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Abstract

Bogoliubov’s 1947 approximation, originally developed in the microscopic theory of superflu-
idity, laid the foundation for solving previously intractable quantum models and later became part
of “quantum mathematics”. Regarding mathematically rigorous results, one of its most advanced
forms – the only one that handles quantum equilibrium states – was published in the Memoirs of
the AMS in 2013. Building on key results from convex analysis, the present work significantly
extends it to obtain a general mathematical theory that enables nonlinear variational problems
on convex compact spaces to be fully studied via a linearization process, referred to here as the
“Bogoliubov linearization”. This problem is particularly timely, given the current development
of quantum algorithms and computers, which are inherently linear machines. A deep connection
with the optimal transport is also proven. As a paradigmatic example of application, the approach
proposed here is applied to the nonlinear thermodynamic formalism – an emerging field that can
have important impacts on various fields of mathematics, such as ergodic transport, the fractals
and multifractal formalism, discrete-time linear dynamics, C∗-algebras, etc. Notably, even in
the case of finite alphabets the obtained results go beyond the scope of the existing literature in
nonlinear thermodynamic formalism.
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1 Introduction

1.1 Abstract theory of Bogoliubov linearizations
Nonlinear variational problems appear in such a wide variety of mathematical contexts that it would
be difficult to provide an exhaustive list. Their interest lies in the wide range of applications in the real
world, such as in physics, biology, engineering and economics, for systems governed by principles
of equilibrium and optimality in the presence of nonlinear effects. From a mathematical perspective,
nonlinear variational problems stimulate the development of sophisticated analytical techniques, such
as compactness methods, variational inequalities and critical point theory. They also promote signifi-
cant connections between functional and convex analysis, partial differential equations, geometry, as
well as other areas of mathematics.

Although general approaches for studying them exist, such as the celebrated catastrophe theory,
nonlinear variational problems are generally very difficult to analyze rigorously. In this paper, we
propose a general method to study variational problems of the form supF (K), where F : K → R is
a nonlinear function defined on a compact convex Hausdorff space K. This is done in the scope of
convex analysis. Indeed, given two real normed spaces X±, the nonlinear functionals F we consider
are of the form

F .
= f − g− ◦ τ− + g+ ◦ τ+ ,

where f : K → {−∞} ∪ R is an upper semicontinuous concave function, τ± : K → X± are
two continuous affine transformations and g± : X± → R are two lower semicontinuous and convex
functions whose Legendre-Fenchel transforms, g∗±, have a full domain1 and grow sufficiently fast at
large arguments. This situation is very general, as discussed in Remarks 3.5 and 3.6. For example,
any C1-functions on a compact subset of RN (N ∈ N) can be represented as the difference of convex
and continuous functions. See Remark 3.6. In applications, f , −g− ◦ τ and g+ ◦ τ+ typically refer to
an entropy, a nonlinear attractive and a nonlinear repulsive interaction term, respectively.

1A slightly more general assumption for g− can be used. See Condition B2 of Section 3.3.
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Note that even if the function f is a priori only concave (rather than affine), our primary focus is
on the nonlinearity introduced by the functions g±. In fact, one might wonder why we do not include
−g− ◦ τ− in the term f , given that they are both upper semicontinuous and concave. The advantage
of splitting F into three parts, f , −g− ◦ τ− and g+ ◦ τ+ becomes apparent when the Legendre-Fenchel
transform of g∗± and certain associated linear variational problems can be easily controlled. This is
the raison d’être of Bogoliubov linearizations. We demonstrate the effectiveness of this method by
applying it to the nonlinear thermodynamic formalism. However, our new approach has a much wider
range of applications.

In fact, it originates from a study of quantum lattice systems at equilibrium, which was published
in the Memoirs of the AMS in 2013 [18] and has been extensively developed here. We prove in
Theorem 3.8 that

supF (K) = sup
y+∈X ∗+

inf
y−∈X ∗−

{supGy+,y− (K) + g∗− (y−)− g∗+ (y+)} .= P[ ∈ R , (1)

where Gy+,y−
.
= f − y− ◦ τ− + y+ ◦ τ+, y± ∈ X ∗±, which are named the Bogoliubov linearizations

of F here. Solutions to these variational problems are studied in detail, see again Theorem 3.8. For
instance, we obtain the following unexpected result:

EF
.
=
{
µ ∈ K : ∃(µj)j∈J ⊆ K with lim

J
µj = µ and lim

J
F(µj) = P[

}
=
{
µ ∈ K : F (µ) = P[

}
,

keeping in mind that F is generally not upper semicontinuous. Additionally, this set is compact
and its elements are self-consistent solutions to associated linear variational problems. Indeed, as
can be seen from Equation (1), the nonlinear2 problem can be studied through the family of linear3

variational problems
PL (y+, y−)

.
= supGy+,y− (K) , y± ∈ X ∗± . (2)

This is achieved by determining beforehand the solutions x± ∈ X ∗± to the supy+∈X ∗+ infy−∈X ∗− in (1).
There is in particular a canonical two-person zero-sum game associated with the maximization of F,
the payoff function of which is given by the nonlinear approximating pressure

PNL (y+, y−)
.
= PL (y+, y−) + g∗− (y−)− g∗+ (y+) .

This game is studied in detail in Section 3.4 because it itself has interesting applications, as shown
in Section 2.7.4 in the context of the thermodynamic formalism or in [18, 21] for lattice quantum
systems.

In Section 3.5, we explain how generalized nonlinear equilibrium states

µ ∈ GF
.
= co(EF) ⊆ K

can lead to distributions (at equilibrium) of order parameters4 for the system under consideration,
which is an important concept in physics, related to phase transitions. In this context, we show that,
for any given order parameter distribution at equilibrium, the nonlinear pressure supF(K) can be

2The nonlinearity here refers to the functions g±.
3The function f is not necessarily linear. It is the functions g± that are linearized, being replaced by y±◦τ± in Gy+,y− .

We nonetheless refer to supGy+,y− (K) as a “linear” variational problem, because nonlinearity is represented here by g±;
furthermore, in statistical mechanics the function f represents an entropy functional (typically the entropy per unit volume
of space-invariant states) that is usually both concave and convex in the thermodynamic limit, and is therefore affine. See,
for example, the application of this method to nonlinear thermodynamic formalism, as explained in this paper.

4The term “order parameter” originates in physics and refers to a quantity that measures the degree of order in a system,
distinguishing different phases of matter. It is expected to exhibit different behavior at phase transitions. In the context of
mean-field theory, it refers to the c-number substitution that arises from the mean-field approximation. A typical example
of an order parameter is the magnetization density in spin systems.
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exactly recovered from a Monge-Kantorovich (transportation) problem [65, page 10] associated with
these distributions, the cost function of which is nothing but the nonlinear approximating pressure
PNL defining the above thermodynamic game. This observation is very useful because of the cele-
brated Kantorovich dual problem [65], for which various high-performance numerical tools are avail-
able. Moreover, in usual applications, the distributions at equilibrium of order parameters are simpler
mathematical objects than general equilibrium states. In fact, typically, the former are probability
distributions in some compact subset of a finite-dimensional space, whereas the latter are positive
functionals on some infinite-dimensional C∗-algebra.

Optimal transport is a fundamental theory that has numerous applications in fields such as eco-
nomics, machine learning, fluid dynamics, signal processing, mechanics, etc. Therefore, in Theorem
3.16 we prove the Kantorovich dual problem for supF(K), thereby establishing a link between non-
linear equilibria and this theory. To our knowledge, this is a new result. For more details we recom-
mend Section 3.5, which could even be a starting point for further developments in optimal transport
theory. Indeed, our aim is not to present here a detailed analysis of the associated optimal transport
problem, but rather to build a fundamental connection between the maximization of real-valued func-
tions F on compact convex spaces and the dual Kantorovich problem, thereby opening the door to
entirely new mathematical and numerical developments.

Moreover, as the frontiers of quantum computing and high-performance processing continue to
expand, the ability to effectively linearize complex problems is becoming increasingly important. Our
approach, based on Bogoliubov linearizations, offers an alternative to conventional tools used nowa-
days for dynamical systems, such as the Carleman or Koopman methods and perturbation / Taylor
expansions [30, 34]. It thus unlocks a new framework for solving nonlinear variational problems of
paramount importance at present.

1.2 The nonlinear thermodynamic formalism of dynamical systems
In this paper the paradigmatic example of application is the nonlinear thermodynamic formalism,
a relatively new area of mathematical research: It appears in a series of seminal papers [45, 46, 7,
25, 42], which introduce a rigorous approach to studying several questions in mean-field theory of
classical statistical mechanics, in particular in relation to the Curie-Weiss-Potts models.

The linear thermodynamic formalism, in the Bowen-Ruelle-Sinai sense (see, e.g., [49]), is a com-
paratively old but still extremely active area of mathematics. See [13, 54, 37, 40, 6, 58, 24, 8, 49,
67, 28]. As explained in [49], it has numerous ramifications towards other fields of mathematics,
such as the ergodic transport, the fractals and multifractal formalism, discrete-time linear dynamics,
C∗-algebras, Haar systems, groupoids and quasi-invariant probabilities for cocycles, mathematical
statistics, etc.

In 2023, Buzzi, Kloeckner and Leplaideur [25] explained how the nonlinear thermodynamic for-
malism can be understood from the linear one. Our aim is the same, but we take a completely
different approach with our general theory of Bogoliubov linearizations. Indeed, similar to Buzzi-
-Kloeckner-Leplaideur’s method [25], the theory of Bogoliubov linearizations transforms the nonlin-
ear problem into a family of linear ones. As explained above, this is achieved at the expense of some
self-consistency condition, which can, however, be effectively studied in the linear thermodynamic
formalism, as already demonstrated in [20] for some explicit examples.

This corresponds to Theorem 2.17, which allows us to determine equilibrium measures via the
so-called thermodynamic game discussed above. In fact, this game is shown in Theorem 2.21 to
have a direct and general interpretation in terms of (nonlinear) equilibrium measures. As explained in
Section 2.3, the case of Hölder potentials in linear thermodynamic formalism remains a very general
situation and has excellent mathematical properties. For example, in this case (linear) equilibrium
measures are always unique and ergodic (see [50, 1]). We thus apply Theorem 2.17 to a nonlinear
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version of this situation and obtain a much stronger result in Corollary 2.18 (see also Corollary 2.22).
We study the nonlinear thermodynamic formalism here via its linear version, as Buzzi, Kloeckner

and Leplaideur did in [25]; however, in our view, our method is simpler and more transparent. This
allows us to reach the same conclusions under much more general assumptions, as well as derive
new results, such as Theorems 2.17 and 2.21. See Section 2.6 which compares Buzzi-Kloeckner-
Leplaideur’s approach with ours. See also Conditions TF1–TF3 of Section 2.7.1.

Last but not least, with regard to the mathematical scope, it should be noted that the (symbolic)
space considered in relation to the thermodynamic formalism is the set of all (infinite) sequences
in an alphabet Ω, which is not necessarily finite but is only assumed to be compact with respect to
some metric. Despite the great importance of this more general case in applications – such as in the
classical XY model – the mathematical literature remains sparse. This has made it necessary to pro-
vide proofs for several fundamental results which, although anticipated, are essential to our analysis.
In particular, we define the entropy via (transfer) Ruelle operators and make the connection with a
thermodynamic limit of finite volume entropies, thanks to [1]. We also introduce new concepts, such
as ∆-functionals. We believe that, in addition to establishing a very general mathematical founda-
tion for the Bogoliubov linearization method, which stems from a long tradition in statistical physics,
the present work provides a solid basis for developing the nonlinear version of the thermodynamic
formalism for compact metric alphabets.

1.3 Structure of the paper
To summarize, Theorems 2.17, 2.21, 3.8 and 3.16, as well as Corollaries 2.18 and 2.22, are the main
results of the paper, which is divided into two main parts:

• Section 2 explains the thermodynamic formalism, including Buzzi-Kloeckner-Leplaideur’s sem-
inal approach [25] to its nonlinear version, in Section 2.6. We begin with this example to di-
rectly illustrate a concrete application of our abstract theory of Bogoliubov linearizations. This
example is indeed pedagogical and even paradigmatic, with a very general scope of application.

• Section 3 presents our general abstract theory of Bogoliubov linearizations, which could prove
very useful in many other contexts. Note that in Section 3.2 we provide a more detailed expla-
nation of why it was named after Bogoliubov.

Each of the two main sections ends with a more technical subsection and an appendix that compile
mathematical assertions used in this work. The results presented in the two appendices are either
standard, largely unknown (e.g., Theorem 2.40) or new. This makes the paper self-contained and
accessible to a wide audience.

2 Paradigmatic Example: Nonlinear Thermodynamic Formal-
ism of Dynamical Systems

The thermodynamic formalism is an old subject in strong connection with dynamical systems and
ergodic theory. See, e.g., Ruelle’s book [58] which first systematized this theory in 1978. It re-
mains an extremely active and important area of mathematics. See, for example, the book [70]
that emerged from a semester in 2019 at the Centre International de Rencontres Mathématiques
on “Thermodynamic Formalism: Applications to Probability, Geometry and Fractals”. It has in-
deed numerous ramifications across other areas of mathematics, including: the ergodic transport,
the fractal and multifractal formalism, discrete-time linear dynamics, C∗-algebras, Haar systems,
groupoids, quasi-invariant probabilities for cocycles, mathematical statistics, etc. For example, it has
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been known since the 1980s that the Hausdorff dimension of the support of a probability measure
can, in certain cases, be determined through the derivative of a (linear) topological pressure. See, e.g.,
[47]. For various references and examples of works connected to the thermodynamic formalism, see
[13, 54, 37, 40, 6, 58, 24, 8, 49, 67, 28].

In recent years, approaches to study questions in mean-field theory from the ergodic viewpoint
were introduced, in particular for the Curie-Weiss type models. These results constitute the founda-
tions of a new area called the nonlinear thermodynamic formalism [45, 46, 7, 25, 42]. As explained
in [25], the nonlinear version of the thermodynamic formalism has been also considered in relation to
the multifractal analysis [28].

As it turns out, there is an intricate relationship between the nonlinear formalism and the linear
one. For compact metric alphabets, in the case of convex and concave nonlinearities, or a combination
of both, we present a new method inspired by “quantum mathematics” to solve this problem effec-
tively. In fact, the link between both formalisms is made via a min-max principle which leads to the
concept of thermodynamic games, the cooperative equilibria of which provide a complete classifica-
tion of the nonlinear equilibrium measures of a given nonlinear (topological) pressure as equilibrium
measures of self-consistent (effective) linear pressures.

The general (abstract) version of this method is postponed to Section 3. To motivate it, we first
present its application to the nonlinear version of the thermodynamic formalism as paradigmatic ex-
ample. Although the nonlinear thermodynamic formalism is a known subject, our approach introduces
new developments in the form of a novel yet natural variational problem on probability measures (Sec-
tion 2.7.4). Even in the case of finite alphabets our results cover a more general class than the current
literature in nonlinear thermodynamic formalism [45, 46, 7, 25, 42].

To make the paper self-contained, we begin with the mathematical framework of the symbolic
dynamical systems formalism.

2.1 Mathematical framework
Alphabet. Let (Ω, d) be any compact metric space. It represents a general (possibly infinite) alphabet.
For simplicity and without loss of generality, we assume that

max d(Ω× Ω)
.
= max {d (ω1, ω2) : ω1, ω2 ∈ Ω} = 1 , (3)

i.e., Ω has normalized diameter. In addition, we set an arbitrary a priori probability measure m, which
is fixed once and for all, on the Borel σ-algebra of the alphabet (Ω, d). Recall that such a measure is
always regular, for the alphabet is a metric space. Below, it is important to assume that m has always
support equal to Ω.

Infinite strings. From the compact metric space Ω we construct the compact5 topological space
Σ
.
= ΩN as the set of infinite strings in the alphabet Ω endowed with the product topology. A standard

basis of the topology of Σ is given by the collection of cylinders, defined for any N ∈ N and finite
sequence O1, . . . , ON of open sets of (Ω, d) by

[O1, . . . , ON ]
.
=
{
σ = (ωn)n∈N ∈ Σ : ω1 ∈ O1, . . . , ωN ∈ ON

}
⊆ Σ .

Fix once and for all throughout the paper a parameter η ∈ (0, 1). Then, a metric generating the
topology of Σ can be defined by

dη (σ, σ′)
.
= (1− η)

∑
n∈N

ηn−1d (ωn, ω
′
n) , σ = (ωn)n∈N , σ

′ = (ω′n)n∈N ∈ Σ . (4)

5It is compact, by Tychonoff’s theorem [57, Section A.3].
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Note that the metric is defined to satisfy the normalization

max dη (Σ× Σ)
.
= max {dη (σ1, σ2) : σ1, σ2 ∈ Σ} = 1,

given a fixed parameter η ∈ (0, 1). Observe that [54, Proposition 1.2] shows that results for equi-
librium probabilities on ΩZ can be derived from the ones obtained in ΩN, which are studied here.

Real-valued functions on strings. C(Σ) ≡ C(Σ;R) is the Banach space of all real-valued continu-
ous functions endowed with the supremum norm:

‖ϕ‖∞ ≡ ‖ϕ‖∞,Σ
.
= sup |ϕ (Σ)| .= sup {|ϕ (σ)| : σ ∈ Σ} , ϕ ∈ C (Σ) .

Cf(Σ) ≡ Cf(Σ;R) denotes the subspace of all continuous functions Σ → R that are supported in
some cylinder [O1, . . . , ON ]. It is a dense subspace of C(Σ).

For any α ∈ (0, 1],

Cα (Σ) ≡ Cα(Σ;R)
.
=
{
ϕ ∈ C (Σ) : ∃C > 0 so that |ϕ (σ)− ϕ (σ′)| ≤ Cdη (σ, σ′)

α for σ, σ′ ∈ Σ
}

is the space of all real-valued α-Hölder-continuous functions with respect to the metric dη. We use in
this space the so-called Hölder norm

‖ϕ‖α
.
= ‖ϕ‖∞ + sup

σ,σ′∈Σ, σ 6=σ′

{
dη (σ, σ′)

−α |ϕ (σ)− ϕ (σ′)|
}
, ϕ ∈ Cα (Σ) , (5)

with respect to which Cα(Σ) is a Banach space. Note also that Cf(Σ) ⊆ Cα(Σ). In particular, Cα(Σ)
is a dense subspace of C(Σ).

Some of our results require the use of the unit closed ball

S
.
= {ϕ ∈ C (Σ) : ‖ϕ‖∞ ≤ 1} ⊆ C (Σ) (6)

of the Banach space C(Σ) of continuous functions. S is endowed with the uniform metric

dS(ϕ, ϕ′)
.
= ‖ϕ− ϕ′‖∞ , ϕ, ϕ′ ∈ S .

Note that S is a separable metric space, C(Σ) being a separable normed space. Then, M(S) ≡
M(S;R) denotes the Banach space of bounded, real-valued Borel-measurable functions S → R with
the supremum norm:

‖f‖∞ ≡ ‖f‖∞,S
.
= sup |f (S)| .= sup {|f (ϕ)| : ϕ ∈ S} , f ∈M(S) .

Shift-invariant probability measures on strings. The so-called shift mapping T : Σ→ Σ is defined
by

T (σ)n
.
= ωn+1 , n ∈ N, σ = (ωn)n∈N ∈ Σ . (7)

Clearly, T is continuous and in particular Borel measurable. Then, a probability measure µ on the
Borel σ-algebra of Σ is, by definition, T -invariant when T∗(µ) = µ, where T∗(µ) stands for the
pushforward of the measure µ with respect to T , i.e., T∗ (µ) (B)

.
= µ(T−1(B)) for any Borel set

B ⊆ Σ.
As Σ is a metrizable compact space, by the Riesz-Markov-Kakutani representation theorem, one

can identify the space of Borel measures of finite variation on Σ with the (topological) dual space
C(Σ)∗ of the Banach space C(Σ). See, e.g., [3, 14.15 Corollary]. P ⊆ C(Σ)∗ denotes the convex
space of all Borel probability measures on Σ and the convex set of T -invariant ones is denoted

P (T )
.
= {µ ∈ P : T∗(µ) = µ} . (8)
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It is a weak∗-closed subset of P and, since P is weak∗-compact, P (T ) is also weak∗-compact. Notice
that the weak∗ topology ofP and, consequently, that ofP(T ), is metrizable, because the Banach space
C(Σ) is separable, as Σ is a metrizable compact space.

Thanks to the Krein-Milman theorem [57, Theorem 3.23], P(T ) is the weak∗-closure of the con-
vex hull of the (nonempty) set Perg(T ) of its extreme points, i.e.,

P (T ) = co Perg (T ) .

By the metrizability of P(T ) and Lemma 3.27, Perg(T ) is a Borel set with respect to the weak∗

topology. Extreme T -invariant Borel probability measures on Σ, i.e., the elements of Perg(T ), are
the ergodic measures, because of Proposition 2.34. See also [66] for the case of a finite alphabet. In
addition, by Proposition 2.36, the set Perg(T ) of ergodic measures is a weak∗-dense subset of P(T ):

P (T ) = Perg (T ) . (9)

2.2 Entropy for compact metric alphabets
In the literature, entropy is usually only defined for finite alphabets Ω, but, motivated by possible
applications to continuous-spin systems, following [50] (see also [1]), we allow the alphabet Ω to be
an arbitrary compact metric space. Entropy is not as well understood in this broader context and much
less literature is available.

To define it, recall that we fix in all the paper an arbitrary a priori probability measure m whose
support is equal to Ω. It is used to introduce the (transfer) Ruelle operator Lm

0 , which is the linear
operator on C (Σ) defined, for any ϕ ∈ C(Σ) and σ = (ωn)n∈N ∈ Σ, by

Lm
0 ϕ (σ)

.
=

∫
Ω

ϕ (ω0σ) m (dω0) , ω0σ
.
= (ω0, ω1, . . .) ∈ Σ .

In the case the alphabet is the finite set {1, 2, ..., k}, it is natural to take the a priori probability measure
m as the normalized counting measure, see [50] for details.

Let C+ be the cone of positive functions of C(Σ), i.e., the set of continuous functions Σ → R+
0 .

Then, the entropy for T -invariant probability measures is defined as follows:

Definition 2.1 (Entropy)
The entropy of any T -invariant probability measure is, by definition, equal to

h (µ) ≡ hm (µ)
.
= inf

ϕ∈C+

{∫
Σ

ln

(
Lm

0 ϕ (σ)

ϕ (σ)

)
µ (dσ)

}
, µ ∈ P (T ) . (10)

Remark that the infimum in (10) is not necessarily attained for some positive function ϕ ∈ C+. In
addition, the entropy is a mapping µ 7→ h(µ) from P(T ) to [−∞, 0]. For instance, the T -invariant
measure whose support is a fixed point for T is equal to −∞, while

h (µ) ≤
∫

Σ

ln

(
Lm

0 1 (σ)

1 (σ)

)
µ (dσ) = 0

for any T -invariant probability measure µ ∈ P (T ), where 1 ∈ C+ is the (constant) function equal to
1.

A useful observation concerns an equivalent definition of the entropy defined above. To state it,
we use a generalization of the Ruelle operator. For a given α-Hölder-continuous potential f ∈ Cα(Σ)
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(α ∈ (0, 1)) and an a priori measure m on Ω whose support is equal to Ω, it is defined, for any
ϕ ∈ Cα(Σ), by

Lm
f (ϕ) (σ) =

∫
Ω

exp(f(ω0σ))ϕ(ω0σ) m (dω0) , ω0σ
.
= (ω0, ω1, . . .) ∈ Σ .

This Ruelle operator is a linear operator on Cα (Σ). A normalized potential f is, by definition, a
potential f ∈ Cα(Σ) (α ∈ (0, 1)) satisfying Lm

f (1)(σ) = 1 for all σ ∈ Σ. Then, we have the
following fact:

Proposition 2.2 (Alternative definition of the entropy)
For the entropy of Definition 2.1, the following equality holds:

h (µ) = inf
f∈Cα(Σ)

{
log λf −

∫
Σ

f (σ)µ (d (σ))

}
, (11)

where λf is the main (i.e., the largest) eigenvalue of the Ruelle operator Lm
f .

Proof. See in [33, Remark 7.8] and [1, Definition 2]. Note that the arguments in [33, Section 7] refer
to a finite alphabet Ω, but a close analysis of the proofs shows that only the abstract properties of the
Legendre-Fenchel transform are necessary. Therefore, everything can be done in the same way with
a compact metric space Ω and, in particular, the first equation of [33, Section 7.1] applies to the case
the alphabet is a compact metric space Ω.

By Definition 2.1, the mapping µ 7→ h(µ) from P(T ) to [−∞, 0] is upper semicontinuous in the
weak∗ topology, the entropy being defined as the infimum of weak∗-continuous functions (indexed by
ϕ ∈ C+). It is additionally affine, thanks to Proposition 2.38. That is, the entropy h is both concave
and convex. See also [66] for the case of finite alphabets. This follows from the concept of specific
entropy given in [1] for compact metric alphabets, along with the characterization of the entropy in
terms of a thermodynamic limit, as given by [1, Theorems 3.1 and 3.4]. See Theorem 2.37. We
elaborate on that in Section 2.9.2.

Remark 2.3 (Alternative formulations of entropy)
Non-dynamical entropies, such as the Gibbs-Boltzmann (or Shannon) entropy (density) can also be
considered. Recent relevant examples include more general forms of entropy on the probability space,
as presented in [51, 52], along with their relationship to the pushforward dynamics (the level-2 set-
ting). There, the authors define an entropy that generalizes the one we use for a compact metric alpha-
bet. [8] defines an abstract pressure and derives a corresponding entropy via the Legendre-Fenchel
transform. In all these variants, the entropy functional remains concave and upper semicontinuous,
ensuring that the results of Section 3 still apply.

2.3 Linear thermodynamic formalism
Given an a priori probability measure m whose support is equal to Ω, the so-called topological pres-
sure (pressure for short) PL(ϕ) of a continuous function ϕ ∈ C(Σ) is defined by

PL (ϕ)
.
= sup

µ∈P(T )

{h (µ) + ϕ (µ)} , (12)

where
ϕ (µ)

.
=

∫
Σ

ϕ (σ)µ (dσ) , µ ∈ P (T ) .

In this context, the continuous function ϕ ∈ C(Σ) is called potential. This pressure is nothing else
than the Legendre-Fenchel transform of minus the entropy and, conversely, the entropy is minus the
Legendre-Fenchel transform of the pressure (see [66, Theorem 9.12] for the case of a finite alphabet):
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Proposition 2.4 (Pressure versus entropy)
Considering the entropy of Definition 2.1, one has

h (µ) = inf
ϕ∈C(Σ)

{PL (ϕ)− ϕ (µ)} , µ ∈ P (T ) .

Proof. By Definition 2.1, h is concave and weak∗-upper semicontinuous, being the infimum of weak∗

continuous functions indexed by ϕ ∈ C+. So, the assertion is nothing else than Equation (122) for the
concave and weak∗-upper semicontinuous function g on the dual space C(Σ)∗ defined by g = h on
P(T ) and −∞ otherwise.

In the thermodynamic formalism (and statistical mechanics of one-dimensional lattices) one is
interested in T -invariant probabilities µϕ giving the exact pressure PL (ϕ), i.e., satisfying the equality

PL
(
µϕ
)

= supPL (P (T )) , (13)

where
PL (µ)

.
= h (µ) + ϕ (µ) , µ ∈ P (T ) .

(Remark that the potential ϕ considered here corresponds to minus the Hamiltonian in statistical
physics.) Such probabilities refer to the following notion:

Definition 2.5 (Equilibrium measures – linear case)
Given a continuous function ϕ ∈ C(Σ), a probability measure µϕ satisfying (13) is called a linear
equilibrium measure for ϕ.

The set
EPL

.
= {µ ∈ P (T ) : PL (µ) = supPL (P (T ))} (14)

of linear equilibrium measures is nonempty, weak∗-compact and convex, because the mapping µ 7→
ϕ (µ) + h (µ) from P(T ) to R is upper weak∗-semicontinuous and affine, thanks to Proposition 2.38.

When ϕ is of Hölder class, i.e., ϕ ∈ Cα(Σ) for some α ∈ (0, 1], the linear equilibrium measure
µϕ is unique and ergodic [50, 1]. The set of all linear equilibrium measures µϕ for all possible Hölder
potentials ϕ is even weak∗-dense in P(T ), i.e.,{

µϕ : ∃α ∈ (0, 1] so that ϕ ∈ Cα(Σ)
}

= P (T ) .

(In particular one has that the ergodic probabilities are dense in P (T ), see (9).) This follows from
[33, Corollary 7.14]. It is easy to see that the proof of this result given in [50, 1] is general enough to
include the case where the alphabet is a compact metric space.

2.4 Nonlinear thermodynamic formalism
A nonlinear version of the thermodynamic formalism is relatively recent. It appeared in a series of
seminal papers [45, 46, 7, 25, 42], which contribute a rigorous approach to studying mean-field theory
in classical statistical mechanics (cf. the Curie-Weiss-Potts models).

