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We generalize several results of the classical theory of Thermodynamic Formalism by con-
sidering a compact metric space M as the state space. We analyze the shift acting on M"Y and
consider a general a-priori probability for defining the Transfer (Ruelle) operator. We study
potentials A which can depend on the infinite set of coordinates in MY. We define entropy and
by its very nature it is always a nonpositive number. The concepts of entropy and transfer
operator are linked. If M is not a finite set there exist Gibbs states with arbitrary negative
value of entropy. Invariant probabilities with support in a fixed point will have entropy equal
to minus infinity. In the case M = S, and the a-priori measure is Lebesgue dx, the infinite
product of dz on (S*)N will have zero entropy.

We analyze the Pressure problem for a Holder potential A and its relation with eigenfunc-
tions and eigenprobabilities of the Ruelle operator. Among other things we analyze the case
where temperature goes to zero and we show some selection results. Our general setting can be
adapted in order to analyze the Thermodynamic Formalism for the Bernoulli space with count-
able infinite symbols. Moreover, the so called XY model also fits under our setting. In this last
case M is the unitary circle S*. We explore the differentiable structure of (S*)N by considering
a certain class of smooth potentials and we show some properties of the corresponding main
eigenfunctions.

1 Introduction

Let (M, dy;) be a compact metric space. We consider the metric in MY given by:
d(l’7 y) = i idM(mnv yn)7
n=1 2n

where = (21,72,...) and ¥y = (y1,¥2,...). Note that B := MY is compact by Tychonoff s
theorem.
We denote by H, the set of a-Holder functions A : B — R with the norm

Al = [[All + [Ala

where

Az
|A]| = sup |A(z)|] and |A|, = sup
z€B Ty
o : B — B denotes the shift map which is defined by

o(x1,x9,x3,...) = (2, T3, T4q, ...).



Let C be the space of continuous functions from B to R, and we will fix an a-priori probability
measure v on the Borel sigma algebra over M. We assume that the support of v is the set M.
We stress the crucial point: v needs to be a probability measure, not only a measure. Note that
from our hypothesis if z¢ is isolated then v(xg) > 0.

For a fixed potential A € H, we define a Transfer Operator (also called Ruelle operator)
L4 :C — C by the rule

La(p)(z) = /M A9 (0 v (a)

where z € B and ax = (a, 21, 3, ....) denote a pre-image of  with a € M.

We call One-dimensional Lattice System Theory this general setting. Rigorous mathemat-
ical results on Statistical Mechanics are presented in [B2|, [29], [B4], [20], 22, [&3], [0], [B], [B2],
[E0] and [E3).

We point out that a Holder potential A defined on M% is coboundary with a potential in
MY (same proof as in [B]). In this way the Statistical Mechanics of interactions on MZ can
be understood via the analysis of the similar problem in M.

In 3] it was investigated the Gibbs measure at positive and zero temperature for a potential
A (which depends on infinite coordinates) in the case M = S, where the a-priori measure is
Lebesgue measure. This is the so called XY model (see [ET],[ED],[E4]) which is considered in
several applications to real problems in Physics. The spin in each site of the lattice is described
by an angle from [0, 27). In the Physics literature, as far as we know, the potential A depends
on two coordinates. A well known example in applications is the potential A(z) = A(zg,z1) =
cos(x1 — g — o) + v cos(2xp).

The present paper is a generalization of the setting presented in [B] for positive and zero
temperature. We will also consider here a topic which was not addressed there, namely, the
equilibrium (maximizing pressure) measure for the potential A. For a dynamical systems such
that any point has an infinite number of preimages it is possible to define entropy via the
Ruelle operator as far as one consider an a priori probability (and not a measure).

There are several possible points of view for understanding Gibbs states in Statistical
Mechanics (see [BH], [BO] for interesting discussions). We prefer the transfer (Ruelle) operator
method because we believe that the eigenfunctions and eigenprobabilities (which can be derived
from the theory) allow a more deep understanding of the problem. For example, the information
one can get from the main eigenfunction (defined in the whole lattice) is worthwhile, mainly
in the limit when temperature goes to zero.

We point out that after the present paper was written, in another publication (see [E7]),
the Ruelle operator point of view was also considered for the understanding of continuous time
Gibbs states for the setting of continuous time Markov chains. In the same way as here the
concept of entropy can be defined and is also negative (due to the fact of the existence of an
infinite number of preimages for any point).

Examples:

Now we give a brief description of some other examples that fit in our setting. The last
example will be explained in details in section B.

o If the alphabet is given by M = {1,2,...,d}, and the a-priori measure is given by v =
d
1
g Z d;, then we have the original full shift in a finite set of d symbols and the transfer
i=1
operator is the classical Ruelle operator associated to a potential A — log(d) (see for
example [B4] and [Ba]). More precisely

L)@ = [ Npfan)vla) = 3 e g (aa),

M a€{1,2,...,d}



d d
If we change the a-priori measure to v = Zpi.(;i, where p; > 0, and Zpi =1, then
i=1 i=1

Lal)(@)= > M plar)p, = Y etlemrloaldp(ag)
a€{l,2,...,d} a€{1,2,...,d}

is the classical Ruelle operator with potential A 4 log(P), where P(x1,xa,...) = Dq, -

o If My = {2;,i € N} is a countable infinite subset of S, where each point is isolated, and
there is only one accumulating point 2o, € S1\My, then M = My U {2} is a compact
set. In this case M can be identified with N, where a special point z,, plays the role of
infinity (that is, a one-point compactification). We consider here the restricted distance

we get from S in M. If Zpi =1withp; >0and v = Zpiézi then v is supported on
ieN i€N

the whole M, but z., is not an atom for v. The Thermodynamic Formalism with state

space N, or Z, is considered for example in [B3],[B4],[9],[8F],[E3],[B3]. We will analyze in

section B some of these results on the present setting.

Our main purpose here is to describe a general theory for the Statistical Mechanics of one-
dimensional spin lattices. We point out that most of the papers on the subject assume that
the potential A depends just on two (or, a finite number of) coordinates (as for instance is the
case of [M],[d], [B2]). We consider potentials which can depend on the infinite set of coordinates
in MY,

In section B we consider the entropy, pressure and Variational Principle and its relations with
eigenfunctions and eigenprobabilities of the Ruelle operator. This setting, as far as we know,
was not considered before. In this case the entropy, by its very nature, is always a nonpositive
number. If M is not a finite set, invariant probabilities with support in a fixed point will have
entropy equal to minus infinity. The infinite product of dv on MY will have zero entropy. We
point out that, although at first glance, the fact that the entropy we define here is negative may
look strange, our definition is the natural extension of the concept of Kolomogorov entropy. In
the classical case, the entropy is positive because the a-priori measure is not a probability: is
the counting measure.

Entropy and Pressure were considered before in other settings, as for instance in section II
in [B4] or [EO]. In these works the authors consider a variational principle on boxes of finite
length, and then they get the equilibrium as the limit probability on the lattice, when the
size of the box goes to infinity. The concept of entropy was considered relative to a certain
probability on the box (which in some sense plays the role of the a-priori probability). Our
formalism is derived from the Ruelle operator point of view and is close to the approach
described for instance in [6d], where the probabilities are consider directly on MYN. As we
will see the concepts of entropy and the transfer operator are very much related. When the
potential A depends on an infinite number of coordinates in the lattice we believe our approach
is more simple to state and to understand.

Other authors in previous works also considered Entropy and Transfer Operators on one-
dimensional Spin Lattices over metric spaces (see for instance section III [B2, or section A3,
or Proposition A4.9 in [BH]), but we belive our approach is different.

Among other things we consider in section B the case where temperature goes to zero and
show some selection results related with the Ergodic Optimization (see [[¥], [B3], [IT], [E7],
[E0], [60) [@9] [B0]). Using the variational principle we obtain a simple proof of the fact that
Gibbs states converge to maximizing measures when the temperature goes to zero (a question
not discussed in [B]).

An important issue that does not appear in the classical Thermodynamic Formalism (in
the sense of [B4] and [B3]) is the differentiable structure. We will show in section B that for a
certain class of smooth potentials A the associated main eigenfunction is also smooth.



2 Ruelle operator

Let a™ be an element of M™ having coordinates a™ = (an,ap—1,...,a2,a1), we denote by
a™z € B the concatenation of a™ € M™ with z € B, i.e., a"x = (an,...,01,21,%2,...). In the
case of n = 1 we will write a := a* € M, and ax = (a, 71, 72,...).

The n-th iterate of £4 has the following expression

(o) () = / £SnAW"D) o g d" (a),

where S, A(a"z) Z Ao ) and dv™( H dv(an—k+1)
Let us show that L‘ A preserves the set of Holder functlons

Lemma 1 If p € H, then L4(p) € H,.

Proof: We have

1La(@)(@) = La(@)W)] _ | [y e plaz)dv(a) — [}, e p(ay)dv(a)]
d(z,y)* d(z,y)* ‘

Now we use the fact that if ¢, A € H,, then ey € H,, and hence

Jar e p(az) — e p(ay)|dv(a)
d(z,y)>

< Hol(e?p)v(M) = Hol(e?y).

