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Abstract

We investigate the large deviations properties for centered stationary AR(1) and MA(1) processes
with independent Gaussian innovations, by giving the explicit bivariate rate functions for the sequence
of two-dimensional random vectors (Sn)nen = (R (X h_; Xk, Doy X,f))neN. Via the Contraction
Principle, we provide the explicit rate functions for the sample mean and the sample second moment.
In the AR(1) case, we also give the explicit rate function for the sequence of two-dimensional random
vectors (Wh)n>2 = (nil(zzzl X,%,ZZ:2 X’CX’“*))TQQ’ but we obtain an analytic rate function
that gives different values for the upper and lower bounds, depending on the evaluated set and its
intersection with the respective set of exposed points. A careful analysis of the properties of a certain
family of Toeplitz matrices is necessary. The large deviations properties of three particular sequences
of one-dimensional random variables will follow after we show how to apply a weaker version of the
Contraction Principle for our setting, providing new proofs for two already known results on the
explicit deviation function for the sample second moment and Yule-Walker estimators. We exhibit
the properties of the large deviations of the first-order empirical autocovariance, its explicit deviation

function and this is also a new result.
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1 Introduction

Since the first establishment of the Large Deviations theory, there has been a great expansion of the
number of surveys on Large Deviations Principles (LDP). Nowadays, a variety of examples applied to
the time series analysis and stochastic processes are available; for instance, LDPs for stable laws (see,
e.g., Heyde [25], Rozovskii [38, 39|, and Zaigraev [43]), stationary Gaussian processes (see, e.g., Bercu et
al. [4, 5], Bryc and Dembo [10], Donsker and Varadhan [18], and Zani [44]), autoregressive and moving
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2 Explicit Bivariate Rate Functions for LDP

average processes (see, e.g., Bercu [3], Bryc and Smolenski [11], Burton and Dehling [13], Djellout and
Guillin [17], Macci and Trapani [30], Mas and Menneteau [32], Miao [34], and Wu [42]) and continuous

processes (see, e.g., Bercu and Richou [6, 7]).

When considering the empirical autocovariance function

- 1 &
’yn(h) = ﬁ Z X Xg_p, for0<h<n,
k=h+1
of a centered process (X;);en at 0, based on a sample of size n € N, few results on LDP are known.
Regarding Gaussian distributions, one of the first studies in the literature is the one from Bryc and

Smolenski [11], concerning the LDP for the sample second moment
500 =230 x (1.1
! [ . '

Bryc and Dembo [10] showed that, for a fixed lag I > 1, the LDP for the vector (3,(0),...,9x (1)) is
available when (X);en is an independent and identically distributed (i.i.d.) process, with X; ~ N(0,1).
It is well known that most of the relevant stochastic processes are not independent and, as the authors
have claimed, their approach needs some adjustments when trying to show that a similar LDP works, for
instance, when dealing with the classical centered stationary Gaussian AR(1) process (Bryc and Dembo
[10], example 1).

At the same time, Bercu et al. [5] proved the LDP for Toeplitz quadratic forms of centered stationary
Gaussian processes in a univariate setting. Their survey eliminated the need for the variables of (X) en
to be independent, extending the result in Bryc and Dembo [10] by including the AR(1) process. However,
it is not clear if the LDP is available even for the bivariate random vector (3,(0),,(1)), once it has only
been proved for each one of the components separately. More precisely, the results in Bercu et al. [5] only
cover the LDP of the sequence of random variables

W, = lX(")*Mn x(n)
n K
where X (") = (X1,..., X,,) is the column vector with components X1, ..., X,, (M,)nex is a sequence of

n x n Hermitian matrices, and X™" denotes the conjugate transpose of X (%),

In a more general setting, Carmona et al. [14] present a level-1 LDP for the empirical autocovariance
function of order h for any innovation processes, that encompasses the AR(d) process with Gaussian
innovations. In this paper, the authors used the level-2 LDP together with the Contraction Principle.
The process itself is obtained from iterations of a continuous uniquely ergodic transformation, preserving
the Lebesgue measure on the circle. In Carmona and Lopes [15], the authors considered a similar problem
where the dynamics are given by an expanding transformation on the circle. In the same line of research,
Wu [42] proved the LDP for (9,,(0),...,7,(l)) under the assumption that E(exp(\e2)) is finite, for A > 0,

where (¢;);en is the white noise of an AR(d) process, excluding in turn the Gaussian case.

In this work, we shall consider (X;),en as the centered stationary Gaussian AR(1) process defined by
the equation
X1 =0X; +¢j41, for|g|<1landjeN, (1.2)
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with the additional assumptions that:

® (£5);>2 is a sequence of i.i.d. random variables, with ; ~ N(0,1), for j > 2;
e X, is independent of (g;);>k+1, for any k € N;
o X1 ~N(0,1/(1— (;52))

Thus, (X;),en has a (positive) spectral density function given by (see Brockwell and Davis [9])

1
T 1+¢ro 2¢ cos(w)’

9o (w) weT=][-mmn). (1.3)

Our main goal is to extend the results of Bercu et al. [5] and Bryc and Dembo [10] in the bivariate case.

More specifically, we investigate the large deviations properties associated with (W,,),>2, where
k=1

W, = (ﬁn(o)v:yn(l)) = % <Z Xlga ZXka—l> , forn>2 (14)
k=2

and its explicit bivariate rate function is presented. The asymptotical behavior of (W,,),>2 is well known,
that is

n oo 1
w, "ot <1 —5'7 _¢¢2> , almost surely,

By definition of almost sure convergence, as n — +00, the sequence of probabilities

(|- (=5 5)|>7) a9

converges to zero, for all § > 0. However, if this convergence is very slow, even for large n, we have a
certain reasonable chance of choosing a bad sample Xi,..., X, from (X;);en, such that W, is distant

from the true value (ﬁ, ﬁ)

The Large Deviations theory considers the asymptotic behavior of the probabilities presented in (1.5),
ensuring that they converge to zero approximately at an exponential rate (see Bucklew [12], chapter 1).
The use of LDP is also a natural tool for the study of statistical properties related to risk (see, for
instance, Ferreira et al. [21]). A classical definition of the Large Deviation Principle is given as follows
(see Dembo and Zeitouni [16]).

Extending LDP properties from the univariate to the bivariate case is not simple. We believe this will
be transparent to the reader in what will be done next.

Definition 1.1. A sequence of random vectors (V,,),en in RY, for d € N, satisfies a Large Deviation
Principle (LDP) with speed n and rate function J(-), if J(-) : R* — [0, +o00] is a lower semi-continuous
function such that,

e Upper bound: for any closed set F' C R,

limsupllog]P’(Vn € F) < — inf J(x); (1.6)

n—+oo N zeF
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e Lower bound: for any open set G C R,

— inf J(x) < liminfl logP(V,, € G). (1.7)

zeG n—-+oo N
Moreover, J(-) is said to be a good rate function if its level sets J~1([0,b]) are compact, for all b € R.

Remark 1. 1. In this work, we only deal with good rate functions, but in short, we sometimes write

rate function instead.

2. The infimum over the empty set is taken to be 400, while the supremum is taken to be —oo, the
latter being of particular interest when the Fenchel-Legendre transform is considered in Section 2.2.

3. In our setting, the large deviation version as described by Definition 1.1, for the deviation rate
function J(:), is not suitable. In the reasoning that we follow to obtain our main result (see
Theorem 2.1), we will be able to prove a version of the large deviation which is different from the
one described in Definition 1.1. Among other things, we present an explicit expression for the rate
function that depends on two functions Jy(-), Ja2(-), given in (2.17) and (2.18), respectively (see
Proposition 2.2). Besides that, a detailed analysis of when a certain family of Toeplitz matrices is
positive definite will be necessary (see Section 2.1). We will also have to consider in Section 2.3
the concepts of steep function, exposed points, exposed hyperplane, and the Géartner-Ellis’ theorem
(Dembo and Zeitouni [16], theorem 2.3.6). We show that there are sets such that the upper bound
is different from the lower bound in the LDP estimate (see Example 2.2). More precisely, while
the upper bound holds as in (1.6), the lower bound is given by the infimum over the intersection
of any given open set G under consideration and the set of exposed points defined by (2.23), thus

generating different upper and lower bounds in some cases.

In general, it is not easy to prove that an arbitrary sequence of random vectors satisfies the LDP stated
in Definition 1.1 (see, e.g., Bercu and Richou [7], Bryc and Dembo [10], Dembo and Zeitouni [16], Ellis
[19], Macci and Trapani [30], and Mas and Menneteau [32]). An elegant way of proving such a principle is
to verify the validity of the Gartner-Ellis’ theorem’s conditions, as little use of the dependency structure
is made and the focus mainly rests on the behavior of the limiting cumulant generating function, defined
by

L(A) = lim L,(\), for all X € R? (1.8)

n—-+oo

where L, (+) : R? = RU {400} denotes the normalized cumulant generating function of W,
1
L,(A) = - log E [exp (n{X, Wy,))].

We shall present an explicit expression for L,(-) and L(:) in the case A = (A1, \2) depends on two
variables (the bivariate case). Subsequently, we obtain the explicit rate function through the Fenchel-

Legendre transform of L(+) in Section 2.

As a second and distinguished part of our study, we analyze the LDP of the sequence of bivariate

random vectors (S}, )nen, where

1 n n
Sn=-— (Zxk, ZX,§> :
n k=1 k=1
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We call S,, the S%2-mean since its first and second components are the sample mean and the sample
second moment. We dedicate our efforts to the particular cases when (X;) ey is an AR(1) or an MA(1)
process. This study is based on a particular result presented in Bryc and Dembo [10] and which has a

very interesting application when the Contraction Principle can be applied.

Our study is organized as follows. Section 2 is dedicated to the analysis of the large deviations
properties and computations of the explicit rate function for the random sequence (W,,),>2, under the
assumption that (X;);en follows a centered stationary AR(1) process with Gaussian innovations. In
Section 3, we obtain the rate functions for some particular cases, namely, the sample second moment, the
first-order empirical autocovariance, and the Yule-Walker estimator of this process. As an independent
analysis of the studies in Sections 2 and 3, we dedicate Section 4 to show that the LDP for the S?-mean
of the AR(1) process is available. Next, we give the details of the LDP for the sample second moment
of an MA(1) process and, as a consequence, the LDP for its S?-mean. The proofs of some of our main

results are given in Section 5. Section 6 concludes the manuscript.

2 LDP and the centered stationary Gaussian AR(1) process

The purpose of this section is to study the large deviation properties of the sequence (W,,)n>2
introduced in (1.4). First, we explicitly express this sequence’s normalized cumulant generating function.
Next, we compute the Fenchel-Legendre transform of the limiting cumulant generating function. Finally,
as an extension of this reasoning, we recall the Gartner-Ellis’s theorem and show how it can be used to
give a lower and upper bound for the sequence of probabilities in (1.5), with the rate function given by

the Fenchel-Legendre transform of the limiting cumulant generating function associated to (Wp,)n>2.

