν.

We will exhibit below other alternative ways for computing the entropy
production.

Let θ̂ : Ω̂→ Ω̂ be given by

θ̂(..., y3, y2, y1|x1, x2, x3, ...) = (...x3, x2, x1|y1, y2, y3, ...). (31)

Observe that θ̂−1 = θ̂ and θ̂ ◦ σ̂−1 = σ̂ ◦ θ̂.

Proposition 51. Let A : Ω→ R be a Lipschitz function, W : Ω̂→ R be any
Lipschitz involution kernel for A and let A− : Ω− → R be defined by (28).
Let µ be any equilibrium probability on Ω and consider µ̂ and µ− defined as
above. Then,

1.
∫
Adµ =

∫
A− dµ−

2.
∫
A− ◦ θ−1 dµ =

∫
A ◦ θ dµ−.

Proof. In order to prove item 1. we observe that∫
Adµ =

∫
Adµ̂ =

∫
A ◦ σ−1 +W ◦ σ̂−1 −W dµ̂ =

∫
A− dµ̂ =

∫
A−dµ−.

Now we will prove item 2.∫
A− ◦ θ−1 dµ =

∫
A− ◦ θ̂ dµ̂ =

∫
A ◦ σ̂−1 ◦ θ̂ + W ◦ σ̂−1 ◦ θ̂ − W ◦ θ̂ dµ̂

=

∫
A ◦ θ̂ ◦ σ̂ +W ◦ θ̂ ◦ σ̂ −W ◦ θ̂ dµ̂ =

∫
A ◦ θ̂ dµ̂ =

∫
A ◦ θ dµ−.

Proposition 52. Let µ be an equilibrium probability and ν be an a priori
probability. Then, hν(µ) = hν(µ−).

Proof. For each Lipschitz function A : Ω+ → R we can consider a Lipschitz
involution kernel W , and then, we get an associated Lipschitz function A− :
Ω− → R.
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For the fixed a priori probability ν we have λA = λA− . Then,

hν(µ) = − sup
A is ν−normalized

∫
Adµ = − sup

A isLipschitz onΩ+

∫
Adµ− log(λA)

= − sup
A− given fromsomeLip.A+

∫
A− dµ− − log(λA−)

≥ − sup
B− is Lipschitz onΩ−

∫
B− dµ− − log(λB−) = hν(µ−).

In order to get the opposite inequality, we follow a similar argument. We
exchange the reasoning by θ̂: for each Lipschitz function B− : Ω− → R, we
take an involution kernel, and, an associated Lipschitz function B+ : Ω+ →
R. Now, we just have to proceed in the same way as before.

As a consequence we get the following claim for the entropy production:

Proposition 53. Suppose that µ is an equilibrium probability and consider
the associated probability µ−. Suppose that for an a priori probability ν and
for a Lipschitz function A− we have that µ− is the ν-equilibrium probability
for A−. Now, assume that µ− and A− are defined on Ω+ via the conjugation
θ. Then, the entropy production of µ satisfies

ep(µ) =

∫
A− dµ− −

∫
A− dµ.

We can take A−, such that, J− = eA
−

is the ν−Jacobian of µ−.

Theorem 54. Suppose that µ is the ν-equilibrium probability for the Lips-
chitz function A : Ω+ → R. Let W be any Lipschitz involution kernel for
A and A− : Ω− → R be the function defined by (28). Suppose that A− is
defined on Ω+ using the conjugation θ. Then,

ep(µ) =

∫
A− A− dµ.

Proof. The claim follows from the previous result and Proposition 51.

As a consequence of above theorem we get the result below.

Theorem 55. Suppose that the potential A : Ω→ R is symmetric, then, the
equilibrium probability for A has entropy production zero.
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There are several examples of potentials A that are symmetric (see for
instance [2], [3], [8]). Note that in order to check if the equilibrium probability
µ for the Holder potential A has entropy production zero one have to follow
a process of finding the eigenfunction and the eigenprobability; which is a
procedure that in general we do not have explicit expressions. All this can
be avoided when it is possible to show that for some involution kernel the
potential is symmetric.

Proposition 56. Suppose that µ is an equilibrium probability. Then,

ep(µ) = h(µ, µ−) = h(µ−, µ) = ep(µ
−).

Proof. It follows from Proposition 46 and 47 that (µ−)− = µ. Consider an
a priori probability ν, such that, µ is the ν−equilibrium probability for a
Lipschitz function A. Let A− defined by (28) using any involution kernel.
From Proposition 53 we get

ep(µ) = h(µ, µ−) =

∫
A− dµ− −

∫
A− ◦ θ−1 dµ

and

ep(µ
−) = h(µ−, µ) =

∫
Adµ−

∫
A ◦ θ dµ−.

Now, from Proposition 51 we get∫
A− dµ− −

∫
A− ◦ θ−1 dµ =

∫
Adµ−

∫
A ◦ θ dµ−.