O

Theorem 1 Consider a fixed a priori probability v. Let us fir A € H,, then there exists
a strictly positive Holder eigenfunction v for L4 : C — C associated to a strictly positive
eigenvalue Aa. This eigenvalue is simple, which means the eigenfunction is unique (modulo
multiplication by constant).

Proof: For each 0 < s < 1, we define the operator 7; 4 on C, given by

Toatu)e) =tog ([ Ao iofa)).

The introduction of the parameter s in the proof is an adaptation of an argument presented
in [M] for the present setting.

An easy adaptation of the proof of the proposition 1 in [B] shows that 7 4 is an uniform
contraction map. Let u, be the unique fixed point for 7 4, then u; satisfies

log ( /M eAlaz)Fsus (az) dz/(a)> = ug(x). (1)

By the same arguments used in the proof of proposition 2 in [B], we can prove that the family
{us}o<s<1 is an equicontinuous family of functions. It follows from equation (O) that

—|JA|| + sminu, < ug(z) < [|A|| + s max u.

Hence, —||A|] < (1 — s)minus < (1 —s) maxug < ||4]], for any 0 < s < 1.

The family {u¥ = us — maxusfo<s<1 iS equicontinuous and uniformly bounded. Let us
fix a subsequence s, — 1 such that [(1 — s,) maxus, | — k, and that, using Arzela-Ascoli
theorem, {u} }n>1 has an accumulation point in C, which we will call w.



Observe that for any s
eus(x) — eus(ac)—maxus — e—(l—s)maxus-i-us(x)—smaxus

_ e—(l—s)maxus/ eA(ax)+(sus(aw)—snlaxus)du(a)'
M

Taking limit where n goes to infinity for the sequence s, we get that u satisfies
eu(T) — e—k / eA(arc)-&-u(a.r) du(a) — e_kEA(e“)(x).
M

This shows that ¥4 := e" is a positive Holder eigenfunction for L4 associated to the
eigenvalue A4 := eF.
The proof of the uniqueness is exactly the same one presented in [B] (see comments after
Theorem 3 in that paper).
1
The eigenfunction is unique up a multiplicative factor. There several ways to normalize it.

We assume in this moment that the maximum of the eigenfunction is equal to 1.

We point out that is possible to generalize the above result for a priori probabilities which
depend on the point z € M. This will require some mild assumptions on this family of
probabilities. We will not address this question here.

We say that a potential B is normalized if £5(1) = 1, which means it satisfies
/ Bl dy(a) =1,Vz € B.
M

In particular, Yz € B, a — e¢%(®®)dy(a) is a probability measure on M, and £pu(z) can be seen
as the expectation of the random variable u with respect to this probability measure defined
by the point x.

Let A€ H,, ¥4 and A4 given by theorem [, it is easy to see that

eA(aw),(/)A(a:E) _
/MWdy(a)—l,VxeB. (2)

Therefore we define the normalized potential A associated to A, as
A:=A+logis —logipa oo —logha, (3)

where ¢ : B — B is the shift map. As ¥4 € H, we have that A € H,.

We define the Borel sigma-algebra F over B as the o-algebra generated by the cylinders.
By this we mean the sigma-algebra generated by sets of the form By x By x ... x B, x MY,
where n € N, and B;,j € {1,2,...,n}, are open sets in M.

We say a probability measure p over F is invariant, if for any Borel set B, we have that
w(B) = u(c=1(B)). We denote by M, the set of invariant probability measures.

We note that B is a compact metric space and by the Riesz Representation Theorem, a
probability measure on the Borel sigma-algebra is identified with a positive linear functional
L : C — R that sends the constant function 1 to the real number 1. We also note that u € M,
if and only if, for any ¥ € C we have

/deﬂz/Blpoadu.

We define the dual operator L% on the space of Borel measures on B as the operator that
sends a measure p to the measure £% (u), defined by

Lwdcz<u>:LcA<w>du,



for any ¢ € C.

The next theorem is a generalization of propositions 4 and 5 of [B]. Here we consider
,CA : Ha — Ha.

Theorem 2 Let A be a Holder continuous potential, not necessarily normalized, 14 and \a
the eigenfunction and eigenvalue given by the Theorem O. We associate to A the normalized
potential A = A+logia —loga oo —logAa. Then

(a) there exists an unique fived point pia for L%, which is a o-invariant probability measure;

(b) the measure
1
A= —— PA
PA=ga

satisfies L5 (pa) = Aapa. Therefore, pa is an eigen-measure for L ;
(¢c) for any Hélder continuous function w : B — R, we have that, in the uniform convergence
topology,

E%w%/wduf;
B

and

L7 (w)
O 1/)A/dePA7

where L7 denotes the n-th iterate of the operator L4 : Hy, — H,.

Proof: (a) We begin by observing that the normalization property implies that the convex

and compact set of Borel probability measures on B is preserved by the operator L£%. Therefore,
using the Tychonoff-Schauder theorem we conclude the existence of a fixed point p4 for the
operator L%. Now we prove that 4 is o-invariant: if ¢ € C, we have

/KgiﬂoaduA:/B?ﬂOOd/i}(MA)Z/B»CAWOU)dHA:/deMA,

where in the last equality we used the normalization hypothesis for A. The uniqueness of the
fixed point will be obtained in the proof of item (c).
(b) L£%5(pna) = pa implies that, for any ¢ € C,

/B bdpa = / AL () = / £a()dpa

= [ ([, o0 T e e

Now, if ¢ € C, making ¢ = ﬁ in the last equation, we have

g )

which is equivalent to

M / dpa = / La(o)dpa, (4)
B B
i.e., ,C‘Z(pA) == )\APA .

(¢) In order to prove item (c) we will need two claims. The first claim can be proved by
induction.



First Claim: For any normalized Holder potential B, if ||w|| denotes the uniform norm of
the Holder function w : B — R, we have

C

C3(w)(e) ~ L5))] < |Conllol (55 + o+ gz ) + o] o)

where C,5 is the Holder constant of e and C,, is the Holder constant of w.

As a consequence of the first claim, the set {L";w},>0 is equicontinuous. In order to prove
that {ﬁ}w}nzo is uniformly bounded we use again the normalization condition, which implies
L5l < [lw]l,Vn = 1.

Therefore, by the Arzela-Ascoli Theorem there exists an accumulation point, @, for {ﬁ%w}nzo,
i.e., there exists a subsequence {ny}r>o such that

w(z) = Lig(l) L% w(z). (5)

Second Claim: @ is a constant function.

To prove this claim, we begin by observing that
sup@ > sup L 1@ (6)
(in fact this inequality holds for any function w). Now, (B) implies

w(z) = ]lgr(l) Lo (x),

(possibly by a different subsequence) and this shows that what we have in (B) is indeed an
equality: in fact, we have
supw =sup L0V n >0.

Now, let 2, be a maximum point of L@, for any n > 0. We have

w(ahy) = Lio(at)
and this proves the second claim, because the normalization property implies that L%w(x}lw) is
a convex combination of @ in the pre-images of 7%, (here we also use the fact that the support
of the a-priori probability is the all space M).
Now that @ is a constant function we can prove that

Qz/@d,uA:lim/ﬁg’“wd,uA:lim/wd(ﬁz)”’“(uA):/wduA,
B k Js k Js B

which shows that @ does not depend on the subsequence chosen. Therefore, for any x € B we
have

Lhw(r) = w0 = / wdpy
B

The last limit shows that the fixed point p4 is unique.
To finish the proof of item (c), as A = A —logt 4 + loga o o + log A4, we have

n—1
SnA(z) = Z Aoch(z) = S, A(2) —logtha +loga o o™ +nlogAa,
k=0
and therefore
L4 (w)(x) 1 / S0 A(a™s) / eSmACs)
—_ = — e M Ply(az)dv" (a) = T ——w(a"z)dv"™ (a"
" il (@)t (@) = va@) [ s ula b )

= ALy (;j;) — pa(a) /B Jedua = bala) /B wdps.



[

We call pa the Gibbs probability (or, Gibbs state) for A. We will leave the term equi-
librium probability (or, equilibrium state) for the one which maximizes pressure. As we will
see, this invariant probability measure over B describes the statistics in equilibrium for the
interaction described by the potential A. The assumption that the potential is Hélder implies
that the decay of iteration is fast.

We normalize 14 by assuming that max4 = 1. There are other possible normalizations.
Therefore, p4 is not a probability measure. From the item (c¢) above we conclude that

L£3(1)
(Aa)

— 1ha pa(B).

Proposition 1 The only Holder continuous eigenfunction b of L4 which is totally positive is

Pa.

Proof: Suppose 1 : B — R is a Holder continuous eigenfunction of £, associated to some
eigenvalue A. It follows from item (c) of theorem B that

L4W)

Ni

— wA/wdpA, when n — oo .
B

Therefore, if ¢ > ¢ > 0, then [;¢dpa > 0. Moreover, L7 (1)) = A\"¢. This is only possible
if A=Xa and ¢ = 4.