In previous works, the nonlinearity is encoded by a continuous function F : RN → R (N ∈
N), the arguments of which are the expectation values µ (ϕ1) , . . . , µ (ϕN) of N fixed α-Hölder-
continuous functions ϕ1, . . . , ϕN ∈ Cα(Σ) with respect to a probability measure µ ∈ P(T ). This
refers to Example 2.6 presented below. Here we consider a significant generalization of what has
been done in the literature on nonlinear thermodynamic formalism by considering nonlinearities that,
instead of depending on a finite vector ϕ1, . . . , ϕN ∈ Cα(Σ) of α-Hölder-continuous functions, now
depend on a continuous function on the space Cα(Σ) of α-Hölder-continuous functions. This al-
lows us, for instance, to include Example 2.7, which is the classical analogue of the quantum lattice
systems considered in [18].
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Intuitively, this allows us to use infinite, possibly uncountable, families (ϕα)α∈I ∈ Cα(Σ) of
Hölder potentials to formally define the nonlinear part as F ((µ(ϕα))α∈I) for any probability measure
µ ∈ P(T ). We restrict ourselves to uniformly bounded families (ϕα)α∈I to avoid innocuous technical
complications and discussions. Since the function F will be completely arbitrary, we can take (ϕα)α∈I
in the unit ball S ⊆ Cα(Σ) without loss of generality (for the uniformly bounded case).

Therefore, for any continuous linear functional µ : C(Σ) → R, define the continuous bounded
function µS ∈ C(S) ≡ C(S;R) by

µS(ϕ)
.
= µ(ϕ) , ϕ ∈ S . (15)

In other words, µS is a kind of projectivization of the action of µ on C(Σ). Then, our aim is to study
the variational problem

P (F )
.
= sup

µ∈P(T )

{h (µ) + F (µS)} , (16)

where F : C(S)→ R is some function satisfying

sup
µ∈P(T )

F (µS) <∞ . (17)

(For instance, F is bounded on the unit closed ball of C(S). Note that µS is in this ball for all
µ ∈ P (T ).) Recall that h(µ) stands for the entropy of the T -invariant measure µ ∈ P (T ). The
quantity P(F ) is called here the nonlinear pressure of F .

As an example, if for some fixed α-Hölder-continuous potentialA ∈ Cα(Σ)\{0}we are interested
in maximizing the quantity

1

2
µ (A)2 + h (µ)

over T -invariant measures µ ∈ P(T ), then we take

F (f) =
1

2

(
‖A‖∞ f

(
A

‖A‖∞

))2

, f ∈ C (S) . (18)

Moreover, since the metric d and the function F are arbitrary, our setting also includes the case
studied by [25], which is described in detail in Section 2.6. The most important cases for applications
in statistical mechanics are probably the following examples:

Example 2.6
Fix N ∈ N, take any continuous function F on RN , along with (normalized) potentials ϕ1, . . . , ϕN ∈
S. Then

F (ϕ1,...,ϕN ) (f)
.
= F (f (ϕ1) , . . . , f (ϕN)) , f ∈M(S) ,

defines a continuous function onM(S) that is bounded on bounded sets. This includes the following
important particular choice:

F (µS) = µ (ϕ1) + λ (µ (ϕ2))2 , µ ∈ P (T ) ,

for any continuous functions6 ϕ1, ϕ2 ∈ C(Σ) and λ ∈ R. In particular, the linear case λ = 0 is
included.

6A priori we should have ϕ1, ϕ2 ∈ S, but a simple change of the definition of the original function F gives µ(ϕ1) +
λ(µ(ϕ2))2 for arbitrary ϕ1, ϕ2 ∈ C(Σ).

11



Example 2.7
Take any finite positive Borel measure a on S, λ ∈ R and some continuous function ϕ ∈ S. Then,

F
(ϕ,a)
± (f)

.
= λf (ϕ)±

∫
S

f (ϕ′)
2
a (dϕ′) , f ∈M(S) ,

defines a continuous real-valued function onM(S) that is bounded on bounded sets.

Similar to Definition 2.5, we define equilibrium measures in the nonlinear thermodynamic for-
malism as follows:

Definition 2.8 (Equilibrium measures – nonlinear case)
A T -invariant probability measure maximizing (16) is called a nonlinear equilibrium measure.

We show, among other things, that the nonlinear equilibrium measures considered in the paper
[25] fit (under its assumptions) within the above definition. However, our setting covers a much
broader class of models, which are in line with important examples from mathematical physics. These
are related to a convex nonlinearity F+, representing long-range attractive forces, and a concave one
F−, associated with long-range repulsive forces.

Note that the bare existence of a nonlinear equilibrium measure is unclear, depending on the
choice of the function F in (16). Consequently, the existence of nonlinear equilibrium measures, and
the entire scope of our study, require certain minimum conditions on the nonlinearity F . These are
the following assumptions:

Condition 2.9
(i) F is the restriction to C(S) ⊆ M(S) of the sum of two functions F± : M(S) → R that are
σ-normal, meaning here that, for any bounded sequence (fn)n∈N ⊆ M(S) converging point-wise to
f ∈M(S), one has

lim
n→∞

F± (fn) = F± (f) .

(ii) The functions F+ and F− are respectively convex and concave.

Under these assumptions, the functions F± are necessarily continuous with respect to the uniform
convergence in M(S) and they always satisfy (17): Observe that P(T ) is weak∗-compact and its
weak∗ topology is metrizable, as C(Ω) is separable (with respect to the supremum norm, Ω being a
compact metric space). In particular it is sequentially compact with respect to the weak∗ topology.
Furthermore, the weak∗ convergence of µ inP(T ) implies the point-wise convergence of µS inM(S).
Consequently, the set {F (µS) : µ ∈ P(T )} ⊆ R is (sequentially) compact and thus, bounded.

Typically, in statistical mechanics the convex function F+ represents some mean-field attraction,
while F− represents a mean-field repulsion. This physical interpretation is similar to that given in [18]
for quantum lattice systems. Here we simply refer to the concave and convex parts of the nonlinear
pressure functional P , which is equal in this case to

P (µ) = h (µ) + F− (µS) + F+ (µS) , µ ∈ P (T ) . (19)

Examples of such a σ-normal convex (concave) function F+ (F−) for applications in statistical me-
chanics are given by Examples 2.6 and 2.77 when the real-valued function F+ (F−) is additionally
convex (concave) on RN . These situations are included in the following more general example:

7The σ-normality of F (ϕ,a)
± is a direct consequence of Lebesgue’s dominated convergence theorem.
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Example 2.10
Let X± be two real normed spaces and g± : X± → R two continuous convex functions. Take two
bounded linear transformations θ± :M(S) → X± that are σ-normal, as explained in Condition 2.9
(i). Then define F±

.
= ±g± ◦ θ±, which are functions that are σ-normal. F+ and F− are obviously

convex and concave, respectively.

The above examples F (ϕ1,...,ϕN )
± and F (ϕ,a)

± refer to the (real normed) spaces X± = RN and X± = R×
L2(S, a), respectively, with obvious choices for the convex functions g± and the linear transformations
θ±.

Under Condition 2.9 the nonlinear pressure functional P : P (T )→ R of a T -invariant measure is
weak∗-upper semicontinuous, observing that the mappings µ 7→ F± (µS) from P (T ) to R are weak∗-
continuous and the entropy h, weak∗-upper semicontinuous. Therefore, the variational problem (16)
has maximizers and the set

EP
.
= {µ ∈ P (T ) : P (µ) = supP (P (T ))} (20)

of nonlinear equilibrium measures forms a (nonempty) weak∗-compact and metrizable set, thanks to
the metrizability of the weak∗ topology in P(T ). However, unlike the linear case (cf. (14)), this set is
not necessarily convex if the functional F is not at least concave. This contrasts with the linear case,
for which F is affine (i.e., both convex and concave).

2.5 Generalized equilibrium measures
The non-convexity of the set EP (20) of nonlinear equilibrium measure can be highly problematic
in physical applications, since, in this case, the (convex) mixture of two equilibrium states would no
longer be a new equilibrium measure, as physically expected. The same issue occurs for quantum
spin systems or fermions on lattices in the presence of mean-field interactions [18]. In other words,
physically, one should not only consider equilibrium measures as being the solutions to the nonlinear
pressure, but also any convex combination of them should be an equilibrium measure. This refers in
the present work to generalized nonlinear equilibrium measures. See Section 2.9.3 and [18, Definition
2.15 and Theorem 2.21].

Definition 2.11 (Generalized nonlinear equilibrium measures)
A generalized nonlinear equilibrium measure is any element of the weak∗-closed convex hull GP

.
=

co(EP ) of the set EP of (usual) nonlinear equilibrium measures.

GP is in particular weak∗-compact and convex. Thus, by the Milman theorem [55, Proposition
1.5], generalized nonlinear equilibrium measures that are extreme in GP must belong to the weak∗-
compact setEP . In other words, extreme generalized nonlinear equilibrium measures are always usual
nonlinear equilibrium measures. Then, by the Choquet theorem (Theorem 3.28), for any µ ∈ GP ,
there is a probability measure mµ on EP such that

µ =

∫
EP

νmµ (dν) ,

i.e., the generalized nonlinear equilibrium measures are nothing but the barycenters of probability
measures on the set of (usual) nonlinear equilibrium measures. See Definition 3.25 and compare also
with Corollary 2.30.

We use the terminology “generalized nonlinear equilibrium measure” because of the property
stated in Theorem 2.21 (ii), which establishes a precise relationship between these measures and
the maximization of an affine functional (F[) that naturally appears in our setting for the nonlinear
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thermodynamic formalism. This approach is inspired by the study of quantum lattice systems done
in [18], in which the affine functional is canonical from a thermodynamic point of view, being the
function that determines the properties of such quantum systems at equilibrium.

To explain this in a simple way, we come back to Example 2.6 above. Let m be any fixed a priori
probability measure on the character set (Ω, d), whose support is equal to Ω, as in Section 2.2, and
m⊗ ∈ P (T ) the corresponding product (probability) measure on the symbolic space Σ

.
= ΩN. Notice

that m⊗ is even ergodic. Let further

En [ϕ]
.
= n−1

(
ϕ+ ϕ ◦ T + · · ·+ ϕ ◦ T n−1

)
, n ∈ N, ϕ ∈ C(Σ) , (21)

be the normalized Birkhoff sums of continuous potentials ϕ. Then, for any n ∈ N, the corresponding
Gibbs measure on C(Σ) is defined for any ϕ ∈ C(Σ) by

µ
(n)
Gibbs (ϕ)

.
=

1

Z
(n)
Gibbs

∫
Σn

eF+(En[ϕ1](σ),...,En[ϕN ](σ))+F−(En[ϕ1](σ),...,En[ϕN ](σ))ϕ(σ)m⊗ (dσ) ,

where ϕ1, . . . , ϕN are the potentials of Example 2.6 and

Z
(n)
Gibbs

.
=

∫
Σn

eF+(En[ϕ1](σ),...,En[ϕN ](σ))+F−(En[ϕ1](σ),...,En[ϕN ](σ))m⊗ (dσ) .

Then, using Varadhan’s lemma one shows [20] that the following limit exists and is given by a varia-
tional problem on the set of T -invariant probability measures:

lim
n→∞

n−1 lnZ
(n)
Gibbs = supF[ (P (T )) , (22)

where F[ : P (T ) → R is the affine, albeit not necessarily weak∗-upper semicontinuous, functional
defined below by (47) and named here the affine nonlinear pressure. Keeping in mind that P(T ) is
sequentially weak∗-compact, the set of approximated maximizers of this variational problem is then
defined by

EF[
.
=
{
µ ∈ P (T ) : ∃ (µn)n∈N ⊆ P (T ) with lim

n→∞
µn = µ and lim

n→∞
F[ (µn) = supF[ (P (T ))

}
,

(23)
where the limit of T -invariant probability measures refers to the weak∗ convergence. This set is
nothing but the weak∗-closed convex hull GP

.
= co(EP ) of EP :

Proposition 2.12 (Generalized equilibrium measures)
Fix N ∈ N, take any convex (concave) real-valued function F+ (F−) on RN , as well as norm-one
potentials ϕ1, . . . , ϕN ∈ S, and define the continuous function F (ϕ1,...,ϕN )

± as in Example 2.6. Then,
EF[ = co(EP )

.
= GP .

Proof. The assertion is a direct consequence of Theorem 2.29.
Observe that weak∗-accumulation points of probability measures (µ

(n)
Gibbs ◦ En)n∈N always belong

to GP = EF[ , but not necessarily to EP . This last property is proven in [20] and we omit the details
here because we are solely interested in the variational problems themselves, with no (extended)
thermodynamic considerations other than those presented above for pedagogical reasons.

In fact, Theorem 2.29 is a pivotal result in this context, which can be used to generalize Proposition
2.12 beyond Example 2.6, i.e., for any σ-normal functions F± :M(S) → R, with F+ and F− being
respectively convex and concave. This generalization is not considered in the present section to
avoid repeating essentially the same arguments in a case that is more complicated to explain properly
and, therefore, much less pedagogical. In fact, Proposition 2.12 already shows us that the notion of
generalized nonlinear equilibrium states is the correct one for describing the thermodynamic limit of
nonlinear systems at equilibrium.
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Remark 2.13
Buzzi, Kloeckner and Leplaideur [25] already explain how to obtain nonlinear equilibrium measures
from an affine pressure, but their approach is very different from the one that leads to the affine
pressure F[ presented above. Compare (79) below with (25)–(26). In fact, the arguments used by
these authors are reminiscent of the Bogoliubov linearization, which is explained below. However,
they do not exploit it to the fullest extent, which is what we propose to do here.

2.6 Buzzi-Kloeckner-Leplaideur’s approach to nonlinear pressures
In 2019, Leplaideur and Watbled [25] pioneered the study of nonlinear topological pressure through
an affine pressure. Considering a generalized Curie-Weiss model, they investigated the special case
of quadratic non-linearity. In 2023, in the context of Example 2.6 Buzzi, Kloeckner and Leplaideur
[25] show how nonlinear equilibrium measures can be obtained from an affine pressure. In fact, given
N ∈ N, ϕ1, . . . , ϕN ∈ C(Σ) and a real-valued continuous function F on some set U ⊆ RN (cf.
Example 2.6) containing the compact convex set

{(µ (ϕ1) , . . . , µ (ϕN)) : µ ∈ P (T )} ⊆ U , (24)

observe that

sup
µ∈P(T )

P (µ)
.
= sup

µ∈P(T )

{F (µ (ϕ1) , . . . , µ (ϕN)) + h (µ)} = sup
z∈U
{F (z) + h (z)} , (25)

where
h (z)

.
= sup {h (µ) : µ ∈ P (T ) such that z = (µ (ϕ1) , . . . , µ (ϕN))} .

The variational problem (25) (used in [25]) is a particular case of (16), in accordance with Example
2.6.

By [25, Proposition 3.3], solutions µz to this last variational problem are linear equilibrium mea-
sures ν for some linear combination y1ϕ1 + · · ·+ yNϕN , i.e.,

p (ν, y1, . . . , yN) = sup
µ∈P(T )

p (µ, y1, . . . , yN)
.
= P (y1, . . . , yN) , (26)

where

p (µ, y1, . . . , yN)
.
= h (µ) + y1µ (ϕ1) + · · ·+ yNµ (ϕN) , y1, . . . , yN ∈ RN , µ ∈ P (T ) .

By [25, Theorem C], all the values of y1, . . . , yN to be taken to maximize the nonlinear pressure
functional P in (25) are obtained from the maximizers in U ⊆ RN of the variational problem on the
right-hand side of Equation (25), in the following way: Define the gradient∇P : RN → RN by

∇P (y1, . . . , yN)
.
= (∂y1P (y1, . . . , yN) , . . . , ∂yNP (y1, . . . , yN)) .

Then, we must take all possible (y1, . . . , yN) ∈ Y .
= (∇P)−1 (V) in (26), where

V .
=

{
c ∈ RN : F (c) + h (c) = sup

z∈RN
{F (z) + h (z)}

}
, (27)

in order to obtain all nonlinear equilibrium measures, i.e., maximizers of P (see the left-hand side of
the variational problem (25)), as linear equilibrium measures ν of (26). This is done for C1-functions
F .

The authors get interesting results, but there are however several drawbacks: First, the computation
of the set V looks highly nontrivial for general C1-functions F . It requires, in particular, a good
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control of the entropy function h, which is minus the Legendre-Fenchel transform of the pressure
function P. Then, one has to be able to compute the preimage of the set V trough the function ∇P,
which is again another nontrivial task, in general.

Below we present a more effective method related to the Bogoliubov linearization, which is ex-
plained in detail and great generality in Section 3. As applied to the setting of [25, Theorem C], this
method allows us to study the variational problem (25), but the corresponding set Y is obtained much
more straightforwardly than in [25, Theorem C], by means of a simple variational problem that takes
advantage of the convexity or concavity of the function F . Summarizing, via the Buzzi-Kloeckner-
Leplaideur’s method,

sup
µ∈P(T )

P (µ) = P (µc)

for some T -invariant measure µc ∈ P (T ) satisfying so-called self-consistency equations µc(ϕj) = cj ,
j ∈ {1, . . . , N}, and

sup
µ∈P(T )

p (µ, y1, . . . , yN) = p (µc, y1, . . . , yN) ,

for some c ∈ V and y1, . . . , yN ∈ Y
.
= (∇P)−1 (V). Theorem 2.17 below yields essentially the

same result, but it does not require explicit knowledge of the set V , which avoids the need to study
a variational problem involving the highly non-trivial entropy function h (z). Instead, the numbers
y1, . . . , yN are computed from a variational problem involving only linear pressures and the Legendre-
Fenchel transform of F .

To get a first intuitive idea, let us assume for simplicity that F is convex and satisfies

F (z) = sup
x∈RN

{〈z, x〉Rd − F
∗ (x)} with F ∗ (x)

.
= sup

z∈RN
{〈x, z〉Rd − F (z)} . (28)

Then

sup
µ∈P(T )

P (µ) = sup
z∈RN

{F (z) + h (z)} = sup
x∈RN

sup
z∈RN

{〈z, x〉Rd + h (z)− F ∗ (x)}

= sup
x∈RN

{P (x)− F ∗ (x)} = sup
x∈RN

inf
z∈RN

{P (x)− 〈x, z〉Rd + F (z)} .

In particular, if one can interchange the last sup over x ∈ RN and inf over z ∈ RN , then

sup
µ∈P(T )

P (µ) = inf
z∈RN

sup
x∈RN

{P (x)− 〈x, z〉Rd + F (z)} = inf
z∈RN

{P (y)− 〈y, z〉Rd + F (z)}

= P (y)− 〈y, c〉Rd + F (c)

with y being chosen so that

P (y)− 〈y, z〉Rd = sup
x∈RN

{P (x)− 〈x, z〉Rd} .

In the same way, c is chosen so that

P (y)− 〈y, c〉Rd + F (c) = inf
z∈RN

{P (y)− 〈y, z〉Rd + F (z)} .

In particular, ∇P(y) = c, i.e., y = (y1, . . . , yN) ∈ (∇P)−1 ({c}). Compare with [25, Theorem C]
and y1, . . . , yN ∈ Y

.
= (∇P)−1 (V) above. Equation (28) refers to the Legendre-Fenchel transform of

the convex functions F and F ∗, see Section 3.1 below.
Our method makes this heuristics rigorous. In fact, the problematic entropy function h (z) is

not used directly in any of our arguments. Instead, we use its Legendre-Fenchel transform, P (x),
which is much more tractable in many important applications. Our method also avoids calculating any
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gradients, but requires the convex and concave parts F± of F to be separated and written as Legendre-
Fenchel transforms. Since [25] only considers the compact convex set (24) and any C1-functions on
a compact subset of RN (N ∈ N) can be represented as the difference of convex and continuous
functions (see Remark 3.6), our assumptions are much weaker than those of [25]. Moreover, we
provide new results. See Conditions TF1–TF3 of Section 2.7.1, Theorems 2.17, 2.21 and Corollary
2.18. For example, we can handle not only the case of finitely many potentials ϕ1, . . . , ϕN , as in [25]
or Example 2.6, but also the very general framework of Example 2.10, while making the approach
transparent with regard to the main arguments used in proofs.

2.7 New approach to nonlinear thermodynamic formalism
The sets EP and GP

.
= co(EP ) of equilibrium measures are pivotal; see Equation (20), Definitions

2.8 and 2.11. However, it is a priori not clear how useful the corresponding variational principles
defining these sets are to study phase transitions. In fact, it turns out to be more convenient to reduce
the nonlinear thermodynamic formalism to the linear one, for which concrete calculations can often
be performed, similar to Buzzi-Kloeckner-Leplaideur’s approach (Section 2.6).

Our abstract theory of Bogoliubov linearizations, which is explained in detail in Section 3, pro-
vides a systematic approach to this. It generalizes the study conducted in [18] on quantum lattice
systems, which, in this special case, resolves an old open problem addressed by Ginibre in 1968 [32]
concerning the exactness of Bogoliubov approximations of equilibrium states in the thermodynamic
limit. Indeed, in the quantum framework previously studied [18] only the specific case of “Example
2.78” is studied. Our framework here is much more general, encompassing Example 2.10 and thus
going far beyond the quadratic case of Example 2.7.

2.7.1 Bogoliubov linearizations

General assumptions. We study the nonlinear pressure

P (µ)
.
= h (µ) + F− (µS) + F+ (µS) , µ ∈ P (T ) ,

for the general case given by Example 2.10. In fact, our abstract theory of Bogoliubov lineariza-
tions would allow us to extend this example even further to functions that are not necessarily of the
F± = ±g± ◦ θ±, and even non-σ-normal ones. For simplicity, we refrain from making this further
generalization here, bearing in mind that the objective of this section is to illustrate our approach
using the nonlinear thermodynamic formalism as a paradigmatic example.

To present our general assumptions, we use the Legendre-Fenchel transform g∗ : X ∗ → (−∞,∞]
of a function g : X → R defined for a given dual pair (X ,X ∗) by

g∗ (x)
.
= sup

y∈X
{x (y)− g (y)} , x ∈ X ∗ . (29)

We say that this Legendre-Fenchel transform has minimal linear growth λ ∈ R+ if

lim
R→∞

sup
y∈X ∗\B(0,R)

{
λ ‖y‖op − g

∗ (y)
}

= −∞ , (30)

where ‖ · ‖op denotes the operator norm (see (126)) and B(0, R) is the closed ball of radius R ∈ R+

and center 0 ∈ X ∗ (see (125)). We recommend referring to Section 3.1 for more details. We consider
the following assumptions on the nonlinear energies:

8Adapted appropriately to the fermionic/quantum spin situation.
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TF1 X± are two real normed spaces and θ± :M(S)→ X± are two linear transformations that are σ-
normal, i.e., for any bounded sequence (fn)n∈N ⊆M(S) converging point-wise to f ∈M(S),
(θ±(fn))n∈N converges to θ±(f) in X±.

TF2 g− : X− → R is a lower semicontinuous and convex function for which there is a positive
radius R0 ∈ R+ such that {x ∈ X− : ‖x‖op < R, g∗−(x) <∞} is nonempty and weak∗-closed
for all R ∈ [R0,∞). Moreover, g∗− has minimal linear growth ‖θ−‖op in the sense of Equation
(30).

TF3 g+ : X+ → R is a lower semicontinuous, bounded and convex function for which g∗+(X+) ⊆ R
and g∗+ has minimal linear growth ‖θ+‖op in the sense of Equation (30).

Note that a σ-normal linear mapping on M(S) is always bounded. In particular, ‖θ±‖op < ∞.
Observe also that Conditions TF2–TF3 are trivially satisfied by quadratic functions g± : X± → R,
as g∗+ and g∗− are also quadratic in this case. This is the most relevant case in statistical physics.
These assumptions are in fact very general. They are an adapted version of (the much more general)
Conditions B1–B3 of Section 3.3. Their general nature is discussed in Remarks 3.5 and 3.6.

Bogoliubov linearizations. They refer to a µ-linearization method for the nonlinear pressure, which
is now defined as follows:

P (µ)
.
= h (µ)− g− ◦ θ− (µS) + g+ ◦ θ+ (µS) , µ ∈ P (T ) , (31)

under Conditions TF1–TF3. Since g∗∗ = g for any lower semicontinuous convex function (see (122)),
we observe from Equation (31) that

P (µ) = sup
y+∈X ∗+

inf
y−∈X ∗−

{
P (y+, y−, µ) + g∗− (y−)− g∗+ (y+)

}
, µ ∈ P (T ) , (32)

where, for any y± ∈ X ∗± and µ ∈ P (T ),

P (y+, y−, µ)
.
= h (µ)− y− ◦ θ− (µS) + y+ ◦ θ+ (µS) , (33)

is called here an approximating pressure of the T -invariant probability measure µ.
We call the new functionals µ 7→ P(y+, y−, µ), y± ∈ X ∗±, Bogoliubov linearizations of P . Then,

the method we present refers to the study the µ-linearized variational problem

P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

PNL (y+, y−) , (34)

instead of supP (P(T )), where, for any continuous linear functionals y± ∈ X ∗±,

PNL (y+, y−)
.
= PL (y+, y−) + g∗− (y−)− g∗+ (y+) , (35)

PL (y+, y−)
.
= sup P (y+, y−,P(T ))

.
= sup

µ∈P(T )

P (y+, y−, µ) . (36)

PNL and PL are called here the nonlinear and linear approximating pressures, respectively. Thus,
proceeding in this manner, we first analyze the linear problem for T -invariant probability measures
and then study the nonlinear part via the other two variational problems over X ∗±.

The variational problem (34) is supposed to be much easier than supP (P(T )) in many important
cases because the linear thermodynamic formalism (Section 2.3), which is now very well developed,
should give us good control over the linear approximating pressures PL (y+, y−). We explain below
how (34) can be used rigorously to study the original variational problem supP (P(T )). When g− =
0, note from (32) that (34) and supP (P(T )) are trivially equivalent variational problems, because
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two suprema always commute with each other. The main difficulty is therefore to handle the case
where g− 6= 0. This is done in Sections 3.2–3.3 using the celebrated von Neumann minimax theorem
(Theorem 3.24).

Bogoliubov linearizations – Hölder case. Remark that, for any continuous linear functional y± ∈
X ∗±, the new functional

µ 7→ y+ ◦ θ+ (µS)− y− ◦ θ− (µS)

from P to R in Equation (33) is affine and weak∗ continuous. Similar to [19, Proposition 3.9], for any
y± ∈ X ∗±, there is a unique continuous function Θy−,y+ ∈ C(Σ) such that

y+ ◦ θ+ (µS)− y− ◦ θ− (µS) = µ
(
Θy−,y+

)
, µ ∈ P . (37)

We name the continuous function Θy−,y+ the approximating potential associated with y−, y+, θ−, θ+.
Note that the approximating potentials are not necessarily Hölder continuous. In particular, the

linear equilibrium measure, i.e., the T -invariant probability measure realizing the supremum in (36),
is not necessarily unique. This property can nevertheless always be ensured for specific linear trans-
formations θ±:

Definition 2.14 (Hölder-type linear functions)
The pair (θ−, θ+) of linear functions is Hölder-type if, for all y± ∈ X ∗±, their associated approximat-
ing potential (see (37)) is Hölder continuous, i.e., Θy−,y+ ∈ Cα(Σ) for some α = αy−,y+ ∈ (0, 1].

It corresponds in Example 2.6 to fix functions ϕ1, . . . , ϕN only in Cα(Σ), instead of the whole
space C(Σ). Another general example of this situation can be given in the scope of Example 2.7 as
follows: Fix α ∈ (0, 1]. Define the unit closed ball

Sα
.
= {ϕ ∈ Cα (Σ) : ‖ϕ‖α ≤ 1} ⊆ Cα (Σ)

of the Banach space Cα(Σ) of α-Hölder continuous functions, endowed with the Hölder metric

dSα (ϕ, ψ)
.
= ‖ϕ− ψ‖α , ϕ, ψ ∈ Sα .

See also Equation (5). Take any finite positive Borel measure aα on Sα, λ ∈ R and some α-Hölder
continuous function ϕ ∈ Sα. Observe that the identity mapping Sα → S is continuous. Thus, we can
define a measure a on S as the pushforward of aα through the identity mapping. Then, with such a
measure a in Example 2.7 we again obtain Hölder-type functions (θ−, θ+), where X± = R×L2(S, a)
with obvious choices for the linear transformations θ±.

Hölder-type linear transformations θ± are particularly useful since the linear approximating pres-
sure (36) leads in this case to a unique and ergodic linear equilibrium measure for any y± ∈ X ∗±, as
already explained in Section 2.3. See also [50, 1]. This is a very interesting situation for studying the
nonlinear problem, as we shall see.

2.7.2 Thermodynamic game

The µ-linearized variational problem P[ refers to Equations (34)–(36). Observe in particular that the
concave and convex parts of the nonlinear pressure do not have symmetric roles, since an infimum
and a supremum do not commute in general. In special situations, this could be the case, but certainly
not in the general case, as is explicitly shown in [18, Section 2.7] for lattices quantum systems. A
sufficient condition for sup and inf to commute is given by Sion’s minimax theorem [41].

The switching of sup and inf as it appears in P[ (34) leads to the min-max variational problem

P] .= inf
y−∈X ∗−

sup
y+∈X ∗+

{
PL (y+, y−) + g∗− (y−)− g∗+ (y+)

} .
= inf

y−∈X ∗−
sup
y+∈X ∗+

PNL (y+, y−) . (38)
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The max-min variational problem P[ and min-max variational problem P] have both a meaning in
terms of equilibrium measures, as shown in Section 2.7.4. In the case of lattice quantum systems, this
has already been observed in [18, Theorem 2.36]. The max-min variational problem also appears in
the so-called Kac or van der Waals limit of lattice quantum models [21].