2.1 Analysis of the normalized cumulant generating function

Consider A = (A1, A2) € R%. Let L,(-,-) : R> — R represent the normalized cumulant generating

function associated to the sequence (W,,)n>2, given by
1

L,(\1, ) = - logE (e”<(’\1’)‘2)’w">) , form>2, (2.1)

where ((21,y1), (z2,2)) := 122 + y192 denotes the usual inner product in R%. If X, := (X1,...,X,,) €
R™ and XI € R'*™ denotes the transpose of X,,, then one can rewrite (1.4) as

1
Wi = — (X Tulpr) Xoo X Tul2) X)) (2:2)
where @1 : T — {1} and o : T — [—1, 1] are the real-valued functions given, respectively, by
pv1(w) =1 and 2 (w) = cos(w).

Here T),(¢) represents the Toeplitz matrix associated to a function ¢ : T — R, defined by

1

Tn(‘p) = |:2/€i(jk)wg0(w) dw
™ JT 1<5,k<n
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Remark 2. A vast literature comprehending Toeplitz matrices has emerged in the last century and one
of the most famous and referenced works is given by Grenander and Szegd [24]. A modern treatment of
this subject can be found in the works by Gray [23] and Nikolski [35].

Inserting (2.2) into (2.1) and using the linearity property of Toeplitz matrices we get
LM, Xo) = %logE (eXI Tn(ea) Xn) : (2.3)
where ¢y : T — R is defined by
ea(w) = Ap1(w) + Adzpa(w) = A1 + Az cos(w). (2.4)

Observe that ¢ (-) depends on the choice of A = (A1, A2) and that

22 X 0 0 -0
Xo 20 A 0
0 A 2\ A .0
Tn(SDA) _ = 2 1 . 2 .
0 0 A . .0
: o 20 Ao
L0 - 0 0 A 2\ |

The fact that X, has a multivariate Gaussian distribution gives us some advantage here. A known
result from Probability theory (Bickel and Doksum [8], section B.6) shows that there is always a standard

multivariate Gaussian random vector Y,, = (¥, 1,...,Y,, ) with independent components, such that

X, =To(94)"? Y, (2.5)

where g4(+) is given in (1.3) and T),(gy)"/?

is the square root matrix of T),(gs). We also note that
(T;(g¢))jen is the sequence of autocovariance matrices associated to the process (X;);en and, since
T;(gs) is a positive definite matrix for each j € N, the sequence of square-root matrices (Tj(gy)'/?) en is

well defined. Additionally, from (2.5) we obtain

XrTL To(pa) Xn = YI Tn(g¢)1/2 To(pa) Tn(9¢)1/2 Y. (2.6)

Let (a} ,)p_y, with oy} < -+ < o7, denote the eigenvalues of Ty, (gs)"/? Tn(ox) Tr(ge)'/?. Since

n,n’

this matrix is real and symmetric, there exists a sequence of orthogonal matrices (P;);en such that

Tn(9¢)1/2 T (ea) Tn(9<¢>)1/2 =Py Ay P7j7 (2.7)
with A, denoting the n x n diagonal matrix Diag(ay ;,...,ap,,). Therefore, from (2.6) and (2.7) we
obtain

YI Tn(g¢)1/2 T (o) Tn(gqﬁ)l/z Y, = Y;Lr Py Ay, P’y;r Y,. (2.8)

As P, is orthogonal, the product P, Y, has a multivariate Gaussian distribution with independent
components. Hence, from (2.6) and (2.8) it follows that

n
XI Tn(@)\) Xn = Zari\,kzn,ka (29)
k=1
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where Z,, 1, ..., Zn n areii.d. random variables, each one having a x? distribution with moment generating

function given by
(1—26)712 ¢

Mz, ,(t) = E(e"?*) =
’ +00, t

(2.10)

A\YARRVAN
Nl= N

fork=1,...,n.

Returning to the analysis of (2.3) and considering (2.9), as Zi ,,, ..., Z,,, are mutually independent,
we conclude that

Ln(A, ) = %logIE (eZ’izlaiwank) - %log (ﬁ E (eaivkzw)> . (2.11)
k=1

From (2.10), we observe that E (eai,an,k> is only defined if each one of the aﬁ’k < 1/2. In other words,
(2.11) is finite if
0<1-— 20‘2‘,/@’ for all k such that 1 <k < n. (2.12)

Note that, (2.12) is equivalent to requiring that I,,—2 T},(gs)"/? Tr.(¢x) Tn(gs)/? must be positive definite,

where I,, represents the n x n identity matrix. Since T5,(gy) is positive definite and

Ly — 2T (90) " Tr(ox) Tn(9s)"? = Tu(gs) ' (T, H(94) — 2T0 () Tulge)'/?,

it is sufficient to show that (Horn and Johnson [26], section 7)

rq 0 0
q p

: . . q
0 0 q 71

is positive definite, where 711 = 1 — 2\, p =1+ ¢? — 2\; and ¢ = —¢ — Ay. The domain D C R?, where
Dy » (and so I, — 27T, <g¢)1/2 (o) Tn(g¢)1/2) is positive definite, is given in the following lemma.

Lemma 2.1. Given |¢| < 1, consider A = (A1, \2), the matriz D, x in (2.13), and the two sets

1— 2
D, = {(Al,Az) e® N < 12

1—¢?
2

A+ A’ < (146 — 2A1>2},
(2.14)

D2_{()\1,)\2)€R2’ <A1<%, (¢>+)\2)2<¢>2(1—2)\1)}.

If X € Dy, then D, x is positive definite for all n > 2. Additionally, if X € Dq, then there exists N

(dependent on A1 and X\2) such that D, x is positive definite for alln > N. Otherwise, D, x has at least

one non-positive eigenvalue for all n € N, so that it is not positive definite.

Proof. See Subsection 5.1. O
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O M<t(1-¢7) 0 L(1-¢)sai<t
4+ A2 <(1+¢7 -221f 5 (@+A22 < ¢? (1-2A1)

Figure 2.1: Regions D; (left-hand side panel), Dy (middle side panel) and D = D; U Dy (right-hand side
panel), for D; and D; defined in (2.14) in the particular case when ¢ = 0.5. In the third draw, we plotted
the lines Ay = —¢ & (1 +¢? —2)1)/2, for \; < (1—¢?)/2 in thick green color to illustrate that this border

belongs to the set D, whereas the curve (¢ + A\2)? = ¢(1 — 2);), for 172452 <A1 < %, is plotted in red

color to indicate that it does not make part of the set D.

To illustrate the domains presented in (2.14) in a particular case, Figure 2.1 shows the graphs of Dy, Dy
and D = D; UDy when ¢ = 0.5. In the left-hand side panel, the rectangular region represents the points
for which A\; < #, the triangular region represents the points for which 4(¢ + X2)? < (14 ¢? — 2)1)?,
and D; is, therefore, the intersection between these two regions; a similar representation for Dy is given
on the middle side panel, where this set is represented by the intersection between the interior of the
parabola and the rectangular region. The union D = D; U D, is plotted in the right-hand side panel.
Notice that the origin (0,0) is an interior point of D.

The knowledge of the domain on which the matrix D, y is positive definite allows us to continue our
reasoning in the direction of obtaining the explicit expression of L, (-,-) and its limiting function when
n — +00. We note that on the boundary of D, D, x can be either positive definite or non-negative
definite (in the presence of null eigenvalues, which contradicts (2.12)). As the behavior of the limiting
cumulant generating function over the boundary of D does not affect the large deviations properties, we
shall not go into too much detail, but to whom it may concern, a similar discussion when the centered

stationary Gaussian MA(1) process is under consideration is presented in Karling et al. [28].

Even though representing a particular degenerate case, it is important to note the following: if ¢ = 0,
the process (X;), en in (1.2) reduces itself to an i.i.d. sequence of random variables with standard Gaussian
distribution, and it is shown in Bryc and Dembo [10] (pg. 330) that

7110g <1—2>\1+\/(12—2>\1)2—4>\§> . if A < % and 4)\% <(1— 2)\1)2’

lim Ly(A,A2)={ °
n—-+o0o .
400, otherwise.

We obtain the following lemma when ¢ # 0, which is a more interesting case.
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Lemma 2.2. Given 0 < |¢| < 1, let L,(-,-) denote the normalized cumulant generating function associ-

ated to Wh)n>2 and D be the set given in Lemma 2.1, then

lm L, (A1, A2) = L(A1, A2),

n—-+oo

where L : R? — R U {+o00} is defined by

L og@0n, Aeid),  if (M Ae) €D,

LA\, N2) = 2
+00, ’Lf (/\1,)\2) € R? \D,
with )
1+¢% —2M + /(1 + 0% =2X)2 —4(d + N2)?
@()\17)\2’¢) _ d) 1 \/( ¢ 1) (¢ 2) .

2

Proof. See Subsection 5.2.

2.2 Rate function associated to the random sequence (W,,),>2

Given 0 < |¢| < 1, consider the curve
Co={(z,y) e R?: [y| <z, y*¢* = x(x¢? — 1)}
and the sets
Ay = {(z,y) € R? : |y| < z, y?¢? > z(x¢® — 1)}
and
By ={(z,y) e R? : |y| < z, y*¢? < z(2x¢? — 1)}
Then, Cyp = Ag N By.

Let us define

Jl(xay) -

N |

(¢y — x)?

and Ja(z,y) = o

+loglgl, for (z.y) € By

(1 + ¢?) — 1 — 2y + log (IQZ—yQH ,  for (z,y) € Ay,

(2.15)

(2.16)

(2.17)

(2.18)

The values of Ji(z,y) converge to +oo as (x,y) converges to the set {(z,y) € R? : x > 0,|y| = x},

which is the external boundary of A, (see Figure 2.2). The next proposition expresses three remarkable

properties of these two functions, showing that they are convex and that they match continuously and in

a differentiable way over the curve Cg.

Proposition 2.1. Consider the functions Ji(,-) and Jo(-,-) given, respectively, by (2.17) and (2.18).

Then,
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1. Ji(+,-) and Ja(-,-) match in a continuous way at Cs;
2. the gradients of Ji(-,-) and Ja(-,-) match at Cy;

3. Ji(-,-) is a strictly convex function, whereas Ja(-,-) is just a convexr function.

Proof. See Subsection 5.3. O

Remark 3. Note that, the restriction |y| < x in the next expression (2.19) implies that 0 < z. These
two restrictions are related, respectively, to the almost sure inequalities | Y j_, XpXp—1] < > p_; X7 and
0 <>, X7 (see, e.g., McLeod and Jiménez [33]).