1
The next result follows from proposition 7 of [8].

Proposition 2 Suppose A is normalized, then the eigenvalue Az = 1 is maximal. Moreover,
the remainder of the spectrum of Lz : Hy, — H,, is contained in a disk centered at zero with
radius strictly smaller than one.

The proof is the same one as the presented in [B4] (see Theorem 2.2 (ii)).
We denote /\}5 < Az =1 the spectral radius of £ 5 when restricted to the set

{weHa:/wd,uA:O}
B

(which is the orthogonal complement of the space of constant functions, i.e., the orthogonal
complement of the eigenspace associated to the maximal eigenvalue). One can also show the
exponential decay of correlation for Holder functions [B], which implies mixing and ergodic
properties for 4.

Proposition 3 If v,w € L£2(ua) are such that w is Hélder and wad,uA = 0, then, there
ezxists C > 0 such that for all n

/B(voan)wd;m <CcAH™

In particular pa is mizing and therefore ergodic.

For the proof one can adapt Theorem 2.3 in [B4)].



3 Entropy and Variational Principle

In this section we will introduce a notion of entropy. Initially, this will be done only for Gibbs
probabilities, and then we will extend this definition to invariant probabilities. After that we
prove that the Gibbs probability obtained in the general setting above satisfies a variational
principle. We will also study some general properties of this notion of entropy and compare it
with the classical Kolmogorov entropy when M = {1,...,d}". Finally we will show that this
definition is an extension of the notion of entropy for Markov measures (which are the Gibbs
measures when the potential depends only on the first two coordinates), as introduced in [E].
Remember that M, is the set of invariant probability measures.

Definition 1 Let v be a fized a-priori probability on M. We denote by G = G, the set of
Gibbs measures, which means the set of p € M, such that, L () = p, for some normalized
potential B € H,. We define the entropy of p € G as

W) = 1) = = [ Ba)du(e).

We will see below that — fB Bdu is the infimum of

{/BAduHog(/\A) : AGH&}'

The above definition is different from the one briefly mentioned in section 3 in [B].

Remark: This concept of entropy depends on the choice of the a-priori measure v, which
we choose to be a probability. In the classical case, when M = {1,...,d}, the entropy H ()
is computed with the a-priori measure v given by Z;l=1 d; (which is not a probability). A
comparison of the value of the above entropy h(u), when M = {1,...,d}, with the classical
Kolmogorov entropy H (1) (for the full shift) is discussed below, after proposition @. For exam-
ple, if the a-priori probability is v = é Z;i:l d;, to get the entropy h(u) you just have to add
—log d to the classical one H(u). Therefore, in this particular case, the above definition results
in a number between — log(d) and 0. We point out that in the case M has infinite cardinality
the above definition h(u) makes sense, is well defined, and it is the natural generalization of
the previous concept.

Remark: Let u be a Gibbs measure and B the normalized potential associated to u, if we
call J = e~ B, we have an equivalent definition of entropy given by

o) = [ tox(I(a))du(z).

We point out that J = e~ does not corresponds to the usual concept of Jacobian of the
measure u. For example, consider a finite alphabet M = {1, ..., d} and v the a-priori probability
given by v(i) = p;, where p; > 0 and 2?21 p; = 1. In this setting, the Ruelle operator is given
by

d
Lpw(z) = Z B (i) p;,
i=1

which can be rewritten as
d
Lpw(x) = Z eBE)H08(pi) 1) (i) .
i=1
The last formulation fits in the classical thermodynamical formalism setting (see [B4]), for a po-

pleize...xy)
pleezs...zn]’

tential B(iz) = B(ix)+log(p;), where we know that the Jacobian (defined as lim,, .

when [z125...2,] is the usual cylinder set) is given by e~ B = ¢~ B-log(ps)



Proposition 4 If u € G, then we have h(p) <0

Proof: Let p be a probability on G with associated normalized potential B. We have

— T T) = oge B@du(x o e B qu(x
/BB()du() /Blg du()élg/g du(z)

~ log /B e B@ Ly (u)(x) = log /B LpeB@dpu(z) =0,

h(w)

where we have used Jensen’s inequality and also Lge B(*) = 1.
(|

This negative entropy property will be useful in the next section to give an easy proof that
the Gibbs measures of SA select maximizing measures for A, when 8 — +o0o0. This result is
obtained in the classical Thermodynamic Formalism Theory because the entropy is bounded.
It will be also not difficult to get this in the present setting because the current notion of
entropy is bounded above (by zero).

Now we state a lemma that will be used to prove the main result of this section, namely,
the variational principle of Theorem B. This lemma was shown to be true in the case M is
finite (and the classical Kolmogorov entropy) in [ET].

Lemma 2 Let us fix a Hélder continuous potential A and a measure p € G with associated
normalized potential B. We call Ct the space of continuous positive functions on B. We have

e ]

Proof: If we take a(z) = (@)+B(@) then

log (Ei‘ﬂ(x)) = log (M) = A(z) — B(x).

e—A(z)+B(z)

Integrating, we get

/ log(ﬁgf‘;?)dm) — [ A@aute) - [ Bladuto)

= b+ [ A@duta),

—A+B

Now, let us consider a general 4 € C*. Using the fact that e is a positive function,

we can write @(z) = u(z)e~ @B Note that, in this case,

Lau(z) = /M By (ax)dv(a) = Lpu(z).

Hence,

EAa(x) = 10, u\xr)) — 1ogulxr X)) — X
fog (£ ) —tog(Cpu(e) - logu(e) + Ax) - Blo)

and therefore, by integration, we get

Low (2255 ) auta) = [ oontainta) - [ logutelante)

+ [ A@dute) - [ By,

Now, all we need to prove is that

/log(ﬁgu(x))d,u(x) - / log u(x)du(z) > 0.
B B

10



In order to do that, we use Jensen inequality, and we get log(Lpu(z)) > Lplogu(z), which
implies

/B log(Lpu(x))du(z) > /B L logu(z)du(z) = /B log u(a)dp(z),

where we used L5 (1) = p.
]

Let p € G, with associated normalized potential B, A € H, and ¥4 and A4, respectively,
the positive eigenfunction and the maximal eigenvalue of L 4, given by theorem 0. From Lemma

O we have
e o = g { [ (555

{/Blog (szA>du($)} = log \a.

h(u):f/Bd,ugf/Adu+log/\A, VA € H,,
B B

with equality if A = B (as Ag = 1). Therefore

IN

This implies

h(p) = inf {—/Adu+log)\,4},
B

A€H,,

with the minimum attained at B. Now, based on the last equation, we can extend the definition
of entropy for all invariant measures.

Definition 2 Let u be an invariant measure. We define the entropy of u as

h*(n) = h(p) = inf {—/BAduHogAA},

where A4 is the mazimal eigenvalue of L4, given by theorem 0.

This value is non positive and can be —oo as we will se later.

Definition 3 Given a Holder potential A we call the pressure of A the value

P) = sw a0+ [ Ao |

HEM

A probability which attains such mazimum value is called equilibrium state for A.

In the literature sometimes this value is called the Free Energy (see [ for instance).
Now we will show the variational principle of pressure which characterizes the equilibrium
state:

Theorem 3 (Variational Principle) Let A € H, be a Hélder continuous potential and \a
be the maximal eigenvalue of Ly, then

logha = P(A) = sup {h(,u)—i—/BA(x)du(m)}.

HEMo

Moreover the supremum is attained on the Gibbs measure, i.e. the measure py that satisfies
L% (na) = pa.

11



Therefore, the Gibbs state and the equilibrium state for A are given by the same measure
pa, which is the unique fixed point for the dual Ruelle operator associated to the normalized
potential A.

Proof: Consider a fixed A € H,, by the definition of entropy, we have

sup {10+ [ Awyinte |

HEM

= su inf { — [ Bdu+logh —i—/Axd a:}

s { ot { = [ Bdurionns |+ [ A@duto

< sup {—/Adu+log)\,4+/A(x)d,u(ac)}zlog)\A.
- B B

Hence,

oga > s {0+ [ Ayt .

HEM o

On the order hand, as A € H,, from theorem 0 we know that there exists A4 and ¢4, such
that, La(pa) = Aapa. Now, if we define A = A +logps —logpa o 0 —log A4, then, by
Theorem B, there exists a measure p4 such that £%(ua) = pa. This implies 4 € G, and

h(pa) = —/Bfl(w)duA(w) = _/BAdNA+10g)\A~

Therefore,

log Aa = h(jia) + /B Adpa g“gljv{h(un /B A(x)du(x)}.

O

In [ET] a variational principle of pressure was considered. Other variational principles of
pressure were described in [Bd] [B2]. Our approach and also the kind of probabilities we consider
are different of the ones in this last reference.

Theorem 4 (Pressure as Minimax) Given a Hélder potential A

p= g [ oo (S5 )0} ]

Proof: This follows at once from Lemma B (see also [ET]).