Similar to what is done in [18, Definition 2.35] for quantum lattice systems, the variational prob-
lems P[ (34) and P] (38) can be interpreted as the conservative values of a two-person zero-sum
game whose payoff function is nothing but the nonlinear approximating pressure PNL (35), called
here the thermodynamic game. Note that we always consider here non-zero continuous functions
g± : X± → R, as otherwise there is no proper two-person game. The thermodynamic game is
characterized by the following objects:

• For any continuous linear functionals y± ∈ X ∗±, we define the variational problems

P [ (y+)
.
= inf PNL

(
y+,X ∗−

)
, y+ ∈ X ∗+ , (39)

P ] (y−)
.
= supPNL

(
X ∗+, y−

)
, y− ∈ X ∗− , (40)

as well as their set of minimizers:

M [ (y+)
.
=

{
x− ∈ X ∗− : P [ (y+) = PNL (y+, x−)

}
⊆ X ∗− , (41)

M ] (y−)
.
=

{
x+ ∈ X ∗+ : P ] (y−) = PNL (x+, y−)

}
⊆ X ∗+ . (42)

• For the max-min variational problem P[ and min-max variational problem P] we consider the
sets of optimizers defined by

M[ .
=

{
x+ ∈ X ∗+ : P [ (x+) = supP [

(
X ∗+
) .

= P[
}
⊆ X ∗+ , (43)

M] .
=

{
x− ∈ X ∗− : P ] (x−) = supP ]

(
X ∗−
) .

= P]
}
⊆ X ∗− . (44)

As proven in Section 3.6, under Conditions TF1–TF3 these objects have the properties gathered in the
proposition below. Let dom(g∗−) be the domain of the Legendre-Fenchel transform g∗− of the function
g− : X− → R, i.e., the set of all x ∈ X ∗− such that g∗− (x) <∞. Since the function g− never takes the
value −∞ (Condition TF2), observe that dom(g∗−) 6= ∅ (see (123)) and dom(g∗−) is a convex subset
of X ∗−, by convexity of g∗−.

Proposition 2.15 (Properties of variational problems)
Assume Conditions TF1–TF3. Then, the following assertions hold:
(i) For all y+ ∈ X ∗+ and y− ∈ dom(g∗−) ⊆ X ∗−, P [(y+), P ](y−) ∈ R and M [(y+),M ](y−) are
nonempty weak∗-compact sets. For all y+ ∈ X ∗+, M [(y+) is additionally convex.
(ii) P[,P] ∈ R and M[,M] are nonempty, norm-bounded and weak∗-compact. M] is additionally a
convex subset of dom(g∗−).

Proof. Conditions TF1–TF3 imply Conditions B1–B3 of Section 3.3 for K = P(T ), f = h and
τ± : P(T )→ X± defined by τ±(µ)

.
= θ±(µS) for any µ ∈ P(T ). Indeed, P(T ) is a compact convex

Hausdorff space, h is affine and upper semicontinuous (Definition 2.1 and Proposition 2.38), and τ±
is affine and continuous in this case, because the weak∗ topology of P(T ) is metrizable and the weak∗

convergence of µ in P(T ) implies the point-wise convergence of µS inM(S). Note also that

‖τ±‖∞
.
= sup {‖τ± (µ)‖X : µ ∈ P (T )} ≤ ‖θ±‖op sup

µ∈P(T )

‖µS‖op = ‖θ±‖op .

So, it suffices to invoke Propositions 3.7 and 3.9 to get the assertion.
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Much more features of the thermodynamic game can be considered. This is done in Section 3.4.
For example, we can define decision rules for the thermodynamic game (Definition 3.10) and find
their particular properties. E.g., if we assume Conditions TF1–TF3 but also that g∗+ is continuous,
dom(g∗−) = X ∗− and g∗− : X ∗− → R is strictly convex, then we can deduce from Proposition 3.11
that, for all x+ ∈ M[, M [(x+) contains exactly one element x−(x+) ∈ X ∗+. In this case, the function
x+ 7→ x−(y+) from M[ to X ∗− is continuous, both sets being endowed with the weak∗ topology. This
means that there exists a unique [-decision rule, see Definition 3.10.

Remark 2.16
The simpler case where g+ = 0 or g− = 0 can be studied in the same way (mutatis mutandis). For
example, if g+ = 0 and g− 6= 0, we consider P [ .= inf PNL

(
X ∗−
)

and M [ (0), since the set M[ does
not make sense in this case. Similarly, if g+ 6= 0 and g− = 0, we consider P[ .= supP [

(
X ∗+
)

and M[

with the new function P [ .= PL (·, 0) − g∗+. Then Proposition 2.15 holds true, mutatis mutandis. We
refrain from going into further detail, as this special situation is already discussed in Section 3.

2.7.3 Validity of Bogoliubov linearizations

Under Condition 2.9 nonlinear equilibrium measures (Definition 2.8) form the weak∗-compact set
(20), that is,

EP
.
= {µ ∈ P (T ) : P (µ) = supP (P (T ))} .

However, if we look at the same variational problem with the pressure P defined by (31) but under the
more general Conditions TF1–TF3, it is not a priori clear whether the above set is nonempty, since P
is not necessarily weak∗-upper semicontinuous. So, in this case, it is instead convenient to use

EP
.
=
{
µ ∈ P (T ) : ∃(µn)n∈N ⊆ P (T ) with lim

n→∞
µn = µ and lim

n→∞
P (µn) = supP (P (T ))

}
,

(45)
as the basic definition for the (nonempty) set of nonlinear equilibrium measures, similar to (23).
Above, the limit µn → µ of T -invariant probability measures is taken with respect to the weak∗

topology. Surprisingly, this set is exactly what one would like from a conceptual point of view, the set

MP
.
= {µ ∈ P (T ) : P (µ) = supP (P (T ))}

of the usual maximizers of P . This is proven in the next theorem.
In fact, the sets M[ ⊆ X ∗+ and M [(y+) ⊆ X ∗−, y+ ∈ X ∗+, of optimizers can be used to obtain all

elements of EP via the weak∗-compact convex sets

EL (y+, y−)
.
= {ν ∈ P (T ) : P (y+, y−, ν) = sup P (y+, y−,P (T ))

.
= PL (y+, y−)} , y± ∈ X ∗± ,

of approximating linear equilibrium measures. Note that the weak∗ compactness and convexity of
EL(y+, y−) for all y± ∈ X ∗± is a direct consequence of the affine property and weak∗-upper semicon-
tinuity of the approximating pressure µ 7→ P(y+, y−, µ) defined by (33), thanks to Proposition 2.38
and the weak∗-upper semicontinuity of the entropy (cf. Definition 2.1).

As is usual, here the so-called subdifferential of a convex function g at z ∈ dom (g) is denoted
∂g(z), see Section 3.1 and in particular Equation (128) for more details. Recall that if g is Gateaux-
differentiable at z then ∂g(z) must be a singleton.

We are now in a position to show how the µ-linearized variational problem P[ (34)–(36) can be
used to completely solve the original problem, including not only the calculation of the nonlinear
pressure but also the nonlinear equilibrium measures:
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Theorem 2.17 (Nonlinear pressure and nonlinear equilibrium measures)
Assume Conditions TF1–TF3. Let τ±(µ)

.
= θ±(µS) for any T -invariant probability measure µ ∈

P(T ).
(i) Nonlinear pressure:

supP (P (T )) = P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

{
PL (y+, y−) + g∗− (y−)− g∗+ (y+)

}
.

(ii) Self-consistency conditions: For any x+ ∈ M[ and x− ∈M [ (x+), the set

Esc
L (x+, x−)

.
= {µ ∈ EL (x+, x−) : x− ∈ ∂g− (τ− (µ))} ≡ Esc

L (x+)

of self-consistent equilibrium measures of Bogoliubov linearizations is nonempty, convex and weak∗-
compact, and does not depend upon the choice of x− ∈M [ (x+). Furthermore, for all x+ ∈ M[,

Esc
L (x+) ⊆ {µ ∈ P (T ) : x+ ∈ ∂g+ (τ+ (µ))} .

(iii) Nonlinear equilibrium measures: EP = MP is weak∗-compact and corresponds to the union of
all above sets of self-consistent equilibrium measures, that is,

EP = MP =
⋃

x+∈M[

Esc
L (x+) .

If the function g+ : X+ → R is additionally Gateaux-differentiable, then the above union is disjoint.

Proof. As explained in Proposition 2.15, Conditions TF1–TF3 imply Conditions B1–B3 of Section
3.3 for K = P(T ), f = h and τ± : P(T )→ X± defined by τ±(µ)

.
= θ±(µS) for any µ ∈ P(T ). The

assertions are therefore direct consequences of Theorem 3.8 (i)–(iii).
Compared to [25, Theorem C], in particular Equations (25)–(27), the computation of the sets

M[, M [ (x+), x+ ∈ M[, and EL (x+, x−) of optimizers is much simpler, while our setup allows for
parameter sets in infinite-dimensional spaces X±. The cost is that we have to separate the convex
and concave parts of the nonlinearity. This cannot be avoided and is not just a technical artefact. On
the other hand, the C1-character of the nonlinearity is not needed9, although it can be very useful for
solving the corresponding variational problems.

Note that the (nonempty) compact convex set Esc
L (x+) is naturally called the set of self-consistent

equilibrium measures of Bogoliubov linearizations. Indeed, take for instance X± = R, g−(x) =
g+(x) = x2/2 and τ±(µ)

.
= θ±(µS) = µ(ϕ) for fixed Hölder potentials ϕ± ∈ Cα(Σ) (α ∈ (0, 1]).

In this case we canonically identify the dual spaces X ∗± with R. Then, for all T -invariant probability
measures µ ∈ P (T ),

∂g± (τ (µ)) =
{
µ
(
ϕ±
)}

.

Thus, µ ∈ Esc
L (x+) means that µ is the unique linear equilibrium probability measure of the Hölder

potential (x+ϕ+ − x−ϕ−) and satisfies µ(ϕ±) = x±. By Theorem 2.17, it implies in particular that,
for any fixed µ ∈ EP = MP , µ(ϕ±) = x± for all x+ ∈ M[ and x− ∈ M [ (x+), i.e., M[ = {x+} and
M [(x+) = {x−}. Compare this with Corollary 2.18 below. More generally, similar results are true if
the functions g± are Gateaux-differentiable and their gradient mapping is injective.

This last example refers to the Hölder case, which is very important in the linear thermodynamic
formalism. Indeed, when a potential ϕ is of Hölder class, i.e. ϕ ∈ Cα(Σ) for a certain α ∈ (0, 1],
recall that the linear equilibrium measure µϕ is unique and ergodic (see [50, 1]). In the nonlinear
framework, this leads us to define the Hölder-type for pairs (θ−, θ+) of linear functions, in Definition
2.14. In this particular case the nonlinear equilibrium measures have strong properties. Among other
things, they are always ergodic.

9In contrast to the corresponding results of [25].
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Corollary 2.18 (Nonlinear equilibrium measures – Hölder case)
Assume Conditions TF1–TF3 and that the pair (θ−, θ+) of linear functions is Hölder-type.
(i) Ergodic nonlinear equilibrium measures: For any x+ ∈ M[ and x− ∈M [ (x+),

Esc
L (x+) = Esc

L (x+, x−) = EL (x+, x−) =
{
µx+

}
⊆ Perg (T )

and EP = MP is a nonempty weak∗-compact set of ergodic probability measures:

EP = MP =
{
µx+

: x+ ∈ M[
}
⊆ Perg (T ) .

(ii) If g+ : X ∗+ → R is Gateaux-differentiable then the mapping x+ 7→ µx+
from the weak∗-compact

M[ ⊆ X ∗+ to EP ⊆ Perg (T ) is a homeomorphism with respect to the weak∗ topology of M[ and EP .

Proof. Use Theorem 2.17, Proposition 3.14 (iii) and the fact that the nonlinear equilibrium measure
for Hölder potentials is unique and ergodic (see [50, 1]).

The conditions of Corollary 2.18 are satisfied in most cases of interest. For instance, consider
Example 2.6 with ϕ1, . . . , ϕN ∈ Cα(Σ) for some α ∈ (0, 1] and a lower semicontinuous convex
function F = F+ on RN for which the Legendre-Fenchel transform is strictly convex (e.g., N = 1
and F (x) = x2/2). We refrain to discuss in more detail such explicit examples here, since this is
already done in [20].

Recall that GP
.
= co(EP ) is the set of so-called generalized nonlinear equilibrium measures,

which can be equivalently defined in a more fundamental way by a property stated below in Theorem
2.21 (ii). See Definition 2.11 and discussions thereafter. Under the conditions of Corollary 2.18, by
the Milman theorem [55, Proposition 1.5] and observing that ergodic measures are extreme in the
convex set P (T ) of T -invariant measures, the set GP of generalized nonlinear equilibrium measures
is a face10 of P (T ), the extreme boundary of which is precisely the set EP of (simple) nonlinear
equilibrium measures. In particular, as P (T ) is a Choquet simplex (Proposition 2.35), GP is in this
case a Bauer simplex, i.e., a Choquet simplex whose extreme boundary is compact.

Remark 2.19
Theorem 2.17 and Corollary 2.18 also hold when g+ = 0 or g− = 0 with obvious modifications. In
fact, this case is even simpler. For more details, see Remark 2.16 as well as the discussions following
Theorem 3.8.

Remark 2.20
Theorem 2.17 and Corollary 2.18 are, of course, only relevant when the functions g± are not affine,
because otherwise we are dealing with the linear thermodynamic formalism.

2.7.4 Validity of the thermodynamic game

The conservative values P[ (34) and P] (38) of the thermodynamic game are related to two variational
problems on T -invariant measures respectively setup from the functionals F] : P(T ) → R and
F[ : P(T )→ R defined, for any T -invariant measure µ ∈ P (T ), by

F] (µ)
.
= ∆g+◦θ+ (µ)− g− ◦ θ− (µS) + h (µ) , (46)

F[ (µ)
.
= ∆g+◦θ+ (µ)−∆g−◦θ− (µ) + h (µ) , (47)

where g± : X± → R are continuous convex functions and θ± :M(S)→ X± are two linear transfor-
mations that are σ-normal. Here,

∆F (µ)
.
=

∫
Perg(T )

F (νS) ξµ (dν) , µ ∈ P (T ) , (48)

10A face F of a convex setK is a subset ofK with the property that, if ρ = λ1ρ1+· · ·+λnρn ∈ F with ρ1, . . . , ρn ∈ K,
λ1, . . . , λn ∈ (0, 1) and λ1 + · · ·+ λn = 1, then ρ1, . . . , ρn ∈ F .
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for any convex and σ-normal function F : M(S) → R, where ξµ is the (unique) Choquet measure
associated with µ. To understand why the functional ∆F in both (46) and (47) is important and
natural, we recommend Proposition 2.25 below. See meanwhile Definition 2.26.

Recall that the entropy h is affine weak∗-upper semicontinuous (Definition 2.1 and Proposition
2.38). We can thus apply [18, Lemma 10.17] to h in order to get – via Equations (47)–(48) – the
ergodic decomposition of the functional F[:

F[ (µ) =

∫
Perg(T )

P (ν) ξµ (dν) , µ ∈ P (T ) , (49)

where ξµ is the unique Choquet measure associated to µ (see Proposition 2.35). It is an elementary
result which, whilst certainly not surprising given that the functional F[ is affine, is highlighted here
because it is a very useful observation, enabling the functional F[ to be calculated in practice via the
nonlinear pressure functional P .

In this subsection, we only consider continuous functions g+ and g− in order to highlight the
singular nature of ∆-functionals, which even in this simpler context are discontinuous on a dense
set (cf. Theorem 2.27). The aim is not to obtain the most general framework possible, but rather to
explain the associated variational problems in an accessible manner, given that they are new in the
thermodynamic formalism.

The functional F[ is exactly the one obtained from the limit (22). It is therefore quite intuitive.
The functional F] turns out to be very useful in the proof of Proposition 2.28, in which no Bogoliubov
linearization is considered. See Equation (83). In fact, these seemingly incidental functionals are
very natural and the theorem below shows their importance for the study of nonlinear equilibrium
measures.

By Definition 2.1, Theorem 2.27 and Proposition 2.38, for any (weak∗-)lower semicontinuous
and convex function g− and σ-normal linear transformations θ± :M(S) → X±, the functional F] is
concave and weak∗-upper semicontinuous. Notice also that Definition 2.1 implies the weak∗-upper
semicontinuity of the entropy. Thus, the set

EF] =
{
µ ∈ P (T ) : F] (µ) = supF] (P (T ))

}
of maximizers of F] is convex and weak∗-compact. By contrast, the functional F[ is affine but (gener-
ally) not weak∗-upper semicontinuous, which therefore forces us to take sequences of approximating
maximizers (similar to (23) and (45)):

EF[
.
=
{
µ ∈ P (T ) : ∃ (µn)n∈N ⊆ P (T ) with lim

n→∞
µn = µ and lim

n→∞
F[ (µn) = supF[ (P (T ))

}
,

(50)
where the first limit µn → µ refers to the weak∗ topology. See again Theorem 2.27 for the continuity
properties of ∆-functionals.

Now we are in a position to associate the conservative values P[ (34) and P] (38) of the thermo-
dynamic game with two different variational problems on T -invariant measures:

Theorem 2.21 (Thermodynamic game and nonlinear equilibrium measures)
Assume Conditions TF1–TF3 with continuous functions g±. Let τ±(µ)

.
= θ±(µS) for any T -invariant

probability measure µ ∈ P(T ).
(i) Nonlinear pressures:

supF[ (P (T )) = P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

{
PL (y+, y−) + g∗− (y−)− g∗+ (y+)

}
,

supF] (P (T )) = P] .= inf
y−∈X ∗−

sup
y+∈X ∗+

{
PL (y+, y−) + g∗− (y−)− g∗+ (y+)

}
.
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(ii) Generalized nonlinear equilibrium measures:

EF[ = co(EP )
.
= GP ,

EF] =
{
µ ∈ co (ENL (x−)) : x− ∈ M] ∩ ∂g− (τ− (µ))

}
,

where EP = MP is given by Theorem 2.17 (ii)–(iii), while

ENL (x−)
.
=

⋃
x+∈M](x−)

EL (x+, x−) .

Proof. Assertions (i)–(ii) for the case ([) are direct consequences of Theorems 2.17 and 2.29. See
also Definition 2.11. Assertions (i)–(ii) for the case (]) are proven as follows:

Step 1: The functional f : P(T )→ R, as defined by

f = ∆g+◦θ+ + h , (51)

is affine (in particular concave) and weak∗ upper semicontinuous, thanks to Definition 2.1, Proposition
2.38 and Theorem 2.27 (i). Thus, using Proposition 3.2 for K = P (T ), X = X−, g = g−, τ(µ) =
θ−(µS) and f defined by (51), we obtain that

supF] (P (T )) = inf
y−∈X ∗−

{
supGy− (P (T )) + g∗− (y−)

}
(52)

with
Gy− (µ)

.
= ∆g+◦θ+ (µ) + h (µ)− y− ◦ θ−(µS) , µ ∈ P (T ) .

In addition, Corollary 3.4 also yields

EF] =
{
µ ∈ EGx− : x− ∈ M] ∩ ∂g− (τ− (µ))

}
, (53)

where
EGy−

.
=
{
µ ∈ P (T ) : Gy− (µ) = supGy− (P (T ))

}
for any continuous linear functional y− ∈ X ∗−.

Step 2: Note that, with obvious adaptations in the proofs, Theorem 2.29 and Corollary 2.30 also hold
if we add any arbitrary affine and weak∗ continuous function to the entropy h. It follows that

supGy− (P (T )) = supPy− (P (T )) (54)

with
Py− (µ)

.
= g+ ◦ θ+ (µS) + h (µ)− y− ◦ θ−(µS) , µ ∈ P (T ) ,

while (the extended version of) Corollary 2.30 yields

EGy− = co(EPy− ) , y− ∈ X ∗− , (55)

with
EPy− =

{
µ ∈ P (T ) : Py− (µ) = supPy− (P (T ))

}
for any continuous linear functional y− ∈ X ∗−.

Step 3: Now, we apply the simplified version of Theorem 3.8 (see the discussions following Theorem
3.8) with K = P (T ), g− = 0, and

τ+(µ) = θ+(µS) , f (µ) = h (µ)− y− ◦ θ−(µS) , µ ∈ P (T ) ,
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observing that g+ is by assumption a continuous and convex function, that the functional f defined as
above is affine and weak∗-upper semicontinuous (cf. Definition 2.1 and Proposition 2.38) and that τ+

is a continuous linear transformation, θ+ being a σ-normal linear transformation. Doing so, for any
continuous linear functional y− ∈ X ∗−, we get

supPy− (P (T )) = sup
y+∈X ∗+

{
PL (y+, y−)− g∗+ (y+)

}
(56)

and
EPy− =

⋃
y+∈M](y−)

EL (y+, y−) . (57)

It remains now to combine the three steps.

Step 4: We combine Equations (52), (54) and (56) to get Assertion (i) for the case (]). Assertion (ii)
for the case (]) is a consequence of Equations (53), (55) and (57).

By Theorem 2.21, the thermodynamic game has a direct interpretation in terms of equilibrium
measures. This is a very useful information that can be employed, for example, to show that generally
P] > P[, that is, the sup and inf in P[ (34) or P] (38) do not commute, as is done in the quantum case
in [18, Discussions after Theorem 2.36]. The interpretation of the conservative values P[ (34) and
P] (38) as variational problems on T -invariant measures given by Theorem 2.21 also turns out to be
crucial for the Kac, or van der Waals, limit, very well-known in statistical mechanics. This is exploited
in [21] in the context of quantum lattice models, but the arguments used, in the light of the results
presented here, can clearly be adapted to produce a version of [21] for the nonlinear thermodynamic
formalism. We therefore believe that the above results on the thermodynamic game can be useful for
further developments of the nonlinear version of the thermodynamic formalism. Notice additionally
that Theorem 2.21 follows relatively easily from our general approach, which is presented in Section
3.

We conclude this subsection by examining whether generalized equilibrium states can be true
maximizers of the affine pressure F[. So, consider the set

MF[
.
=
{
µ ∈ P (T ) : F[ (µ) = supF[ (P (T ))

}
⊆ EF[

of strict maximizers of F[. Compare this definition with (50). By the affine property of F[, MF[ is
convex. One might wonder whether the equality MF[ = EF[ holds true even if F[ is not necessarily
upper semicontinuous. In fact, in general, one only has the strict inclusion MF[  EF[ . The reason is
that, because of the affine property of F[, MF[ must be a (convex) face of P (T ), but this is generally
not the case for EF[ . We proved this in the context of quantum lattice systems, but our arguments
can easily be adapted to the nonlinear thermodynamic formalism, see [18, Lemma 9.8]. However, if
the linear transformations θ± are Hölder-type then the equality MF[ = EF[ does indeed hold. This is
proven in the next corollary, deduced from Theorem 2.21 (i)–(ii) and Equation (49).

Corollary 2.22 (Generalized equilibrium measures and maximizers of the affine pressure)
Assume Conditions TF1–TF3 with continuous functions g±. Then,

co (EP ∩ Perg(T )) ⊆MF[ ⊆ co (EP ) = EF[ (58)

and if θ± are additionally Hölder-type then EF[ = MF[ .

Proof. Clearly, MF[ ⊆ EF[ and thus, by Theorem 2.21 (ii) for the case ([), MF[ ⊆ co(EP ). Note
that F[ = P on ergodic measures, by the definition of ∆-functionals. Hence, by combining Theorem
2.17 (i) with Theorem 2.21 (i) for the case ([), we deduce that EP ∩ Perg(T ) ⊆MF[ and (58) follows
from the affine property of F[. If θ± are additionally Hölder-type then, by Corollary 2.18 (i), EP
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is a weak∗-compact set of ergodic measures only. Hence, the Choquet measure in co(EP ) of any
µ ∈ co(EP ), as given by Corollary 2.30 (EF[ = co(EP )), coincides with its unique Choquet measure
in P(T ), as given by Proposition 2.35. As explained in Corollary 2.30 (cf. the Milman theorem [55,
Proposition 1.5]), this measure must be supported in EP . Therefore, we can combine Theorem 2.21
(ii) with Equation (49) to get co(EP ) = MF[ when θ± are additionally Hölder-type.

As a consequence, in the Hölder case, generalized nonlinear equilibrium measures are precisely
all (strict) maximizers of the affine pressure functional F[, which is a very satisfactory characterization
of such T -invariant probability measures.

2.8 Technical Results: ∆-functionals and nonlinear pressures
We address the maximization of the nonlinear pressure functional P : P (T ) → R defined on T -
invariant measures by (19). Although P is generally neither convex nor concave, this variational
problem can be studied via another real-valued functional on T -invariant measures, which is affine,
i.e., both concave and convex. This fact may seem curious, or even strange, at a first sight. To properly
understand this, we must first precisely define the affine functional, which requires a few preliminary
definitions and observations.

Recall that En[ϕ] stands for Birkhoff sums (21) on C(Σ). It defines a linear contraction En
mapping S to itself. Now, we use the following observation:

Lemma 2.23 (Properties of ergodic measures)
For any ergodic measure µ ∈ Perg(T ) and for µ-a.s. σ ∈ Σ,

lim
n→∞

En [ϕ] (σ) = µ (ϕ)
.
= µS (ϕ) , ϕ ∈ S .

Proof. Recall that any countable intersection of measurable sets of full measure has full measure.
Therefore, we infer from Proposition 2.33 that, for any countable subset S̃ ⊆ S and for µ-a.s. σ ∈ Σ,

lim
n→∞

En [ϕ] = µ (ϕ) , ϕ ∈ S̃ .

Since S ⊆ C(Σ) is separable (with respect to the supremum norm) and for any n ∈ N, σ ∈ Σ and
ϕ1, ϕ2 ∈ C(Σ),

max {|En [ϕ1] (σ)− En [ϕ2] (σ) |, |µ (ϕ1)− µ (ϕ2) |} ≤ ‖ϕ1 − ϕ2‖∞ ,

the lemma directly follows.

Remark 2.24
Ergodic probability measures are mutually singular. See [66, Theorem 6.10 (iv)]. Note also that we
restrict Lemma 2.23 to functions ϕ ∈ S in view of our applications. By linearity, the same assertion
holds true for all ϕ ∈ C(Σ).

Recall that a function F : M(S) → R is σ-normal when, for any bounded sequence (fn)n∈N ⊆
M(S) converging point-wise to f ∈M(S), one has

lim
n→∞

F (fn) = F (f) .

We also remind that Perg(T ) denotes the set of ergodic (or extreme) measures of the space P(T ) of
T -invariant probability measures. Note also that, given σ ∈ Σ and n ∈ N, Equation (21) defines a
continuous and bounded function En,σ : S → R by

En,σ [ϕ]
.
= En [ϕ] (σ) , ϕ ∈ S . (59)
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In particular, En,σ ∈ M(S). Clearly, for any σ ∈ Σ and n ∈ N, En,σ′ converges point-wise to En,σ,
as σ′ → σ. Therefore, for any σ-normal function F : M(S) → R, the mapping σ 7→ F (En,σ) is a
continuous function from Σ to R. By a slight abuse of notation, we denote this function by “F ◦En”.

We can now show an important property that leads to a convenient definition of the affine pressure
functional on T -invariant measures.

Proposition 2.25
Let F : M(S) → R be any convex and σ-normal function. Then, for any T -invariant measure
µ ∈ P(T ),

lim
n→∞

µ (F ◦ En) = inf
n∈N

µ (F ◦ En) =

∫
Perg(T )

F (νS) ξµ (dν) ,

where ξµ is the Choquet measure associated with µ (Proposition 2.35).

Proof. Fix µ ∈ P(T ) and denote by ξµ the associated Choquet measure. Since F is σ-normal, remark
that the mapping ν 7→ F (νS) from P(T ) to R is weak∗-continuous and, thus, integrable with respect
to the Choquet measure ξµ. We divide the proof into two steps:

Step 1: Since F is a convex continuous function on the Banach spaceM(S), it has continuous tan-
gents at any f ∈ M(S). That is, for any fixed f ∈ M(S), there is a continuous linear functional
ϑ ∈M(S)∗ such that, for all u ∈M(S),

F (u)− F (f) ≥ ϑ (u)− ϑ (f) . (60)

Such a linear functional ϑ is also σ-normal. Indeed, take any bounded sequence (fn)n∈N ⊆ M(S)
converging pointwise to f . By Inequality (60) for u = fn and the σ-normality of F , we deduce that

ϑ (f) ≥ lim sup
n→∞

ϑ (fn) . (61)

Similarly, from Inequality (60) for u = 2f − fn,

lim inf
n→∞

ϑ (fn) ≥ ϑ (f) . (62)

Altogether, Inequalities (61) and (62) yield

lim
n→∞

ϑ (fn) = ϑ (f) (63)

for any bounded sequence (fn)n∈N ⊆ M(S) converging pointwise to f . By linearity, it follows that
ϑ is σ-normal. Since (Ω, d) is a compact metric space, Σ is also a compact metric space (see, e.g.,
(4)). In particular, C(Σ) is a separable Banach space, which implies that the weak∗ topology of P , the
space of all (i.e., not necessarily T -invariant) probability measures on Σ, is metrizable. From this fact
and the σ-normality of ϑ it follows that the mapping ν 7→ ϑ(νS) from P to R is weak∗-continuous.
Note that, for any σ ∈ Σ,

δσ(ϑ ◦ En) = ϑ ◦ En(σ) = ϑ((δσ ◦ En)S) ,

where ϑ ◦ En stands for the continuous function σ 7→ ϑ (En,σ) and δσ is the δ-probability measure at
σ ∈ Σ, that is, δσ({σ}) = 1. Since Σ is a separable (being compact) metric space, any probability
measure on Σ is the weak∗ limit of a sequence of convex combinations of δ-probability measures.
See, for instance, [53, Chapter II, Theorem 7.1]. Using this fact, along with the weak∗ continuity of
the mapping ν 7→ ϑ(νS) and the linearity of ϑ, one arrives at

ν(ϑ ◦ En) = ϑ ((ν ◦ En)S)
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for all ν ∈ P and n ∈ N. In particular, if ν is T -invariant then

ν(ϑ ◦ En) = ϑ (νS) .