Proposition 2.2. Given 0 < |¢| < 1, the extended real function J(-,-) : R? = RU {400}, defined by

Iy =5 [20+6%) — 1= 290 +10g (7255) | if (29) € Ay,
2
T = hag) = P gl fapeb, 21
400, otherwise,

is the explicit Fenchel-Legendre transform of L(-,-), given in expression (2.15).
Proof. See Subsection 5.4. O

A graph of the function J(-,-), in (2.19), is shown in Figure 2.2 when ¢ = 0.8. Since L(-,-) is a convex
function, J(-,-) must also be a convex function (Ellis [19], section VI.5). In the following subsection, we
show that J(-,) is related to the large deviations properties associated to the sequence (W,,),>2, defined

in (1.4), and that it is a good rate function.

2.3 The Gértner-Ellis’ theorem and LDP for (W,,),en

Two main conditions must be satisfied to apply the general version of the Géartner-Ellis’ theorem
described by Dembo and Zeitouni [16] on pages 43-44.

e Condition A: for each (A1, \3) € R?, the limiting cumulant generating function L(:,), defined as

the limit in (1.8), exists as an extended real number. Moreover, if
D = {(A1,A2) € R*| L(A1, A2) < 400}
denotes the effective domain of L(-,-), the origin must belong to D$ (the interior of Dy,).
e Condition B: L(-,) is lower semicontinuous and an essentially smooth function, that is,

1. Dj is non-empty;

2. L(-,-) is differentiable throughout DY ;
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0 x> |yl Ay ¢? 2 x(x¢? - 1)
x> 1yIAY ¢ sx(x¢?-1)

\mmwJ.J.l,w”'?”

Figure 2.2: The two left-hand side panels show the graph of the function J(x,y), given in (2.19), from
two different points of view, with ¢ = 0.8, = € (0,6] and y € [—6,6]. The white line represents the curve
Co.g, defined in (2.16), where the domains of the two functions Ji(-,-) and Ja(-,-) intersect, changing
roles in the definition of J(-,-). Notice that, Ji(-,-) converges to +o0c as (z,y) approaches the curves
{(z,y) € R? : 2 > 0, |y| = x}; this behavior is inherited by J(-,-). The right-hand side panel displays the

domains Ay (in blue color) and By (in orange color).

3. L(-,-) is steep, i.e., limy 100 ||VL(A1n, A2n)|| = +00 in the case (A1n, A2.n)nen Is a sequence
in D¢ converging to a boundary point of Dy, where ||(z,y)|| = /22 + y? denotes the usual
Euclidean norm in R2.

Let L(-,-) denote the function in (2.15) and D the domain defined in Lemma 2.1. The effective domain
of L(-,-) is given by the set D, i.e., Dy, = D. Furthermore, if (A1, A2) = (0,0), then

0<(1-¢%)?=0<1-2¢>+¢* = 4¢% < (1 + ¢*)?

and, since |¢| < 1, it follows that 0 < 1_2¢2. Whence, the origin (0,0) € R? belongs to the interior of D;

and, consequently, to D as well, proving that Condition A above is fulfilled.

If ¢ = 0, then L(-,-) is lower semicontinuous and an essentially smooth function (see section 3.6 of
Bryc and Dembo [10]), so that Condition B is verified and the Gértner-Ellis’ theorem is fully applicable.
However, when ¢ # 0, the sequence {(A1,n, A2.n) = (3551, —¢),n > 1} C D5 is such that (A1n, Aa,n) —
(1/2,—¢) ¢ D, but limy, 400 || V L(A1 0, A2n)|| = ¢72 < 400. Therefore, although Conditions B.1 and
B.2 are true, Condition B.3 is not, implying that L(-,-) is not essentially smooth. By a similar argument,
L(-,+) is not lower semicontinuous. Since L(-,-) does not satisfy the Condition B above when ¢ # 0, we

will be able to show only a weaker LDP version of the Gartner-Ellis” theorem.

Definition 2.1. The point (a,b) € R? is an exposed point of J(-,-) if, for some z € R? and all (z,y) #

(avb)7
(z,(a—x,b—y)) > J(a,b) — J(z,y). (2.20)

The vector z is called an exposing hyperplane associated to (a,b). Given ¢, we denote by Fy the set of

exposed points whose exposing hyperplane belongs to Dj.
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Remark 4. If J(-,-) is a strictly convex function, then every point is exposed.

The next theorem describes the large deviation properties and is one of our main results. The set of

exposed points Fy is explicitly determined in Subsection 5.5.

Theorem 2.1. Let (Wy,)n>2 be the sequence defined by (1.4) and J(-,-) the function in (2.19). Then,
J(-,+) is a good rate function and:

1. for any closed set F C R?

1
limsup —logP(W,, € F) < — inf J(z,y); (2.21)
n—+4oo M (z,y)EF
2. for any open set G C R?
1
liminf - logPOW, € G) > —  inf _ J(z,y), 2.22
lim inf ~ log P(W ) . (z,y) (2.22)

where Fy is the set of exposed points of J(-,-) whose exposing hyperplane belongs to DY, given by
Fp={(z,y) eR?: |y| < 2 and y*¢* > x(x¢* — 1)}. (2.23)

That is, Fy = Aj3.
Proof. See Subsection 5.5. O

Theorem 2.1 does not provide a full LDP in the sense of Definition 1.1 because we have to deal with
exposed points and with the concept of steepness. Anyway, it states the precise lower and upper rates
for the probabilities in (1.5). Note that, the upper bounds in (1.6) and (2.21) are identical, but the lower
bounds in (1.7) and (2.22) are not, the former being much stronger than the latter one. We also observe
that, if G is an open set such that G N Fy = @, then, by Remark 1, the lower bound in (2.22) is equal to
—oo and not of great interest. On the other hand, if G C Fy is open or closed, then the upper and lower
bounds coincide. However, if G N Fy # @ and G is not entirely contained in Fy, then the upper bounds
and lower bounds in (2.21) and (2.22) might be different (see Example 2.2 below).

Let us give two examples to enlighten Theorem 2.1.

Example 2.1. Let us fix ¢ = 0.5. Consider the open set G = (2,3) x (—1,1) and the closed set
F =G =[2,3] x [-1,1]. As Figure 2.3 shows, G is the interior of the rectangular region with vertices
at the points (2,-1),(2,1),(3,1) and (3,—1), while F is the closure of G. Note that, since J(-,-) is a
continuous function, taking infimum (or supremum) in F' or G gives the same value. Moreover, both G
and F lie in the interior of Fy 5 and, therefore, in the domain of Ji(-,-). Since

i = i — 1 log(2/3)
inf J €, inf J x, inf J x, =J 2,1) = = 4
(z,y)EGNFo 5 ( y) (z.9)€C ( y) (z,y)EF ( y) 1( ) = 1 9

it follows from Theorem 2.1 (particularly from the expressions (2.21) and (2.22)) that

1 log(2/3) . . .1 , 1 1 log(2/3)
_— - =1 7 — < — < - - =7 7
1 5 < lﬁglinf - logP(W,, € G) < l}lgitg) " logP(W,, € F) < 1 5
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implying that

im LlogP(W, € G) = lim LlogP(W, € F) = —+ — 198C/3) 47967,

n—-+oo N n—+oo n 4 2

Here, the upper and lower bounds, given respectively in (2.21) and (2.22), coincide.

0 x> 1y Ay @2 > x(x¢? - 1)
x> |yIAY? ¢ < x(x¢?~1)
4 0 2sxs3n-1sys1

Figure 2.3: In the left-hand side panel, a plot of the region F' = [2, 3] x [—1, 1] is presented, showing that
it is contained in the set of exposed points Fy 5. In the right-hand side panel, a graph of the function
J(x,y), for (z,y) € F.

Example 2.2. Let us consider again ¢ = 0.5. But now, consider the case when G = (5,6) x (—4,—1)
and F' = G = [5,6] x [—4, —1], so that G and F lie no more entirely in the set of exposed points Fy 5 (see
Figure 2.4). In this case, the lower and upper bounds in (2.22) and (2.21) are not equal, as

121
inf J = Jy(5,—1) = —— —log(2) ~ 2.33185
. (w,y) = J2(5, —1) 0 0g(2)

and
J(z,y) = inf J(z,y) = Ji(5,—V/5) ~ 3.04377.

inf ,
z,y)EGNFy. j
(@) 0 {5<x<6,—4<y<—,/7$<’”j§’1)}

Hence, from Theorem 2.1 it follows that

1 1
—3.04377 < liminf — logP(W,, € G) < limsup — logP(W,, € F') < —2.33185.

n—+oo N n—+oco N

Here, the upper and lower bounds do not coincide.

&

When ¢ = 0, if we set Fo = {(z,y) € R? : |y| < 2} then (W, )nen actually satisfies the LDP with
rate function J(z,y) = Ji(z,y), for (z,y) € Fo and J(x,y) = +0o0, otherwise (see Bryc and Dembo [10]).
In other words, the lower bounds in (1.7) and (2.22) are identical for this particular case. Furthermore,
it is important to remark that the sets of exposed points form a sequence of enclosing sets, in the sense
that, if [¢1] < |¢2|, then Fy, C Fy,; we also have Fy C Fy and F_g = Fy, for any 0 < |¢| < 1.
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O x> |y Ay? ¢2 > x(x¢? - 1)
x> [yl Ay? ¢? < x(x¢? - 1)

5<xs6A-4sys-1

5.0

Figure 2.4: In the left-hand side panel, a plot of the region F' = [5,6] x [—4,—1] is presented, showing

that it is not entirely contained in the set of exposed points Fy 5. In the right-hand side panel, a graph
of the function J(z,y) for (z,y) € F.

3 LDP for one-dimensional processes via contraction

We dedicate this section to showing three particular examples where the reasoning of the last section
can be applied, via the usage of a weaker version of the Contraction Principle, to get explicit rate functions
for univariate random sequences. The LDP for two of these examples were already known from Bercu
et al. [5] and Bryc and Smolenski [11]. We show that they can be obtained from Theorem 2.1 and two
additional results, namely Theorem 3.1 and Remark 5 stated below. In Subsection 3.2, we demonstrate
a result that we believe is new in the literature.

Since we proved only a weak version of the LPD for W, defined in (1.4), the Contraction Principle
as presented in Dembo and Zeitouni [16] is not applicable. However, some versions in the literature make
it possible to show weaker versions of the LDP. For instance, Lewis and Pfister [29] show a variation of
the Contraction Principle for Vague Large Deviation Principles (see their theorem 3.3), and for Narrow
Large Deviation Principles (see their theorem 5.2). Another thorough discussion about transformations
of weak LDPs is provided by Fayolle and de La Fortelle [20].

The reasoning used in the proof of the Contraction Principle (see theorem 4.2.1 in Dembo and Zeitouni
[16]) is not appropriate for our needs. In subsection 5.2 of Robertson and Almost [36], the authors proved
the Contraction Principle first for the lower bound and next for the upper bound, which is more suitable

for our setting. In the proof of the main results in this section, we will need the following theorem.