O

It is known that periodic orbits can be used to get information about the pressure in the
classical thermodynamic formalism setting, and also to approximate the equilibrium measure
(see [B4] chapter 5 and [E]). Therefore, the next corollary can be useful:

Corollary 1 For each a™ € M", a™ = (an, ...,a1) let a®™ € B be the periodic orbit of period n
obtained by the successive concatenation of a™, i.e., a® = (an, ..., a1,0an, ..., a1,...). Then,

P(A) = lim 1 log </ eSnAl™) du"(a”)) .

n—o00 N,

Proof: Using Theorem B (c¢) and then the Variational Principle we conclude that for any fixed
reB

1 n 1
li_}In glog (/ eSnAla"a) dV"(a")) = lim —log (L% (1)(x)) =log(Aa) = P(A).

n—oo N

12



Using the fact that A is Holder continuous, there exists a constant C' > 0 such that

[SpA(a™z) — SpA(a™)] SC(2Q+220‘+'"+2”0¢) d(z,a™)®.

Therefore, using that B is a compact set with finite diameter, there exists a constant C > 0,
such that,
SuA(a"s) — SuA(a™)| < C,

for any n € Nyx € B and a € M. Then,

/ eSnA(a"m)fC dyn(an) S/ eS’nA(a°C) dyn(an) S/ eS’nA(a"z)JrC dyn(an)’

n

and

1 oo 1 n
lim —log (/ eSnAla )dun(a”)> = lim —log (/ eSnAla") du"(a")) = P(A).
n—oo N n n—oo N n

Now we present a few properties of entropy:
Proposition 5 The entropy has the following properties:
a) h(p) <0 for any invariant measure p.

b) v®° =v X v XV X.. has zero entropy.

¢) The entropy is upper semi-continuous.
d) The entropy is a concave function in the space of invariant probabilities.

Proof:

a) We point out that A = 0 is a normalized function, hence for any invariant measure pu we
have h(p) < 0.

b) We are going to show that v*° is the equilibrium measure for A = 0. Indeed,

/Bgdﬁjl(z/oo) = /BEAngOO:/B/M eg(azx) dv(a)dv®(z)
= /Bg(z)duoo(z).

which shows that £* (v>°) = v°.

¢) Fix an e > 0 and suppose p,, converges to . By definition of h(u), we can choose A € H,,
such that

—/ Adp +logAa < h(p) +e.
B

If n is large enough, we have | [, Adpu, — [z Adp| < e. Then,

iun) < = [ Adw, +1og A < [ AdulogAa +2 < hio) + 22
B B

therefore lim sup h(pu,) < h(p) + 2¢.

n—-+oo
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d) Let py and pg be o-invariant probabilities, e € (0,1) and p = epy + (1 — €)pz. Then

h(epr + (1 —e)uz) = h(p) = ir}xf <—/8Adu + logAA>

= inf (s/Ad,ulJr(le)/Adunglog)\A)
A B B

> inf (—e/ Adpy + e.log)\A> + inf (—(1 — e)/ Adpg + (1 — 5).log/\,4>
A B A B
= eh(p) + (1 — £)h(p2).

[

Remark: The entropy of a probability measure supported on periodic orbit can be —oco.
Indeed, suppose M = [0,1], and A, : MY — R given by A.(x) = log ( £ e’“l>. Suppose

l—e—c
the a-priori v measure is the Lebesgue measure. We have that for each ¢ > 0, the function
A, is a O normalized potential (therefore belongs to H,), which depends only on the first
coordinate of z. Note that £4.(1) = 1. Let p be the Dirac Measure on 0. We have

h(p) < — [gAcdp = —A(0%) = —log (ﬁ) — —oo when ¢ — oo. This shows that
h(p) = —oo. An easy adaptation of the arguments can be done to prove that, in this setting,

invariant measures supported on periodic orbits have entropy —oc.

Note the subtle point that the entropy depends on the a-priori probability and moreover
all subsequent concepts we introduced, like for example the Ruelle operator,

Lal)o) = [ eMep(ar)iv(a)
M

assume conditions on the pre-images of o. Therefore, given an iterate ¢™, if one wants to

consider the entropy of a o™-invariant probability, then we need to specify a certain a-priori

probability. We will address this question now.

Entropy of iterates: Suppose M" is the compact set given by
{(1'17-'152,...,.7}”) |xi eM,V1<i< n},

with the sum or the maximum norm. Let o™ be the shift map defined on the Bernoulli space
given by B" = (M™)N. We know that o™ is the n-th iterate of o in the original Bernoulli space,
but we prefer to see o™ as a new map defined on a new Bernoulli space. If we do that, all the
theory developed above applies to o™, we have a Ruelle operator with an a-priori measure given
by v™, and therefore the entropy of a Gibbs measure to the new map ¢ is well defined. Note
that the new Bernoulli set B™ can be identified with the original B and an invariant measure
for o is also an invariant measure for o”.

Proposition 6 If G" denotes the set of Gibbs measures on B™, then p € G implies p € G”
and
hy (") = hu(o") = nhy(o) = nhy (o). (7)

Proof: Note that if y is a o-invariant measure, then p is invariant for o™. Also, if B € H, is a
n—1

normalized potential for o, then the Birkhoff sum B™ = Z Boo? is a normalized potential for
§=0

the map o™. Let us first prove that if y is the Gibbs measure for the Ruelle operator associated

to B, then, u ( which is indeed a measure on B™), is also Gibbs for B™. In order to do that,

note that

14



B (0)(z) = /( P A

_ / eSmnB(anmz)(p(anmx)dl/nm(anm) — ﬁgn(@)(x) — / QOd//C
(Mnym )

Now the o™-entropy of u, given by the integral of the B™, equals n times the o-entropy of
1, because, using the fact that y is o-invariant, we have

n—1
hl,,(or”):f/ B”du:—/ ZBoojd,u
n n j:O
n—1 .
:—Z/ Boolduy = —n/ Bdp = nhy(o).
par gV B

Relations with Kolmogorov Entropy:

Let us consider the construction of the entropy by partitions method, in the case M is finite.
We begin by remembering that, by the Kolmogorov-Sinai Theorem, the classical entropy of g,
which we will denote by H(u), is given by

Hp) = lim == % pulfir-ein]) 1og (u([ir-in])) - (®)
Tl yeneyin
d
Proposition 7 Let M = {1,...,d} and v = Zpiéi be the a-priori probability on M. For any
i=1

Gibbs measure j:
(a) )
H () = B () = 3 log(pi)-pu([1),

(b) . .
hY(u) = — lim L | Z 11([i1...i]) log <M)

el LA Diy---Pi,
where
[’Ll Zn]:{.’EEMN r1 =11, 7xn—zn}
Proof:
If 11 is a Gibbs measure, there exists a normalized potential A associated to p, which implies
d
/ eA(“)du(a) = Z Ay =1, Voe MY,
M i=1

which is equivalent to

d
ZeA(”)HOg(“) =1, VzeM",
i=1

Moreover, £* () = p implies that 4 is a fixed point for the Classical Ruelle Operator with the
normalized potential A + log(P), where P(yi,¥s,...) = py,. Therefore

d
H(p)=— /B A +log(P)dp = h” (1) — /Blog(P)du = h"(p) = > _log(p:)-u([d).
=1

15



which ends the proof of item (a)
In order to prove item (b), we note that, from the last equation, and using that p is an
o-invariant measure, we have, for any n > 1

H(p) = h”(u)—%/Blog(P)—l—...—i—log(Poa"_l)du
= W) = [ 1080, dua)
= W= S i) log(i i),
Then, N
W = HG+ Y pllineial) log(i-pi,)

= —dim = S pu(firein]) log (M)

11y 05tn

where in the last equation we used (B).

In particular, it follows from item (a) above that, when p; = é, for all 4, we have

B (4) = H(p) — log(d) .

The above proposition can be interpreted in the following way: in the classical definition of
Kolmogorov entropy it is considered the a-priori measure v = Y :° §; on M, which is not a
probability.

Markov Chains with values on S':

Now we recall the concept of Markov measures and show that the entropy defined above is
an extension of the concept of entropy for Markov measures, as introduced in [ET)].
Let K : M? - R, 6 : M — R, satisfying

/ K(z1,29)dv(zs) =1, V21 and O(z1) K (z1, 22)dv(x1) = 0(x2) , Vs . (9)
M M

We call K a transition kernel and 6 the stationary measure for K. As in [I], we define the
absolutely continuous Markov measure associated to K and 6, as

w(Ay. Ay x MY ::/A ) 0(x1) K(x1,22).. K(n-1,Zn) dv(zy)...dv(z1), (10)

for any cylinder A;...A, x M.
The next proposition show us the importance of a.c. Markov measures:

Proposition 8 We will show that

a) Given a Hélder continuous potential A(x1,z2) (not necessarily normalized) depending on
two coordinates, there exists a Markov measure that is Gibbs for A.

b) The converse is also true: given an absolutely continuous Markov measure defined by K
and 0, there exists a certain Holder continuous normalized potential A(x1,x2), such that
the Markov measure defined by 6 and K is the Gibbs measure for A.
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Therefore, any a.c. Markov measure is Gibbs for a potential depending on two variables,
and conversely, any potential depending on two variables has a Gibbs measure which is an a.c.
Markov Measure.

In other words, if we restrict our analysis to potentials that depend just on the first two
coordinates, we have that the set of a.c. Markov Measures coincides with the set of Gibbs
measures.