This ends the proof.

The next example considers the more simple case where M = {1, 2, ..., d}
is a finite set.

Example 57. Take M = {1, 2, ..., d} and consider as the a priori measure ν
the counting measure on M .

Any invariant probability µ for (Ω, σ) can be extended to a σ̂-invariant
probability µ̂ on Ω̂ by defining

µ̂([am, ..., a1|b1, ..., bn]) := µ( |am, ..., a1, b1, ..., bn] ),

and using the extension Theorem. The restriction of µ̂ to Ω− satisfies

µ−( [am, ..., a2, a1| ) = µ( |am, ..., a2, a1] ).
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Now, using the conjugation θ : Ω− → Ω in order to transfer µ− to Ω+,
we get

θ∗µ
−(|a1, a2....am]) = µ(|am, ..., a2, a1]). (32)

As the Kolmogorov-Sinai entropy of µ is given by

h(µ) = lim
n→∞

− 1

n

∑
i1,...,in

µ(|i1, ..., in]) log(µ(|i1, ..., in])),

we conclude that h(µ) = h(µ−).

Suppose now, that µ is the equilibrium probability for the Lipschitz nor-
malized potential A. Then, eA = J is the Jacobian of µ, that is,

eA(|x1, x2, x3, ...)) = J(|x1, x2, x3, ...)) = lim
n→∞

µ(|x1, x2, x3, ..., xn])

µ(|x2, x3, ..., xn])
.

Let J− be the Jacobian of µ− and define A− := log(J−). Then, using (32),

eA
−

(..., y3, y2, y1|) = J−(..., y3, y2, y1|) = lim
n→∞

µ(|yn, ..., y2, y1])

µ(|yn, ..., y2])
.

The next example computes the entropy production for a Markov measure
µ. Our estimate is coherent with expression (1) in [22].

Example 58. Consider the line stochastic matrix M = (pij) and the initial
probability vector P = (πi), such that, PM = P .

We denote by µ the associated Markov measure, that is, for any cylinder
|x1, x2, ..., xn] we set

µ(|x1, x2, ..., xn]) = πx1 · px1x2 · · · pxn−1xn .

Then,

J(|i, j, x3, ...) =
πipij
πj

.

We also get

J−(..., y3, j, i|) = lim
n→∞

µ(|yn, ..., y3, j, i])

µ(|yn, ..., y3, j])
=

lim
n→∞

πyn · pynyn−1 · · · py3j · pji
πyn · pynyn−1 · · · py3j

= pji.

As J− depends only on two coordinates, µ− is also a Markov measure.
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Considering the conjugation θ, we get,

µ(|i, j]) = πipij and µ−(|i, j]) = µ(|j, i]) = πjpji.

Taking A = log(J) and A− = log(J−), we also get

eA(|i,j,x3,...) =
πipij
πj

and eA
−(|i,j,z3,z4,...)) = pji.

Then, using the Theorem 54, we derive

ep(µ) =

∫
A− A− dµ =

∑
i,j

log

(
πipij
πjpji

)
πipij. (33)

We can compute ep(µ), alternatively, using Proposition 53:

ep(µ) =

∫
A− dµ− −

∫
A− dµ =

∑
i,j

log(pji)µ
−(|i, j))−

∑
i,j

log(pji)µ(|i, j))

=
∑
i,j

log(pji)πjpji −
∑
i,j

log(pji)πipij =
∑
i,j

log(pij)πipij −
∑
i,j

log(pji)πipij

=
∑
i,j

log(pij)πipij −
∑
i,j

log(pji)πipij +

[∑
i

πi log(πi)−
∑
j

πj log(πj)

]

=
∑
i,j

log(pij)πipij −
∑
i,j

log(pji)πipij +

[∑
i,j

πipij log(πi)−
∑
i,j

πipij log(πj)

]
=
∑
i,j

log(
πipij
πjpji

)πipij.

In this case an involution kernel for A is the function W : {1, 2}N → R
given by

W (..., y2, y1|x1, x2, ..) = log py1 x1 − log πx1

and the corresponding A− is given by the A−(i, j, y3, y4..) = pj i.

The case with just two symbols is quite special as we will see now.

Example 59. Entropy production zero - Suppose Ω = {1, 2}N and assume
that µ is a Markov measure (as defined above). Then, ep(µ) = 0. Indeed, as µ
is invariant we get µ(|1, 2)) = µ(|2, 1)), and therefore, µ−(|i, j)) = µ(|j, i)) =
µ(|i, j), for any i, j ∈ {1, 2}. It follows that J− = J+, and therefore, µ− = µ.
Consequently,

ep(µ) =

∫
log(J)− log(J−) dµ = 0.

That is, in this case, the entropy production is zero.
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Markov measures on Ω = {1, 2, 3}N may have non zero entropy produc-
tion.