Theorem 3.1 (Weak Contraction Principle). Consider two sets E C RY and E' C R, a continuous
function f(-) : E — E’, and a good rate function J(-) : E — [0, +00].

1. Define for each ¢ € E' the function
I(c) = nirele {J(x)| with © such that f(x) = c}.

Then I : E' — [0,4+00] is a good rate function.
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2. If J(+) controls the LDP associated to a sequence (Z,)nen on E with upper bound

1
limsup —logP(Z,, € F) < — inf J(x), for any closed set F C E, (3.1)
n—oo T xzEF
and lower bound
1
lim inf = log P(Z > inf , E, 2
iminf - log (Z, €G) Lnf J(x), for any open set G C (3.2)

where F is the set of exposed points, then (f(Z,))nen, defined on E', satisfies a weak LDP with
upper bound

1
limsup —logP(f(Z,) € F') < — inf J(x), for any closed set F' C E’, (3.3)
n—oo T zEf~1(F)
and lower bound
1
liminf —logP(f(Z,) € G') > — inf J(x), tG'Cc E. 3.4
iminf —logP(f(Zn) € G') P S (z), for any open se (3.4)

Proof. The proof of Statement 1 is the same as the one given in Dembo and Zeitouni [16], page 127. For
the proof of Statement 2, to show the upper bound, we observe that F’ being closed in E’, together with
the hypothesis of f(-) being continuous, implies that f~!(F”) is closed in E. Hence, the upper bound in
(3.3) follows as a consequence of (3.1), i.e.,

limsup%logP(f(Zn) eF)= limsup%logP(Zn cfYFH<K—- inf J(x).

n—00 n—00 zef~1(F’)

Similarly, G’ being open in E’ implies that f~!(G’) is open in E. Therefore, using (3.2) one obtains

1 1
liminf —logP(f(Z,) € G') = liminf —logP(Z,, € f~1(G")) > — inf J(x).
iminf —logP(f(Z») € ¢') = liminf — log P( RGNz - it @)
O
The above proof was adapted from subsection 5.2 in Robertson and Almost [36].
Remark 5. From the lower bound in (3.4), under particular circumstances, if one can show that
inf  J(x)= inf J(), (3.5)

zef~HG)NF zef~1(G)

for any open set G’ C E’, then a full LDP for (f(Z,))nen holds, in the sense of Definition 1.1.

We show here three particular cases in which Theorem 3.1 is applicable, but it just gives us a weak
type of LDP. In despite of that, we can get a full LDP (in the sense of Definition 1.1) by proving that
(3.5) holds in these three cases. Note that, for the lower bound (3.2) it is necessary to consider the set
G N F, and the Theorem 3.1 takes this into account.

Since the sequence of random vectors (W,,),>2 has J(-,-), given in (2.19), as a good rate function,
Theorem 3.1, statement 1, ensures that any sequence of vectors (f(Wh,))n>2, for f : R? — R continuous,
has a good rate function

I(c) = ( ir)lfRz {J(x,y) | with (z,y) such that f(z,y) =c}, forall ceR. (3.6)
x,y)E
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There is a standard procedure involving Calculus techniques for computing the infimum in (3.6), namely,
checking for the critical points of the derivatives from J(-,-). In the examples considered below, the

Wolfram Mathematica software (version 11.2.0.0) was used in the calculations.

Note that, f(W,) = f (2 (Xr_y X722 r_s XxXk_1)) is a continuous function involving only the
components % ZZ:1 X,f and % ZZ:Q X Xr_1. Any statistic that can be written in terms of these com-
ponents, as a continuous transformation of W,,, is suitable for the method presented below. Our focus
will be for the functions f; : R? — R, for i = 1,2, 3, respectively defined by

1. fi(z,y) ==,
2. fQ(x’y) =Y,

3. fa(x,y) = £, for x >0,

to be considered in Sections 3.1-3.3. Other continuous functions f : R> — R could also be considered.
However, in the present work, we restrict our attention to these three cases because of the following:
to apply Theorem 3.1 it is necessary to analyze the values of the deviation function only along certain
straight lines on the plane R?; we will show that the exposed points do not interfere in the estimation of

the rate function that we seek.

3.1 LDP for the sample second moment

Consider the sample second moment 7, (0) = % > n_, X7 of a random sample X7i,..., X, extracted
from the process (X;);eny which satisfies (1.2). Bryc and Smolenski [11] proved that the sequence
(7n(0)) nen satisfies the LDP (Definition 1.1) with rate function given by

1 2\ _ 2.2 2 .
T c(1+¢%) — /14 4¢% log(H_ 1+4¢202)], if¢>0, 3.7)

400, if ¢ <0.

Here we will show how to obtain this rate function as a particular case, by using Proposition 2.2 and
Theorem 3.1.

Note that 4,(0) is equal to the first coordinate of the vector W, given in (1.4). Consider the
continuous function f; : R? — R given by fi(z,y) = x. Then fi(W,) = ¥,(0) and, since (W,,)n>2
has good rate function J(-,-), given in (2.19), we use the result of Theorem 3.1 to prove that (%,(0))nen
satisfies an upper and lower bound of the types (3.3) and (3.4), respectively. To apply Theorem 3.1 it is
necessary to analyze the values of the deviation function along straight lines parallel to the y axis. Next,
we will show that (3.5) holds, proving that (4,(0)),en satisfies the LDP with associated rate function
which we denote by I; : R — [0, 4+00]. Finally, we will conclude that I; = 1.

Take ¢ > 0, then {(z,y) € R?|fi(x,y) = c} is the straight line with equation z = ¢, parallel to the
y axis. Note that, if 0 < ¢ < 1/¢?, then J(c,y) = Ji(c,y) = % [c(l +¢%) — 1 —2y¢ + log (ﬁ)], for
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ly| < ¢; whereas if ¢ > 1/¢?, then

Ji(e,y), det?=1) <ec,
Jey) = 1(6y), T |yl

Ja(cy), [yl < e,

with Ja(c,y) = W + log|¢| and a. = 0(%2271) To simplify the reading, let us assume that ¢ > 0
(if ¢ < 0, we can treat this case by symmetry, considering y — J(¢, —y)). Also, let us concentrate on the

case ¢ > 1/¢?. The first-order derivatives of Ji(-) and Ja(-) are

Yy d P(yp — c)

d

—J = - d —J = 3.8

a 1(c,y) R ¢  an a 2(c,y) . (3:8)
Hence, the derivative of Jp(c, ) is negative in (—c¢,y.) and positive in (y.,c), where y. = “y Hacen W.

The global minimum of J;(c, -) is attained at y.. Moreover, given that ¢ > 0, it follows that o, < y.. On
the other hand, since y¢ — ¢ < 0, Ja(c, -) is a decreasing function in terms of y. Figure 3.1 illustrates the

case when ¢ =4 and ¢ = 0.8.

In particular, it holds that

inf J(x,y) = inf  Ji(z,y) = inf  J(z,y), (3.9)
(zy)efy H(NFy (my)ef; (o) (my)ef; (o)

for any ¢ > 0. So the infimum in (3.9) is always attained in the interior of F, and it is independent of
the pre-image set f; '(c), for any given ¢ > 0. Therefore, since f; *(G') = f; ' (Ueear{c}) = Ucea f; *(c)
for any open set G’ C (0,00), the LDP for 4, (0) follows from Theorem 3.1 and Remark 5.

\

Ji(e,y)

7 Y 52(c,y)

Figure 3.1: Graphs of Ji(¢,y) and Ja(c,y) with ¢ = 0.8 and ¢ = 4. The green and red dots represent the
points —a. and «., respectively, where Ji(c,-) and Jy(c,-) change roles in the law of J(-,-). The blue
dot is the point (y., J(c,yc)). As this graph shows us, given that ¢ > 0, J(c,y) is equal to Ji(c,y) if
y € (¢, —ae)U(ag, ¢), and equal to Jo(c,y) if y € [—ae, a.]. When J(c,y) changes from Ja(c, y) to Ji(c,y)
on the red dot a., the derivative of Ji (¢, y) being negative for y € (., y.) shows that this function keeps
decreasing from left to right until it reaches the global minimum at y. (remember from Proposition 2.1
that J; and Jy are convex), so that every point on its right and its left is greater than Ji (¢, y.), including

the points in [—a., a.] where Ja(c,y) rules. A similar analysis follows by symmetry for the case ¢ < 0.
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Thus, the rate function we are looking for can be computed via

h(e) = inf (J(e.9)| fle.y) = e} = inf (J(e.y) |2 =} = (e

1
=3 [c(1+¢2) —1—-2y.¢ + log (CQEZIQH

c

2
C(l + (b?) -V 1 + 462¢2 + IOg <\/1_|_%+§;¢2_1>‘| .

2

Then, after some algebraic computations, we obtain
2cp? 2c?(\/1 + 4c2¢? + 1)
log | ————— | =log
V1+4c2¢? -1 (V1+4c2¢?2 —1)(\/1+4c2¢? + 1)

o 2c¢* (/144292 + 1) o [ VALY 2c
T8 144c2¢2 -1 T8 2¢ - & /1+ 4242 + 1 ’

ending up with

Il(C) = 1

. . (3.10)

c(1+¢?) — 1+ 4c2¢? — log (H%&H)

Considering that I;(c) = 400, for ¢ < 0, we conclude that I;(c) = I(c), for all ¢ € R, with I(-) defined in

(3.7). If ¢ = 0, an application of the Contraction Principle shows that I1(c) = %log(c)

case, (W, )n>2 satisfies the full LDP.

, since, in this

To conclude, we get the same rate function as in expression (1.2) in Bryc and Smolenski [11]. The
graphs of I1(+) are illustrated in Figure 3.2 for four different values of ¢. Notice that I(-) is symmetric
with respect to the values of ¢, i.e., I;(+) is the same function for ¢ and —¢, given that ¢ € (0, 1).

3.0

20 25

li(c)

15

1.0

0.5

0.0
|

Figure 3.2: Graphs of I1(c) for ¢ € {0, 0.3, 0.6, 0.9} and ¢ € (0, 10].
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3.2 LDP for the first-order empirical autocovariance

Consider now the first-order empirical autocovariance of X3, ..., X,,, defined below as
1 n
n(1) = E;kak—l- (3.11)

Following the same reasoning as the one used for the sample second moment in Subsection 3.1, below we
compute the explicit rate function associated with the sequence (9,,(1))n>2, under the assumption that

(X,)jen follows an AR(1) process. We believe that this result is new in the literature.

Proposition 3.1. The sequence (7,,(1))n>2, with 7, (1) defined in (3.11) and (X;) en following an AR(1)
process, as defined in (1.2), satisfies an LDP with good rate function Iy : R — [0, +00], where

IQ(C) =

2 2\2 2

LSRG+ A 0) AN | | e 6) + Ale, )

3(1+¢2)Alc, 9(1+0%)” A(c,0)?