Proof:
(a) Given a potential A(x1,z2), non-normalized, as in [E] define 64 : M — R by

Data) s= LA V), )

and a transition K4 : M? — R by

eA(:El,mg) QZA (332)
Ya(e)da

where 14 and 14 are the eigenfunctions associated to the maximal eigenvalue A4 of the
operators

Lay(xz) = /

M

Ka(z1,22) := (12)

eA@um2) () du(zy)  and  Latp(xy) = / eAT122) (1) dv(z0)  (13)
M
and w4 = [, ha(x1)a(z1)dv(zy).
Then, by the same arguments used to prove theorem 16 of [B], we obtain that the Markov
measure p4 defined by (M) (considering K 4 and 64) is Gibbs for A, i.e. a fixed point for the
dual Ruelle operator L%, where A= A+loga(z1) —logtha(rs) —log Aa.

(b) Let K and 6 satisfying (8), and define A = log K, we have L4(1) = 1 which implies
Aa=1and @A = 1. Let ¥4 be maximal eigenfunction for L 4.

Using (), we get Ka(x1,72) = eA@1%2) = K (21, 5). Define 04 = f—ﬁ We have that 64
is an invariant density for K, therefore 84 = 6. Then, also by theorem 16 page of [B], we have
that the Markov measure defined by K and 6 is Gibbs for A.

Next proposition shows that the concept of entropy introduced in B is a generalization of
the concept of entropy defined in [E], which could only be applied to a.c. Markov measures:

Proposition 9 Let u be the Markov measure defined by a transition kernel K and a stationary
measure 0, given in (). The definition of entropy given in [EA]:

S(OK) = — » 0(x1) K (x1, 22) log(K (21, x2))dv(x1)dr(xs) <0

coincides with the present definition B.

Proof: As in the proof of proposition B, note that the normalized potential associated to
A(z,y) = log K(z,y) is

A(xth) = IOgK(l'l,l'Q) + log’(/}A(xl) - IOg¢A(x2)7

where 14 is the maximal eigenfunction of the operator L 4. Note also that A depends only on
the first two coordinates. -
Let p be the Gibbs measure associated to A, hence by definition B we have

M) = = [ Aerm)duta) = - [ 1os K (e e2)in(o)

- /M Tog K (w1, 22)0(w1) K (w1, ) (1) (w2) = S(0F).
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4 Zero temperature

Consider a fixed Holder potential A and a real variable 8 > 0. We denote, respectively, by
¥pa and pga, the eigenfunction for the Ruelle operator associated to A and the equilibrium
measure (Gibbs) for SA. We would like to investigate general properties of the limits of pg, 4
and of ﬁ log g, 4 when B, — oco. Some results of this section are generalizations of the ones
in [B]. It is well known that the parameter 5 represents the inverse of the temperature.

It is fair to call “Gibbs state at zero temperature for the potential A” any of the weak
limits of convergent subsequences g, 4. Even when the potential A is Holder, Gibbs state at
zero temperature do not have to be unique. In the case there exist the weak limit pga — p,
8 — o0, we say that there exists selection of Gibbs state for A at temperature zero.

Remark : Given  and A, the Hélder constant of uga = log(v34), depends on the Hélder
constant for § A, and is given by 623—:H ola (see [B]). As we normalize ¥ga assuming that
max g = 1, the family of functions %log(d)ﬁA), B > 0, is uniformly bounded. Note that
when we normalize ¢34 the Holder constant of log(¢s4) remains unchanged, which assures
the family %log(d)g 4),0 > 0, is equicontinuous.

Therefore, there exists a subsequence [3,, — oo, and V' Holder, such that, on the uniform
convergence topology .

V= lim Elog(%w)

Remember that we denote by M, the set of ¢ invariant Borel probability measures over B.
As M, is compact, given A, there always exists a subsequence f3,,, such that pg, 4 converges
to an invariant probability measure.

The limits of ppa are related (see below) with the following problem: given A : B — R
Holder, we want to find probabilities that maximize, over M., the value

] A dut).

i)~ s { [ 10}

Any of the probability measures which attains the maximal value will be called a maximizing
probability measure, which will be sometimes denoted generically by po,. As M, is compact,
there exist always at least one maximizing probability measure. It is also true that there exists
ergodic maximizing probability measures. Indeed, the set of maximizing probability measures
is convex, compact and the extreme probability measures of this convex set are ergodic (can
not be expressed as convex combination of others [B4]). Any maximizing probability measure
is a convex combination of ergodic ones [B3]. Results obtained in this setting belong to what
is called Ergodic Optimization Theory [B3].

The possible limits of ﬂ% log s, 4 are related (see below) with the following concept:

We define

Definition 4 A continuous function u : B — R is called a calibrated subaction for A : B — R,
if, for any y € B, we have

u(y) = af(g?fy[A(x) +u(x) — m(A)]. (14)

This can also be expressed as
m(A) = max{A(ay) + u(ay) —u(y)}-
Note that for any x € B we have

u(o(z)) —u(z) — A(z) + m(A) > 0.
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The above equation for u can be seen as a kind of discrete version of the concept of sub-
solution of the Hamilton-Jacobi equation [[H] [B] [E3]. It can be also seen as a kind of dynamic
additive eigenvalue problem [[] [[2] [EF].

We note that m(A) can be characterized by

m(A)=inf{y:JueC,v+uoo—u—A>0},

where C denotes the set of continuous real-valued functions. In some sense this corresponds to
the dual problem in transport theory [E3]. Any invariant measure help us to estimate m(A)
from below. The continuous functions on the dual problem help us to estimate m(A) from
above.

If u is a calibrated subaction, then u+c, where c is a constant, is also a calibrated subaction.
An interesting question is when such calibrated subaction u is unique up to an additive constant
(see [ and [27)).

Remember that if p is o-invariant, then for any continuous function u : B — R we have

[ luto(@)) ~ u(e) du=o.
B

Therefore if po, is a maximizing probability measure for A and u is a calibrated subaction for
A, then (see for instance [[@] [BH] [BD] for a similar result) for any z in the support of po., we
have

u(o(z)) — u(z) — A(x) + m(A) = 0. (15)

In this way if we know the value m(A), then a calibrated subaction u for A can help us to
identify the support of maximizing probabilities. The above equation can be eventually true
outside the union of the supports of the maximizing probabilities (see an interesting example
due to R. Leplaideur [[]).
We show below that if there exists a subsequence (3, — o0, such that on the uniform
convergence
V:= lim Bilog(wﬁnA),

n—oo n

then such V is a calibrated subaction for A. When there exists a V' which is the limit
1
V:= lim —1lo ,
i g(¥pa)

(not just via a subsequence) we say we have selection of subaction at temperature zero. Positive
results in this direction are presented in [@], [E2] and [E].

There exists here a subtle point. Sub-action is a concept in Ergodic Optimization and
does not depend on the existence of an a-priori probability v in M. On the other hand, the
eigenfunction 13, 4 is associated to a Ruelle Operator, which depends on the a-priori measure.
In any case, for any given a-priori probability v, if the associated family of eigenfunctions g, 4
converges, it will converge to a sub-action for A.

Lemma 3 For any 8, we have —||A|| < 5logAs < [|Al|.

Proof: Fix > 0. Let  be the maximum of ¥g4 in B and & be the minimum of 954 in
B. If ||A]| is the uniform norm of A, we have

1 . _
Ag = - / eﬁA(ar)wﬂA(aj)dy(a) < / eBA(az)dV(a) < ABlAl :
bpa(®) Ju M
and )
Ag = - / eﬂA(ai)wﬂA(aa})dy(G) Z/ e,BA(a:E)dy(a) > e—BlIAll
Vpa(@) Sy v

[
The next result can be seen like a kind of measure theoretical version of the Laplace’s
method.
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Lemma 4 Suppose Wy : M — R converges uniformly to W : M — R, when t — +o00. Then

1
lim — log/ e (@D dy(a) = max W(a).
M

t—o0 a€eM

Proof: Let m = max{W(a) : a € M}. Let a € M, such that W(a) = m. Given ¢ > 0, there
exist tp and ¢, such that Wi(a) > m — e, for any a € B(a,6) = {a: d(a,a) < 0} and t > to.
Therefore, if ¢t > ty, we have that

/ W@ dy(a) > / et @ dy(a) > v(B(a, 6))6“7”_5),
M B(a,d)
thus, if ¢ > g,
1 1
n log/ e D dy(a) > n log (v(B(a,d))) +m —e.
M

Hence )
lim inf — log/ e @D dy(a) > m.
M

t—+4oo

The other inequality is analogous, using the fact that: given e, there exists ¢y such that,
Wi(a) < m+¢, for any ¢ > tp and a € M. |

Proposition 10 Given a potential A Hélder continuous, we have
i)

1
lim — log Ag = m(A).
Jim_ 5 logAg (4)
1) Any limit, in the uniform topology,

V= lim BilOg("/)ﬂnA)v

n—oo n
is a calibrated subaction for A.