We then conclude from Inequality (60) applied to f = νS and u = En,σ that

ν (F ◦ En)− F (νS) ≥ 0 , (64)

for any T -invariant probability measure ν ∈ P(T ), which is nothing but a version of Jensen’s in-
equality. For a more general statement, see [18, Lemma 10.33]. Hence, by convexity of F and (the
above version of) Jensen’s inequality,

µ (F ◦ En) =

∫
Perg(T )

ν (F ◦ En) ξµ (dν) ≥
∫
Perg(T )

F (νS)ξµ (dν) . (65)

Step 2: Keeping in mind (65), it suffices now to show that

lim
n→∞

∫
Perg(T )

ν (F ◦ En) ξµ (dν) =

∫
Perg(T )

F (νS)ξµ (dν) (66)

to get the assertion. Using the σ-normality of F and Lemma 2.23, for any ergodic measure ν ∈
Perg (T ) and for ν-a.s. σ ∈ Σ,

lim
n→∞

F (En,σ) = F (νS) . (67)

The continuous functions
σ 7→ F ◦ En (σ)

.
= F (En,σ)

are uniformly bounded for all n ∈ N, i.e.,

sup
n∈N
‖F ◦ En‖∞ = sup

σ∈Σ
sup
n∈N
|F (En,σ)| ≤ sup {|F (f)| : f ∈M(S) with ‖f‖∞ < 1} <∞ ,

because
sup
n∈N
‖En,σ‖∞ = sup {|En,σ [ϕ]| : n ∈ N, ϕ ∈ S with ‖ϕ‖∞ = 1} ≤ 1

and any σ-normal functionF satisfies (17), as explained after Condition 2.9. So, we can use Lebesgue’s
dominated convergence to infer from (67) that, for any ergodic measure ν ∈ Perg (T ),

lim
n→∞

ν (F ◦ En) = F (νS) .

Applying again Lebesgue’s dominated convergence, we obtain the limit (66).
Proposition 2.25 motivates the following definition of a real-valued functional on T -invariant

probability measures:

Definition 2.26 (∆-Functionals)
Given a convex and σ-normal function F :M(S)→ R, ∆F denotes the mapping P(T )→ R defined
by

∆F (µ)
.
=

∫
Perg(T )

F (νS) ξµ (dν) , µ ∈ P (T ) ,

where ξµ is the Choquet measure associated with µ (Proposition 2.35).
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As far as we know, the use of such a functional is entirely new to thermodynamic formalism. Ad-
ditionally, mutatis mutandis, it is a broad extension of the space-averaging functional introduced in
[18, Section 1.3] for quantum lattice systems. Important properties of this functional are gathered
in the next theorem. But before stating them, we recall that the Γ-regularization of a functional
f : P(T ) → (−∞,∞] is the convex functional Γ(f) : P(T ) → (−∞,∞] defined by the supremum
over all affine and continuous minorants of f , i.e., for all µ ∈ P(T ),

Γ (f) (µ)
.
= sup

{
m (µ) : m ∈ A and m|P(T ) ≤ f

}
, (68)

where A denotes the set of all affine and weak∗-continuous functionals on the dual space C(Σ)∗.
It is the largest weak∗-lower semicontinuous convex function below f , see [17, Corollary 3.2]. Cf.
Section 2.9.3, in particular Equation (120). It is also convenient to define the concave counterpart of
Γ-regularizations: For any functional f : P(T )→ [−∞,∞) and all µ ∈ P(T ),

Γ− (f) (µ)
.
= −Γ (−f) (µ) = inf

{
−m (µ) : m ∈ A and −m|P(T ) ≥ f

}
, (69)

which is the smallest weak∗-upper semicontinuous concave function above f . We call Γ− (f) the
upper Γ-regularization of f .

Note that taking the Γ-regularization is equivalent to performing the Legendre-Fenchel transform
twice, i.e., it is equal to the biconjugate of a function. See Sections 3.1 and 2.9.3. However, the
concept of Γ-regularization is more convenient, in the sense that we do not need to talk about dual
pairs (X ,X ∗) to introduce it. Furthermore, its definition via affine weak∗-continuous functionals is
also technically very useful. In particular, as shown in [17, Lemma 3.4], it leads to an extension of
the Bauer maximum principle.

Theorem 2.27 (Properties of the functional ∆F )
Let F :M(S)→ R be a convex and σ-normal function.
(i) ∆F is a weak∗-upper semicontinuous affine functional.
(ii) ∆F is weak∗-continuous iff the mapping µ 7→ F (µS) is affine on P(T ). In this case, there is
f ∈ C(Σ) such that

∆F (µ) = µ(f) , µ ∈ P (T ) . (70)

(iii) If the mapping µ 7→ F (µS) is strictly convex then ∆F is weak∗-discontinuous on a weak∗-dense
subset of P(T ).
(iv) ∆F is continuous on the Gδ weak∗-dense subset Perg (T ) of ergodic measures. In particular, the
set of all T -invariant measures on which ∆F is weak∗-discontinuous is weak∗-meager.
(v) Its Γ-regularization Γ(∆F ) is the weak∗-continuous convex mapping µ 7→ F (µS) on P(T ).

Proof. We take a function F as specified in the theorem and divide the proof into several steps. Note
that this proof strongly relies on the one of [18, Theorems 1.18-1.19], which regards quantum lattice
systems.

Step 1: By Definition 2.26, ∆F is clearly affine. By Proposition 2.25,

∆F (µ) = lim
n→∞

µ (F ◦ En) = inf
n∈N

µ (F ◦ En) , µ ∈ P (T ) . (71)

As a consequence, ∆F is an infimum over weak∗-continuous functionals µ 7→ µ (F ◦ En) and is
therefore weak∗-upper semicontinuous. (i) is thus proven. From Jensen’s inequality (see (64)), for
any n ∈ N,

µ (F ◦ En) ≥ F (µS) .

This last inequality combined with Definition 2.26 and (71) leads to

∆F (µ) ≥ F (µS) , µ ∈ P (T ) . (72)
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Note that ∆F (µ) = F (µS) for all µ ∈ Perg (T ), by Definition 2.26.

Step 2: Assume that the mapping µ 7→ F (µS) from P(T ) to C is affine. We infer from Definition
2.26 and the σ-normality of F that

∆F (µ) = F (µS) , µ ∈ P (T ) .

By the σ-normality of F , the mapping µ 7→ F (µS) is affine and weak∗-continuous on the whole
(topological) dual space C(Σ)∗. In particular, ∆F is continuous. Similar to [19, Proposition 3.9],
there is f ∈ C(Σ) such that

F (µS) = µ (f) , µ ∈ P (T ) ,

which in turn implies (70).

Step 3: Assume now that µ 7→ F (µS) is not affine. Then, there are at least two T -invariant probability
measures ν, ζ ∈ P(T ) and λ ∈ (0, 1) such that, for µ = λν + (1− λ) ζ ,

F (µS) < λF (νS) + (1− λ)F (ζS) , (73)

the function F being convex. By Proposition 2.36, the set Perg(T ) of ergodic probability measures is
weak∗-dense in P (T ). So, there is a sequence (ν(n))n∈N ⊆ Perg(T ) of ergodic measures converging
with respect to the weak∗ topology to the above probability measure µ. Then, by Definition 2.26 as
well as Equations (72) and (73),

lim
n→∞

∆F (ν(n)) = lim
n→∞

F (ν
(n)
S ) = F (µS) < λF (νS) + (1− λ)F (ζS) ≤ ∆F (µ) , (74)

because F is σ-normal, λ ∈ (0, 1) and ∆F is affine. Consequently, ∆F is discontinuous on the
probability measure µ = λν + (1− λ) ζ . Steps 2 and 3 yield Assertion (ii).

Step 4: Assume that the mapping µ 7→ F (µS) is strictly convex. In particular, it is not the constant
mapping. Therefore, for any ν ∈ P(T ), there is at least one T -invariant probability measure ζ(ν) ∈
P(T ) such that F (νS) 6= F (ζ

(ν)
S ). For all ν ∈ P(T ), we define the subset

I(ν)
.
=
{
λν + (1− λ) ζ(ν) for any λ ∈ (0, 1)

}
⊆ P (T ) .

Finally, let us consider the subset

D
.
=

⋃
ν∈P(T )

I (ν) ⊆ P (T ) \Perg (T ) .

By continuity of the mapping λ 7→ λν for λ ∈ C and ν ∈ P(T ), the set D is weak∗-dense in P (T ).
Any µ ∈ D is clearly of the form

µ = λν + (1− λ) ζ (75)

for some λ ∈ (0, 1) and ν, ζ ∈ P(T ) with F (ν) 6= F (ζ). By Proposition 2.36, for any µ ∈ D, there is
a sequence (ν(n))n∈N ⊆ Perg(T ) of ergodic measures converging with respect to the weak∗ topology
to µ. Then, by Definition 2.26 and Equation (72), for any µ ∈ D of the form (75), Equation (74) holds
true because F is σ-normal and strictly convex, λ ∈ (0, 1) and ∆F is affine. As a consequence, the
mapping ∆F is weak∗-discontinuous at any µ ∈ D and hence on a weak∗-dense subset of P (T ). In
other words, (iii) is proven.

Step 5: We show now that ∆F is weak∗-continuous for any ergodic probability measure, which yields
(iv), thanks to Proposition 2.36. Take ν ∈ Perg(T ) and consider any sequence (ν(n))n∈N ⊆ P(T )
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of probability measures converging with respect to the weak∗ topology to ν. By Definition 2.26,
Assertion (i) and Equation (72),

F (νS) = ∆F (ν) ≥ lim sup
n→∞

∆F (ν(n)) ≥ lim inf
n→∞

∆F (ν(n)) ≥ lim
n→∞

F (ν
(n)
S ) = F (νS)

because F is σ-normal. In other words, the functional ∆F is weak∗-continuous on Perg(T ). Notice
that the weak∗ topology of P(T ) is metrizable. (So, there is no need to use nets here to check
continuity on P(T ).)

Step 6: Recall that the Γ-regularization Γ(f) of functionals f , as defined by Equation (68), is the
largest weak∗-lower semicontinuous convex function below f . See, e.g., [17, Corollary 3.2]. By
Inequality (72), it follows that

F (µS) ≤ Γ
(
∆F
)

(µ) ≤ ∆F (µ) , µ ∈ P (T ) , (76)

because the mapping µ 7→ F (µS) is weak∗-continuous and convex on P(T ), thanks the convexity and
σ-normality of F . In addition, for any ergodic probability measure ν ∈ Perg(T ),

F (νS) = Γ
(
∆F
)

(ν) = ∆F (ν) . (77)

Therefore, using the weak∗-density of Perg(T ) in P(T ) (Proposition 2.36), the weak∗-continuity of
µ 7→ F (µS) and the weak∗-lower semicontinuity of Γ(∆F ), we deduce from (76)–(77) that

Γ
(
∆F
)

(µ) = F (µS) , µ ∈ P (T ) ,

that is, (v) follows. This concludes the proof of the theorem.
Thanks to Theorem 2.27, under Condition 2.9 the nonlinear pressure functional

P (µ)
.
= F (µS) + h (µ) = F+ (µS) + F− (µS) + h (µ) , µ ∈ P (T ) , (78)

on T -invariant measures has a direct relation to the functional F[ : P(T ) → R defined by (47), that
is,

F[
.
= ∆F+ −∆−F− + h . (79)

In contrast to the nonlinear pressure functional P : P(T ) → R (78) which is not necessarily affine
but weak∗-upper semicontinuous (for σ-normal F±) (see Proposition 2.38), the functional F[ is affine
but not necessarily weak∗-upper semicontinuous, because of Theorem 2.27 and Proposition 2.38.
However, the variational problems supP (P (T )) and supF[ (P (T )) can be related, as well as can
their corresponding maximizers. This is a consequence of the next observation. Recall that Perg(T )
stands for the (dense in P (T )) set of ergodic probability measures on Σ.

Proposition 2.28
Let F± :M(S)→ R be two σ-normal functions and assume that F+ and F− are respectively convex
and concave.
(i) We have

sup
µ∈P(T )

F[ (µ) = sup
ν∈Perg(T )

F[ (ν) = sup
ν∈Perg(T )

P (ν) = sup
µ∈P(T )

P (µ) <∞ . (80)

(ii) Γ−(F[) = Γ−(P ) on the whole space P (T ) and Γ−(P ) = P on Perg(T ). Furthermore,

sup
µ∈P(T )

F[ (µ) = sup
µ∈P(T )

Γ−
(
F[
)

(µ) = sup
µ∈P(T )

Γ− (P ) (µ) = sup
µ∈P(T )

P (µ) <∞ . (81)
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Proof. Note that all suprema in (i) are finite, because any σ-normal function F such as F± satisfies
(17), as explained after Condition 2.9, and the entropy functional is uniformly bounded from above.
Assertion (i) is proven in the same way as [18, Lemma 2.9], while the proof of (ii) uses the same
arguments as the first part of the proof of [18, Theorem 2.21]. We reproduce these proofs below,
adapting them to the present situation.
Step 1: The Bauer maximum principle [2, Theorem I.5.3] says that an upper semicontinuous convex
real-valued function f over a compact convex subsetK, such as the weak∗-compact convex set P(T ),
attains its maximum at an extreme point of K. However, by Theorem 2.27, F[ is the sum of a convex
weak∗-lower semicontinuous functional and a convex weak∗-upper semicontinuous functional, both
on P(T ). We thus need the extension of the Bauer maximum principle given by [17, Lemma 3.4],
which says that the supremum of the values of a sum f

.
= f−+f+ of a lower and upper semicontinuous

affine functionals f− and f+ on a compact convex subset K can be restricted to the set E(K) of
extreme points of K (see Section 3.7.2), i.e.,

sup f (K) = sup f (E(K)) .

Applying this result to f = F[ and K = P(T ) while using additionally that F[ = P on Perg(T ) (see
Definition 2.26), we thus obtain the equality

sup
µ∈P(T )

F[(µ) = sup
ν∈Perg(T )

F[ (ν) = sup
ν∈Perg(T )

P (ν) . (82)

Since P is weak∗-upper semicontinuous, it has a maximizer µ0 over P(T ). Thus, by Corollary 2.39,
there is a sequence (νn)n∈N ⊆ Perg(T ) of ergodic probability measures converging in the weak∗ topol-
ogy to µ0 with the property that P (νn) converges to P (µ0) as n→∞. In other words, maximizing P
over P(T ) results the same as maximizing P over Perg(T ). Equation (80) then follows. Observe that
Equation (81) is a direct consequence of Equation (80) and Theorem 2.40. We now prove the equality
Γ−(F[) = Γ−(P ) on the whole space P (T ) and Γ−(P ) = P on the dense subset Perg(T ) of ergodic
measures.

Step 2: We start with a partial upper Γ-regularization of F[ by defining the new functional F] :
P(T )→ R as follows:

F] (µ)
.
= ∆F+ (µ) + F− (µS) + h (µ) , µ ∈ P (T ) . (83)

By Theorem 2.27, F] is concave, weak∗-upper semicontinuous and bounded from below by F[. Recall
that the Γ-regularization of a functional f is the largest weak∗-lower semicontinuous convex function
below f , see [17, Corollary 3.2] or Section 2.9.3. I.e., (the upper Γ-regularization) Γ− (f) is the
smallest weak∗-upper semicontinuous concave function above f . Using this property and Equation
(69),

F[ ≤ Γ−
(
F[
)
≤ F] .

Hence, for any ergodic probability measure ν ∈ Perg(T ),

P (ν) = F] (ν) = Γ−
(
F[
)

(ν) = F[ (ν) . (84)

Step 3: We show now that Γ−
(
F[
)

is an upper bound for Γ−(P ). By Corollary 2.39 and the σ-
normality of F±, any T -invariant probability measure µ ∈ P(T ) is the limit of some sequence
(νn)n∈N ⊆ Perg(T ) of ergodic probability measures converging in the weak∗ topology to µ and
such that P (νn) converges to P (µ). By (84), Γ−(F[)(νn) also converges to P (µ). Since Γ−(F[)
is, by construction, weak∗-upper semicontinuous on P(T ), we thus conclude that, for any T -invariant
probability measure µ ∈ P(T ),

P (µ) = lim
n→∞

Γ−
(
F[
)

(νn) ≤ Γ−
(
F[
)

(µ) , (85)
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which, combined with the fact that Γ−(P ) is the smallest weak∗-upper semicontinuous concave func-
tion above P (see [17, Corollary 3.2]), yields

Γ− (P ) ≤ Γ−
(
F[
)
. (86)

We show next the converse inequality.

Step 4: We use now the concavity of Γ−(P ), the (unique) Choquet measure ξµ associated with an
arbitrary T -invariant probability measure µ ∈ P(T ), along with Jensen’s inequality applied to ξµ and
Γ−(P ) (see [18, Lemma 10.33] for its proof in this context) in order to bound Γ−(P ) from below by

Γ− (P ) (µ) ≥
∫
Perg(T )

Γ− (P ) (ν) ξµ (dν) ≥
∫
Perg(T )

P (ν) ξµ (dν) (87)

for all µ ∈ P(T ). Now, by applying [18, Lemma 10.17] to the entropy h (which is an affine weak∗-
upper semicontinuous functional) and using Definition 2.26, recall that one gets an ergodic decompo-
sition of F[ in the following sense:∫

Perg(T )

P (ν) ξµ (dν) = F[ (µ) , µ ∈ P(T ) ,

see Equation (49). By Inequality (87), It follows that

Γ− (P ) ≥ Γ−
(
F[
)
, (88)

thanks to Equation (69) and the fact that Γ−
(
F[
)

is the smallest weak∗-upper semicontinuous concave
function above F[ (see [17, Corollary 3.2]). Consequently, Γ−(P ) = Γ−(F[), which, combined with
(84) also yield Γ−(P ) = Γ−(F[) = P on Perg(T ).

Proposition 2.28 combined with Theorem 2.40 not only implies that the corresponding variational
problems for all functionals F[, Γ−(F[), P and Γ−(P ) give the same numerical value but also that
the corresponding (possibly generalized) maximizers are directly related to each other. To explain
this, similar to Equations (23) and (50), given a bounded functional f : P(T ) → R, we define the
(nonempty) set

Ef
.
=
{
µ ∈ P (T ) : ∃ (µn)n∈N ⊆ P (T ) with lim

n→∞
µn = µ and lim

n→∞
f (µn) = sup f (P (T ))

}
,

(89)
of all weak∗-limits of approximating maximizers, i.e., generalized maximizers. Ef differs a priori
from the set

Mf
.
= {µ ∈ P (T ) : f (µ) = sup f (P (T ))}

of (strict) maximizers of f . One has a priori only the inclusion Mf ⊆ Ef . If the functional f is
weak∗-upper semicontinuous then Ef = Mf , that is, Ef is nothing but the (weak∗-compact) set of
(strict) maximizers of f over P(T ).

Theorem 2.29 (Sets of generalized maximizers)
Let F± : M(S) → R be two σ-normal functions, with F+ and F− being respectively convex and
concave. Then,

EF[ = EΓ−(F[) = MΓ−(F[) = MΓ−(P ) = EΓ−(P ) = co(EP ) ,

that is, all sets of (possibly generalized) maximizers are nothing but the weak∗-closed convex hull of
the weak∗-compact setEP = MP of strict maximizers of the (weak∗-upper semicontinuous) functional
P .
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Proof. As upper Γ-regularizations are always upper semicontinuous, note that EΓ−(F[) = MΓ−(F[) and
EΓ−(P ) = MΓ−(P ). The equality EΓ−(F[) = EΓ−(P ) is an obvious consequence of Proposition 2.28 (ii)
and we infer from Theorem 2.40 and (69) that EΓ−(F[) = co(EF[). On the other hand, EF[ is a convex
set, by the affine property of F[ (cf. Theorem 2.27 and Proposition 2.38). By [18, Lemma 10.36], it is
also weak∗-compact because P(T ) is weak∗-compact and the weak∗-topology is metrizable on P(T ).
As a consequence, EΓ−(F[) = co(EF[) = EF[ . Applying again Theorem 2.40 and (69), we obtain
meanwhile EΓ−(P ) = co(EP ), which leads to EF[ = EΓ−(F[) = EΓ−(P ) = co(EP ). Finally, EP is
the weak∗-compact set of strict maximizers of the functional P as a consequence of the weak∗-upper
semicontinuity of this functional together with the weak∗-compactness of P(T ).

Corollary 2.30 (Choquet decomposition)
Let F± : M(S) → R be two σ-normal functions with F+ and F− being respectively convex and
concave. Then, equilibrium measures ν ∈ EF[ that are extreme in EF[ belong to EP and for any
µ ∈ EF[ , there is a probability measure mµ on EP such that

mµ(EP ) = 1 and µ =

∫
EP

νmµ (dν) . (90)

Proof. By the Milman theorem [55, Proposition 1.5] and Theorem 2.29, equilibrium measures that
are extreme in EF[ must belong to EP . Then, using this property and the Choquet theorem (Theorem
3.28), we derive (90), because the setEF[ is convex, weak∗-compact and metrizable, by Theorem 2.29
and the metrizability of the weak∗ topology in P(T ).

2.9 Appendix
This appendix contains a selection of useful results that are difficult to find within the mathematical
framework we use. Indeed, in most previous works the alphabet Ω is assumed to be a finite set,
whereas we only assume it to be a compact metric space, which, of course, may be infinite. Therefore,
in Sections 2.9.1–2.9.2 we re-examine known facts within this broader context.

One thing that is not very well-known is the properties of the entropy functional for infinite al-
phabets. Our definition (Definition 2.1) is based on a variational problem involving the (transfer)
Ruelle operator. This definition is simple and elegant, but it poses certain difficulties in proving the
convexity of this functional. To this end, we use recent results [1] to write the entropy functional for
compact alphabets as a thermodynamic limit of finite-volume entropies (Theorem 2.37). Based on
this observation, we are able to prove the affine property11 of the entropy functional of Definition 2.1.
See Proposition 2.38. Another consequence of this result is the so-called ergodic abundance of the
entropy functional, as given by Corollary 2.39, which is also a fundamental property for our proofs,
along with the weak∗ density of ergodic measures (Proposition 2.36).

2.9.1 Ergodic measures

Let (X,A) be any measurable space. I.e., X is any nonempty set and A some σ-algebra on X . In
ergodic theory, the existence of limits of the form

ϕ̃ (x) = lim
n→∞

1

n

n∑
m=1

ϕ ◦ fm (x) , x ∈ X , (91)

is studied for any measurable function f : X → X and appropriate functions ϕ : X → R. Such a
question led to two important (types of) ergodic theorems, which were proven for the first time by

11I.e. convex and concave. The concavity of the entropy functional is a direct consequence of its definition.
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von Neumann and Birkhoff, respectively. See [64, Theorems 3.1.6 and 3.2.3]. The most interesting
one here is Birkhoff’s ergodic theorem [64, Theorem 3.2.3], which ensures the existence of the limit
(91) almost surely for integrable functions ϕ:

Theorem 2.31 (Birkhoff)
Let (X,A) be any measurable space, f : X → X a measurable mapping and µ a probability
measure that is invariant12 with respect to f . For any µ-integrable function ϕ : X → R, the limit (91)
exists µ-almost surely and defines another µ-integrable function ϕ̃ : X → R (µ-almost everywhere)
satisfying ∫

X

ϕ̃ (x)µ (dx) =

∫
X

ϕ(x)µ (dx) .

The Birkhoff ergodic theorem stated above is proven, for instance, in [64, Section 3.2.2], see [64,
Theorem 3.2.3].

The µ-integrable function ϕ̃ : X → R, uniquely defined µ-almost everywhere, is called a time
average of the (µ-integrable) function ϕ : X → R. For any given measurable set A ⊆ X (i.e.,
A ∈ A), τA denotes the time average of the corresponding characteristic function χA. It is called the
mean sojourn time associated with A ∈ A. These objects allow us to explain the notion of ergodicity:

Definition 2.32 (Ergodicity)
Under the conditions of Theorem 2.31, the pair (f, µ) is ergodic13 if, for all A ∈ A, τA = µ(A), i.e.,
the constant function µ(A) on X is a mean sojourn time for A.

By definition, ergodicity of a probability measure µ thus refers to the fact that, for all Borel sets
A ∈ A,

lim
n→∞

1

n

n∑
m=1

χA ◦ fm =

∫
X

χA (x)µ (dx) , µ-a.s.

See Theorem 2.31. This property is equivalent to the corresponding one with the characteristic func-
tions χA, A ∈ A, replaced by general µ-integrable functions. See, for instance, [64, Proposition
4.1.3]. The ergodicity is also equivalent to a clustering property [64, Proposition 4.1.4]. All this leads
to the following proposition:

Proposition 2.33 (Properties equivalent to ergodicity)
Under the assumptions of Theorem 2.31, the following conditions are equivalent:
(i) (f, µ) is ergodic.
(ii) For any µ-integrable function ϕ : X → R,

lim
n→∞

1

n

n∑
m=1

ϕ ◦ fm =

∫
X

ϕ(x)µ (dx) , µ-a.s.

(iii) For all p, q ∈ (1,∞) with 1/p+ 1/q = 1 and all functions ϕ ∈ Lp(µ), ψ ∈ Lq(µ),

lim
k→∞

1

k

k−1∑
n=0

∫
X

ψ (x)ϕ ◦ fn (x)µ (dx) =

(∫
X

ψ (x)µ (dx)

)(∫
X

ϕ (x)µ (dx)

)
.

12I.e., f∗(µ) = µ, where f∗(µ)(A) = µ(f(A)) for all Borel sets A ∈ A.
13I.e., the transformation f is ergodic with respect to the measure µ or the measure µ is ergodic with respect to the

transformation f .
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Proof. By [64, Proposition 4.1.3, cf. (i) and (iii)], (i) holds true iff (ii) is satisfied, while [64, Propo-
sition 4.1.4, cf. (i) and (iii)] proves that (i) is equivalent to the clustering properties (iii).

It is well known that the ergodicity property precisely characterizes the extreme invariant mea-
sures. In fact, under the conditions of Theorem 2.31, let

P (f)
.
= {µ ∈ P : f∗(µ) = µ} (92)

be the set of all probability measures on A that are invariant with respect to f , where P is the set of
all (i.e., not necessarily invariant) probability measures on A. It is a convex set and Perg(f) denotes
the subset of its extreme points, which turns out to be nothing but the set of ergodic measures with
respect to the measurable transformation f :

Proposition 2.34 (Ergodicity and extremality)
Under the conditions of Theorem 2.31, the invariant measure µ ∈ P(f) is ergodic iff µ ∈ Perg(f).

See, for instance, [64, Proposition 4.3.2] or [66, Theorem 6.10] for more details, including the proof.
Of course, all these results can be applied to the case where X is the compact topological space

Σ
.
= ΩN, the set of infinite strings on the alphabet Ω endowed with the product topology, and f is

the transformation T : Σ → Σ defined by (7). In this particular case, we can identify P(T ), defined
above by (92), with the weak∗ compact and convex space of all positive normalized linear functionals
on C(Σ), thanks to the Riesz-Markov theorem [23, Theorem 4.68]. In particular, P(T ) ⊆ C(Σ)∗. By
the Krein-Milman theorem [57, Theorems 3.4 (b) and 3.21], the subset Perg(T ) of its extreme points
is nonempty and

P (T ) = co Perg (T ) .

Therefore, by Proposition 2.34, there are ergodic measures in P(T ) and any T -invariant probability
measure µ ∈ P(T ) is the weak∗ limit of convex combinations of ergodic probability measures.

Since Σ is a metrizable compact space, C(Σ) is also separable with respect to the topology of
uniform convergence and, hence, the weak∗ topology of P(T ) ⊆ C(Σ)∗ is also metrizable. In par-
ticular, by Lemma 3.27, P(T ) is a Borel set for the weak∗ topology and using the Choquet theorem
(Theorem 3.28), one checks that P(T ) is a (Choquet) simplex:

Proposition 2.35 (P(T ) as a Choquet simplex)
For any T -invariant measure µ ∈ P(T ) there is a unique (Choquet) probability measure ξµ on
the Borel σ-algebra associated with the weak∗ topology of P(T ), that is supported in Perg(T ), the
barycenter of which is µ. In particular,

ξµ(P(T )\Perg(T )) = 0 . (93)

Proof. The existence of a (Choquet) probability measure ξµ with the asserted property is a direct
consequence of Theorem 3.28, since P(T ) is a metrizable, weak∗-compact and convex set, as already
explained. It only remains to show its uniqueness. So fix µ ∈ P(T ) and let ξµ be any Choquet measure
on P(T ) whose barycenter is µ, as given by Theorem 3.28. Using Proposition 2.33, Equation (93),
Lebesgue’s dominated convergence theorem as well as the notation En[·] for the Birkhoff sum (21),
we deduce that, for any ϕ1, ϕ2 ∈ C(Σ),∫

P(T )

µ̂ (ϕ2) µ̂ (ϕ1) ξµ (dµ̂) =

∫
Perg(T )

lim
n→∞

µ̂ (ϕ2En [ϕ1]) ξµ (dµ̂)

= lim
n→∞

∫
Perg(T )

µ̂ (ϕ2En [ϕ1]) ξµ (dµ̂)

= lim
n→∞

µ (ϕ2En [ϕ1]) .
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The second equality follows from Lebesgue’s dominated convergence theorem because

|ν (ϕ2En [ϕ1])| ≤ ‖ϕ1‖∞ ‖ϕ2‖∞ , ν ∈ P (T ) , n ∈ N .