6A(c, $) 7
(3.12)

143c*(1+¢%)? + [ =2 — 6¢c¢ + 3log

for any c € R.

Proof. Consider the continuous function fy : R? — R, with law fo(x,y) = y. Note that fo(W,,) = 3. (1).
So, Theorem 3.1 is applicable and (3,,(1)),>2 has a good rate function I : R — [0,4o0]. To obtain a
sharper lower bound than the one given by (3.4), it is necessary to analyze the values of the deviation
function along straight lines parallel to the x axis. We will show that (3,,(1))n>2 satisfies (3.5), hence
proving that the LDP is satisfied in the sense of Definition 1.1. To achieve our goal, consider an arbitrary
c € R. The set {(z,y) € R?|fa2(z,y) = c} is the straight line with equation y = ¢, parallel to the z axis.
Then, for |¢| < x we have

1 _ 2
Ji(z,c) = 5 [x(1+¢2)12c¢+10g <x2f02)] and Jg(x,c):%Jrlogw_
The derivatives with respect to x are
d 22 (x¢? + 2 —1) — (2¢® + v+ 1) d 1 2?
7‘] = d 71] = = — .
dx (@) 2(x3 — 2x) e I 2(w,¢) 2 2a2

Denote by A(c, ¢) = i’/l +18¢2 (14 ¢2)° + 3\/5\/—c2 (14 ¢2)? (c4 (1+¢2)" — 112 (1 + ¢2)* — 1) and

L1432 (1+¢%) + Ale,¢) + A(c, 9)°
B 3(1+¢2) Alc, ¢) '

Then Ji(z,¢) is decreasing for « € (0,z.) and increasing for z € (z., +00), attaining a global minimum

L

(3.13)

at z.. Although it is not obvious, we have z. > ||, for all ¢ € R. Similarly, Jo(z,c) is decreasing for
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z € (0,c¢) and increasing for (co, +00). On the line y = ¢, we have

J b b < < (63}
Jye) = { 1@ ld<a<p (3.14)
JQ(I’,C), x>667

/ 4
where 8, = %. Note that . > c¢, because 0 < |¢| < 1 and

VA e VA
B 202 292

We plotted the graphs of Ji(z,¢) and Jy(z,c¢) side-by-side in Figure 3.3 in the particular case when

ol
Be = |e| > |eg| = co.

¢ = 0.8 and ¢ = 2. Notice that the minimum of J(z, ¢) is again attained on the domain of J;(x, ¢). Since
this is verified for every ¢ € R and the domain of Ji(z, ¢) is precisely Fy, we conclude that

inf J(x,y) = inf  Ji(z,y) = inf  J(z,y), forallceR.
(zy)Efy  (ONFy (zy)€fy ' () (zy)€fy ' ()

Then, for the same reason as for the sample second moment, (3.5) follows and the LDP is proved. It only

remains to find the explicit rate function, which can be computed as

IQ(C) = zl>Il\f?;|{J(x’y) | f2($7y) = C} = Jl(xCa C)
1 2 Zc
from where the expression in (3.12) follows. O

The graph of I5(-) is illustrated in Figure 3.4 for five different values of ¢. We believe that this rate
function was never exhibited in the literature and the LDP of (%,,(1)),>2 likewise, which gives a new and

interesting result that has been derived from the general theory presented in this work.

3.3 LDP for the Yule-Walker estimates

Consider the Yule-Walker estimator

G = D heo Xk X1
T XX

of the parameter ¢ for the AR(1) processes given in (1.2). The asymptotical behavior of (3.15) is well
known, so that (Brockwell and Davis [9]) v/n(¢n — ¢) = N(0,1 — ¢?) and also that (Mann and Wald
[31]) O notoo, ¢, almost surely.

(3.15)

In Bercu et al. [5] it was proved that the Yule-Walker estimator satisfies the LDP (Definition 1.1)

with the rate function given by

1 1+¢2—2
g 14+¢" —2¢c . if e <1,
1—c2

+00, otherwise.
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J1(x, ¢)
05} / J2(x, )

Figure 3.3: Graphs of Ji(z,c) and Jy(z,c), with ¢ = 0.8. Here ¢ = 2 is fixed. The red dot represents
the point 8. where Ji(-,¢) and Ja(:,c¢) change roles in the law of J(-,-). The blue dot is the point
(¢, J(xe,c)). As the graph shows us, J(c,y) is equal to Ji(¢,y) when = € (||, 5¢), and equal to Ja(c,y)
when y € [B;, +00). When J(c,y) changes from Ja(z,¢) to Ji(x,c) on the red dot S, the derivative of
J1(c, y) being positive for y € (z., +00) shows that this function keeps decreasing from right to left until

it reaches the global minimum at x. (remember from Proposition 2.1 that J; and Jo are convex), so
that every point on its right and its left is greater than Ji(z., ¢), including the points in [, +00) where

Ja(z, c) rules.

S $=-099 ! /

Figure 3.4: Graphs of I5(c) for ¢ € {—0.99,—-0.6, 0, 0.6, 0.99} and ¢ € [—4,4].

Since the rate function can be related to the sequence of probabilities P (q?)n >c), for |¢~>n\ < 1 and
n > 2, note that S(c) is finite, for |¢| < 1, and infinite when |¢| > 1. Later on, Bercu et al. [4] provided a
Sharp Large Deviation Principle (SLDP) for Hermitian quadratic forms of stationary Gaussian processes,
obtaining the Yule-Walker’s SLDP as a particular case. In Bercu [3], the study on LDP of the Yule-Walker
estimator in AR(1) processes was extended to the unstable (|¢| = 1) and explosive (|¢| > 1) cases.

Here we obtain the result from Bercu et al. [5] by using the results of Proposition 2.2, Theorem 3.1,
and Remark 5. From (3.15) note that ¢,, = f3(W,), where W,, is the random vector given in (1.4) and
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Figure 3.5: Graph of I4(c) for ¢ € {—0.5,0,0.5} and c € (—1,1).

f3 : R?2 — R is the continuous function defined by
fala.y) =2, for ly| <. (3.16)

Hence, Theorem 3.1 is applicable and (an>n>2 must satisfy an upper and lower bounds of the type (3.3)
and (3.4), respectively. Moreover, by the same reasoning, as shown in Subsections 3.1 and 3.2, we can
prove that the lower bound is a lower bound of the type (1.7). Indeed, consider ¢ € (—1,1). Then the set
{(z,y) € R?|f3(x,y) = c} is the straight line that passes through the origin and has slope c. Additionally,
on this line we have
1 1
Ji(z, cx) = 3 (1 +¢*) — 1 —2cx¢ + log (mz—xc?a:?)] and Ja(z,cx) = %(qﬁcx —z)? 4+ log |4,

with derivatives given respectively by

d (1 —2chp+¢?) —1
. Ji(z,cx) = o

Since |c| < 1 and |¢| < 1, it immediately follows that the derivative of Ja(x, cx) is positive, for all ¢ and ¢,

d 1
and ﬁJg(x,cm) = 5(0(;5 —1)2

proving that this function is increasing. On the other hand, the function Jj(z, cx) has a global minimum

at . = m By definition,

Ji(x,cx), 0<z <,

J(x,cx) = il ) (3.17)
Jg(.’E, C, .’II), xr > 60,

where 0, = W Since |cp| < 1, it is easy to prove that x. < J. for all ¢ € (—1,1) and any given

6 € (—1,1). Figure 3.6 illustrates a particular case when ¢ = 0.8 and ¢ = 0.5.

We have that

inf J(z,y) = inf  Ji(x,y) = inf  J(z,y), forallce (-1,1),
(zy)€f5  (NFy (z,y)€f5 () (z,9)€f5 ()
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J1(x,cx)

J2(x,c x)
0.5F

Figure 3.6: Graphs of Ji(z, cz) and Jo(z, cx), with ¢ = 0.8. Here ¢ = 0.5 is fixed. The red dot represents
the point 6. where Ji(x,cx) and Jo(x,cx) change roles in the law of J(-,-). The blue dot is the point
(e, J(xe, cx.)). Notice that J(z,cx) is equal to Ji(x,cx) when z € (0,4.), and equal to Jo(z,cx) when
x € [b.,+00). When J(z,cx) changes from Jo(x,cx) to Ji(x,cx) on the red dot J., the derivative of
J1(z, cx) being positive for z € (x.,+00) shows that this function keeps decreasing from right to left
until it reaches the global minimum at z. (remember from Proposition 2.1 that J; and J, are convex)
so that every point on its right and its left is greater than Jy (2., cz.), including the points in [d., +00)
where Jy(z, cz) rules.

implying that (3.5) is valid and that the LDP for the sequence (¢,)n>2 holds. The associated rate
function I(-) : R — [0, +00] can be computed as follows.

I¢(C) = ‘;‘njz{‘](x’y) | f3(l‘7y) = C} = Jl(xw Gy 'TC)

1 1 1 1+¢?—2¢

Considering that I4(c) = +oo, for |¢| > 1, we obtain I4(c) = S(c), Ve € R. Therefore, we get the same
result as in expression (4.6) in Bercu et al. [5]. The graph of I,(-) is illustrated in Figure 3.5 for three
different values of ¢.

4 Large deviations for the S%-mean

Given that the rate function for the sample second moment L 7 | X2, defined in (1.1), is known
(see the functional in (3.7)), we will show in Subsection 4.1 that there exists a simple approach leading
to the LDP, and also its deviation function, for the sequence of bivariate S?-mean (S, ),ecn, Where

S, = 1 (anxk ix,f) ; (4.1)
n k=1 k=1

in the case of an AR(1) process. As the main auxiliary tool, we use a proposition proved in Bryc and
Dembo [10], enunciated below for completeness. In Section 4.2 we follow the same reasoning for getting

similar results for the MA(1) process.
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Proposition 4.1. Let (X;);en be a real-valued centered stationary Gaussian process whose spectral den-
sity f(-) is differentiable. Then, (Sy)nen, for S, given in (4.1), satisfies the LDP (in R?) with good rate

function
2

H(z,y) = I(y — 22) + —— 4.2
(@,y) =1y —2°) + 5 0 (4.2)
where 0/0 := 0 in (4.2) and I(-) is the rate function associated to (n=* > ;_, X7).

Proof. See section 3.5 in Bryc and Dembo [10]. O

We dedicate the next two subsections to the particular study of the LDP of the S?-mean when (X;);en
is an AR(1) process (Subsection 4.1), and when it is an MA(1) process (Subsection 4.2). Since the LDP
for the sample second moment was already established for the AR(1) process, it is straightforward to
show such a property in this case. For the MA(1) process, however, we must first derive the LDP of the
sample second moment to apply Proposition 4.1 and to provide the LDP for the S2-mean, likewise.