Proof: Let 3, be a subsequence such that the following limit exists: ﬁ log Ag, — k, when
n — o0o. By taking a subsequence of 5, we can assume that also there exists V' Holder, such

. 1
that V := nll)n;o E log(ib,BnA).
Given z € B, consider the equation

1
Ag, = 7/ eﬁ"A(“‘”)w L alax)dv(a).
o Vg a() Sy sualaz)dv(a)

It follows from lemma B that, when n — oo,

k= m%[({A(ax) + V(az) — V(2)}.

ac

First we show that k > m(A) :
From the above it follows that

—V(o(z)) +V(z)+ A(z) < k.

Let 1 be a o-invariant probability measure, then
[ A@an@) = [ [=V(e@) + V@) + A@)] duto) < .

This implies m(A) < k.

20



Now we show that m(A) >k :
For any = € B there exist y = a, = such that o(y) = z, and

—V(o(y))+V(y) + A(y) = k.

Therefore, the compact set K = {y : —V(o(y)) + V(y) + A(y) = k} is such that, K’ =
Ny o~ "(K) is non-empty, compact and o-invariant. If we consider a o-invariant probability
measure y with support on K’, we have that fB A(y)du(y) = k. From this follows that
m(A) > k.

From the above arguments k& = m(A) is the unique possible accumulation point of the
bounded function § — %log Ag A, then

1
lim —logAga = m(A).
gim zloghga =m(4)

Moreover, from the above expressions, we can say that any limit of convergent subsequence

1
lim —
n—

3 log(13, 4) is a calibrated subaction. 7

Now we return to study the Gibbs measures at zero temperature. In the case pga — ploo,
when 8 — oo (not just a subsequence), as we said before, we have selection of probability at
temperature zero (see [E0], [E2], [E] for general positive results and [[3] [[@] [22] for negative
results). The next result uses the variational principle proved in the previous section and the
property that the entropy of an invariant probability is not positive.

Theorem 5 Consider a Hélder potential A. Suppose that for some subsequence we have
1B, A = Hoo- Then i 15 a maximizing probability, i.e.,

/ A(z)dposo (z) = m(A).
B

In the case the maximizing probability for A is unique, we have selection of Gibbs probability
at temperature zero.

Proof. By definition, g, 4 — fieo, if and only if,

n—r oo

lim [ wdyg,a = / Wwditee, Vw €C.
B B

Now using Theorem B and the fact that h(u) < 0, we obtain

. log A . 1
m(4) = lim %=nlggo < /B Ad,UBnA‘FBh(UBnA))

lim /Ad,ugnA:/Ad,uoo

Hence, m(A) < [z Adps. Also, as fis is a o—invariant measure, we have that m(A) >
Jis Adpioo. This implies that m(A) = [ Adpieo.

IN

O

Questions related to the Large Deviation property on the XY model, when 8 — oo, are
considered in [E2]. The existence of a calibrated subaction plays an important role in this kind
of result.

We consider now a different kind of question. From an easy adaptation of Theorem 2.1 in
[[3] one can show:

21



Proposition 11

n—1

lim ! sup Z A(d? (x)) = m(A).

n—,oo n

We consider from now on a potential A which depends on two coordinates A4 : ST x ST — R
of class C'°°. A smooth real-valued function on a manifold M is a Morse function if it has no
degenerate critical points.

In O] it is shown that in the C'* topology it is generic the set of potentials A such that for
any n the function Zn ' Aog7 : (81! — R is a Morse function. In this case for each n there
exist a finite number of points where the values of Z;l;ol Aog’ are maximal. Moreover, there
exists a positive number D such that for all n the number of critical points of Z;l;ol Aoolis
smaller than D™.

One can consider for the function 777, ! Aog? 1 (S1)"+1 = R periodic boundary conditions
on (S1)". By adapting the proof of the above result we get that the Morse property, in this
case, is also true. It follows from the above proposition that, generically on the potential A, the
maximizing probability can be approximated by probabilities with support on periodic orbits
(which are isolated in (S1)"*+1).

Other references related to the topic are [B] [B] [EF]. In a future work we will analyze
questions related to zeta functions for generic potentials A (see [B4] and [E4]).

5 An application to the non-compact case

An interesting example of application of the above theory is the following: consider My =

{zi,i € N} an increasing infinite sequence of points in [0,1) and suppose that zo, = 1 =
lim; o z;. We will also suppose z; = 0. Therefore, each point of Mj is isolated, and there
is only one accumulating point z,, = 1. We consider the induced euclidean metric then

M = My U {1} is a compact set. The state space My can be identified with N, and M has a
special point z., = 1 playing the role of the infinity. Let By = M} and B = M". Note that By
is not compact.

Some results in Thermodynamic Formalism for the shift with countable symbols (see [B3]
[[@]) can be recovered from our previous results as we will see. We will also study the limit,
when the temperature goes to zero, of Gibbs states, and some results in Ergodic Optimization
will be obtained. In particular we will show the existence of sub-actions, under some suitable
hypothesis. We will get this last result via limit at temperature zero of eigenfunctions at
positive temperature. Results in Ergodic Optimization for this setting appear in [BE8], [8], [@],
(&3], (&3], [B3).

Thermodynamic Formalism

Lemma 5 Suppose that A : By — R is a Hélder continuous potential. Then it can be extended
as a Hélder continuous function A : B — R.

Proof: The extension is a consequence of the fact that any uniformly continuous function can
be extended as a uniformly continuous function to the closure of its domain. It is easy to see
that this extension is also Holder continuous. )

Now let us fix an a-priori measure v := >, _ypid., on M (or My), where p; > 0 and
> ienPi = 1. In fact, we have that z,, = 1 belongs to the support of y, but is not an atom of
p. All other points of M (i.e. the points of M) are atoms for v. On this way for each Holder
continuous potential A : By — R we can consider the following Transfer Operator on C(Bp):

La(w)(x) ::/ A9y (az)dv(a ZeA(z (22 ps

M 1€EN
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Proposition 12 Let A: By — R be a Holder potential. Then

(a) there exists a positive number \a and a positive Holder function ¢4 : By — R, such
that, Latha = Aatha.
If we consider the normalized potential A = A +log 4 —logis oo —logAa, then

(b) there exists an unique fived point pa for L%, which is a o-invariant probability measure
on Bg.

(c) the measure
1

A= T— MHA
pa= i

satisfies L5 (pa) = Aapa. Therefore, pa is an eigen-measure for LY.
(d) for any Holder function w : By — R, we have that, in the uniform convergence topology,

L (w)
(Aa)" e /Bo wapa;

and

Lhw — wdp g .
Bo

Proof: Using lemma B we can extend L4 to C(B). From Theorem M we obtain A4 > 0 and
14 > 0 Holder continuous such that

In particular, the restriction 14 : By — R will satisfy also the expression

Y M pa(zia)p = Aapale) Vo € By,

This proves item (a).
Consider A = A +log1 s —logta oo —logAa.

In order to prove item (b) we observe that from Theorem B there exists pa on B satisfying
item (b). We want prove that ps(B — By) = 0, or equivalently pa(By) = 1. On this way we
only need to show that pa({z € B : 1 =1}) =0, because for all n > 1, we have

pa{z € B : 2, =1}) = palc " {z € B : 2, =1})),

therefore, we will have

o0

pa(B—Bo) <Y pal{z €B:ay=1}) =0.

n=1

To prove that pa({z € B : 1 =1}) =0, we fix ¢ > 0, and we consider a Hélder function we,
such that, x{zeB:0,=1} < we < 1 and we(z) =0, if 11 < 1 —¢. Then, using Theorem B item c)

pa{reB:axy=1}) < [ wedpa = lim L%w.(0%)
B n—-+oo

= lim E Piy E Satnz 20y (2, 2, .25, 0% )piy i,

n—+oo | . .
11124 >1—€ 12,.euyin
. A SN2z 0 _ A
< lm Y g ST S Gy = ST e
11124 >1—€ 12 yennyln 11124 >1—¢

where we used in the last equation the normalization property.
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Now the claim follows easily when we use the fact that the a-priori measure is supported
on [0,1), which makes

Z pi;, -0 when ¢ —0.

i1:24; >1—¢

The items (c¢) and (d) follow when we restrict to By the result of Theorem B. 7

Now let us compare this setting with some results contained in [B8]. The operator £4 can

be written as
Z A( zlz) Zz pl Z A(ziz)+log(p;) ( )

that is, the Classical Ruelle Operator with potential B := A +log(P), where P(y1,y2, Y3, ...) =
P(y1) = pi, if, y1 = z;. We denote this operator by Lp, or, L {1og(p)-

Clearly (A + log(P))(zi,y2,¥ys3,...) = —00, when ¢ — +00, because p; — 0, when, i — +o00.
Furthermore, if we define

Var,(B) =sup{|B(z) — B(y)| : 1 = Y1, -, Tn = Yn},

then, there exists C' > 0, such that, Var,(B) < 02%0, for any n > 1. This means that B is
locally Hélder continuous (see [B]).