More generally, by the same arguments, for any k ∈ {2, . . . ,∞} and ϕ1, . . . , ϕk ∈ C(Σ),∫
P(T )

µ̂ (ϕk) · · · µ̂ (ϕ1) ξµ (dµ̂) = lim
nk−1→∞

· · · lim
n1→∞

µ
(
ϕkEnk−1

[
ϕk−1

]
· · ·En1 [ϕ1]

)
. (94)

Let
X
.
= span {ϕ̂1 · · · ϕ̂k : k ∈ N0, ϕ1, . . . , ϕk ∈ C (Σ)} ⊆ C (P (T ) ;R) ,

where ϕ̂1 · · · ϕ̂k
.
= 1 (i.e., the constant function 1) when k = 0, ϕ̂ : P(T ) → R is defined for any

ϕ ∈ C(Σ) by
ϕ̂ (ν) = ν (ϕ) , ν ∈ P (T ) , (95)

and C(P(T );R) stands for the space of weak∗-continuous functions P(T ) → R. By Equation (94),
the quantities∫

P(T )

µ̂ (ϕk) · · · µ̂ (ϕ1) ξµ (dµ̂) , k ∈ {2, . . . ,∞}, ϕ1, . . . , ϕk ∈ C(Σ) ,

depend only on the probability measure µ, but not on the particular choice of the Choquet measure ξµ
representing µ. As a consequence, the quantities

ξµ (f) ≡
∫
P(T )

f (µ̂) ξµ (dµ̂) , f ∈ X , (96)

also depend only on the probability measure µ. Observe that the elements of C(Σ), seen as weak∗-
continuous linear functionals14 on the dual of the Banach space (C(Σ), ‖·‖∞), (trivially) separate the
points of this dual space. As P(T ) is weak∗-compact, we can invoke the Stone-Weierstrass theorem
[23, Theorem 7.191] to deduce that X is a uniformly dense subalgebra of C(P(T );R). Thus, the
quantities (96) extended to all continuous functions f ∈ C(P(T );R) only depend on µ. Therefore,
the Choquet measure ξµ, which is a probability measure on P(T ), must be unique.

Proposition 2.35 means that P(T ) is a so-called Choquet simplex. In fact, P(T ) is even the so-
called Poulsen simplex (which is unique [44, Theorem 2.3.] up to an affine homeomorphism), as a
consequence of the weak∗ density of its extreme points:

Proposition 2.36 (Weak∗ density of ergodic measures)
The set Perg(T ) of ergodic measures is a Gδ weak∗-dense subset of P(T ).

Proof. Note that the weak∗ topology of P(T ) is metrizable and thus, the set Perg(T ) of extreme points
of P(T ) is a Gδ set, thanks to Lemma 3.27. We now prove the weak∗-density of Perg(T ) in several
steps. We start with a general observation on the Banach space C(Σ) of all continuous functions on
character strings Σ

.
= ΩN.

Step 1: For any m ∈ N, we define the subspace

Ccyl (Σ)
.
=
⋃
m∈N

C (Σ) ∩ Jm

of so-called cylinder functions, where

Jm
.
=
{
ϕ : Σ→ R : ∃f : Rm → R such that ϕ (σ) = f (ω1, . . . , ωm) for all σ = (ωn)n∈N ∈ Σ

}
.

14I.e., for any ϕ ∈ C(Σ;R), ϕ̂ (ν) = ν (ϕ) for all ν ∈ C(Σ;R)∗. Cf. Equation (95).
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The set Ccyl (Σ) is a dense subspace of C(Σ), by compactness of Σ (cf. Tychonoff’s theorem [57,
Section A.3]) and the equicontinuity of well-chosen families of continuous functions on compacts
(via Ascoli’s theorem [57, Section A.5]). Indeed, fix some s = (sn)n∈N ∈ Σ. For any ϕ ∈ C(Σ) and
m ∈ N, we define the continuous function ϕm ∈ C(Σ) ∩ Jm by

ϕm (σ)
.
= ϕ (σm) , σ = (ωn)n∈N ∈ Σ ,

where
σm = (ω1, . . . , ωm, sm+1, sm+2, . . .) ∈ Σ , σ = (ωn)n∈N ∈ Σ .

Recall that the metric (4) for η = 1/2, that is,

d1/2 (σ, σ′)
.
=
∑
n∈N

2−nd (ωn, ω
′
n) , σ = (ωn)n∈N , σ

′ = (ω′n)n∈N ∈ Σ ,

generates the topology of Σ. From (3) we observe that

d1/2 (σ, σm) =
∞∑
n=m

2−nd (ωn, sn) ≤ 21−m , σ = (ωn)n∈N ∈ Σ, m ∈ N . (97)

This implies that the family {ϕm}n∈N of functions on the compact Σ is equicontinuous. By compact-
ness of Σ and continuity of ϕ, the family is also uniformly bounded. Again by (97), ϕm converges
pointwise to ϕ, as m → ∞. Now, using Ascoli’s theorem [57, Section A.5] we deduce that, at least
along some subsequence, the convergence is uniform, that is, for any ϕ ∈ C(Σ),

lim inf
m→∞

‖ϕ− ϕm‖∞ = lim inf
m→∞

sup
σ∈Σ
|ϕ (σ)− ϕ (σm)| = 0 .

In other words, Ccyl (Σ) is dense in C(Σ).

Step 2: For any m ∈ N and k ∈ N, let

Cm,k (Σ)
.
=
{
ϕ ◦ T (k−1)m : ϕ ∈ C (Σ) ∩ Jm

}
.

In fact, Cm,k(Σ) is nothing but the space of continuous functions (ωn)n∈N 7→ ϕ((ωn)n∈N) that only
depend on ω(k−1)m+1, . . . , ωkm. These closed subalgebras of C (Σ) are all naturally isomorphic to
C(Ωm). Given any positive normalized functionals (i.e., probability measures on Ωm) νm,k on the
subalgebras Cm,k(Σ) ⊆ C (Σ), m, k ∈ N, there is a unique positive normalized functional

⊗
k∈N νm,k

on C(Σ), for which, for all l ∈ N, k1, . . . , kl ∈ N, k1 < · · · < kl, and ϕ1 ∈ Cm,k1(Σ), . . . , ϕl ∈
Cm,kl(Σ), ⊗

k∈N

νm,k (ϕ1 · · ·ϕl) = νm,k1 (ϕ1) · · · νm,kl (ϕl) .

In other words, identifying positive normalized functionals on functions on compacts with probability
measures,

⊗
k∈N νm,k is nothing but the product probability measure of the probability measures νm,k,

m, k ∈ N. Fix now any T -invariant measure µ ∈ P(T ) ⊆ C(Σ)∗ and, for all m, k ∈ N, define the
positive normalized functional µm,k ∈ Cm,k(Σ)∗ as being the restriction to Cm,k(Σ) of µ, i.e.,

µm,k (ϕ)
.
= µ (ϕ) , ϕ ∈ C (Σ) ∩ Jm . (98)

Then, for all m ∈ N, let the probability measure µm on Σ be defined by

µ⊗m
.
=
⊗
k∈N

µm,k ∈ C(Σ)∗ . (99)

39



Observe that, by construction, Tm∗ (µ⊗m) = µ⊗m, where T∗(ν) stands for the pushforward of an arbitrary
probability measure ν ∈ P with respect to T , i.e., T∗ (ν) (A)

.
= ν(T−1(A)) for any Borel set A ⊆

Σ. That is, µ⊗m is a m-periodic probability measure. We can now define a T -invariant measure by
averaging out µ⊗m within a period:

µm
.
=

1

m

m−1∑
n=0

T n∗
(
µ⊗m
)
∈ P (T ) . (100)

By construction we also have

lim
m→∞

µm (ϕ) = µ (ϕ) , ϕ ∈ Ccyl (Σ) .

Since Ccyl (Σ) is a dense subset of C(Σ) (Step 1), we deduce that the sequence (µm)m∈N converges
to µ, in the weak∗ topology. It remains to show that µm is an ergodic measure for each m ∈ N.

Step 3: Fix again a T -invariant measure µ ∈ P(T ). Let j1, j2 ∈ N and p, q ∈ (1,∞) with 1/p+1/q =
1. Take ϕ ∈ C(Σ) ∩ Jj1 and ψ ∈ C(Σ) ∩ Jj2 . Then, for any k ∈ N, k ≥ j2 + m, using Equations
(99)–(100), we compute that

1

k

k∑
n=0

∫
Σ

ψ (σ)
(
ϕ ◦ T k

)
(σ)µm (dσ) =

1

k

j2+m∑
n=0

∫
Σ

ψ (σ)
(
ϕ ◦ T k

)
(σ)µm (dσ)

+

(
1− (j2 +m)

k

)∫
Σ

ψ (σ)µm (dσ)

∫
Σ

ϕ ◦ T k (σ)µm (dσ) ,

which, combined with Hölder’s inequality and the T -invariance of µm, yields the bound∣∣∣∣∣1k
k∑

n=0

∫
Σ

ψ (σ)
(
ϕ ◦ T k

)
(σ)µm (dσ)−

∫
Σ

ψ (σ)µm (dσ)

∫
Σ

ϕ (σ)µm (dσ)

∣∣∣∣∣
≤ 2 (j2 +m)

k

((∫
Σ

|ψ (σ)|q µm (dσ)

)1/q (∫
Σ

|ϕ (σ)|p µm (dσ)

)1/p
)

(101)

It follows that

lim
k→∞

1

k

k∑
n=0

∫
Σ

ψ (σ)
(
ϕ ◦ T k

)
(σ)µm (dσ) =

∫
Σ

ψ (σ)µm (dσ)

∫
Σ

ϕ (σ)µm (dσ) .

By Step 1, Ccyl (Σ) is dense in C(Σ). Therefore, we can extend the last limit to all ϕ ∈ C(Σ) and
ψ ∈ C(Σ). In addition, since C(Σ) is dense in Lp(µm) for any p ∈ (1,∞), using Hölder’s inequality
as done in (101), we can then extend the last limit to all ϕ ∈ Lp(µm) and ψ ∈ Lq(µm), p, q ∈ (1,∞)
with 1/p+ 1/q = 1. Now, by Proposition 2.33, µm is an ergodic measure for all m ∈ N.

2.9.2 The entropy functional as a thermodynamic limit

Our initial goal in this subsection is to show that the entropy is affine in the case where the alphabet is
a general (i.e., not necessarily finite) compact metric space (see Proposition 2.38), what is well-known
for finite alphabets [66, Theorem 8.1]. We summarize the main steps of the proof of this property,
which stems from [1]. Then, we give in Corollary 2.39 a proof of ergodic abundance for alphabets
that are general compact metric spaces; this result was already known in the case of a finite alphabet
(see [48] and also [29]).
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First, just like in [1, Section 2], we define the relative entropy (also known as Kullback-Leibler
divergence) of a probability measure µ ∈ P with respect to second one ν, both on the measurable
space (Σ,S): For any sub-σ-algebra A ⊆ S,

HA (µ|ν)
.
=


∫

Σ
fµ (σ) ln fµ (σ) ν (dσ) ≥ 0 , fµ = dµ|A

dν|A
if µ|A � ν|A

∞ , otherwise ,
(102)

where fµ is the Radon-Nikodym derivative of the restrictions to A, µ|A and ν|A, of the measures µ
and ν. Here, µ|A � ν|A means that µ|A is absolutely continuous with respect to ν|A and we use the
convention fµ (σ) ln fµ (σ)

.
= 0 when fµ (σ) = 0, as is usual. As it is well-known, the relative entropy

is monotonically decreasing with respect to “coarse graining”, that is, for any σ-subalgebra B ⊆ A,
we have

HB (µ|ν) ≤ HA (µ|ν) . (103)

For any finite subset Λ ⊆ N, we apply this definition to the initial σ-algebra SΛ of the canonical
projections15 Σ→ ΩΛ. For simplicity we use the notation

HΛ (µ|ν) ≡ HSΛ
(µ|ν) (104)

for any two probability measures µ, ν on the measurable space (Σ,S) and finite set Λ ⊆ N. We call
this quantity the relative entropy of µ in Λ with respect to ν. Note from Inequality (103) that

HΛ′ (µ|ν) ≤ HΛ (µ|ν) , Λ′ ⊆ Λ . (105)

We fix an a priori probability measure m on Ω and, for any probability measure µ ∈ P and finite
subset Λ ⊆ N, we define HΛ (µ), the so-called specific entropy in Λ of µ. It is nothing but minus the
relative entropy of µ in Λ with respect to the product measure on Σ constructed from m, i.e.,

m⊗
.
=
⊗
k∈N

m ∈ P(T ) . (106)

In other words, for any probability measure µ and finite subset Λ ⊆ N,

HΛ (µ)
.
= −HΛ (µ|m⊗) . (107)

In the limit n → ∞ of finite subsets {1, . . . , n} it gives the so-called specific entropy per site of any
T -invariant probability measure µ ∈ P(T ), which is well-defined in this case by the limit

h (µ)
.
= lim

n→∞
n−1H{1,...,n} (µ) ∈ [−∞, 0] . (108)

The functional h : P(T ) → [−∞, 0] is both concave and weak∗ upper semicontinuous. See [31] for
more details. Note in particular that [31, Definition 15.13, page 315] essentially correspond to this
claim, but the lattice is Z there, instead of N.

A thermodynamic limit similar to (108) can also be obtained by using other reference measures,
not just the product measure (106), like in [31, Theorem 15.30]. Observe that the product measure is
nothing but the Gibbs measure associated with a constant potential. Indeed, more generally, we can
take the (unique) Gibbs measure associated with any Hölder potential f as reference measure. This is
done as follows:

Step 1: Given any Hölder potential f ∈ Cα(Σ) (α ∈ (0, 1)), we define an appropriate normalized po-
tential f̄ and consider the associated Ruelle operator Lm

f̄
. In particular, we should have Lm

f̄
(1)(σ) = 1

15(σi)i∈N 7→ (σi)i∈Λ
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for all σ ∈ Σ. This is done in the following way: As already explained in [1], one can use the gener-
alization of the Ruelle-Perron-Frobenius theorem given in [50] to define a cohomologous normalized
potential defined by

f̄
.
= f + lnhf − ln(hf ◦ T )− lnλf ,

for any f ∈ Cα(Σ), where λf is a maximal eigenvalue of Lm
f having hf ∈ Cα(Σ) ∩ C+ as an

eigenfunction.

Step 2: The relation between f and f̄ , or more explicitly Lm
f and Lm

f̄
, is explained in [50] and refers

to the following observations: Since λf is a maximal eigenvalue of Lm
f there is an eigenprobability

νf such that
(Lm

f )∗ (νf ) = λfνf

with (Lm
f )∗ being the usual dual operator acting on probability measures. It turns out that the product

hfνf , properly normalized, is an equilibrium measure µf ∈ P(T ) for f , in the sense of Definition
2.5. In other words, µf maximizes the pressure functional PL (f), as defined by (12) with ϕ = f .
Moreover, log λf = PL(f) and the set{

ν ∈ P (T ) : (Lm
f̄ )∗ν = ν

}
(109)

has only one element, which is equal to µf = µf̄ ∈ P(T ) (notice that the normalized potential f̄ is of
Hölder class, as f is a Hölder potential), called16 the Gibbs measure associated with the potential f .

Having now the Gibbs measure µf at our disposal, we study the thermodynamic limit of the rel-
ative entropy of a T -invariant measure with respect to µf . This refers to [1, Theorem 3.1], which
states that, for any probability measure m on Ω having full support, each α-Hölder-continuous func-
tion f ∈ Cα(Σ) (α ∈ (0, 1)) and any T -invariant probability measure ν ∈ P(T ), the following limit
exists:

h
(
ν|µf

) .
= lim

n→∞
n−1H{1,...,n}

(
ν|µf

)
= lnλf −

∫
Σ

f (σ) ν (dσ)− h (ν) ∈ [0,∞] , (110)

where µf ∈ P(T ) is the Gibbs measure associated with f , which is the unique element of the set
(109). From [1, Theorem 3.1] together with the positivity of the relative entropy it also follows that,
for any α ∈ (0, 1),

h (µ) ≤ lnλf −
∫

Σ

f (σ)µ (dσ) , µ ∈ P (T ) , f ∈ Cα (Σ) ,

provided m is a probability measure on Ω having full support. By Proposition 2.2, we thus deduce
that

h (µ) ≤ h(µ) = inf
f∈Cα(Σ)

{
lnλf −

∫
Σ

f (σ)µ (d (σ))

}
, µ ∈ P (T ) ,

when m is a probability measure on Ω having full support. Recall that h : P(T ) → R is the entropy
of Definition 2.1. In fact, the functionals h and h are equal to each other. This claim refers to [1,
Theorem 3.4]. Combined with Proposition 2.2 and Equation (108), we thus arrive at the Aguiar-
Cioletti-Ruviaro theorem:

Theorem 2.37 (The entropy as a thermodynamic limit)
Assume that m is a probability measure on Ω having full support. Then, for any µ ∈ P(T ),

h (µ) = inf
f∈Cα(Σ)

{
lnλf −

∫
Σ

f (σ)µ (d (σ))

}
= lim

n→∞
n−1H{1,...,n} (µ) .

16It is sometimes named the normalized DLR probability for f̄ ; for the exact definition and equivalences, see [27].
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The representation of entropy as a thermodynamic limit is very useful because, among other
things, it allows us to derive the affine property of the entropy as a functional on P(T ):

Proposition 2.38 (Affine property of the entropy)
Assume that m is a probability measure on Ω having full support. Then, the mapping µ 7→ h(µ) from
P(T ) to [−∞, 0] is affine.

Proof. We start with the concavity of the entropy h, which is easy to prove directly from its definition
(Definition 2.1): For any λ ∈ (0, 1), consider the convex combination

µ3 = λµ1 + (1− λ)µ2 (111)

of two arbitrary T -invariant probability measures µ1, µ2 ∈ P(T ). For the T -invariant probability
measure µ3 and an arbitrary strictly positive parameter ε ∈ R+, take an approximating minimizer of
(10), i.e., a positive function f ∈ C+ such that

h (µ3) + ε ≥
∫

Σ

ln

(
Lm

0 f (σ)

f (σ)

)
µ3 (dσ) .

It follows from Equation (111) that

h (µ3) + ε ≥ λ

∫
Σ

ln

(∫
Ω
f (ω0σ) m (dω0)

f (σ)

)
µ1 (dσ)

+ (1− λ)

∫
Σ

ln

(∫
Ω
f (ω0σ) m (dω0)

f (σ)

)
µ2 (dσ)

≥ λh (µ1) + (1− λ)h (µ2) .

Since ε ∈ R+ is arbitrary,
h (µ3) ≥ λh (µ1) + (1− λ)h (µ2) (112)

for any λ ∈ (0, 1) and µ1, µ2 ∈ P(T ).
We now prove that the convexity of the entropy h, which has become relatively easy to prove,

thanks to Theorem 2.37: Take again arbitrary λ ∈ (0, 1) and µ1, µ2 ∈ P(T ). Fix also some n ∈ N.
Regarding the σ-algebra S{1,...,n}, (the convex combination (111)) µ3 has Radon-Nikodym derivative
equal to

fµ3
=

dµ3|S{1,...,n}
dm⊗|S{1,...,n}

= λfµ1
+ (1− λ) fµ2

, (113)

provided fµ1
and fµ2

, the corresponding Radon-Nikodym derivatives of µ1 and µ2, exist. In this case,

H{1,...,n} (µ3) = −H{1,...,n} (µ3|m⊗) = −
∫

Σ

fµ3
(σ) ln fµ3

(σ) m⊗ (dσ) ,

see Equations (102)–(107). If one of the two Radon-Nikodym derivatives fµ1
and fµ2

does not exist,
the Radon-Nikodym derivative fµ3

does not exist either and, for any λ ∈ (0, 1), we trivially have

H{1,...,n} (µ3) ≤ λH{1,...,n} (µ1) + (1− λ)H{1,...,n} (µ2) , (114)

both sides of the inequality being equal to∞. Thus, assume that both fµ1
and fµ2

exist. Then, since
the Radon-Nikodym derivatives are m⊗-almost everywhere positive and, by (113) and the fact that
the function ln(·) is monotonically increasing,

ln
(
fµ3

(σ)
)

= ln
(
λfµ1

(σ) + (1− λ) fµ2
(σ)
)
≥ ln

(
λfµ1

(σ)
)
,
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(m⊗-almost everywhere), we arrive at

λ

∫
Σ

fµ1
ln
(
fµ3

)
m⊗ (dσ) ≥ λ

∫
Σ

fµ1
ln
(
λfµ1

)
m⊗ (dσ)

= λ

∫
Σ

fµ1
ln
(
fµ1

)
m⊗ (dσ) + λ lnλ

∫
Σ

fµ1
m⊗ (dσ)

= λ

∫
Σ

fµ1
ln
(
fµ1

)
m⊗ (dσ) + λ lnλ . (115)

In the same way, we obtain that

(1− λ)

∫
Σ

fµ2
ln
(
fµ3

)
m⊗ (dσ) ≥ (1− λ)

∫
Σ

fµ2
ln
(
fµ2

)
m⊗ (dσ) + (1− λ) ln (1− λ) . (116)

By adding (115) and (116), we get the upper bound

H{1,...,n} (µ3) ≤ λH{1,...,n} (µ1) + (1− λ)H{1,...,n} (µ2)− λ lnλ− (1− λ) ln (1− λ) (117)

for any λ ∈ (0, 1), µ1, µ2 ∈ P(T ) and n ∈ N such that fµ1
and fµ2

both exist. By Theorem 2.37
combined with (114) and (117), it follows that

h (µ3) ≤ λh (µ1) + (1− λ)h (µ2) (118)

for any λ ∈ (0, 1) and µ1, µ2 ∈ P(T ). Thus, h is both concave and convex, i.e., affine.

Corollary 2.39 (Ergodic abundance)
Assume that m is a probability measure on Ω having full support. For any µ ∈ P(T ), there exists a
sequence (µm)m∈N of ergodic measures converging in the weak∗ topology to µ such that

lim
m→∞

h (µm) = h (µ) .

Proof. Let µ ∈ P(T ) and define the sequence (µm)m∈N by (98)–(100). Indeed, by the proof of
Proposition 2.36 (cf. Steps 2 and 3), (µm)m∈N converges to µ in the weak∗ topology while µm is an
ergodic measure for each m ∈ N. By Theorem 2.37,

h (µm) = lim
n→∞

n−1H{1,...,n} (µm) = lim
n→∞

n−1H{1,...,n}

(
1

m

m−1∑
k=0

T k∗
(
µ⊗m
))

.

By convexity of the relative entropy,H{1,...,n} is concave. In particular,

H{1,...,n}

(
1

m

m−1∑
k=0

µ⊗m,k

)
≥ 1

m

m−1∑
k=0

H{1,...,n}
(
µ⊗m,k

)
,

where µ⊗m,k
.
= T k∗ (µ⊗m). Since the Radon-Nikodym derivatives are m⊗-almost everywhere positive

and the function ln(·) is monotonically increasing, we have that(
1

m

m−1∑
k=0

fµ⊗m,k

)
ln

(
1

m

m−1∑
k=0

fµ⊗m,k

)
≥ 1

m

m−1∑
k=0

fµ⊗m,k
ln

(
1

m
fµ⊗m,k

)

= −

(
1

m

m−1∑
k=0

fµ⊗m,k

)
lnm+

1

m

m−1∑
k=0

fµ⊗m,k
ln
(
fµ⊗m,k

)
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(m⊗-almost everywhere). Therefore,

1

m

m−1∑
k=0

H{1,...,n}
(
µ⊗m,k

)
≤ H{1,...,n}

(
1

m

m−1∑
k=0

µ⊗m,n

)
≤ lnm+

1

m

m−1∑
k=0

H{1,...,n}
(
µ⊗m,k

)
.

(This is essentially the same argument used in the proof of Proposition 2.38 to prove the affine prop-
erty of the entropy.) It follows that

h (µm) = lim
n→∞

1

mn

m−1∑
k=0

H{1,...,n}
(
µ⊗m,k

)
= lim

n→∞

1

m2n

m−1∑
k=0

H{1,...,mn}
(
µ⊗m,k

)
= lim

n→∞

1

m2n

m−1∑
k=0

H{1+k,...,mn+k}
(
µ⊗m
)

= lim
n→∞

1

m2n

(
nH{1,...,m} (µ) +

m−1∑
k=1

H{1,...,k} (µ)

+
m−1∑
k=1

(
(n− 1)H{1,...,m} (µ) +H{k+1,...,m} (µ)

))
=

1

m
H{1,...,m} (µ) . (119)

To get the third equality we use the additivity of the relative entropy with respect to product probability
measures, along with the T -invariance of µ. Notice also, that by Inequality (105) and the T -invariance
of µ, the terms

H{1,...,k} (µ) and H{k+1,...,m} (µ) = H{1,...,m−k} (µ)

for k ∈ {1, . . . ,m − 1} have to be finite (i.e., not −∞) whenever H{1,...,m} (µ) > −∞. In turn,
H{1,...,m} (µ) > −∞ for all m ∈ N when the entropy h (µ) is finite, i.e., h (µ) > −∞), by Theorem
2.37 and Inequality (105). In particular h (µm) is finite for all m ∈ N when h (µ) is finite. Now, we
deduce once again from Theorem 2.37 and (119) that h (µm) tends to h (µ), as m→∞.

2.9.3 Minimization of real-valued functions via Γ-regularization

In 2012 we proved [17] that, in great generality, the minimization problem of any non-convex and
non-lower semicontinuous function that is bounded from below and defined on a compact convex
subset of a locally convex real topological vector space can be analyzed through an associated convex
and lower semicontinuous function, which is the so-called Γ-regularization of the original function.
We present this result because it is important in Sections 2.7.4 and 2.8, but is not common knowledge
(at least in the thermodynamic formalism community).

Fix once and for all in all the subsection a (nonempty) compact convex subset K of a locally
convex real (topological vector) space17 X . The aim of [17] is to characterize of the set of generalized
minimizers of real-valued functions on K. Given an (extended) function f : K → (−∞,∞] the set
of its generalized minimizers is, by definition, the closure of the nonempty18 set

Ω (f,K)
.
=
{
x ∈ K : ∃(xi)i∈I ⊆ K with xi → x and lim

I
f(xi) = inf f(K)

}
of all limit points of approximating minimizers of f . Note that the function f is here completely
general. In particular, it is not necessarily convex or lower semicontinuous.

17Topological vector spaces are here Hausdorff spaces, i.e., singletons in those spaces are closed sets.
18Ω (h,K) is non-empty because any net (xi)i∈I ⊆ K converges along a subnet, K being compact.
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It turns out that the study of the above set of generalized minimizers can be performed via Γ-
regularization, which is defined as follows [2, Eq. (1.3) in Chapter I]: For any extended real-valued
function f : K → [k,∞] with k ∈ R, its Γ-regularization (on K) is the function defined as the
supremum over all affine and continuous minorants m : X → R of f , i.e., for all x ∈ K,

Γ (f) (x)
.
= sup {m(x) : m ∈ A (X ) and m|K ≤ f} , (120)

where A (X ) is the space of all affine continuous real-valued functions onX . Since the Γ-regularization
Γ (f) is a supremum over continuous functions, Γ (f) is a convex and lower semicontinuous function
onK. In fact, it is the largest weak∗-lower semicontinuous convex function below f , by [17, Corollary
3.2]. See, e.g., [17] or [18, Section 10.5] for a short review on Γ-regularizations.

Theorem 2.40 (Minimization of real-valued functions)
For any function f : K → [k,∞] with k ∈ R, the following assertions hold true:
(i)

inf f (K) = inf Γ (f) (K) .

(ii) The set M of minimizers of Γ (f) overK is the closed convex hull of the set Ω (f,K) of generalized
minimizers of f over K, i.e.,

M = co (Ω (f,K)) .

(iii) All extreme points of the compact convex set M belong to the set of generalized minimizers of f ,
i.e., E (M ) ⊆ Ω (f,K).

This theorem correspond to [17, Theorems 1.4–1.5] and implies, among other things, a general-
ization to locally convex real spaces of the Lanford III-Robinson theorem, proven for separable real
Banach spaces, which characterizes the subdifferentials of continuous convex functions. See [17,
Theorem 1.8].