4.1 AR(1) process

In this subsection we apply expression (3.7), established by Bryc and Smolenski [11], to obtain an
explicit expression for the rate function of the sample mean of the AR(1) process (X;);en, defined in
(1.2). Since this process is a real-valued centered stationary Gaussian process, it follows from Proposition
4.1 that (S;,)nen satisfies the LDP with rate function

2

T
294(0)°
where I(-) is defined by (3.7) and g4(-) denotes the spectral density function given in (1.3). Note that

Hy(z,y) =1(y — 2?) +

go(+) is differentiable. The explicit rate function is given by

1 2\ _ 9,24 2 2\ _ 2(y—z?) : 2
5 [y(1+¢%) —22°¢ \/1+4¢ (y — x2?) 10g(1+ 1+4¢2(yz2)2)}, if y > x?,

Hi(z,y) =
400, if y < 22

As a consequence, by an application of the Contraction Principle with the auxiliary continuous func-
tion fi(z,y) = z, we can obtain the rate function for the AR(1) sample mean X,, = n= !>}, Xj.

Following the same steps from Section 3.1, notice that the infimum

IY(C) = yISEQ{Hl (CU7 y) | fl (LU, y) = C} = y1££2 H,y (Cv y)

- 1 o _\/—__ 2(y—c2)
_ylilcfz{2 y(1+¢%) =270 — V1 +4¢%(y — ¢*)? 1Og<1+ 1+ 462(y — 2)?
Lc?(1-¢7)

-7

). Hence, the sequence (yn)neN satisfies the LDP with the rate function

62 2
IY(C) = Hl(ca yc) = %a

The graphs of Iy (-) are depicted in Figure 4.1 for three different values of ¢. Notice that, I+ (-) has the

shape of a parabola.

is attained at y. =

for c € R.
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Figure 4.1: Graph of Is(c) for ¢ € {—0.5,0,0.5} and ¢ € [-10,10].

4.2 MA(1) process

In this subsection, we present an explicit expression for the rate function of the sample second moment

of a random sample following the MA(1) process, defined by the equation
Y;=¢j+0¢j_1, with |] <1 and j € N. (4.3)

Throughout this section, we assume that the innovations (g;);>0 are i.i.d., with e; ~ N(0,1). Then

Y; ~ N(0,1+ 6%), for each j € N, and the spectral density function associated to (Y;);en is given by
ho(w) =1+ 62 +20cos(w), forw e T =[-m,7).

The process (Y;);en is stationary for any 6 € R (Shumway and Stoffer [40], definition 3.4). In addition to
that, the assumption || < 1 in (4.3) ensures that the process is also invertible and that hg(-) is positive
for all w € T.

Let us consider 7,(0) = 137" | V2, the sample second moment of a random sample following the

MA(1) process described in (4.3). Since the autocovariance function of (Y}),ecn is equal to

1462, ifk=0,

vy (k) =16, if |k| =1,
0, if |k] > 1,
n—-4oo

it is known that (Brockwell and Davis [9], section 7.3) 4,,(0) ——— vy (0) = 1 + 62, almost surely. We
show here that the sequence (%, (0))nen satisfies the LDP and we exhibit its explicit rate function, as for

this case no explicit rate function has been presented in the literature.

Consider the normalized cumulant generating function L, (\) = LlogE(e”(9). In this case, the

T n

asymptotic distribution of L, (-) is known (Grenander and Szegd [24]) and we immediately obtain the
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convergence

— L [ log[1 — 2\h(w)] duw, if)\e(foo,#»
lim L,(\)=L(\)={ Jrlog| 0(@)] "% 2,
nereo +00, otherwise,

where M, denotes the essential supremum of hg(-), given by Mj,, = (1+(0])?. As presented in Bercu et
al. [5] and corollary 1 in Bryc and Dembo [10], (3, (0))nen satisfies the LDP whose good rate function is
the Fenchel-Legendre dual of L(-), given by

sup L {zX+ & [rlog[l — 2M\hp(w)] dw}, for z >0,
Ke(il’) _ A< 2Mp,, { 4 f'JI‘ [ ] } (44)
00, for x < 0.

Since

/log[l — 2X\hg(w)] dw = /log[l —2X\(1 + 62) — 4)\f cos(w)] dw
T T

1—2X(1+6%) + /(1 —2X(1 +62))% — 16/\292]

=271
ﬁogl 5

the supremum in (4.4) is attained at

Ag(z) + Belz) 4 oy
No(z) = ol@) + cuy + ol ), (4.5)
1222 (62 — 1)°

e Ag(w) =4z (w (62 +1) = (62— 1)*),
By(w) = 40® (2 (0" + 146 +1) + 4 (62 + 1) (9 = 1)" + (62 = 1)"),
and
Co(w) == (1+iV3) [~ (6° - 336 — 3362 + 1) — 62° (62— 1)” (6" — 106 + 1)
60t (02 = 1)" (02 + 1) + 2 (0 = 1)° + 3V @) | v
with

colw) = —a® (02 = 1)" (426 + 320 (0" + 0%) + &* (0" + 460% + 1) (62 — 1)
+62 (02 +1) (62— 1)+ (62~ 1)") .

Remark 6. Although Cy(-) appears in a complex form, it can be proved that By(x)/Cy(x) + Cy(z) € R,
for any « > 0. In fact, Ag(x) in (4.5) is one of the solutions from the polynomial equation

A3 (45(:294 — 82%0% + 43:2) + A2 (—437292 — 42% + 426* — 8267 + 4m)
+ A (2% —426® —dz+ 60" —20° +1) +2— 60> — 1 =0,

1
2Mp, *

which has three real roots if > 0. Moreover, we have Ag(x) <
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Figure 4.2: Graphs of Ky(z) for 6 € {0.2, 0.4, 0.6, 0.8} and = € (0, 5].

We conclude that (9,,(0))nen satisfies the LDP with rate function given by
1 1—2X9(2)(1 4+ 602) + /(1 = 2Xg(2)(1 + 6%))% — 16)\9(95)2021

Ko(z) = xXo(z) + 3 log 5

fo(z) 1
12z (62 — 1)° "2

log %_(92+1)fe(w3+ (1 (92+1)fe(w)> ) (16)

1222 (62 — 1) 2 1222 (02 — 1) 3624 (02 — 1) |’

for all z > 0 and Ky(z) = +oo, for z < 0, with fyp(x) = Ag(x) + gzgig + Cy(x). The graph of Ky(-) is
illustrated in Figure 4.2 for four different values of 6 and x € (0, 5].

By Proposition 4.1, we may now conclude that (S, )nen satisfies the LDP with rate function

2
Kg(y7x2)+w77 ify>x27
Hy(z,y) = e,
400, if y <2,

where Kpy(-) is given in (4.6). Note that, by the Contraction Principle, the sequence (f1(Sn))nen =
(Rt Yk)neN’ where fi(z,y) =z and S, = n~' (3 _; Yi, >, ¥}?), must satisfy the LDP with

rate function

Ir(o) = inf {Ha(w.9) | fa(wy) = )

, 2 (4.7)

= inf H. = inf { Kg(y — — .
yIECQ 2(e:y) y1£c2{ oly—c)+ 2(1 +9)2}

However, when trying to compute the infimum in (4.7), we face a non-trivial problem.

Fortunately, the LDP for the sample mean of the moving average process has already been given in

Burton and Dehling [13]. More generally, the authors considered the sequence

X =) ayr&, forkel, (4.8)
i€EZ
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with (&)iez a sequence of ii.d. random variables. They proved the LDP under the hypotheses that
(a;)iez is an absolutely summable sequence and that the moment generating function E(e?¢!) is finite for
all t € R. A similar approach has been given in Djellout and Guillin [17]. In this paper, the authors proved

an analogous result under the hypotheses that the sequence (&;);ez is bounded and that Y., a? < +oc.

IE€EZL

If we set ap =1, a; =0, and a; =0 for i € Z\ {0, 1}, then (4.8) resumes to X = & +0&_k41. By
setting {_; = ¢; for j > 0, it is plain that X; = Y] for j € N, where Y; is the MA(1) process given in
(4.3). Then by theorem 2.1 in Burton and Dehling [13], the Sample Mean (Y ,,)nen = (n_l Y oreq Yk)
satisfies the LDP with rate function

neN

cA A\? 2
Ii#(c) = — = — 0 =——-. forceR. 4.9
7 ilelﬁ{lw 2} si+oz ¢ (4.9)
Comparing (4.9) with (4.7), we note that the infimum on (4.7) is attained at a root of the transcendental
equation Ky(y — c?) = 0. Notice that the graphs that are shown in Figure 4.2 support this claim.

5 Proofs

In this section, we give the proofs of the main results of this work.

5.1 Proof of Lemma 2.1

The proof of Lemma 2.1 is based on the techniques given on page 270 in Jensen [27]. In summary, we
use Sylvester’s Criterion (Horn and Johnson [26], theorem 7.2.5) to check for the positive definiteness of
each leading principal minor of D,, x, resorting to the use of an auxiliary function with its corresponding
iterates. By Sylvester’s Criterion, D,, x is positive definite if, and only if, the leading principal minors of

Dy, » are positive. Hence, we analyze each one of the leading principal minors of D,,  as follows:

e I-st Step: since the first leading principal minor of D,, » is 11 = 1 — 2);, we require that r; > 0.

As a consequence, since p = r; + ¢2, we obtain 0 < 7 < p =0 < p.
e 2-nd Step: the second leading principal minor of D,, x is defined as the determinant

1

q2
=pr —¢* = <p—> 1. (5.1)
q p r

1

Since we already restricted our analysis for r1 > 0, (5.1) requires in addition that ro 1= p — % > 0.
e 3-rd Step: the third leading principal minor of D,, 5 is the determinant

r q 0

2 2 2 g ¢
q p q|=pPrn—q¢gnrnn—-—qgp= - 7 <p—> 1. (5.2)
P— 1

0 ¢ p
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Since we already restricted our analysis for r; > 0 and p — < 0, (5.2) requires that r3 :=

1
q2
p———0= | > 0.
P—q

e k-th Step: by induction, the k-th leading principal minor of D, x, for 1 < k < n — 1, is the

determinant
71 q 0 0
a p :
0 ¢ = q O0|TTkThk—1-""T27T1,
P q
0 .« .. 0 q p

for ro = p — %, r3 = ( — q;) and 7, = G*71(r), where G* denotes the k-th iterate of
1
G : (0,+00) = (—00,p), given by
2
q
Gla)=p— —.
(a)=p—~

Since n € N is arbitrary, we must require that G¥(r1) > 0, for all £ € N. Without loss of generality,
we may assume that ¢ # 0 (if ¢ = 0, then D,, » is a diagonal matrix; this happens if, and only if,

A2 = —¢). Note that G(-) is an increasing concave function that has the following two fixed points
1 1
R=§(p—\/p2—4q2) and Q=§(p+\/p2—4q2)-

If p? > 442, the point named @ is an attractor point and the point named R is a repulsor point.
If p? = 4¢2, then R = Q = p/2 is neither an attractor, nor a repulsor point, but if z > p/2, then
G*(x) > p/2, for all k € N, and it converges towards p/2 as k — oo, whereas if © < p/2, G*(z)
converges towards the region (0,—00). If p? < 4¢?%, then the entire graph of G(-) lies below the
graph of the identity function in the R? plane, so that G*(z) enters the region (0, +oc0), for large

k. For these reasons, let us consider henceforth p? > 4¢2.