Define
Zn(B,a) := Z enBW),

o"(y) =y
Y1 =a

Proposition 13 Fiz a € My, then, there exists a constant M, and an integer N, such that,
for any n > N:

Zn(Bv a’) —1
— o €My, M,
NG [ ]
Proof: Let x = a* = (a,q,a,a,...). When we apply item d) of Proposition [ for w = 1 we
get
£n
e o,
A

Remember that we denote by a™ = (ay,...,a1) € M, then there exist M; > 0 and N, > 0
such that for n > N,:

1 S,B(a"x
()\A>n+1 Z € ( :

1

SAax-Ho P(ay)...P(a
WZ (a™z)+log(P(an).. (1))€[M , M.

am™

Let y be the periodic point with period n + 1 obtained by the successive concatenation of
(a,an,...,a1) and let z = o(y). We have

|[SpB(a"x) — S, B(z)] = |SnB(an,...,a1,a,a,a,...) — SpB(an, ...,a1,0,n, Gp_1,...)]|

|SnA(an, ...,a1,a,a,a,...) — SpA(Gy, ..., a1,a,ap, Gp_1,...)]

1 1 1
C — — ) .d <,
<2a + 22a ot 2na> (J?,y)

IN

Using the fact that By has finite diameter we obtain a constant Ms > 0, such that,

|SpB(a"x) — SpB(z)| < Ma, VneN, a™ € M.
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Furthermore, using the property o™ (z) = y, we conclude that B(c"z) = A(c™(z)) + log(P(a))
is bounded independently of z. Therefore, there exists a constant M3 > 0, such that,

|SnB(a"x) — Sy B(2)| < Ms, vVneN, a" € My.
Note that S(,41)B(2) = S(n+1)B(y). Then,

Z esnB(a”a:)fMg < Z eS(nJrl)B(y) < ZGS’”B(a"’IH»Mg
an

"y =y an
Y1 =a
Therefore, when n > N,, we get
1 g B _
- e BW | e 1(MyeM3)=1 (M, eM3)].
" (y) =y
Y1 =a
Choosing M, = M;e™3 we conclude the proof. O

In this way, we can say that B = A + log(P) is positive recurrent (see [B3] Definition 2).
Following [68] Theorem 4 we get a Ruelle-Perron-Frobenius Theorem (as in Theorem [2 above).
It follows from the above proposition that A4 is the Gurevic pressure of B (see [B3| definition
1).

We would like to point out some differences on the topology considered in our setting with
the classical one used in the theory of Thermodynamic Formalism with state space N. The
set MY} can be identified with NY, but the metric space M} is different from the metric space
NN with the discrete product topology. Here, we consider a distance (induced in the subset
My U {25} C [0,1]), such that, for any two points = = (1, x2,...), ¥ = (Y1, Y2, -..) € MY

1
d(z,y) = Z 27d[0,1] (TnyYn)-

neN

On the other hand, the metric considered in [B8] is of the form: for two points x,y € N

d(l‘,y) = 2%7 if L1 =Ylyeesn—1 = Yn—1, Tn # Yn,-

Using that the diameter of [0,1] is one, it follows that d(z,y) < glv(x,y) In particular,
any convergent sequence on the metric dis a convergent sequence on the metric d, and any
continuous/Hélder function A for the metric d is a continuous/Hoélder function for the metric
d. But the same is not true in the opposite direction. This is a subtle question. Results in [B3]
and here are obtained under slight different hypothesis. Anyway, in physical applications this
is probably a not very important point. B

Considering the dual space, it follows from the relation d(z,y) < d(z,y) that any open set
for the metric d is an open set for the metric d. Then, the Borel sigma-algebra generated by
d is contained in the Borel sigma-algebra generated by d. on the order hand, the cylinder sets
[E3] are closed sets for the metric d, therefore, they belong to the sigma-algebra generated by
d. In this way, the Borel sigma-algebra generated by d, or, by J, is the same.

Ergodic Optimization

Once more we point out that the concepts of sub-action and maximizing measures do not
involve an a-priori measure. On this way the statement of the next theorem does not use any
a-priori probability. On the other hand, some condition on A must be assumed in order to
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obtain positive results in Ergodic Optimization. For example: the potential A : By — R, given
by

| =

A(x) = _Z id(xia 1)7

does not have maximizing measures on By.

We need some hypothesis on A in such way it prevents “the mass to go to infinity”. Under
some appropriate and natural conditions on A, we will obtain below the existence of calibrated
sub-actions and maximizing measures. In the proof, we consider a limit involving a subsequence
of eigenfunctions of L34, when the temperature % goes to zero.

Theorem 6 Suppose that A : By — R is a Holder continuous potential. Consider the Hélder
continuous extension A : B — R. If the extension satisfies:

A(xla vy n—1, 1axn+17xn+27 ) < A(.’L‘], vy n—1, 0) Tn+41, Tn42, ) (16)

for anyn € N and z; € M, then:
a) A has a calibrated subaction V' on By, that means: for any x € By,

0= max (A(az) + V(az) — V(z) — m(4)).

b) Any mazimizing measure for A has support on By.

Proof: We define an a-priori probability measure on M by the expression
V= Zpi-(szia
ieN
where Zpi =1 and p; > 0.
Claiﬁ' Denote by 134 the maximal eigenfunction for the Ruelle operator given by the

potential SA and the a-priori measure v. Let V' be the limit of some subsequence ﬁ% log g, .
Then, we have

(i) pa(l,x1,22,23,...) < Yga(0,21,20,23,...) Vo € B,

(ZZ) V(l,:L‘l,JZQ,.’Eg, ) < V(O,l’l,wg,mg, ) Vx € B.

Proof of (i): We know by item (c) of the Theorem B that

5a(1)(2)
6;771 - d’ﬁA(l’)/ ldpga, Vzx € B.
(Asa) 5
Hence,
pﬁA(B)wﬁA(x) = lim eS"BA(“nf”)*nlogAﬁAan(an), Vi € B.

n— oo Mn

Suppose now that z = (1,21, 22, x3,...) and y = (0,21, 22, x3, ...), with € B, then, using (IH),
we get

n

/ eSnﬂA(anz)—nbg)\BAdyn(an) </ eSnﬁA(a"y)—nlog)\gAan(an),

which implies 54 (2) < Y54 (y).
Proof of item (ii): By hypothesis V satisfies

V(z) = lim BilogwﬁnA(w)),

n—oo n

as the log function is monotone, we get V(z) < V(y), which finishes the proof of the claim.

26



Now let R- = A+ V —V oo —m(A), where V was defined above. We know, by the
sub-action equation, that R_ < 0. From (@) and the above claim, we get that for any = € By:

R_(1z) = A(lz)+V(lz)—V(x) —m(A)
< A(0z)+V(0x) — V(z) —m(A) = R_(0x) <O0.

Using now the fact that V is a calibrated subaction (on B) we conclude the proof of (a), because
last inequality shows that

max (A(ax) + V(az) — V(z) — m(A)) = max (A(ax) + V(ax) — V(z) — m(A)).

a€My aceM

We point out that the fact that the extension has a maximizing measure is a consequence
of the compactness of B. In order to prove (b) we will fix a € B\By and prove that = does
not belong to the support of any maximizing measure.

Note that if R_(c*~1(x)) < 0, then = does not belong to the support of the maximizing
probability p. Indeed,

/R_oak"ld,u:/R_du:/Adu—m(A):O,
B B B

which, combined to the continuity of R_ < 0, proves that R_ o ¢*~! vanishes at the support
of 1. Now we will prove that R_(c*~1(x)) < 0. So, let k € N be such that z = 1 and 7; < 1,
V1 <l < k. Let y € B be given by y; = x;, if i # k, and y, = 0.
We have that o*~1(z) = (1,241, The2,...) and 0¥ (y) = (0, g1 1, Thao, ...), therefore
R_(6" ) = A(0"}(2)) + V(6" (2)) = V(0" (x)) — m(A)
< AUy + V(e (y) - V(e* (1) - m(4) = R-(*1(y)) <0,

where we used above the hypothesis (IH), item (ii) of the claim, and also o*(z) = o*(y).

In the proof of the above theorem we show the following result:

Corollary 2 Given an a-priori probability measure v = Y .o p;0.., p; > 0, under the hy-
pothesis of the above theorem, then, there exists a subsequence {f,} and a Holder continuous
function V : By — R, such that,

1
— log(vp,a) =V

uniformly on By. Furthermore, any possible limit V' is a calibrated sub-action for A on By.

An example of potential satisfying the hypothesis of the above theorem is given by
A(r) = —d(z,0%)

where 0% = (0,0,0,0...). Note that in the claim of hypothesis (@) we can change 0 by any
fixed z;, and the result we get will be the same.

It is important to remark that when the temperature changes, then, the operator varies in
a different way of what happens in the classical sense: for a fixed § > 0, we have:

/ P M)y (az)dv(a) = Z P AEDy (z2).p; =
M P

Z ef A(zw)-‘,—log(P(zi))w(zim).

3

Then, (in this work) the main eigenvalue and eigenfunction, respectively, Ag > 0 and g > 0,

are associated to B(A + M) (in the setting of the Classical Ruelle Operator).

B
In this way we can think of the function z; — W as a perturbation of the potential

A, that goes to zero when 8 — oo (but not uniformly).

27



6 The differentiable structure and the involution kernel

We consider in this section the XY model. This is the case where M = S!, and the a-priori
measure is the Lebesgue measure on the circle. (S1)N has a differentiable structure.