3 Abstract Theory of Bogoliubov Linearizations
The abstract structure of the arguments used above for the nonlinear thermodynamic formalism of
dynamical systems can be extracted, revealing a much broader spectrum of applications than that
considered in Section 2. In fact, all one needs is a generic compact convex Hausdorff space K,
instead of the particular case of the metrizable weak∗-compact and convex space P(T ) of T -invariant
measures of Section 2, or the metrizable weak∗-compact and convex space of states on the CAR C∗-
algebra used in [18]. The considered nonlinear functions can also be very general, a sum of a concave
upper semicontinuous and a convex lower semicontinuous function. Despite this being a very general
framework, explicit results can be obtained via self-consistency when the associated linear variational
problems are well understood. This transition between nonlinear variational problems and linear ones
is what we call here Bogoliubov linearization, in honour of Bogoliubov’s seminal approach used in
his famous microscopic theory of He4 superfluidity, proposed in 1947. That is what is presented in
this section, forming a general theoretical framework that we believe is both useful and elegant.

For the reader’s convenience, we begin by recalling basic definitions and properties of the Legendre-
Fenchel transform and subdifferentials (Section 3.1). Next, we study the purely concave case (Section
3.2), which is then used as a springboard to the general case (Section 3.3). In Section 3.4, this general
study leads to decision rules of a canonical two-person zero-sum game, referred to here as thermo-
dynamic game, which is the terminology proposed by [18]. In Section 3.5, we conclude by linking
this formalism to Monge-Kantorovich’s optimal transport and duality formulas. This opens up our
approach to a broader field of research.
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3.1 The Legendre-Fenchel transform and subdifferentials
Let X be any real normed space. Its (topological) dual space is the set of all continuous linear
functionals on X and is denoted X ∗, as is usual. The dual space X ∗ is then endowed with the weak∗

topology. Recall that it is a locally convex space. By [57, Theorem 3.10], (X ,X ∗) forms a so-called
dual pair, meaning that, for all x ∈ X , the functional y 7→ y(x) ∈ C on X ∗ is continuous with
respect to the weak∗ topology, and all linear functionals which are continuous with respect to the
weak∗ topology have this form.

Given such a dual pair (X ,X ∗), the Legendre-Fenchel transform19 g∗ of a function g : X →
(−∞,∞] (that is, g is allowed to take the value∞) with nonempty domain

dom (g)
.
= {x ∈ X : g (x) <∞} 6= ∅

is the convex lower semicontinuous functional from X ∗ to (−∞,∞] defined by

g∗ (x)
.
= sup

y∈X
{x (y)− g (y)} , x ∈ X ∗ . (121)

Note that the conditions imposed on g means that we only consider here so-called proper functions,
as defined in [59, Definition 1.3.1]. In this context, the double Legendre-Fenchel transform g∗∗, also
called the biconjugate of g, is nothing but the so-called Γ-regularization of g (see (120)), that is, the
largest lower semicontinuous convex function below g. In particular, if g is a lower semicontinuous
convex function then

g (x) = sup
y∈X ∗
{y (x)− g∗ (y)} , x ∈ X . (122)

Recall that the Legendre-Fenchel transform is always weak∗-lower semicontinuous, being the supre-
mum over weak∗-continuous (and affine) functionals. See [59, Theorem 2.2.4] and [17, Corollary
3.2]. Observe from (122) that, for lower semicontinuous convex functions g, one must have

dom (g∗)
.
= {x ∈ X : g∗ (x) <∞} 6= ∅ , (123)

since the function g never takes the value −∞ (it is even proper, by assumption). In this case, the
nonempty sets dom(g) and dom(g∗) are always convex, by convexity of Legendre-Fenchel trans-
forms.

This essential property (that is, (122)) is crucial for allowing us to implement the Bogoliubov
linearization in a mathematically rigorous manner.

Below, we focus on functions whose Legendre-Fenchel transform grows faster than linearly. More
precisely, we consider functions with large enough minimal linear growth. In fact, given a dual pair
(X ,X ∗), we say that the Legendre-Fenchel transform g∗ of a function g : X → (−∞,∞] with
nonempty domain dom(g) 6= ∅ has minimal linear growth λ ∈ R+ if

lim
R→∞

sup
y∈X ∗\B(0,R)

{
λ ‖y‖op − g

∗ (y)
}

= −∞ , (124)

where
B(0, R)

.
=
{
y ∈ X ∗ : ‖y‖op ≤ R

}
⊆ X ∗ (125)

is the closed ball of radius R ∈ R+ and center 0 ∈ X ∗, while, as is usual,

‖y‖op

.
= sup {|y (x)| : x ∈ X , ‖x‖X ≤ 1} , y ∈ X ∗ . (126)

19It is also called the conjugate of g.
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If such a function g is additionally convex and lower semicontinuous, then we deduce from (122) and
(124) the existence of a strictly positive radiusR ∈ R+ such that, for any x ∈ X satisfying ‖x‖X ≤ λ,

g (x) = sup
y∈X ∗
{y (x)− g∗ (y)} = sup

y∈B(0,R)

{y (x)− g∗ (y)} . (127)

This property is important to define below “equilibrium states”.
Given again a dual pair (X ,X ∗) and a function g : X → (−∞,∞] with nonempty domain

dom(g) 6= ∅, the corresponding Legendre-Fenchel transform is directly related to the so-called subd-
ifferential of g at z ∈ dom(g), which is defined by

∂g (z)
.
= {x ∈ X ∗ : ∀y ∈ X , x (y − z) ≤ g (y)− g (z)} . (128)

In particular, by [59, Proposition 4.4.1], when g is also convex, z ∈ dom(g) is solution to the varia-
tional problem (121) if and only if x ∈ ∂g (z). When g is a lower semicontinuous convex function,
we can also infer from [59, Proposition 4.4.1] that, for any x ∈ dom(g), z ∈ X ∗ is solution to (122)
if and only if z ∈ ∂g (x) ⊆ X ∗. Note indeed that z ∈ X ∗ is solution to (122) if and only if

g (x) + g∗ (z) = z (x) .

3.2 Bogoliubov linearizations for concave interactions
General assumptions. In all this subsection, we consider the following assumptions:

A1 X is a real normed space, K is a compact convex Hausdorff space, τ : K → X is a continuous
affine transformation and f : K → {−∞} ∪ R is an upper semicontinuous concave function
(which is of course not identically equal to −∞).

A2 g : X → R is a lower semicontinuous and convex function for which there is a radius R0 ∈
R+ such that B(0, R) ∩ dom(g∗) ⊆ X ∗ is nonempty and weak∗-closed for all R ∈ [R0,∞).
Moreover, the Legendre-Fenchel transforms g∗ has minimal linear growth ‖τ‖∞ ∈ R+ in the
sense of Equation (124).

Above, recall that B(0, R) ⊆ X ∗ is the weak∗-closed ball of radius R ∈ R+ and center 0 ∈ X ∗, see
(125)–(126). We use the standard notation

‖τ‖∞
.
= sup {‖τ (µ)‖X : µ ∈ K} (129)

for the uniform norm (or sup norm) of τ . Recall that any continuous function on a compact is uni-
formly bounded. In particular, in Condition A2 one always has that ‖τ‖∞ < ∞. Remark also from
Condition A2 that g has obviously full domain, i.e., dom(g) = X (it is also proper), and the convex
set dom(g∗) is nonempty, thanks to (123).

We call the elements of K (generalized) states. In this subsection we study the set

EF = {µ ∈ K : F (µ) = supF (K)}

of nonlinear equilibrium states, where the function F : K → {−∞} ∪ R is defined by

F .
= f − g ◦ τ . (130)

Note from Conditions A1–A2 thatF is upper semicontinuous and concave, and so,EF is a (nonempty)
compact convex set.
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Remark 3.1
Clearly, F : K → {−∞} ∪ R is an upper semicontinuous concave function like f in Condition A1.
The advantage of splitting F into two parts f and−g◦τ arises when the Legendre-Fenchel transform
of g∗ and the maximization of f − y ◦ τ , y ∈ X ∗, can be easily controlled. This is the raison d’être of
Bogoliubov linearizations.

Bogoliubov linearizations. We associate to the function (130) the family of functions

Gy
.
= f − y ◦ τ , y ∈ X ∗ . (131)

This leads in particular to the (nonempty) compact convex sets

EGy
.
= {µ ∈ K : Gy (µ) = supGy (K)} , y ∈ X ∗ , (132)

of associated linear equilibrium states. We call these new functions Gy, y ∈ X ∗, Bogoliubov lin-
earizations of F .

The name “Bogoliubov linearization” used here is reminiscent to what is known in Quantum Sta-
tistical Mechanics as the Bogoliubov approximation or, sometimes, the approximating Hamiltonian
method. It is a generic method that has been first used in theoretical physics, starting with Bogoli-
ubov’s microscopic superfluidity theory in 1947 [9]. It can be made mathematically rigorous, as
shown in [10, 14, 15, 11, 12, 16, 18, 69, 43] for many cases in quantum physics, ranging from Bose
gases to quantum-spin and lattice-fermion systems.

However, apart from [18], all the mathematical results obtained beyond perturbative arguments
(with in particular (often dilute) limits of infinite particle numbers) on the Bogoliubov approximation
concern only the computation of pressures (or free-energy densities), i.e., the calculation of infinite-
volume limits of the logarithm of partition functions. As far as we know, the monograph [18] is the
only study of the Bogoliubov approximation for equilibrium states. It thus provides results regarding
all correlation functions (or all N -body density matrices) and solves in the case of lattice-fermion
systems an old open problem that was first raised by Ginibre in 1968 [32]. This approach [18] has
been significantly generalized here. Indeed, in the quantum framework, previously considered in [18],
only the specific case of “Example 2.720” is studied.

Exactness of Bogoliubov linearizations at the variational problem level. The relationship be-
tween the maximization of the function F : K → {−∞} ∪ R and its Bogoliubov linearizations
Gy : K → {−∞} ∪ R is established in the sequel using the celebrated von Neumann minimax theo-
rem (Theorem 3.24). In fact, they are related via the variational problem

P
.
= inf

y∈X ∗
PNL (y)

and its set
M

.
= {y ∈ X ∗ : PNL (y) = P} (133)

of minimizers, where

PNL (y)
.
= PL (y) + g∗ (y) , PL (y)

.
= supGy (K) , y ∈ X ∗ .

We call the quantities PL(y) and PNL(y), y ∈ X ∗, respectively the linear and nonlinear approximating
pressures associated with the Bogoliubov linearization Gy. As PL(y) ∈ R for all y ∈ X ∗, PNL defines
a real-valued function on the nonempty convex set dom(g∗) and PNL(x) =∞ when x /∈ dom(g∗).

Note that P < ∞, because dom(g∗) 6= ∅. From Lemma 3.21 ([) (trivially adapted to the case
g∗+ = 0) we can infer that Conditions A1–A2 imply P ∈ R, i.e., P > −∞. Under the same condi-
tions, we meanwhile have supF (K) ∈ R, because F (130) is bounded from above, as it is upper
semicontinuous, F (µ) <∞ for all µ ∈ K, and K is compact. In fact, the supremum of the function
F (130) turns out to be nothing but the variational problem P:

20Adapted appropriately to the fermionic situation.
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Proposition 3.2 (Exactness of Bogoliubov linearizations)
Under Conditions A1–A2,

supF (K) = P
.
= inf

y∈X ∗
PNL (y) ∈ R

and there are x ∈ M and ν ∈ EGx such that x ∈ ∂g (τ (ν)), ν ∈ EF and

x ◦ τ (ν)− g∗ (x) = sup
y∈X ∗
{y ◦ τ (ν)− g∗ (y)} . (134)

Proof. We divide the proof into three steps:

Step 1: Recall that there is a radius R0 ∈ R+ such that the (convex) set B(0, R) ∩ dom(g∗) ⊆ X ∗ is
nonempty and weak∗-closed for all R ∈ [R0,∞) (see Condition A2). On the one hand, by Lemma
3.20 ([), there is R1 ∈ [R0,∞) such that, for all R ∈ [R1,∞),

P = inf
y∈B(0,R)∩dom(g∗)

PNL (y) < inf
y∈X ∗\B(0,R)

PNL (y) . (135)

On the other hand, by Equations (122) and (130) together with Condition A2 (cf. (127)) there is also
R2 ∈ [R0,∞) such that, for all R ∈ [R2,∞),

supF (K) = sup
µ∈K

inf
y∈B(0,R)∩dom(g∗)

{f (µ)− y ◦ τ (µ) + g∗ (y)} . (136)

Therefore, there is R ∈ R+ (R ≥ Rj , j = 0, 1, 2) such that Equations (135)–(136) hold true and the
(convex) set B(0, R) ∩ dom(g∗) ⊆ X ∗ is nonempty and weak∗-closed.

Step 2: The space K is by assumption compact, convex and Hausdorff (see Condition A1). Observe
that the set

N0
.
= {µ ∈ K : f (µ) > −∞}

is weak∗-closed and convex because the function f is by assumption upper semicontinuous and con-
cave (see again Condition A1). In particular, N0 is a compact convex Hausdorff subspace of K.
Meanwhile, B(0, R) is a (Hausdorff) weak∗-compact convex subset dual vector space X ∗, thanks to
the Banach-Alaoglu theorem [57, Theorem 3.15]. By taking a radius R ∈ R+ as in Step 1 we ensure
that (135)–(136) hold true and the nonempty convex set

M0
.
= B(0, R) ∩ dom (g∗)

is weak∗-closed, and therefore weak∗-compact.

Step 3: Define the real-valued function f : M0 ×N0 → R by

f (y, µ)
.
= f (µ)− y ◦ τ (µ) + g∗ (y) ∈ R , y ∈M0, µ ∈ N0 .

For all µ ∈ N0, the mapping y 7→ f(y, µ) is convex and weak∗-lower semicontinuous, whereas, for
all y ∈M0, the mapping µ 7→ f(y, µ) is concave and upper semicontinuous, since f is by assumption
concave and upper semicontinuous and τ : K → X is continuous and affine (see Condition A1). By
applying the von Neumann minimax theorem (Theorem 3.24), we conclude the existence of a saddle
point (x, ν) ∈ M0 ×N0 of the function f. Since the radius R ∈ R+ is taken so that (135)–(136) hold
true, we infer from (136) that

supF (K) = sup
µ∈N0

inf
y∈M0

f (y, µ) = inf
y∈M0

sup
µ∈N0

f (y, µ) = inf
y∈B(0,R)

PNL (y) .

By the definition of a saddle point, the pair (x, ν) satisfies ν ∈ EGx ∩ EF , x ∈ M and

g ◦ τ (ν) = sup
y∈X ∗
{y ◦ τ (ν)− g∗ (y)} = x ◦ τ (ν)− g∗ (x) .
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In particular, since the function g never takes an infinite value (see Condition A2), we deduce from
[59, Proposition 4.4.1] that x ∈ ∂g (τ (ν)) ⊆ X ∗.

Non-exactness of Bogoliubov linearizations at the level of equilibrium states. Under Conditions
A1–A2, the function Gy is upper semicontinuous for all y ∈ X ∗ and therefore, there is νy ∈ K such
that

supGy (K) = Gy (νy) . (137)

In other words, EGy 6= ∅ for all y ∈ X ∗. In particular, each minimizer x ∈ M (see (133)) leads to a
nonempty set EGx of linear equilibrium states of the corresponding Bogoliubov linearization. These
sets are expected to provide good candidates for the nonlinear equilibrium states of the function F
(130). However, as shown in [18, Section 9.2] for fermion-lattice systems whereK is the (metrizable)
weak∗-compact convex space of translation-invariant states on the CAR C∗-algebra of the infinite
lattice, elements of the sets EGx , x ∈ M, are not necessarily nonlinear equilibrium states of the
function (130), i.e., elements ofEF . In particular, we cannot generally expect the inclusionEGx ⊆ EF
for x ∈ M. Instead, we only have the opposite inclusion, as the following proposition demonstrates:

Proposition 3.3 (Bogoliubov linearizations – Equilibrium states)
Under Conditions A1–A2,

EF ⊆
⋂
x∈M

EGx and ∅ 6= M ⊆
⋂
ν∈EF

∂g (τ (ν)) .

Proof. We divide the proof into two steps:

Step 1: By Proposition 3.2, there is a continuous linear functional x ∈ M, along with an equilibrium
state ν ∈ EGx ∩ EF , satisfying (134). Using (122) we thus observe that

supGx (K) = f (ν)− x ◦ τ (ν) (138)
= f (ν) + inf

y∈X ∗
{−y ◦ τ (ν) + g∗ (y)} − g∗ (x)

= f (ν)− g ◦ τ (ν)− g∗ (x)

= supF (K)− g∗ (x) . (139)

Take now any nonlinear equilibrium state ν̃ ∈ EF . Then, going backwards from (139) to (138) we
obtain that

F (ν̃)− g∗ (x) = supGx (K) ≥ Gx (ν̃) .

Keeping in mind (122), (130) and (131), we deduce from the last inequality that

g ◦ τ (ν̃) = sup
y∈X ∗
{y ◦ τ (ν̃)− g∗ (y)} ≤ x ◦ τ (ν̃)− g∗ (x) .

It follows that the continuous linear functional x ∈ M is always solution to

g ◦ τ (ν̃) = sup
y∈X ∗
{y ◦ τ (ν̃)− g∗ (y)} = x ◦ τ (ν̃)− g∗ (x) (140)

for all nonlinear equilibrium states ν̃ ∈ EF . By going again backwards from (139) to (138) with ν̃ in
place of ν, along with (140), we conclude that, for any ν̃ ∈ EF ,

supGx (K) = f (ν̃)− x ◦ τ (ν̃)

and, hence, EF ⊆ EGx .
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Step 2: Take now any continuous linear functional x̃ ∈ M. By Proposition 3.2, for any nonlinear
equilibrium state ν̃ ∈ EF ,

F (ν̃) = supF (K) = supGx̃ (K) + g∗ (x̃) ≥ Gx̃ (ν̃) + g∗ (x̃) .

Via Equations (122), (130) and (131), we thus get that, for all ν̃ ∈ EF ,

g ◦ τ (ν̃) = sup
y∈X ∗
{y ◦ τ (ν̃)− g∗ (y)} = x̃ ◦ τ (ν̃)− g∗ (x̃) .

Since the function g never takes an infinite value (cf. Condition A2), we deduce from [59, Proposition
4.4.1] and the last equation that M ⊆ ∂g (τ (ν̃)) for all ν̃ ∈ EF . From the above equalities in this
step, we also get that, for all ν̃ ∈ EF ,

F (ν̃) = supGx̃ (K) + g∗ (x̃) = supGx̃ (K)− g ◦ τ (ν̃) + x̃ ◦ τ (ν̃) ,

from which we conclude that

supGx̃ (K) = F (ν̃) + g ◦ τ (ν̃)− x̃ ◦ τ (ν̃) = f(ν̃)− x̃ ◦ τ (ν̃) .

In other words, EF ⊆ EGx̃ for all x̃ ∈ M.
The next corollary shows that the elements of EF are in fact elements of the sets EGx , x ∈ M, that

satisfy a self-consistency condition:

Corollary 3.4 (Bogoliubov linearizations and self-consistency)
Under Conditions A1–A2,

EF = {ν ∈ EGx : x ∈ ∂g (τ (ν))} .= Esc
Gx , x ∈ M .

In particular, Esc
Gx ≡ Esc

G· is a nonempty, compact, convex set which does not depend upon the choice
of x ∈ M. (For this reason the notation Esc

G· is used.)

Proof. Under Condition A1, recall that the function Gy is upper semicontinuous for all y ∈ X ∗. So,
for all x ∈ M, there is a solution to the variational problem (137) for y = x. So take an arbitrary
solution νx ∈ EGx to (137). By Proposition 3.2 and Equation (122) it follows that, for all x ∈ M,

f (νx)− x ◦ τ (νx) + g∗ (x) = supF (K)

≥ f (νx)− g ◦ τ (νx) = f (νx) + inf
y∈X ∗
{−y ◦ τ (νx) + g∗ (y)} .

The above inequality is satisfied with equality iff

x ◦ τ (νx)− g∗ (x) = sup
y∈X ∗
{y ◦ τ (νx)− g∗ (y)} <∞ ,

meaning that τ(νx) ∈ dom(g) and x ∈ ∂g (τ (νx)), thanks to [59, Proposition 4.4.1]. Note that g∗ (x)
is a real number because x ∈ M. Thus, for all x ∈ M, Esc

Gx ⊆ EF . Now, by Proposition 3.3, for any
ν ∈ EF and x ∈ M, one has that ν ∈ EGx and, thus, thanks again to Proposition 3.2 and Equation
(122),

f (ν)− x ◦ τ (ν) + g∗ (x) = f (ν)− g ◦ τ (ν) = f (ν) + inf
y∈X ∗
{−y ◦ τ (ν) + g∗ (y)} .

Hence,
x ◦ τ (ν)− g∗ (x) = sup

y∈X ∗
{y ◦ τ (ν)− g∗ (y)} <∞ ,

and, by [59, Proposition 4.4.1], x ∈ ∂g (τ (ν)). Note in particular that, for all x ∈ M, Esc
Gx is

nonempty, as EF is nonempty and Esc
Gx = EF .

The (nonempty) compact convex set Esc
G· is called here the set of self-consistent equilibrium states

of Bogoliubov linearizations Gx, x ∈ M. This terminology refers to the paradigmatic example K =
P (T ). See the discussions following Theorem 2.17.
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3.3 Bogoliubov linearizations for interactions with concave and convex com-
ponents

General assumptions. In all this subsection, we consider the following assumptions:

B1 X± are two real normed spaces, K is a compact convex Hausdorff space, τ± : K → X± are
two continuous affine transformations and f : K → {−∞} ∪ R is an upper semicontinuous
concave function (which is of course not identically equal to −∞).

B2 g− : X− → R is a lower semicontinuous and convex function for which there is a positive radius
R0 ∈ R+ such that B−(0, R) ∩ dom

(
g∗−
)

is nonempty and weak∗-closed for all R ∈ [R0,∞).
Moreover, g∗− has minimal linear growth ‖τ−‖∞ in the sense of Equation (124).

B3 g+ : X+ → R is a lower semicontinuous, bounded and convex function for which the Legendre-
Fenchel transform g∗+ has full domain, i.e., dom(g∗+) = X ∗+, and has minimal linear growth
‖τ+‖∞ in the sense of Equation (124).

Above, B±(0, R) ⊆ X ∗± are the weak∗-closed ball of radius R ∈ R+ and center 0 ∈ X ∗±. Note that
the rather technical condition dom(g∗+) = X ∗+ in Condition B3 is taken to ensure that the difference
g∗− ◦ τ− (µ) − g∗+ ◦ τ+ (µ), µ ∈ K, which is an important object here, is always well-defined as an
element of R ∪ {∞}. It essentially says that g+(x) grows faster than the norm ‖x‖X , as ‖x‖X →∞.

Again, we call the elements of K (generalized) states. In this subsection we study the sets

MF
.
= {µ ∈ K : F (µ) = supF (K)} (141)

and

EF
.
=
{
µ ∈ K : ∃(µj)j∈J ⊆ K with lim

J
µj = µ and lim

J
F(µj) = supF(K)

}
, (142)

of nonlinear equilibrium states of the (Borel-measurable) function F : K → {−∞} ∪ R defined by

F .
= f − g− ◦ τ− + g+ ◦ τ+ . (143)

Note from Conditions B1–B3 that F is bounded from above but neither upper semicontinuous
nor concave, and so, in contrast to the (purely) concave case (EF ), the set MF is not necessarily
convex anymore. Furthermore, the set MF could a priori be empty. By contrast, the set EF ⊇ MF is
necessarily nonempty.

All elements of EF, including those of MF if they exist, are called nonlinear equilibrium states.
In fact, as we prove below, the two sets turn out to be equal. This may seem very surprising, given
that we are maximizing a function F that is not upper semicontinuous.

Remark 3.5 (Decomposition as a difference of semicontinuous functions)
The decomposition property of a function as the difference of lower semicontinuous ones refers to the
set of point-wise limits of a sequence (fn)n∈N of continuous functions K → R such that∑

n∈N

|fn+1 (µ)− fn (µ)| <∞ , µ ∈ K .

If this inequality is uniform with respect to µ ∈ K, the resulting lower semicontinuous functions are
bounded. Such classes of functions, defined as differences of semicontinuous ones, are for example
discussed in [35] for compact metric spaces K. However, this set of functions does not generally
exhaust all point-wise limits of continuous functions K → R, which, for separable and metrizable K,
form the Baire-1 class, by the Lebesgue-Hausdorff-Banach theorem [39, (24.10)]; see more generally
[39, Chapter 24], in particular [39, (24.3)] for (possibly non separable) metrizable K.
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Remark 3.6 (Decomposition as a difference of convex functions)
In various situations, very general functions can be represented as the difference of convex functions.
For example, any Gateaux-differentiable function with domain in a Hilbert space, whose gradient
mapping is Lipschitz-continuous, can be written21 as a difference of two convex Gateaux-differentiable
functions. This is in particular true forC1-functions on any compact subset ofRN (N ∈ N). Compare
with [25] and Section 2.6.

Bogoliubov linearizations. Similar to the concave case, we associate to the function (143) the family
of functions

Gy+,y−
.
= f − y− ◦ τ− + y+ ◦ τ+, y± ∈ X ∗± . (144)

This object generalizes the functions Gy defined by Equation (131) and leads to the (nonempty) com-
pact convex set

EGy+,y−
.
=
{
µ ∈ K : Gy+,y− (µ) = supGy+,y− (K)

}
of linear equilibrium states of Gy+,y− for all y± ∈ X ∗±. The functions Gy+,y− , y± ∈ X ∗±, are again
called Bogoliubov linearizations of F.

Exactness of Bogoliubov linearizations. Similar to the concave case, the maximization of the func-
tion F is related to Bogoliubov linearizations via the variational problem

P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

PNL (y+, y−) ,

where, for any continuous linear functionals y± ∈ X ∗±,

PNL (y+, y−)
.
= PL (y+, y−) + g∗− (y−)− g∗+ (y+) , (145)

PL (y+, y−)
.
= supGy+,y− (K) . (146)

As in the previous case, given y± ∈ X ∗± we call the quantities PL(y+, y−) and PNL(y+, y−) respec-
tively the linear and nonlinear approximating pressures associated with the Bogoliubov linearization
Gy+,y− . Conditions B1–B3 imply that X ∗+ × dom(g∗−) is a nonempty convex subset of X ∗+ ×X ∗− and

PNL

(
X ∗+ × dom(g∗−)

)
⊆ R ,

while PNL (y+, y−) =∞ when y− /∈ dom(g∗−).
It is convenient to define the function P [ : X ∗+ → {−∞} ∪ R by

P [ (y+)
.
= inf PNL

(
y+,X ∗−

)
, y+ ∈ X ∗+ , (147)

along with the following sets of optimizers:

M[ .=
{
x+ ∈ X ∗+ : P [ (x+) = supP [

(
X ∗+
) .

= P[
}
⊆ X ∗+ (148)

and, for all fixed continuous linear functionals y+ ∈ X ∗+,

M [ (y+)
.
=
{
x− ∈ X ∗− : PNL (y+, x−) = P [ (y+)

}
⊆ X ∗− , (149)

which are associated with the solutions to the variational problems P[ and P [(y+), respectively. The
study of variational problems P [(y+), y+ ∈ X ∗+, and P[, including the sets M [(y+), y+ ∈ X ∗+, and
M[ of optimizers is postponed to Section 3.6 in order to reduce the technical arguments and focus
on the main result of this section. We therefore only give the essential properties of these variational
problems in the next proposition:

21For such a function f , write f(x) = (f(x) + C‖x‖2)− C‖x‖2 for a sufficiently large constant C ∈ R+.

54



Proposition 3.7 (Properties of variational problems ([))
Under Conditions B1–B3 the following assertions hold:
(i) For all y+ ∈ X ∗+, P [(y+) ∈ R and M [(y+) is nonempty, convex and weak∗-compact. There is
R ∈ [R0,∞) such that

M [(y+) ⊆ B−(0, R) ∩ dom(g∗−) , y+ ∈ X ∗+ .

(ii) P[ ∈ R and M[ ⊆ X ∗+ is nonempty, norm-bounded and weak∗-compact.

Proof. Assertion (i) refers to Lemmata 3.21 ([) and 3.22 ([). Assertion (ii) corresponds to Lemma
3.23 ([).

We are now in a position to examine the exactness of Bogoliubov linearizations both at the level of
the variational problem and at the level of the equilibrium states. This brings us to our next theorem,
which is the central result of the present paper and can be applied to very general situations, such as
quantum lattice systems or classical dynamical systems:

Theorem 3.8 (Exactness of Bogoliubov linearizations)
Under Conditions B1–B3 the following assertions hold:
(i) Nonlinear pressure:

supF (K) = P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

PNL (y+, y−) ∈ R .

(ii) Self-consistency conditions: For any x+ ∈ M[ and x− ∈M [ (x+), the set

Esc
Gx+,x−

.
=
{
ν ∈ EGx+,x−

: x− ∈ ∂g− (τ− (ν))
}
≡ Esc

Gx+,·

of self-consistent equilibrium states of the Bogoliubov linearization Gx+,x− is nonempty, convex and
compact, and does not depend upon the choice of x− ∈ M [ (x+). (That is the raison for the notation
Esc
Gx+,·

.) Furthermore, for all x+ ∈ M[,

Esc
Gx+,·

⊆ {ν ∈ K : x+ ∈ ∂g+ (τ+ (ν))} .

(iii) Nonlinear equilibrium states: EF = MF is compact and the union of all above sets of self-
consistent equilibrium states, that is,

EF = MF =
⋃

x+∈M[

Esc
Gx+,·

.

If the function g+ : X+ → R is additionally Gateaux-differentiable, then the above union is disjoint.