The problem of knowing when G¥(r1) > 0, for all & € N, then reduces to knowing whenever r; > R.
Indeed, if 71 > R, note that every point greater than R converges towards () and, since R > 0, it
holds that G¥(r;) > R > 0, for all k € N. If r; = R, then G*(r;) = R > 0, for all k € N. However,
if 71 < R, then there exist ng € N such that G™(r1) < 0. Since 71 = 1 — 2\; = p — ¢?, we get

r1>R<:>r1>p_—”p;_4q2@\/M>p—2r1=p—2(p—¢2)=2¢2—p- (5.3)
If p > 2¢?, then the right-hand side of (5.3) is negative, implying that 71 > R. But if p < 2¢2,
rn>Rep 4 > (202 —p)’ & p® —4¢° > 40" —4¢*p +p* & P (p — ¢%) > ¢
Therefore, we obtain the domain D=D,U 752, where
Dy ={r >0, p? >4, p> 2¢2} and

Dy ={r1 >0, p> > 4¢* p<2¢®, > <*(p—¢°)}.
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Note that 7, > 0 is equivalent to p > ¢2. Moreover, from

2

2 2 2
02— (- 2) =—¢'+20L - E = gt oL = 2 p -0 - I,

2

2

we conclude that ¢*(p — ¢?) < E-. Hence, if ¢* < ¢?(p — ¢?), it follows that 4¢® < p?. Therefore, if
p and ¢ belong to

D1 ={p>2¢° p’> >4¢’} or Dy={¢> <p<2¢’ ¢"<$’*(p— ¢},
then G*(ry) > 0, for all k € N.

n-th Step: last but not least, the n-th leading principal minor (the determinant) of D,,  is

rq o --- 0
q p
|Dn,)\|: 0 q q 0 =7“1(7“n—17‘n—2"'7“27“1)—q2(7“n—2"'7“27“1)

. . . q

o --- 0 q
qz

= <7”1 - r ) (Tnfl Tn—2-":T2 7"1) = (anl(m) - ¢2)(7ﬂn71 Tn—2-"T2 7’1).

n—1

On the one hand, if (A, A2) € Dy, then p > 2¢? = r; = p — ¢? > ¢?, and two cases are possible:
the first is when R < r; < @, and since G(z) > z, for any point z € [R, @], it immediately follows
that G(r1) > r1 > ¢?; the second case is when r; > @, but then Q > p/2 > ¢* and, since G(-)
is an increasing function, it follows that G(r1) > G(Q) = Q > ¢*. Moreover, in the former case,
it follows that G(r1) € [r1, @], whereas in the latter case, G(r1) € (Q,r1). Hence, by induction, it
follows that G™(r1) > ¢?, for all n € N.

On the other hand, if (A, A\2) € Do, it is not always true that G"~1(ry) > ¢? for every n € N (take,
for instance, \; = 1/3, Ao = —1/2 and § = 99/100). Additionally, if ¢> = ¢?(p — ¢?) and p < 2¢2,
we have

_p—Ip—2¢%

R
2

=1 =p—¢? <20° - ¢* = ¢°,

showing that G"(r1) = G*(R) = R = r1 < ¢, for all n € N. However, it can be shown that, for
n large enough, we eventually obtain G"~!(r1) > ¢2, for (A1, A2) € Dy, where Dy is the set Dy
minus the curve {(A1, \2) € R? | ¢2 = ¢%(p — ¢?), ¢? < p < 242}, i.e, the set in (2.14). Indeed, if
(A1, A2) € Dy, since ¢? < p < 2¢2, we obtain

@ < (p—¢°) & p* —4¢® > p® — 4¢%p + 49" = (2¢* — p)?
= VP2 —4¢> > [2¢° —p| =2¢° —p

+VP?—4¢® _p+2¢° — : n
Q=PIVE I PRI _ o im0 ) = Q>

so that IN € N;n > N = G"(r1) > ¢°.
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Thus, the set Dy U Dy is, therefore, the domain where all leading principal minors of D,, » are positive
for all n > N, and, consequently, where the matrix D,, » is positive definite. Converting the domains D;

and Dy to the (A1, A2) notation, we obtain the desired expressions given in (2.14).

5.2 Proof of Lemma 2.2

For this proof, consider the measure space L (T) := L>°(T, B(T),v) equipped with the usual norm
(Bartle [2], chapter 6)

1 flloo = inf{Sf(N) | N € B(T), v(N) =0}, where Sf(N) =sup{|h(z)| : = ¢ N},

for any f € L>°(T), and v(-) denotes the Lebesgue measure acting on the Borel o-algebra B(T) over T.
Let my and M} also denote, respectively, the essential infimum and essential supremum of the function
f(-). We recall that the essential supremum of a real-valued function f(-) is defined as the smallest
number a for which f(z) < a except on a set of total length or measure 0; a similar definition holds for
the essential infimum (Gray [23], pg. 193).

12 with g4(-) denoting

Let () )3, represent the sequence of eigenvalues of T}, (96)Y% T (9) T (94)
the spectral density function defined in (1.3), and ¢ (+) the function given in (2.4). If (A1, A2) € D, then
Lemma 2.1 guarantees that aik < 1/2,forall 1 < k < nand n > N, for some N € N. Hence, from

(2.10) and (2.11) it follows that
1 n
Lo(A1, o) = —5- Zlog (1—=2a7,), for (A1,X2) € D and n large enough. (5.4)
k=1

If (A1, A2) ¢ D, we have immediately L, (A1, A2) = +oo. Therefore, we only need to consider the case
when (A1, A2) belongs to D, because then L, (A1, A2) is finite for n large enough and it is given by (5.4).

Let ¢x g4 : T — R be the function defined by

A1+ Agcos(w)
14 ¢2 —2¢cos(w)’

(P2 9¢) (W) = a(w) gg(w) (5.5)
Since (px ge)(-) is continuous and bounded in T, it attains a maximum and a minimum in that interval,
and by this reason, it follows that m, 4, = min,er{(¢x g¢)(w)} and M, 4, = max,er{(px g¢)(w)}
Furthermore, as @, g4 € L>(T), it holds that (see Avram [1])

|a2,k| < lealloollgolloo, forall 1 <k <mnandneN. (5.6)

As L (ox gg)(w) = — 1+¢/}“2j;<;(ci>)s(w) N 2¢8\:<;2/\i§?;£:s)()5;?2(w) , we note that (¢ g¢)(w) has two critical points,

one at w = —m, and another at w = 0. Moreover,

o if Ao < —20M1/(1+ 6%), then 25 (o1 gg) (—7) < 0 and L3 (2 94)(0) > 0;
o if Ao > —20)1 /(1 + ¢%), then L5 (o5 g4)(—7) > 0 and L, (px g4)(0) < 0;

o if Ao = —20\; /(1 + ¢?), then (px go)(w) = A\1/(1 + ¢?) is constant.
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Therefore, since (¢ gg)(—7) = % and (¢ g4)(0) = ﬁ, we conclude that

A1+ if )\2 < - 29\ A1—=A2 if )\2 < - 20\

— ) Heé2-2¢° 1+¢2° — ] 1+o*+2¢° 14627
m = and M, =
x99 A1—Ao if Ao > 201 x99 Ar+Ao if Ao > 201
1+¢2+24° 1 2 = = 1+¢2> 1+¢2—2¢° 1 2 = N

Let us separate the rest of this proof in two cases: when (A1, A2) € D° and when (A1, A2) € D1 NID.

e Case 1: considering first the case in which (A1, A2) € D°, it follows that 2|¢ + Ao < 1+ ¢? — 2y,

whence ) \ ) \
1 -2 1 -2
2 2
From the left—hand side of (5.7), we get m < %, while from the right-hand side of (5.7) we
obtain 1:};2224) . Hence, we conclude that M, 4, < 1/2. At the same time, from
||50A||oo|\9¢||oo 2 |loa gglloo = max{[ Moy g, [, My g4} = —=Mex g,

we conclude that mg, g, 2 —|[¢allool|g(oc. Therefore, we just proved that

[Mgx g4 Mopx g,] € [=llPalloollgp0, 1/2). (5.8)

The denominator in the left-hand side of (5.5) satisfies
ingr 11+ ¢? — 2¢cos(w)| = min{l + ¢? — 2¢, 1 + ¢*> +2¢} >0, forall ¢ € (—1,1).
we

Then, by theorem 5.1 in Tyrtyshnikov [41], if F' is any arbitrary continuous function with bounded
support (i.e., the set of those x € R for which F(z) # 0 is bounded), it follows that

Jim ZF A 1/(Fo(go>\g¢))( ) dw. (5.9)

n—+ocon

In particular, the latter convergence applies itself when considering the continuous function

F i [=lleallsollgslloc, 1/2) — R defined by

log(1 — 2x)

—

Indeed, from (5.6) and (5.8), combined with the result of Lemma 2.1, we conclude that F(-) has
bounded support and that F(af;,k) are finite, for every 1 < k < n and n large enough. Besides
that, (F o (¢a ge))(w) =1log[l — 2 (¢a g¢)(w)] is finite, for every w € T, due to (5.8). Therefore, the
two sides of (5.9) are well defined and such convergence holds, giving

F(z)=-

lim Ln(A1, Xo) = lim ——Zlog 1-2a),) = lim ZF

n—-+4oo n——+oo n—+4oo n

= 5 [(Folonga)w)do =~ [ loa(1 =2 (org0)(w)) do

— Ly (1%2%1“/(”‘“2A1>24<¢+A2)2>
2

2

1
= —ilogq’()\l,/\zﬁ),
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where the penultimate equality was achieved using equation 4.224(9) in Gradshteyn and Ryzhik
[22].

e Case 2: note that, for any (A1, A\z) € D it holds that

k=1

1 1
= “on log det(1,, — 2Tn(g¢)1/2 To(px) Tn(g¢)1/2) = “on log[det(Dn)\) det(Tn(9¢))]'

Since the inverse matrix of T),(ge) is the tridiagonal matrix

1 —¢ 0 0
—¢ 1+¢° '

Tugs)'=| 0 -6 = —¢ 0 |
: 1+¢* —¢

Lo - 0 -9 1 ]

from theorem 3.6 in Karling et al. [28], we obtain det(T,(gs)) = det(T,,(gs) 1)~ = (1 — ¢*) 71,
which is independent of n. Moreover, if (A1, A2) € D1 N ID, then using the notation from (2.13)
and the lemmas 3.1 and 3.5 by Karling et al. [28], we have p? = 4¢% and

oo i () ) - e (252)) )

= [ ()0 S feea ()] 6

_ {(Qn —p;]()%l +p) +(n2)(2”12;m2} (g)n_l o <1+¢>22—2/\1>”_2’

where

(1—¢* —2X\1)(3 4 ¢ — 6A1) L= ¢? — 2)1)2

Pn = 1 1 n~ O(n).