We know that, in the case where the potential A is Holder, the eigenfunction 14 is also
Holder and belongs to the same Holder class. The main result of this section is theorem @, where
we prove that, under mild assumptions concerning the differentiability of A (see definition B),
the associated eigenfunction v 4 is differentiable in each coordinate x; of .

In this setting, we point out that in [E] it is analyzed several questions which involve
differentiability for potentials which depend just on two coordinates. Here we consider more
general potentials.

Let B* = {(...,y2,y1) € (S}, and we denote by the pair

(y|z) = (- y2, y1]T1, T2.0),

the general element of B := B* x B = (S')Z, the natural extension of B. Here we will follow
the ideas of [B]. R
We denote by & the shift on B, i.e.

&("'7y2ayl|xla x2, ) = (a Y2,Y1, l‘l‘xz,.ﬁg, )

Definition 5 Let A : B — R be a continuous potential (considered as a function on B). A
continuous function W : B — R is called an involution kernel, if

A= Ao ' 4 Wos ' =W
depends only on the variable y.

The involution kernel is not unique.

Let us fix ' € B and A a Holder continuous potential, then we define

W (ylx) = Z AYny ooy Y1, 21, T2y o) — A(Yny ooy Y1, T, Th, oo0). (17)

n>1

An easy calculation shows that W (y|z) is a involution kernel (see [@]).

The Ruelle-Perron operator £4 gives two important informations: the eingenmeasure p 4
and the eingenfunction 4. As in [B], we can use the involution Kernel in order to obtain ¢4, if
we know the eigenmeasure of the Ruelle-Perron operator associated to A*(y) (see proposition
™). We will show that the involution kernel allows one to differentiate 14 with respect to each
coordinate x; of x, using the expression of )4 given in proposition [ (see theorem @).

Let A : B — R be a Holder continuous potential and W : B — R an involution kernel, then
for any a € S, 2 € B and y € B*, we have

(A" + W) (yalz) = (A + W)(y|az). (18)

Questions related to Ergodic Transport Theory and the involution kernel are analyzed in [E3],
[C7] and [E3].
Remember that

m(A) = sup /B Adp,

pis o—invariant
and define
m(A*) = sup / A*dp.

pis o* —invariant

The next result is an adaptation to the present setting of a result in [B].
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Lemma 6 Let L4 and L« be the Ruelle operators defined on B and B*, and W(y|x) an
involution kernel. .
Then, for any x € B, y € B*, and any function f: B — R

La- (FC12) ) () = £a(f 06yl W) (). (19)

Proof: Under our notation we write A(y|z) = A(x) and A*(y|x) = A*(y). Consider z € B,
y € B* fixed, then by the definition of £4 and L4+, and equation (I¥), we obtain

La-(f(|x) eW('|f“))(y) = /51 f(ya|x)e(,4*(ya)+w(ya|x)) dv(a)
= / f o 6(y\ax) (A(aac)—i—W (ylazx) ) dV( )
Sl

=La(fod(yl) eV W) ()

1
Let p4 and pa« the eigenmeasures for £% and L., given in Theorem B. Suppose c is such

that [[i; 5. €V WD =¢dp e (y)dpa(a) = 1.
Proposition 14 Suppose K (y|z) = " W*)=¢ Then,

dfia = K(y|z) dpa- (y)dpa(z)

is invariant for & and z's the natural extension of the Gibbs measure 4.
The functwn Ya(x) = [z K(ylz)dpa-(y) is the main eigenfunction for L4, and the func-
tion 1 ax(y fB y|:L' dpa(x) is the main eigenfunction for La+. Furthermore Ag = Aa-.

Proof: We denote by K(y|z) = eW@*)=¢ and we define a positive function 1, by the
expression ¢ (x fB* (y|z) dpa-(y). In order to prove that 1 is an eigenfunction for £ 4, we
remember that L% (par) = Aa=pa~, hence

x):/ K(y|x)d(>\im£f4(0m))(y) :/B* o EA*( (|l"))(y)dPA(y)
— [ LalK ) @ o () = () ),

where in the third equality we have used equation ([d) with f = 1. This means that ¢ is a
positive eigenfunction for £ 4, now using Proposition 0 we get that ¢ = ¥4 and Ag« = Aa.
The proof for the case of % is similar.

By the same arguments used above, for any bounded Borel f : B* x B — R, we have

[ [ ostmK Gladoa wipat
= [ doae) [ 5£a(7 0 SDE 1) @) dpa(a)
= [ana@) [ 5-La (FC0E) dos- ()
:// fyle) K(ylx)dpa-(y)dpa(x),

B JB*

hence djia = K (y|z) dpa« (y)dpa(z) is invariant for 4.
Finally, let us prove that ji4 is the natural extension of 4. Given a function f(x) we get
that

/ F(@)djia(y, ) :/ £(2) K (ylz) dpa- (y)dpa(z)
B JB*

/ fB* )a(@)dpale / f(@)dpaa
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Therefore, the measure dfix(y,z) = K(y|z) dpa~(y)dpa(z) projects onto pg and pa- (by the
same arguments). The probability fi4 is therefore the natural extension of p4. |

1
Remark: Note that, as Aga = A\ga~, we have that m(A4) = ma 3 log Aga = m(A").
—00

Definition 6 Suppose that A is Lipschitz continuous and satisfies the both conditions described
below:

(a) A is differentiable in each coordinate z; of x € B,

(b) given € > 0, there exists H. > 0, such that, for all x, if |h| < H, then

Az + hej) — A(z)
h

€ .
— D;jA(z)| < oY Vj eN, (20)

where D;A(x) denote the derivative of A with respect to the j-th coordinate.
We will denote the class of such potentials by D.
The potential A(z) = S.°°, L sin(z,, + 1/2") belongs to the class D . Moreover, any

n=1 27
potential which depends on finite coordinates and is of class C? belongs to D.

Proposition 15 Suppose that A belongs to the class D. Given an involution kernel W we

have that for any j
0

%W(yh") = Z Dn-‘r]A(yna ~ Y1, 21, T2, ) .
J n>1

Proof: Let us first prove that the sum in the right hand side is convergent. Indeed, using
that A is Lipschitz, there exist K > 0 such that

|A(z) — A(Z)| < Kd(z, T).
If we denote 27 = x + he; and y"x = (yn, ..., y1, %1, &2, ...), then we have

< Edsl (.Tj + h, a)‘j) K

= B on+j T 9n+tj”

’A(y”x + hejin) — Aly"z)
h

Using that A belongs to D, we get that, given € > 0, there exists H. > 0 such that, for each
|h| < H,, we have

€ K €

- < +

‘A(y"fvi) — A(y"z)
h

which implies
K+¢

27

S Duss Al™e)| < <0

n>1

Now, we will prove the proposition.

n>1

= ’ (Z Ay "z + hejin) — A(y"x)) — Z Dy jA(y" )
Z (A(y"x—i—heﬂn) —Aly"z) Dn;A(y"x))‘ < Z e _ ¢

h nti 277
n>1 n>1

S| =

for all |h| < H, as A belongs to D.
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From the final part of the last proof we have that, for all |h| < H., and for all z and y,

Wl(e +he,) ~ Wigle) oW (la)| _ e
h 6]}]‘ -2

(21)

Theorem 7 Let p4(x) = fB* eVlr)=cqp . (y), and suppose A belongs to the class D. Then,
the eigenfunction 14 is differentiable in each coordinate x;. Moreover,

0 —c
7’(/)14(.%) = GW(yla:) ZDn+JA(yn77yl,mlax23) dPA*(y)
8$] B n>1
Proof: Consider j € N. We have
hes) — ow
Yalz+ e]i) Ya@) [ wlo)—c # dpA*(y)‘
B* Zj
W Wlathe))—e _ Wiylo)—c OW (y|x)
_ _ (ylz)—c W YIT) X
/* ( A e oz, ) dpa (y)‘
W (yle+he;)=W(ylz) _ q OW (y|x)
_ W(ylz)—c( € _ Y\ dpan
. e ( . oz, ) pa~(y)
- W (ule) eW (ylathe;) =W (ylz) _ q _ W(ylz + hej) — W(ylz) dpa-(y)
=1 /s L h
+‘ eW(ylx)_c(W(y|m+hej) - Wi(ylr) 8W(ylw)> dpA*(y)‘.
5 h 3xj

Now, observe that the second integral above goes to zero when h — 0, as a consequence of
equation (E0). The first integral also goes to zero when h — 0 because, using the fact that

eth _ 1 aFpk—1
no YT > B
k>2

with a =

Walethe)=Wle) o haye

h h

(W (ylz + hej) — W (y|z))"
Z klh

Ejaku+hqw—wwu»“‘aku+h@w—W<
k! h

ym))‘_}o when h — 0.
k>2

In the last expression we used the uniform continuity of W and also (EII).

(|
Remark: In the case where A depends only on the two first coordinates, we have that (see

@) 1
valen) = 5 [ A0 dofun).

Hence, 14 satisfies the equation

0
ﬁmmb—jkmmmm%mwwmm»
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