(iv) If the (concave) function f : K → R defining F (see Equation (143)) is affine and all Bogoliubov
linearizations Gx+,x− have one single linear equilibrium state, then EF = MF ⊆ K is a subset of
extreme points of the compact convex Hausdorff space K.

Proof. Many assertions need to be proven. So, we divide our arguments into several steps:

Step 1: By Equation (122), observe that

supF (K) = sup
µ∈K

{
f (µ)− g− ◦ τ− (µ) + sup

y+∈X ∗+

{
y+ ◦ τ+ (µ)− g∗+ (y+)

}}

= sup
y+∈X ∗+

{
sup
µ∈K
{f (µ) + y+ ◦ τ+ (µ)− g− ◦ τ− (µ)} − g∗+ (y+)

}
, (150)
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and a solution in X ∗+ × K to the variational problems (if it exists) does not depend on the order in
which the suprema are taken. Note that f + y+ ◦ τ+ is a concave and upper semicontinuous function
on K for any y+ ∈ X ∗+. Hence, we can apply Proposition 3.2 for f + y+ ◦ τ+ in place of f to deduce
from (150) Assertion (i).

Step 2: Similarly, we can apply Corollary 3.4 to arrive at Assertion (ii), except for the property x+ ∈
∂g+ (τ+ (ν)) for all x+ ∈ M[ and ν ∈ Esc

Gx+,·
, which is proven as follows: Take any x+ ∈ M[ and

ν ∈ Esc
Gx+,·

. Then, using Assertion (i), along with Corollary 3.4 for f + x+ ◦ τ+, we deduce that
ν ∈ EF and

f (ν)− g− ◦ τ− (ν) + g+ ◦ τ+ (ν) = f (ν)− g− ◦ τ− (ν) + x+ ◦ τ+ (ν)− g∗+ (x+) .

In other words, by Equation (122), one arrives at the equalities

g+ ◦ τ+ (ν) = sup
y+∈X ∗+

{
y+ ◦ τ+ (ν)− g∗+ (y+)

}
= x+ ◦ τ+ (ν)− g∗+ (x+) .

Using again [59, Proposition 4.4.1] we conclude that x+ ∈ ∂g+ (τ+ (ν)).

Step 3: By Proposition 3.7 (ii), the supremum in (150) with respect to y+ ∈ X ∗+ can be restricted
to a closed ball B+(0, R), which is always weak∗-compact (cf. the Banach-Alaoglu theorem [57,
Theorem 3.15]). Then, by Conditions B1–B3, observe that the mapping

(y+, µ) 7→ f (µ) + y+ ◦ τ+ (µ)− g− ◦ τ− (µ)− g∗+ (y+)

defined onB+(0, R)×K is upper semicontinuous with respect to the product topology whenB+(0, R)
is equipped with the weak∗ topology. Therefore, there are solutions inB+(0, R)×K to the variational
problem (150) and the set of all such solutions is compact, becauseK andB+(0, R) are both compact.
In particular, MF is nonempty. Furthermore, for any µ ∈ MF, there is x+ ∈ B+(0, R) such that
(x+, µ) is solution to (150) and all solutions to (150) have this form. As the projection (x+, µ) 7→ µ
is continuous, we conclude that MF is compact.

Step 4: Take any net (µj)j∈J ⊆ K converging to µ ∈ EF such that

lim
J
F
(
µj
)

= supF (K) .

Because of Condition B3, there is some fixed radius R ∈ R+ such that, for any j ∈ J , we have a
solution xj,+ ∈ B+(0, R) in this ball such that

sup
y+∈X ∗+

{
y+ ◦ τ+

(
µj
)
− g∗+ (y+)

}
= xj,+ ◦ τ+

(
µj
)
− g∗+ (xj,+) .

By the weak∗ compactness of B+(0, R), we can assume that (xj,+)j∈J converges to some x+ ∈
B+(0, R). In particular, via Equation (150), Conditions B1–B2 and the weak∗-lower semicontinuity
of g∗+, we conclude that

supF (K) = lim
J
F
(
µj
)
≤ f (µ)− g− ◦ τ− (µ) + x+ ◦ τ+ (µ)− g∗+ (x+)

and (x+, µ) is a solution to (150), which yields µ ∈MF. In other words, EF ⊆MF ⊆ EF.

Step 5: We already prove in Steps 3 and 4 that EF = MF is compact. Therefore, having (150) in
mind (cf. Steps 1, 3 and 4), we can again apply Corollary 3.4 to arrive at Assertion (iii), except for
the disjointness of the sets Esc

Gx+,·
, x+ ∈ M[, when the convex function g+ is additionally Gateaux-

-differentiable. This last property is proven as follows: If g+ is Gateaux-differentiable then the sub-
differential ∂g+ (τ+ (ν)), ν ∈ EF, contains at most one point. Hence, in this case, for x+, x

′
+ ∈ M[,
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x+ 6= x′+, and ν ∈ Esc
Gx+,·

, ν ′ ∈ Esc
Gx′+,·

, one necessarily has that ν 6= ν ′, that is, Esc
Gx+,·

and Esc
Gx′+,·

are

disjoint.

Step 6: If f is affine then all Bogoliubov linearizations Gx+,x− are affine, see Equation (144). So, if
they all have a single linear equilibrium state, then these states have to be extreme points of K. As
Esc
Gx+,·

⊆ EGx+,x−
, x− ∈M [ (x+), it follows in this case that EF ⊆ K is a subset of extreme points of

the convex set K. In other words, we obtain Assertion (iv).
The above assumptions on g+ and g− in Theorem 3.8 exclude the cases where one of these functions
is zero. However, if one of them is zero, or both, then Theorem 3.8 still holds true, mutatis mutandis:

• If both g− and g+ are zero then F = f , that is, EF is nothing but the set of maximizers of f and
Theorem 3.8 is useless in this case.

• If g+ = 0 and g− 6= 0 then one has the (purely) concave case and, therefore, EF = MF = EF
for g = g− and τ = τ− in (130), which defines the function F . Thus, in this case, Theorem 3.8
(i) and (ii)–(iii) correspond to Proposition 3.2 and Corollary 3.4, respectively. If f : K → R is
affine and EGx , x ∈ M, (see (132) and (133)) are singletons, then EF = MF = EF is a set of
extreme points of K.

• If g+ 6= 0 and g− = 0, there is no infimum, only the two suprema, in Theorem 3.8 (i), that is,

supF (K) = P[ .= sup
y+∈X ∗+

{
PL (y+, 0)− g∗+ (y+)

}
∈ R .

In this case, Condition B2 is irrelevant. As for (ii) one defines the function P [ : X ∗+ → {−∞}∪
R now by

P [ (y+)
.
= supGy+,0 (K)− g∗+ (y+) , y+ ∈ X ∗+ ,

along with the corresponding set of maximizers:

M[ .=
{
x ∈ X ∗+ : P [ (x) = supP [

(
X ∗+
) .

= Q[
}
⊆ X ∗+ .

Then, for all x+ ∈ M[ and ν ∈ EGx+,0
, x+ ∈ ∂g+ (τ+ (ν)). In other words, all linear equi-

librium states of the Bogoliubov linearizations Gx+,0, x+ ∈ M[, are self-consistent in this case.
Again, EF = MF is compact and

EF = MF =
⋃

x+∈M[

EGx+,0
.

For Gateaux-differentiable g+, the above union is disjoint. If f : K → R is affine and EGx+,0
,

x+ ∈ M[, are singletons, then EF = MF is a set of extreme points of K.

3.4 Decision rules of the thermodynamic game
The nonlinear approximating pressure PNL of Equation (145) can be seen as the payoff function of a
two-person zero-sum game. The conservative values of such a game are then the real quantities

P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

PNL (y+, y−) and P] .= inf
y−∈X ∗−

sup
y+∈X ∗+

PNL (y+, y−) . (151)

This game is named here the thermodynamic game associated with f , g± and τ±. In all this subsection,
we only consider non-zero functions g± : X± → R. If one of them is zero, we have essentially the
same results (mutatis mutandis). See, e.g., the discussions at the end of Section 3.3.
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Having in mind the thermodynamic game, in particular the conservative values of Equation (151),
it is natural to consider the function

P ] (y−)
.
= supPNL

(
X ∗+, y−

)
, y− ∈ X ∗− , (152)

along with P [ : X ∗+ → {−∞} ∪ R already defined by (147), that is,

P [ (y+)
.
= inf PNL

(
y+,X ∗−

)
, y+ ∈ X ∗+ . (153)

The subsets of solutions to the variational problems P [(y+) and P ](y−) for all y± ∈ X ∗±, i.e.,

M [ (y+)
.
=

{
x− ∈ X ∗− : P [ (y+) = PNL (y+, x−)

}
⊆ X ∗− , (154)

M ] (y−)
.
=

{
x+ ∈ X ∗+ : P ] (y−) = PNL (x+, y−)

}
⊆ X ∗+ , (155)

are important, along with the sets

M[ .
=

{
x+ ∈ X ∗+ : P[ = P [ (x+)

}
⊆ X ∗+ , (156)

M] .
=

{
x− ∈ X ∗− : P] .= P ] (x−)

}
⊆ X ∗− , (157)

which refer to optimal strategies for the thermodynamic game. The sets M[ and M [ (y+), y+ ∈ X ∗+,
are already defined in (148)–(149) and their precise definition are recalled here for convenience.

The study of the variational problems P [(y+) and P ](y−) (y± ∈ X ∗±), as well as P[ and P],
including also the sets M [(y+), M ](y−), M[ and M] of optimizers, is carried out in Section 3.6. The
essential properties of case ([) are summarized in Proposition 3.7 above: P [(y+) ∈ R and M [(y+) is
nonempty, convex and weak∗-compact and uniformly norm bounded for all y+ ∈ X ∗+; P[ ∈ R and
M[ ⊆ X ∗+ is also nonempty, norm-bounded and weak∗-compact. We now give a similar statement for
the case (]):

Proposition 3.9 (Properties of variational problems (]))
Under Conditions B1–B3 the following assertions hold:
(i) For all y− ∈ dom(g∗−) ⊆ X ∗−, P ](y−) ∈ R and the set M ](y−) is nonempty and weak∗-compact.
There is R ∈ R+ such that

M ](y−) ⊆ B+(0, R) , y− ∈ dom(g∗−) ∈ X ∗− .

(ii) P] ∈ R and the set M] ⊆ X ∗− is a nonempty, convex, norm-bounded and weak∗-compact subset of
dom(g∗−).

Proof. Assertion (i) refers to Lemmata 3.21 (]) and 3.22 (]). Assertion (ii) corresponds to Lemma
3.23 (]).

We are now able to define the decision rules for the thermodynamic game, which is the main topic
of this subsection.

Definition 3.10 (Decision rules of the thermodynamic game)
We call all weak∗-to-weak∗22 continuous mappings

d[ : M[ → X ∗− and d] : M] → X ∗+

such that d[(x+) ∈M [(x+) and d](x−) ∈M ](x−) [-decision rules and ]-decision rules, respectively.
The two sets of [-decision and ]-decision rules are respectively denoted by D[ and D].

22That is, continuity refers to the weak∗ topology for both the domain and codomain of the mapping.
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As M [(x+) is convex for all x+ ∈ M[ (see Proposition 3.7), D[ is a convex subset the space
Cw∗(M

[;X ∗−) of all weak∗-to-weak∗ continuous functions M[ → X ∗−, with the usual point-wise vector
space operations.

Observe that

inf
f∈Cw∗ (M[;X ∗−)

sup
y+∈M[

PNL (y+, f (y+)) ≥ sup
y+∈M[

inf
f∈Cw∗ (M[;X ∗−)

PNL (y+, f (y+)) ≥ P[ .

Therefore, if the set D[ of [-decision rules is nonempty then, for all d[ ∈ D[ and x+ ∈ M[, one
clearly has the following equalities:

P[ = inf
f∈Cw∗ (M[;X ∗−)

sup
y+∈M[

PNL (y+, f (y+)) = sup
y+∈M[

inf
f∈Cw∗ (M[;X ∗−)

PNL (y+, f (y+))

= inf
f∈Cw∗ (M[;X ∗−)

PNL (x+, f (x+)) = sup
y+∈M[

PNL

(
y+, d

[ (y+)
)

= PNL

(
x+, d

[ (x+)
)
.

In particular the two-person zero-sum game on M[ × Cw∗(M
[;X ∗−) whose payoff function is

(y+, f) 7→ PNL (y+, f (y+))

has a non-cooperative equilibrium (i.e., a saddle-point) and its unique conservative value is nothing
but P[, which is equal to supF(K), thanks to Theorem 3.8 (i). This new two-person zero-sum game
is known as “extended game with information transfer”. Such a game is defined for instance in [5, Ch.
7, Section 7.2]. This is related to a very general result of game theory: Lasry’s theorem [4, Theorem
8.4].

The same is true for P] and D], mutatis mutandis. Note however that D] is not studied in further
detail, as it is a subject of lesser interest, even though this study would be no more difficult than the
one of D[. By contrast, as discussed above, D[ is related to the variational problem supF(K) on the
state space, which is our main object of study.

We give in the sequel some general condition ensuring that D[ is nonempty. We start with addi-
tional conditions on the Legendre-Fenchel transforms g∗− and g∗+. It turns out that the strict convexity
and the finiteness of g∗− together with the continuity of g∗+ imply that D[ is a singleton. In particular,
it is nonempty. We then show that the uniqueness of the linear equilibrium states of the Bogoliubov
linearization also implies the existence of a [-decision rule (but not necessarily its uniqueness). This
last condition is very useful in our paradigmatic example, because it is fulfilled when the functions
(θ−, θ+) are of Hölder type (Definition 2.14).

Proposition 3.11 (Existence of [-decision rules for strictly convex g∗− and continuous g∗+)
Assume Conditions B1–B3. If, additionally, g∗+ is weak∗-continuous, dom(g∗−) = X ∗− and g∗− : X ∗− →
R is strictly convex, then D[ is a singleton.

Proof. If g∗− is strictly convex then, for any fixed y+ ∈ X ∗+, the mapping y− 7→ PNL(y+, y−),
defined by (145)–(146), is strictly convex (as y− 7→ PL(y+, y−) is convex, by Lemma 3.17) and thus,
M [(y+) = {y−(y+)} is a singleton. Therefore, D[ has at most one element. We now show that the
mapping x+ 7→ x−(x+) from M[ to X ∗− is weak∗-to-weak∗ continuous. Take any net (x

(j)
+ )j∈J in

M[ converging in the weak∗ topology to some x+ ∈ M[. By Proposition 3.7 (i) or Lemma 3.22 ([),
for some R ∈ R+, M [(x+) ⊆ B−(0, R) for all x+ ∈ M[, where B−(0, R) ⊆ X ∗− is the closed ball
of radius R ∈ R+ and center 0 ∈ X ∗−. In particular, x−(x

(j)
+ ) ∈ B−(0, R) for all j ∈ J . Thus, as

B−(0, R) is weak∗-compact (cf. the Banach-Alaoglu theorem [57, Theorem 3.15]), we can assume
without loss of generality that (x−(x

(j)
+ ))j∈J converges to some x− ∈ B−(0, R). For all j ∈ J and

y− ∈ X ∗−,

PNL(x
(j)
+ , x−(x

(j)
+ )) = PL(x

(j)
+ , x−(x

(j)
+ )) + g∗−(x−(x

(j)
+ ))− g∗+(x

(j)
+ ) ≤ PNL(x

(j)
+ , y−) .
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As M[ is norm bounded (Proposition 3.7 (ii) or Lemma 3.23 ([)), g∗− is always weak∗-lower semicon-
tinuous and g∗+ is by assumption weak∗-continuous, by taking the j-limit and using Lemma 3.18, we
conclude that

PNL (x+, x−) = PL(x+, x−) + g∗−(x−)− g∗+(x+) ≤ PNL (x+, y−) , y− ∈ X ∗− .

In other words, x− = x−(x+) and so, the net (x−(x
(j)
+ ))j∈J has to converge to x−(x+) in the weak∗

topology, from which it follows that the mapping x+ 7→ x−(x+) is weak∗-to-weak∗ continuous.
We now provide a method for constructing decision rules, based on equilibrium states. To this

end, we recall some general notions of convex analysis, more specifically the notion of “selection”
[56, Definition 2.7]: Given a real normed space X , a subset Ω ⊆ X and a continuous convex function
g : X → R, a function s : Ω→ X ∗ is a selection for g if s(x) ∈ ∂g(x) for all x ∈ Ω. Interestingly, for
Banach spaces X , g is Gateaux-differentiable (Fréchet-differentiable) at x ∈ X iff there is a selection
ξx : Ωx → X ∗ for g that is norm-to-weak∗ continuous23 (norm-to-norm continuous24) at x, where
Ωx is some neighborhood of x. See [56, Proposition 2.8]. In particular, if g is Gateaux-differentiable
(Fréchet-differentiable) on the whole space X then the unique selection sg : X → X ∗ for g is norm-
to-weak∗ continuous (norm-to-norm continuous).

Inspired by the general concept of selection, we introduce a similar notion in relation to equilib-
rium states:

Definition 3.12 (Equilibrium state selection)
A mapping ξ : M[ → EF ⊆ K is a equilibrium state selection if it is weak∗ continuous and ξ(x+) ∈
Esc
Gx+,·

for all x+ ∈ M[. See Theorem 3.8 for the definition of Esc
Gx+,·

⊆ EF.

Because of [56, Proposition 2.8] and the self-consistency of equilibrium states, if the function g− :
X− → R is Gateaux-differentiable then any equilibrium state selection naturally induces a [-decision
rule d[ξ : M[ → X ∗−:

Proposition 3.13 (Construction of decision rules from equilibrium state selections)
Assume Conditions B1–B3. If the function g− : X− → R is Gateaux-differentiable and ξ : M[ → EF
is an equilibrium state selection, then the mapping

d[ξ
.
= sg− ◦ τ− ◦ ξ : M[ → X ∗−

is a decision rule, where sg− : X− → X ∗− is the unique selection for g−. It is weak∗-to-norm25

continuous when g− is Fréchet-differentiable.

Proof. By [56, Proposition 2.8], d[ξ is weak∗-to-weak∗ continuous and it is weak∗-to-norm continuous
when g− is Fréchet-differentiable. Take now any optimizer x+ ∈ M[. Then, as ξ is an equilibrium
state selection, ξ(x+) ∈ Esc

Gx+,·
. By Theorem 3.8 (ii), for any x− ∈ M [(x+), x− ∈ ∂g−(τ− ◦ ξ(x+)).

Since
∂g− (τ− ◦ ξ (x+)) = {sg− ◦ τ− ◦ ξ (x+)}

is a singleton (g− being Gateaux-differentiable), it follows that d[ξ(x+) ∈M [(x+) for all x+ ∈ M[. In
other words, d[ξ is a [-decision rule.

We now conclude our study of decision rules by giving sufficient conditions for the existence of
an equilibrium state selection as well as its properties. All of this is summarized in the following
proposition, which concludes our subsection:

23That is, the continuity is considered with respect to the norm topology in the domain and the weak∗ topology in the
codomain of the mapping.

24That is, the continuity is considered with respect to the norm topology for both the domain and codomain of the
mapping.

25That is, the continuity is considered with respect to the weak∗ topology in the domain and the norm topology in the
codomain of the mapping.
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Proposition 3.14 (Properties of equilibrium state selections)
Under Conditions B1–B3 the following assertions hold:
(i) If the function g+ : X+ → R is Gateaux-differentiable then any equilibrium state selection is
injective.
(ii) If, for all x+ ∈ M[, the set Esc

Gx+,·
of self-consistent equilibrium states is a singleton, then there is

a unique equilibrium state selection M[ → EF. Additionally, in this case the unique equilibrium state
selection is surjective. This occurs in particular when g− ◦ τ− : K → R is strictly convex, or if the
Bogoliubov linearization Gy+,y− has a unique linear equilibrium state for all y± ∈ X ∗±.
(iii) If g+ : X ∗+ → R is Gateaux-differentiable and, for all x+ ∈ M[, the set Esc

Gx+,·
is a singleton,

then the unique equilibrium state selection M[ → EF is a homeomorphism with respect to the weak∗

topology of M[ ⊆ X ∗+.

Proof. If the function g+ : X ∗+ → R is Gateaux-differentiable then, for any x+, x
′
+ ∈ M[ such that

x+ 6= x′+, we know from Theorem 3.8 (iii) that EGsc
x+,·
∩ EGsc

x′+,·
= ∅. Thus, any equilibrium state

selection is necessarily injective in this case. By the proof of Theorem 3.8, for any x+ ∈ M[,

EGsc
x+,·

= EFx+
⊆ EGx+,x−

, (158)

where Fx+ : K → {−∞} ∪ R is the concave and upper semicontinuous function defined by

Fx+(µ)
.
= f(µ)− g− ◦ τ−(µ) + x+ ◦ τ+(µ) , µ ∈ K .

Clearly,
EGsc

x+,·
= {µ(x+)} = EFx+

, x+ ∈ M[ , (159)

is a singleton under the assumptions of Assertion (ii). Thus, the mapping ξ : M[ → EF defined by
ξ(x+)

.
= µ(x+) is the unique possible equilibrium state selection in this case. It remains to prove

that it is weak∗ continuous. With this aim, take any net (x
(j)
+ )j∈J in M[ that converges in the weak∗

topology to some x+ ∈ M[. By the weak∗-compactness of EF and Theorem 3.8 (iii), we can assume
without loss of generality that µ(x

(j)
+ ) ⊆ EF converges to some µ ∈ EF in the weak∗ topology. By

Equation (159), for all j ∈ J and ν ∈ K,

f(ν)− g− ◦ τ−(ν) + x
(j)
+ ◦ τ+(ν) ≤ f(µ(x

(j)
+ ))− g− ◦ τ−(µ(x

(j)
+ )) + x

(j)
+ ◦ τ+(µ(x

(j)
+ )) .

Taking the j-limit at fixed ν ∈ K, we arrive at

f(ν)− g− ◦ τ−(ν) + x+ ◦ τ+(ν) ≤ f(µ)− g− ◦ τ−(µ) + x+ ◦ τ+(µ) , ν ∈ K ,

using that M[ is norm bounded (Proposition 3.7 (ii) or Lemma 3.23 ([)). In other words, µ ∈ EFx+
=

EGsc
x+,·

. As EGsc
x+,·

= {µ(x+)}, it follows that µ(x
(j)
+ ) converges to µ(x+) in the weak∗ topology and

ξ is thus weak∗ continuous. If EGsc
·,x+

is a singleton for all x+ ∈ M[ then ξ is surjective, because
of Theorem 3.8 (iii). Finally, under the assumption of Assertion (iii), the unique equilibrium state
selection ξ : M[ → EF is weak∗ continuous and bijective, thanks to Assertions (i)–(ii). Since M[

is weak∗-compact (Proposition 3.7 (ii) or Lemma 3.23 ([)) and EF ⊆ K with K being a Hausdorff
space, ξ is in this case a homeomorphism.

3.5 Generalized equilibria and optimal transport
Generalized equilibria and order parameters. Physically, the set of all equilibrium states of a
system is expected to be a convex set, in order to allow for phase mixtures. By contrast, the set EF =
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MF of nonlinear equilibrium states defined in Section 3.3 (Equations (141)–(142)) is not necessarily
convex, because the function F is generally not concave. That is why, in the scope of our paradigmatic
example, we introduced the notion of generalized nonlinear equilibrium measures in Section 2.5
(Definition 2.11) by considering the closed convex hull GP

.
= co(EP ) of the set EP of nonlinear

equilibrium measures. Exactly the same can be done in our abstract version of the theory of nonlinear
equilibria.

We thus define the compact convex set

GF
.
= co(EF) ⊆ K . (160)

We call its elements generalized nonlinear equilibrium states. Physical equilibria should be seen
as elements of this set. If K is a compact convex set in some topological vector space (which is
the case in virtually all important cases, like our paradigmatic example, the nonlinear thermodynamic
formalism of classical dynamical systems, or quantum lattice systems), note from the Milman theorem
[55, Proposition 1.5] that the extreme points of the convex set GF are all in EF. Thus, the previous set
EF of nonlinear equilibrium states is rather related to what are called the pure equilibrium states, or
pure phases, in Physics.

One also expects that equilibrium states of a physical system are exactly those that maximize a
pressure function associated with the system under consideration. It turns out that GF can also be
characterized in this way. It is the set of maximizers of the upper26 Γ-regularization of F, which is the
smallest concave and upper semicontinuous function above F. For more details, see Section 2.9.3, in
particular Theorem 2.40.

However, an upper Γ-regularization is usually only concave, which is not as good as being affine, a
more desirable property for a pressure function from a physical point of view. In fact, in Section 2.7.4
we show for our paradigmatic example that generalized equilibrium states (measures in this case) are
indeed the limits of (weak∗-)convergent sequences of approximating maximizers of an affine pressure
function. See Equation (50). This function turns out to be not semicontinuous in general (it is only
Borel-measurable), but it has the same upper Γ-regularization as the original nonlinear pressure. See
Theorem 2.40 in this context. Moreover, it is maximized by any equilibrium state ρ ∈ EF ∩ E(K)
that is extreme in the convex set K. As the function is affine, it is also maximized by any convex
combination ρ ∈ co(EF ∩ E(K)) ⊆ co(EF)

.
= GF of such equilibrium states, but not necessarily by

any generalized equilibrium state ρ ∈ GF, as it is not necessarily upper semicontinuous. However,
in the Hölder case (which is the relevant one in this section) the generalized equilibrium states turn
out to be precisely the strict maximizers of the affine pressure function. See Corollary 2.22. In fact,
this is not a particular property of our paradigmatic example, i.e., the thermodynamic formalism of
(classical) dynamical systems. In [18] we made the same observation in the case of quantum lattice
systems (quantum spins or fermionic systems on lattices) when the functions g± defining the nonlinear
pressure function F are quadratic.

Remark from [55, Proposition 1.2] that if A is a compact subset of a locally convex (Hausdorff)
space Y , then y ∈ co(A) ⊆ Y iff y is the barycenter of a probability measure my supported in A (see
Definition 3.25). If co(A) is a compact Choquet simplex andA only contains extreme points of co(A)
then the probability measure my is always unique and the mapping y 7→ my from co(A) to the set of
probability measures on A is an affine one-to-one correspondence. For more details see [55].

By Theorem 3.8 (iii)–(iv), EF is compact and, if the equilibrium states of the associated Bogoli-
ubov linearizations are unique and f is affine, then EF is even a compact set of extreme points of K
and GF

.
= co(EF) ⊆ K is, in particular, a face of the convex set K. So, in this case, provided K is

a compact convex subset of a locally convex space, µ ∈ GF iff µ is the barycenter of a probability
measure mµ supported in EF (see Definition 3.25). As illustrated in the nonlinear thermodynamic

26It corresponds to the function −Γ(−F) with Γ(f) defined by Equation (120).
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formalism (see Proposition 2.35) or for quantum lattice systems [18, Theorem 1.9], GF is usually
even a compact Choquet simplex and mµ is uniquely defined.

If the functions g± : X± → R are Gateaux-differentiable then the corresponding gradient map-
pings

∇g± : X± → X ∗±
are norm-to-weak∗ continuous. They are even norm-to-norm continuous when the functions g±
are Fréchet-differentiable. See [56, Proposition 2.8]. Recall that the subdifferentials ∂g±(x±) =
{∇g±(x±)} are singletons for any x± ∈ X± , g± being Gateaux-differentiable. In particular, in this
case, to any µ ∈ GF we naturally associate measures y±(µ) on X ∗±, by considering the pushforward
of a probability measure mµ representing µ ∈ GF (in GF) through the mapping

∇g± ◦ τ± : K → X ∗± .

As ∇g± is always norm-to-weak∗ continuous and τ± : K → X± are by assumption continuous
(Condition B2), the measures y±(µ) are supported on the weak∗-compact sets ∇g± ◦ τ±(EF) ⊆ X ∗±.
In fact, by the self-consistency of nonlinear equilibrium states (Theorem 3.8 (ii)–(iii)), the probability
measure y+(µ) is supported in the weak∗-compact set M[ ⊆ X ∗+, while y−(µ) is supported in the
union

M[
−
.
=

⋃
x+∈M[

M [ (x+) ⊆ X ∗− . (161)

If g± are Fréchet-differentiable then the sets ∇g± ◦ τ±(EF) are even norm-compact, as the gradient
mapping is norm-to-norm continuous in this case, thanks again to [56, Proposition 2.8].

Physically, the elements of the dual spaces X ∗± refer to so-called order parameters of the system
under consideration. For example, if we consider a spin system, one typical order parameter of inter-
est is the macroscopic magnetization density. Similarly, if one considers models for superconductors,
then one typical order parameter would be the macroscopic density of Cooper pairs. Thus, given a
generalized nonlinear equilibrium state µ ∈ GF, the measures y±(µ) give the corresponding distri-
butions of order parameters. The order parameter distribution is well-defined in virtually all cases of
interest, because GF is usually a Choquet simplex in these cases. In a so-called pure phase (µ ∈ EF)
such distributions are delta distributions, that is, they are concentrated in single points and thus have
zero variance. If these distributions have non-vanishing variance then we have a so-called phase mix-
ture, which is the general situation at a (first order) phase transition. Of course, the order parameter
distributions y±(µ) also make sense for states µ ∈ K that are more general, that is, not necessarily
elements of GF, as far as the compact convex space K is a Choquet simplex (and g± : X± → R stay
Gateaux-differentiable of course). For simplicity we restrict ourselves to the equilibrium case.