Example 60. Consider the line stochastic matrix

M =

p11 p12 p13

p21 p22 p23

p31 p32 p33

 =

1/3 1/3 1/3
1/4 1/4 1/2
1/3 1/3 1/3


and the probability vector P = (π1, π2, π3) = (4/13, 4/13, 5/13), which satis-
fies PM = P . Consider the Markov measure µ associated to P and M , that
is, µ is given by

µ(|j1, j2, j3, ..., jn]) = πj1pj1j2 · · · pjn−1jn .

From expression (33) we get

ep(µ) =
3∑
j=1

3∑
i=1

log

(
πipij
πjpji

)
πipij,

and this value is approximately 0, 01777 6= 0.

8 Appendix: Variational form of H(π)

In this section, we propose to study the entropy H(π) which appears in (1)
in a similar way as in [34].

If (a1, ..., an) and (b1, ..., bn) are probability vectors such that bi > 0, ∀ i,
then,

n∑
i=1

ai log(ai) ≥
n∑
i=1

ai log(bi), (34)

with equality only if ai = bi, ∀i. This classical result can be found for example
in [37] Lemma 3.3.

We will say that f : X×Y → R is a normalized function, if it satisfies∑
x∈X

ef(x,y) = 1, ∀y.

If the probability π on X × Y satisfies πx,y > 0, ∀(x, y), then log(Jπ) is a
normalized function.
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Proposition 61. Let π be a probability on X × Y = {1, ..., d} × {1, ..., r}
and f be a normalized function. Then,

d∑
x=1

r∑
y=1

πx,y log(Jπ(x, y)) ≥
d∑

x=1

r∑
y=1

πx,yf(x, y).

The equality occurs only if Jπx,y = ef(x,y), ∀(x, y), such that, πx,y > 0.

Proof. Let qy =
∑

x πx,y. From (34), if qy > 0, we have∑
x

Jπ(x, y) log(Jπ(x, y)) ≥
∑
x

Jπ(x, y), log(ef(x,y)),

with equality only if Jπx,y = ef(x,y), ∀x. By definition Jπ(x, y) = πx,y
qy

, if qy > 0,

then we get ∑
x

π(x, y) log(Jπ(x, y)) ≥
∑
x

π(x, y)f(x, y)).

If we assume that Jπ(x0, y0) 6= ef(x0,y0), for some (x0, y0), such that π(x0, y0) >
0, then, we get ∑

x,y

π(x, y) log(Jπ(x, y)) >
∑
x,y

π(x, y)f(x, y).

Proposition 62. Let π be a probability on X × Y = {1, ..., d} × {1, ..., r}.
Then,

H(π) = − sup{
∑
x,y

f(x, y)πx,y |
∑
x∈X

ef(x,y) = 1, ∀y}.

Proof. If πx,y > 0, ∀(x, y), then Jπ is well defined, normalized and positive in
X × Y . From the last proposition, we get that the function log(Jπ) attains
the supremum. In this case, the proof is finished. If π(x0, y0) = 0, for some
point (x0, y0), then the function log(Jπ) is only well defined for π a.e. (x, y).
In this case we get, from the last proposition,

H(π) ≤ − sup{
∑
x,y

f(x, y)πx,y |
∑
x∈X

ef(x,y) = 1, ∀y}.

In order to prove the opposite inequality we consider for each ε > 0 the
function f ε defined in the following way: for fixed y0, if π(x, y0) > 0, for any
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x, then f ε(x, y0) = log(Jπ(x, y0)), ∀x. For fixed y0, if π(x0, y0) = 0, for some
x0, we define

f ε(x, y0) =

{
log((1− ε)Jπ(x, y0)) if π(x, y0) > 0

a(ε, y0) if π(x, y0) = 0
,

where a(ε, y0) is chosen in such way that
∑

x e
f(x,y0) = 1.

With this construction we get that f(x, y) is well defined for any (x, y) ∈
X × Y and

∑
x e

f(x,y) = 1, ∀y. Furthermore,∑
x,y

f ε(x, y)πx,y ≥
∑
x,y

log((1− ε)Jπ(x, y0))πx,y

= log(1− ε) +
∑
x,y

log(Jπ(x, y0))πx,y.

Then,

H(π) = −
d∑

x=1

r∑
y=1

log(Jπ(x, y))πx,y

≥ − sup{
∑
x,y

f(x, y)πx,y |
∑
x∈X

ef(x,y) = 1, ∀y} − log(1− ε).

Taking ε→ 0, we finish the proof.
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[34] J. Mengue. Tópicos de álgebra linear e probabilidade. SBM (2016).

[35] J. Mengue and E. Oliveira. Duality results for iterated function systems
with a general family of branches. Stochastics and Dynamics, Vol. 17,
No. 03, 1750021 (2017).

[36] J. Mohr, Product type potential on the XY model: selection of maxi-
mizing probability and a large deviation principle, to appear in Qual.
Theo. of Dyn. Syst.

[37] W. Parry and M. Pollicott. Zeta functions and the periodic orbit struc-
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