Hence, it follows that

n—o00 2 2

1 (146 —2) 1
lim L, (A, Aa) = —= log <+¢1> = 5105 B(\1, Ao, 0).

5.3 Proof of Proposition 2.1

Consider the functions Ji(-,-) and Ja(-,-) given, respectively, by (2.17) and (2.18).

1. If (z,y) is in Cy, it holds that y = iivxﬁftl) Hence, the first statement of Proposition 2.1 follows

by making this substitution in (2.17) and (2.18) to check that the functions match at Cy.



34 Explicit Bivariate Rate Functions for LDP

2. The gradients of Ji(-,-) and Ja(+, ) are respectively given by

22 (2 +1) — 22 —ay? (2 + 1) — o2
le(xuy):< ( )2(I3Iy2§ ) 7x2yy2_¢>

and

1 242 _
Vo (x,y) = (2—?/2;52 ,W).

Thus, if (z,y) is in Cy, after some computations we end up with

- (m :I:\/:v(xd)zl)) — (m i\/x(xd)?l)) _ <1+x(1—¢2) + m(xgﬁ?l)).

’ [l |9 2z ’ |9

3. Let Hy(-,-) and Hs(-, ) represent the Hessian matrices associated to Ji (-, -) and Ja(:, -), respectively.
Then, for a generic point (z,y) in the domain of these functions, we have

et 4o’y —y*t 22y y2¢? yo®
3_1y2)2 2_42)2 s T
Hl(x,y):[ 2 ) v 1 and Hg(x,y)zl e & 1
_(95273;2)2 (z2—y2)2 T2 T

The eigenvalues of Hy(x,y) are given by

32 + 622y? — y* £+ /28 + 6025y2 + 62yt — 4oy 4 48

, 5.10

4 (23 — zy?)? (5:10)
. ¢2(w2+y2) . o

whereas, the eigenvalues of Ha(z,y) are 0 and ——3—=. On the one hand, (5.10) is positive for

all (z,y) € R? such that |y| < z. Hence, Ji(-,-) is a strictly convex function. On the other hand,
since one of the eigenvalues of Hy(z,y) is equal to zero, only convexity is guaranteed for Jo(z,y),
provided that |y| < .

5.4 Proof of Proposition 2.2

Let J : R? — R denote the Fenchel-Legendre dual of L(-,-), defined by the supremum

J(z,y) = sup {x)\l + Yo — L()\l,)\g)} =
(A1,A2)€R?

(5.11)

1
sup {J?/\l + Yo + 3 log < 5

(A1,A2)€D

1+ ¢ — 20 + /(T + ¢% — 2X)) —4(¢+A2>2>}

To explicitly compute J(-,-), consider the auxiliary function K : D — R, defined by
K()\l, )\2) =T\ + Yyl — L()\l, )\2), with (Q?,y) e R

We first note that K(-,-) is a concave function, as it is the sum of concave functions. Therefore, the
supremum in (5.11) is attained at the boundary of D or an interior point of this set. The partial

derivatives of K(-,) are
1

Ky, (M, A2) =2 —
2 A2) VI 4h 1A 402 8ohs — 202(20 + 1) + o
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and
2(0 + A2)

K)\2()‘17/\2) =Yy - m7

where

&MA%@::O+¢2—%r+Jﬂ+¢l—Mﬂ2—%¢+&P)JO+¢”—%Q2—%¢+&P-

Provided that « > |y|, the only solution to the system of equations

Ky, (M1, 22) =0,
Ky, (A1,A2) =0,
is given by A} = # - #ﬂ’;) and A} = %5 — ¢. Let us divide the computation of J(-,-) into three

cases:

e Case 1: if (z,y) € Ag, then two subcases are possible since A7 = A(lz, U .Ai, where

x2(2z¢% — 1)

Ay = {(a:,y) cR?: | 22

<y? <m2}

and

A2 .— {(x,y) cR? z(z¢? — 1) 2 a? (22¢* — 1)}

N (R )
If (z,y) € ‘A<125’ then (A}, \5) € D!, whereas if (z,y) € Ai, then (A}, \3) € D?. In either of these

cases,

) = KOG5) = 3 [o0+62) = 1= 200+ 10g (77 )|

e Case 2: if (x,y) € By, note that |y| < x together with

1 (z)2 m2+y2 ¢2(x2_’_y2)
2R et - oy -l —— = —— < T o <
Yo (zo )&y 2 22 — 42 - z(z? — y?) 72

implies that

1 2 2 2 1 2 2/( 2 2 1 2 1— 2
2 2x(z? — y?) 2 222 2 2
In particular, (A}, A3) cannot belong to D;. Then note that
2 4y, 4 344V02 4 1544 442
" N +x + (x — 22 +x -

2
r (22 —y?)

The denominator in (5.13) is positive in By and the numerator is a quadratic polynomial function

in terms of y?. Provided that x > 1/¢?, this polynomial has four real roots, namely, the solutions

of 5
9 19 2 _ 1
Y T 122 and ym<z¢2>.
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The software Wolfram Mathematica can handle such analytical expressions, assuring that indeed
(5.13) is positive when y? < z(z — 1/¢?), i.e.,, when (z,y) € Bs. This proves that (¢ + \5)? >
(1 — 2)}), excluding the possibility of (A, A5) to belong to Dy. In view of that, the supremum
in (5.11) is attained at a point over the curve 9D N 9dDs. Since for any A = (A1, A2) € 9D N IDs it
holds that (¢ + A2)? = ¢?(1 — 2);1) and (1 — ¢?)/2 < A\; < 1/2, we have

%log <1+¢22A1+\/(1+€§22>\1)24(¢+)‘2)2> =log |¢|,

so that (5.11) is equal to

sup K(Ap, Ag) = sup {aA1 +yro +log o[}
()\1,>\2)€’D (A1,A2)€0DNID2

S {)\ ( z) )\3 }+log|¢|
= up sly—=) —22 -
A2€[—p—62,—p+47) ¢ 2¢?

2
Then we note that Ay (y — %) - x% is a quadratic function with respect to Ay and its maximum

is attained when A\3* = y;ﬁ — ¢. Since |y| < , it follows that \3* € [—¢ — 2, —¢ + ¢*]. Hence,

P*(y — %)?
2x

+ log|®|.

PRy
+log |¢| = oy =27 - )

*k z )‘**2
J(z,y) = A3 (y— ¢) —fc;;bQ +log |¢| =

e Case 3: If |y| > x, since K(\1, \2) is unbounded, we have J(z,y) = +oo.

5.5 Proof of Theorem 2.1

Since Condition A is valid for any ¢ € (—1,1), the upper and lower bounds given in (2.21) and (2.22),
respectively, are a direct consequence from the Gértner-Ellis’ theorem (items (a) and (b) from theorem
2.3.6 in Dembo and Zeitouni [16]). The statement that J(-,) is a good rate function follows from lemma
2.3.9 in Dembo and Zeitouni [16].

Since Ji(+, ) is strictly convex, every point in its domain is exposed. However, the convexity of Ja (-, -)
is not sufficient for a similar conclusion. In fact, consider a fixed point (a,b) € By, then theorem 25.1 in
Rockafellar [37] ensures that

<VJ2(avb)v (CL —ZE,b— y)> 2 JQ(a7b) - Jg(:ﬁ,y), v (zay)v

the gradient of Ja(+,-) is the only possible exposing hyperplane associated to (a,b). But, as

¢*(bx — ay)?

<VJ2(CL, b)v (a -, b— y)> - (JQ(G’7 b) B JQ(x’ y)) - 202z

vanishes for y = b—x, the strict inequality in (2.20) does not hold, implying that (a,b) cannot be an
exposed point. Geometrically, the above shows that for each point (a,b) € By, there exists a line passing
through (a,b) such that (2.20) fails. This proves that the only exposed points of J(-,-) are the ones
defined by (2.23).



M. J. Karling, A. O. Lopes and S. R. C. Lopes 37
6 Conclusion

In this work, we have shown a weaker version of the LDP for the sequence (W, )n>2, given in (1.4),
for the bivariate case (see Theorem 2.1). We also have presented the explicit rate function for the upper
and lower bounds (see Proposition 2.2). The same technique to find such properties is not restricted
to the AR(1) process. There may exist other classes of processes that can be explored as well. If we
take another process (Z;);en which still has a multivariate Gaussian distribution, equipped with another
spectral density function, other than the one given in (1.3), the proposed technique may remain valid.
As for the AR(1) case, the LDP is, however, not always guaranteed and in most cases, the rate function
is hard to compute. This difficulty mainly arises when trying to compute a closed form for the Fenchel-
Legendre transform. Besides that, obtaining a similar convergence result, as given in Lemma 2.2, for
another class of Gaussian processes remains an intriguing problem. A remarkable class of processes that
requires a more sophisticated approach is the class of MA(1) processes, which was not covered in this

work when evaluating the LDP for the random vectors (Wp,)n>2 (see Karling et al. [28]).

In Section 3, we have presented three important particular examples by using the previous reasoning
from Section 2, together with a weak version of the Contraction Principle (see Theorem 3.1). Two of these
examples were already known from Bercu et al. [5] and Bryc and Smolenski [11] for univariate sequences.
Here we have obtained them as a continuous transformation of the random vector W, given in (1.4).
In Subsection 3.2, we have presented a result that we believe is new in the literature. In Subsection
3.3, the LDP for the Yule-Walker estimator was obtained, via Theorem 3.1 and Remark 5, returning the
same result as in Bercu et al. [5]. The approach that was used here, first proving the large deviations
properties for bivariate random vectors and then particularizing to univariate random sequences, has
recently been used with continuous stochastic processes by Bercu and Richou [6], where the authors
investigated the LDP of the maximum likelihood estimates for the Ornstein-Uhlenbeck process with a
shift. A similar approach was subsequently used by the same authors in Bercu and Richou [7], allowing

them to circumvent the classical difficulty of non-steepness.

In Section 4, we have provided the LDP for the sequence of bivariate S2-mean, for both AR(1) and
MA(1) processes. For the AR(1) process, the computations were simple and the previous technique of
proving the LDP for the bivariate random vector W, was extremely helpful. Nevertheless, we found
some issues when dealing with the MA(1) process due to the complexity of the computations involved.
The same technique explored above may perhaps be available for general AR(d) processes with Gaussian

innovations. This is an important issue that remains to be explored in the future.
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