One question that arises is how to calculate, from possible experiments, including numerical ones,
the order parameter distributions y±(µ) at least for generalized nonlinear equilibrium measures µ ∈
GF. In our paradigmatic example (Section 2) we can give a more precise empirical interpretation to
these order parameter distributions, which can thus be recovered from possible experiments:

Paradigmatic example – Nonlinear Thermodynamic Formalism of Dynamical Systems. In this
example, K = P(T ) is the set (8) of T -invariant probability measures on the Banach space C(Σ)∗ of
continuous functions Σ→ R, f = h is the entropy (Definition 2.1) and τ± : P(T )→ X± are defined
by τ±(µ)

.
= θ±(µS) for any µ ∈ P(T ). In this particular case F = P is defined by Equation (31) and

we assume in Section 2.7.1 Conditions TF1–TF3, which are nothing more than Conditions B1–B3 of
Section 3.3 applied to our paradigmatic example, as explained in the proof of Proposition 2.15.

Observe first that K = P(T ) is a weak∗-compact Choquet simplex (Proposition 2.35). It is a
subset of the dual space C(Σ)∗, which is a locally convex (Hausdorff) space when endowed with the
weak∗ topology. Since the entropy f = h is affine (Proposition 2.38), GP is also a Choquet simplex
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and one can naturally identify generalized nonlinear equilibrium states µ ∈ GP with probability
measures mµ on the weak∗-compact set EP of (simple) nonlinear equilibrium states.

Recall that S denotes the unit closed ball inC(Σ) andM(S) is the Banach space of bounded, real-
valued Borel-measurable functions S → R with the supremum norm. See Section 2.1, in particular
Equation (6). For any σ ∈ Σ and n ∈ N, let En,σ : S → R be the continuous function defined by
Equation (59), that is,

En,σ [ϕ]
.
= En [ϕ] (σ)

.
= n−1

(
ϕ(σ) + ϕ ◦ T (σ) + · · ·+ ϕ ◦ T n−1(σ)

)
, ϕ ∈ S .

Observe that, at any fixed n ∈ N, En,σ′ converges point-wise to En,σ, as σ′ → σ. Thus, if the linear
mappings θ± : M(S) → X± are σ-normal (see Condition TF1 of Section 2.7.1) then θ±(En,σ′)
converges in norm to θ±(En,σ′), as σ′ → σ. That is, for any n ∈ N, the mappings σ 7→ θ±(En,σ) from
Σ to X± are continuous. Recall that g± : X± → R are assumed here to be Gateaux-differentiable and
by continuity of the gradient mappings∇g± the functions Y±,n : Σ→ X ∗± defined by

σ 7→ ∇g± ◦ θ±(En,σ) , (162)

are also continuous. In particular, they are Borel-measurable and thus define real-valued random
variables

Y±,n (x±) : Σ → R
σ 7→ ∇g± ◦ θ± (En,σ) (x±)

for any x± ∈ X±, the distribution law of which is thus the pushforward of some generalized nonlinear
equilibrium measure µ ∈ GP through the functions (162), whose values are linear functionals, applied
to vectors x± ∈ X±. (Y±,n are also random variables taking values in X ∗±.) The distribution law of
Y±,n (x±) is denoted below by y

(n)
± (µ).

If the pair (θ−, θ+) is a Hölder-type linear functions (Definition 2.14) then all the Bogoliubov
linearizations have unique equilibrium measures, which are all ergodic, thanks to Corollary 2.18.
Then, EP is in this case a compact set of extreme points of P(T ) and GP

.
= co(EP ) ⊆ P(T ) is,

in particular, a face of the convex set P(T ) and a weak∗-compact Choquet simplex. Therefore, as
already explained, µ ∈ GP iff µ is the barycenter of a unique probability measure mµ supported in
EP ⊆ Perg(T ) (see Definition 3.25). Furthermore, in the Hölder case, the mapping µ 7→ mµ from
GP to the set of probability measures on EP is an affine one-to-one correspondence. For more details
see again [55]. In this situation, we can prove that, given a (generalized nonlinear equilibrium) T -
invariant probability measure µ ∈ GP , the characteristic functions of y(n)

± (µ) point-wise converge to
the characteristic functions of the order parameter distributions y±(µ), as n→∞:

Proposition 3.15 (Order parameter distributions from Birkhoff sums – Hölder case)
Assume Conditions TF1–TF3 of Section 2.7.1 and that the pair (θ−, θ+) of linear functions is Hölder-
type and g± : X± → R are Gateaux-differentiable. Let y± ≡ y±(µ) for some µ ∈ GP . Then, for all
x± ∈ X±,

lim
n→∞

∫
X ∗±

exp (iy± (x±)) y
(n)
± (dy±) =

∫
X ∗±

exp (iy± (x±)) y± (dy±) .

Proof. Fix µ ∈ GP . For all n ∈ N and x± ∈ X±,∫
X ∗±

exp (iy± (x±)) y
(n)
± (dy±) =

∫
Σ

exp (i [∇g± ◦ θ± (En,σ)] (x±))µ (dσ) .

Note that the mappings
σ 7→ [∇g± ◦ θ± (En,σ)] (x±)
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from Σ to R are continuous. Further, since P(T ) is a weak∗-compact Choquet simplex, µ is the
barycenter of a (unique) probability measure mµ on EP and therefore,∫

Σ

exp (i [∇g± ◦ θ± (En,σ)] (x±))µ (dσ) =

∫
K

{∫
Σ

exp (i [∇g± ◦ θ± (En,σ)] (x±)) ν (dσ)

}
mµ (dν) .

By Corollary 2.18 (i), all ν ∈ EP are ergodic measures and we can infer from Lemma 2.23 and
Lebesgue’s dominated convergence theorem that, for all ν ∈ EP ,

lim
n→∞

∫
Σ

exp (i [∇g± ◦ θ± (En,σ)] (x±)) ν (dσ) = exp (i [∇g± ◦ θ± (νS)] (x±)) .

Hence, again by Lebesgue’s dominated convergence theorem,

lim
n→∞

∫
Σ

exp (i [∇g± ◦ θ± (En,σ)] (x±))µ (dσ) =

∫
K

exp (i [∇g± ◦ θ± (νS)] (x±))mµ (dν)

=

∫
X ∗±

exp (iy± (x±)) y± (dy±) .

Indeed, recall that the measures y±(µ) on X ∗± are the pushforward of mµ through the mappings∇g± ◦
τ±, where τ±(ν)

.
= θ±(νS) for any ν ∈ P(T ). Using well-known properties of the characteristic

functions of real-valued random variables (cf. Lévy’s continuity theorem [36, Theorem 5.3]), we
conclude from the above proposition that, for all x± ∈ X±, the distribution laws y(n)

± (µ) of the real-
valued random variables Y±,n(x±) weak∗ converge, as n → ∞, to the order parameter distributions
y±(µ).

It means that the order parameter distributions can be recovered from experiments, possibly nu-
merical ones. The order parameter distributions are also related to optimal transport [65], for which
various high-performance numerical tools are available. This link is explained below for the general
(abstract) case.

Optimal transport and distributions of order parameters. We show here that, for any given order
parameter distribution at equilibrium, that is, y± ≡ y±(µ) for some µ ∈ GF, which is not necessarily
explicitly known, the nonlinear pressure supF(K) can be exactly recovered from an optimal-transport
problem associated with these order parameter distributions, the cost function of which is nothing but
the nonlinear approximating pressure PNL (145) (similar to the thermodynamic game).

Recall from Theorem 3.8 (i) that the nonlinear pressure supF(K) satisfies

supF (K) = P[ .= sup
y+∈X ∗+

inf
y−∈X ∗−

PNL (y+, y−)

and consider the continuous mapping

EF → X ∗+ ×X ∗−
ν 7→ (∇g+ ◦ τ+ (ν) ,∇g− ◦ τ− (ν))

for Gateaux-differentiable functions g± : X± → R. Fix now any µ ∈ GF and let nµ be the pushfor-
ward of a probability measure mµ representing µ in GF through the above continuous mapping. By
construction, the marginal distributions on X ∗+ and X ∗− are y+(µ) and y−(µ), respectively. Moreover,
by Theorem 3.8,∫

X ∗+×X ∗−
PNL (y+, y−) nµ (d (y+, y−)) =

∫
K

PNL (∇g+ ◦ τ+ (ν) ,∇g− ◦ τ− (ν))mµ (dν)

=

∫
K

supF (K)mµ (dν) = supF (K) . (163)
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On the other hand, for any probability measure n on X ∗+ × X ∗− whose marginal distributions are
y+ ≡ y+(µ) and y− ≡ y−(µ), one has∫

X ∗+×X ∗−
PNL (y+, y−) n (d (y+, y−)) ≥

∫
X ∗+×X ∗−

P [ (y+) n (d (y+, y−)) =

∫
X ∗+
P [ (y+) y+ (dy+) ,

(164)
where we recall that P [(y+) is defined by (147), i.e.,

P [ (y+)
.
= inf PNL

(
y+,X ∗−

)
, y+ ∈ X ∗+ .

Note that the function y+ 7→ P [ (y+) is Borel-measurable, because it is upper semicontinuous, by
Lemma 3.21 ([). As y+ is supported in M[ (see Theorem 3.8), one conclude that∫

X ∗+×X ∗−
PNL (y+, y−) n (d (y+, y−)) ≥

∫
X ∗+

supF (K) y+ (dy+) = supF (K) . (165)

In other words, by (163) and (165), the nonlinear pressure can be recovered from the following
Monge-Kantorovich (transportation) problem [65, page 10]:

supF (K) = inf
n∈�(y+,y−)

∫
X ∗+×X ∗−

PNL (y+, y−) n (d (y+, y−)) , (166)

where �(y+, y−) is the set of all probability measures on X ∗+ × X ∗− whose marginal distributions are
respectively y+ ≡ y+(µ) and y− ≡ y−(µ) for arbitrary fixed equilibrium order parameter distributions
associated with some µ ∈ GF. As a consequence, the dual Kantorovich problem [65, Equation (5.3)],
along with appropriate assumptions, leads to the following representation of the nonlinear pressure:

Theorem 3.16 (Nonlinear pressure and the dual Kantorovich problem)
Assume Conditions B1–B3. Suppose additionally that X± are separable normed spaces, g± : X± →
R are Gateaux-differentiable, g∗± : X ∗± → R are continuous with g∗− being strictly convex. Let
y± ≡ y±(µ) for some µ ∈ GF. Then,

supF (K) = sup

{∫
X ∗+
P+

NL (y+) y+ (dy+)−
∫
X ∗−
P−NL (y−) y− (dy−)

}
,

where the supremum is taken with respect to all possible choices of continuous functions P+
NL : X ∗+ →

R and P−NL : X ∗− → R such that

P+
NL (y+)− P−NL (y−) ≤ PNL (y+, y−) , y± ∈ X ∗± .

Proof. On the one hand, observe from Theorem 3.8 that y+ is always supported in M[ ≡ M[
+, while

y− is always supported on the set M[
− defined by (161). As a consequence, Equation (166) can be

rewritten as
supF (K) = inf

n∈�(y+,y−)

∫
M[

+×M[
−

PNL (y+, y−) n (d (y+, y−)) . (167)

By Proposition 3.7 (ii) (or Lemma 3.23 ([)), M[ ≡ M[
+ is a (nonempty) weak∗-compact subset of

X ∗+. Since, by assumption, g∗+ is continuous, dom(g∗−) = X ∗− and g∗− : X ∗− → R is strictly convex,
we can deduce from Propositions 3.7 and 3.11 that the nonempty set M[

− is also a norm-bounded
weak∗-compact subset of X ∗−. Since X± are assumed to be separable normed spaces, the weak∗

topology is metrizable on the weak∗-compacts sets M[
± ⊆ X ∗±, which can thus be considered as metric

spaces. Because compact metric spaces are separable and complete, it follows that (M[
±, y±) are
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Polish probability spaces. As M[
± are norm-bounded, by Lemma 3.18 and continuity of g∗± : X ∗± → R,

the nonlinear approximating pressure

PNL : M[
+ ×M[

− → R

is weak∗ continuous. Moreover, for any y± ∈ X ∗±,

PNL (y+, y−)
.
= PL (y+, y−) + g∗− (y−)− g∗+ (y+) ≥ P [ (y+) + g∗− (y−)− g∗+ (y+)

with P [(y+) defined by (147). Since g∗± : X ∗± → R are continuous and M[
± are weak∗-compact,∫

M[
±

g∗± (y±) y± (dy±) <∞ and
∫

M[
+

P [ (y+) y+ (dy+) = supF (K) <∞ ,

as already explained in (164)–(165). Observe again that the function y+ 7→ P [ (y+) is upper semi-
continuous, by Lemma 3.21 ([). All the conditions of the Kantorovich duality theorem [65, Theorem
5.10] are thus satisfied. So, the assertion follows from Equation (167) combined with [65, Theorem
5.10 (i)].

Solutions (or at least approximate solutions ±P±NL) to the dual Kantorovich problem expressed in
Theorem 3.16 should be physically interpreted as being effective pressure functions on the spaces of
order parameters.

Note that the assumptions of Theorem 3.16 are trivially satisfied for physically relevant choices
of convex functions g±. Take for example β± ∈ R+ and

g±(x) = β±x
2/2 or g±(x) = 2 coshx

with X± = R and X ∗± ≡ R, and remark that the corresponding Legendre-Fenchel transforms,

g∗±(s) = s2/(2β±) or g∗±(s) = s sinh−1(s/2)−
√

4 + s4 ,

are smooth and strictly convex. See also Remarks 3.5 and 3.6. Observe additionally that the strict
convexity of the function g∗− assumed in Theorem 3.16 is a sufficient condition only used for simplic-
ity in order to ensure the weak∗ compactness of the set M[

− (161), but this should not, of course, be
essential.

In fact, in the proof of Theorem 3.16, we only use the first assertion (i) of the Kantorovich duality
theorem [65, Theorem 5.10]. There are many other results in [65, Theorem 5.10] that could have been
invoked, but we refrain from mentioning them here, as our goal is not to provide a detailed analysis
of the corresponding optimal transport under the more general conditions, but to establish a fruitful
bridge between the maximization of real-valued functions F on compact spaces and the dual Kan-
torovich problem, thus paving the way for entirely new mathematical and numerical developments.

3.6 Technical results on the thermodynamic game
Within the general setting of the previous sections we study here the linear and nonlinear approximat-
ing pressures associated with Bogoliubov linearizations, that is, the quantities

PL (y+, y−)
.
= supGy+,y− (K) and PNL (y+, y−)

.
= PL (y+, y−) + g∗− (y−)− g∗+ (y+) (168)

for any y± ∈ X ∗±, previously defined by (145)–(146). We also analyze in this context the variational
problems associated with the two-person zero-sum game (Section 3.4) whose payoff function is the
nonlinear approximating pressure PNL. Note that we always consider here non-zero functions g±. If
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one of them is zero, we have essentially the same results (mutatis mutandis). See, e.g., the discussions
at the end of Section 3.3.

Before we start our technical study, we go over a few of the notation: B±(0, R) ⊆ X ∗± are closed
balls (125) of radius R ∈ R+ and center 0 ∈ X ∗± and ‖ · ‖op is the usual operator norm, defined by
(126) for any continuous linear functional, while ‖ · ‖∞ is the uniform norm (or sup norm), defined
by (129). Recall that any continuous function defined on a compact is uniformly bounded and the
corresponding uniform norm is thus finite.

We start with two simple continuity properties of the linear approximating pressure PL, seen as a
function

(y+, y−) 7→ PL (y+, y−)

from X ∗+ ×X ∗− to R and defined by Equation (168) (see also (146)). Some arguments are elementary
and are only given below for completeness. Recall that Condition B1 is stated in Section 3.3.

Lemma 3.17 (Norm continuity of linear approximating pressures)
Assume Condition B1. Then, PL : X ∗+ ×X ∗− → R is convex and Lipschitz-norm continuous:

|PL (x+, x−)− PL (y+, y−)| ≤ ‖τ+‖∞ ‖x+ − y+‖op + ‖τ−‖∞ ‖x− − y−‖op , x±, y± ∈ X ∗± .

Proof. Observe that, for any x±, y± ∈ X ∗± and ν ∈ K,

|x± ◦ τ± (ν)− y± ◦ τ± (ν)| ≤ ‖x± − y±‖op ‖τ±‖∞

and the inequality of the lemma directly follows from the definition

Gy+,y−
.
= f − y− ◦ τ− + y+ ◦ τ+ , y± ∈ X ∗± , (169)

of Bogoliubov linearizations, see Equation (144). PL is convex because it is the supremum of affine
(real-valued) mappings (y+, y−) 7→ Gy+,y−(µ), µ ∈ K.

Lemma 3.18 (Weak∗ continuity of linear approximating pressures)
Assume Condition B1. Then, PL is weak∗ continuous on B+(0, R)×B−(0, R) for any fixed R ∈ R+.
If X± are Banach spaces then PL is weak∗ continuous on the whole space X ∗+ ×X ∗−.

Proof. Fix R ∈ R+. Take any nets (y
(j)
± )j∈J ⊆ B±(0, R) weak∗ converging to arbitrary points

y± ∈ B±(0, R), respectively. By Condition B1, K is (Hausdorff) compact and τ± are continuous. As
a consequence, τ±(K) ⊆ X± are compact (in the norm topology of X±). Thus, for any ε ∈ R+, there
are finite sets M±,ε ⊆ K such that

dist (τ± (M±,ε) , τ± (K)) = sup
µ∈K

inf
ν∈M±,ε

‖τ± (µ)− τ± (ν)‖X± ≤
ε

4R
. (170)

Remark that the above quantity is the so-called Hausdorff distance between the compact sets τ± (M±,ε)
and τ± (K) inX±. Then, by the triangle inequality and Inequality (170), for any µ ∈ K and ν ∈M±,ε,∣∣∣y± ◦ τ± (µ)− y(j)

± ◦ τ± (µ)
∣∣∣ ≤ inf

ν∈M±,ε

∣∣∣y± ◦ τ± (ν)− y(j)
± ◦ τ± (ν)

∣∣∣+
ε

2
.

Hence, there is jε ∈ J such that, for all µ ∈ K and j ∈ J satisfying j ≥ jε,∣∣∣y± ◦ τ± (µ)− y(j)
± ◦ τ± (µ)

∣∣∣ ≤ ε ,

because M±,ε is finite and (y
(j)
± )j∈J weak∗ converges to y±. Now, as the last bound is uniform with

respect to µ ∈ K, from the definition (169) of Gy+,y− , it follows that the mapping (y+, y−) 7→
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PL (y+, y−) from B+(0, R) × B−(0, R) to R is weak∗ continuous. If the normed spaces X± are
complete, then any weak∗ convergent net in the dual spaces X ∗± is norm bounded, thanks to the Uni-
form Boundedness Principle (the Banach-Steinhaus theorem [57, Theorem 2.5]). Consequently, in
the Banach case, PL is weak∗ continuous on X ∗+ ×X ∗−.

After briefly studying linear pressures, we now provide a series of lemmata regarding important
properties of the nonlinear approximating pressure PNL, seen as a mapping

(y+, y−) 7→ PNL (y+, y−)

from X ∗+ ×X ∗− to R ∪ {∞} and defined by Equation (168) (see also (145)).

Lemma 3.19 (Properties of the nonlinear approximating pressure)
Assume Condition B1. Let g± : X± → R be non-zero lower semicontinuous and convex functions
with dom(g∗+) = X ∗+.
(+) For R ∈ R+ and y− ∈ dom(g∗−), the mapping y+ 7→ PNL(y+, y−) from B+(0, R) to R is weak∗-
upper semicontinuous. If X+ is a Banach space then it is weak∗-upper semicontinuous on X ∗+.
(−) ForR ∈ R+ and y+ ∈ X ∗+, the mapping y− 7→ PNL(y+, y−) fromB−(0, R) to R ∪ {∞} is convex
and weak∗-lower semicontinuous. If X− is a Banach space then it is weak∗-lower semicontinuous on
X ∗−.

Proof. As Legendre-Fenchel transforms, the functions g∗+ : X ∗+ → R and g∗− : X ∗− → R ∪ {∞}
are always weak∗-lower semicontinuous. Note also that the convex set dom(g∗−) is nonempty, thanks
to (123). Therefore, by Lemma 3.18, for any fixed R ∈ R+ and y− ∈ dom(g∗−), the mapping
y+ 7→ PNL(y+, y−) from B+(0, R) to R is weak∗-upper semicontinuous. The Banach case is also a
direct consequence of Lemma 3.18. Mutatis mutandis for (−). Notice that

y− 7→ PNL(y+, y−)
.
= PL(y+, y−) + g∗− (y−)− g∗+ (y+)

is convex, because Legendre-Fenchel transforms are always convex and y− 7→ PL(y+, y−) is also
convex, thanks to Lemma 3.17.

We next undertake the study of the two functions

P [ : X ∗+ → {−∞} ∪ R and P ] : X ∗− → R ∪ {∞}

defined by (152)–(153), that is,

P [ (y+)
.
= inf PNL

(
y+,X ∗−

)
and P ] (y−)

.
= supPNL

(
X ∗+, y−

)
(171)

for any y± ∈ X ∗±. We assume that Legendre-Fenchel transforms g∗ have minimal linear growth
λ ∈ R+ in the sense of (124), that is,

lim
R→∞

sup
y∈X ∗\B(0,R)

{
λ ‖y‖op − g

∗ (y)
}

= −∞ . (172)

This allows us to show that these variational problems can be restricted to closed balls.

Lemma 3.20 (Consequences of the minimal linear growth of g∗±)
Assume Condition B1. Let g± : X± → R be non-zero lower semicontinuous and convex functions
with dom(g∗+) = X ∗+.
([) If (172) holds for g = g− and λ = ‖τ−‖∞, then there is R ∈ R+ such that, for all y+ ∈ X ∗+,

P [ (y+) = inf
y−∈B−(0,R)

PNL (y+, y−) < inf
y−∈X ∗−\B−(0,R)

PNL (y+, y−) .
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(]) If (172) holds for g = g+ and λ = ‖τ+‖∞, then there is R ∈ R+ such that, for all y− ∈ dom(g∗−),

P ] (y−) = sup
y+∈B+(0,R)

PNL (y+, y−) > sup
y+∈X ∗+\B+(0,R)

PNL (y+, y−) .

(][) If (172) holds for g = g± and λ = ‖τ±‖∞, then there is R ∈ R+ such that

sup
y+∈B+(0,R)

P [ (y+) > sup
y+∈X ∗+\B+(0,R)

P [ (y+) .

([]) If (172) holds for g = g± and λ = ‖τ±‖∞, then there is R ∈ R+ such that

inf
y−∈B−(0,R)

P ] (y−) < inf
y−∈X ∗−\B−(0,R)

P ] (y−) .

Proof. Assertions ([) and (]) are direct consequences of Lemma 3.17. Note that the strict inequality of
(]) cannot be satisfied when y− /∈ dom(g∗−), because, in this case, PNL (y+, y−) =∞ for all y+ ∈ X ∗+.
To prove (][) take any x− ∈ dom(g∗−) 6= ∅ (see (123)) and note from Lemma 3.17 and Equation (172)
for g = g+ and λ = ‖τ+‖∞ that

lim
R→∞

sup
y+∈X ∗+\B+(0,R)

P [ (y+) = lim
R→∞

sup
y+∈X ∗+\B+(0,R)

inf
y−∈X ∗−

PNL (y+, y−)

≤ lim
R→∞

sup
y+∈X ∗+\B+(0,R)

{
PL (y+, x−) + g∗− (x−)− g∗+ (y+)

}
= −∞ .

We meanwhile infer from ([) the existence of some strictly positive radius R̃ ∈ R+ such that

P [ (y+) = inf
y−∈B−(0,R̃)

PNL (y+, y−) , y+ ∈ X ∗+ .

Thus, by the weak∗ compactness of the closed ball B−(0, R̃) (cf. the Banach-Alaoglu theorem [57,
Theorem 3.15]) and Lemma 3.19 (−),

P [ (y+) = min
y−∈B−(0,R̃)

PNL (y+, y−) = min
y−∈B−(0,R̃)∩dom(g∗−)

PNL (y+, y−) ∈ R (173)

for all y+ ∈ X ∗+, keeping in mind that dom(g∗−) 6= ∅ (see (123)). In particular, P [(y+) > −∞ for all
y+ ∈ X ∗+ and, as a consequence, for some R <∞,

sup
y+∈B+(0,R)

P [ (y+) > sup
y+∈X ∗+\B+(0,R)

P [ (y+) .

The proof of ([]) is similar: Note from Lemma 3.17 and Equation (172) for g = g− and λ = ‖τ−‖∞
that, for any x+ ∈ X ∗+,

lim
R→∞

inf
y−∈X ∗−\B−(0,R)

P ] (y−) = lim
R→∞

inf
y−∈X ∗−\B−(0,R)

sup
y+∈X ∗+

PNL (y+, y−)

≥ lim
R→∞

inf
y−∈X ∗−\B−(0,R)

{
PL (y+, x−) + g∗− (y−)− g∗+ (x+)

}
=∞ .

By Assertion (]), there is R̃ ∈ R+ such that

P ] (y−) = sup
y+∈B+(0,R̃)

PNL (y+, y−) , y− ∈ dom(g∗−) ,
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which, combined with the weak∗ compactness of the closed ball B+(0, R̃) and Lemma 3.19 (+),
yields

P ] (y−) = max
y+∈B+(0,R̃)

PNL (y+, y−) ∈ R , y− ∈ dom(g∗−) . (174)

Since dom(g∗−) 6= ∅ (see (123)) and P ] (y−) = ∞ when y− /∈ dom(g∗−), we conclude that, for some
R <∞,

inf
y−∈B−(0,R)

P ] (y−) = inf
y−∈B−(0,R)∩dom(g∗−)

P ] (y−) < inf
y−∈X ∗−\B−(0,R)

P ] (y−) .

If the Legendre-Fenchel transforms g∗± have minimal linear growth ‖τ±‖∞, one infers from Equa-
tions (173)–(174) that P [ and P ] define real-valued functions onX ∗+ and dom(g∗−) ⊆ X ∗−, respectively.
Additionally, these two functions have the following properties:

Lemma 3.21 (Properties of the functions P ] and P [)
Assume Condition B1. Let g± : X± → R be non-zero lower semicontinuous and convex functions
with dom(g∗+) = X ∗+.
([) If (172) holds for g = g− and λ = ‖τ−‖∞, then P [ : X ∗+ → R is weak∗-upper semicontinuous on
B+(0, R) for any R ∈ R+. If X+ is a Banach space then P [ is weak∗-upper semicontinuous on X ∗+.
(]) If (172) holds for g = g+ and λ = ‖τ+‖∞, then P ] : X ∗− → R ∪ {∞} is convex and weak∗-lower
semicontinuous on B−(0, R) for any R ∈ R+. Its restriction to (the nonempty convex set) dom(g∗−)
is convex and real-valued. If X− is a Banach space then P ] is weak∗-lower semicontinuous on X ∗−.

Proof. Fix R ∈ R+. If (172) holds for g = g− and λ = ‖τ−‖∞, then we deduce from Equation (173)
that there is R̃ ∈ R+ such that the function P [ : B+(0, R)→ R is the infimum of the family

{y+ 7→ PNL (y+, y−)}y−∈B−(0,R̃)∩dom(g∗−)

of weak∗-upper semicontinuous real-valued functions fromB+(0, R) toR, thanks to Lemma 3.19 (+).
The real-valued function P [ : B+(0, R)→ R is therefore weak∗-upper semicontinuous. The Banach
case is proven in the same way. Mutatis mutandis for (]), thanks to Lemma 3.19 (−) and Equation
(174). To prove the convexity of P ], observe that this mapping is the supremum over y+ ∈ X ∗+ of the
convex mappings

y− 7→ PNL (y+, y−)
.
= PL (y+, y−) + g∗−(y−)− g∗+(y+)

all defined on the same (nonempty) convex domain dom(g∗−).
For all y± ∈ X ∗±, we study now the subsets (154) and (155) of solutions to the variational problems

P [(y+) and P ](y−), i.e.,

M [ (y+)
.
=

{
x− ∈ X ∗− : P [ (y+) = PNL (y+, x−)

}
⊆ X ∗− ,

M ] (y−)
.
=

{
x+ ∈ X ∗+ : P ] (y−) = PNL (x+, y−)

}
⊆ X ∗+ .

Lemma 3.22 (Solutions to the variational problems P [(y+) and P ](y−))
Assume Condition B1. Let g± : X± → R be non-zero lower semicontinuous and convex functions
with dom(g∗+) = X ∗+.
([) If (172) holds for g = g− and λ = ‖τ−‖∞, then, for all y+ ∈ X ∗+, M [(y+) is nonempty, convex
and weak∗-compact. There is R ∈ R+ such that M [(y+) ⊆ B−(0, R) ∩ dom(g∗−) for all y+ ∈ X ∗+.
(]) If (172) holds for g = g+ and λ = ‖τ+‖∞, then, for all y− ∈ dom(g∗−), M ](y−) is nonempty and
weak∗-compact. There is R ∈ R+ such that M ](y−) ⊆ B+(0, R) for all y− ∈ dom(g∗−).
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Proof. Recall that dom(g∗−) 6= ∅, thanks to (123). For all y+ ∈ X ∗+, M [(y+) ⊆ dom(g∗−) because
PNL (y+, y−) =∞ when y− /∈ dom(g∗−). If (172) holds for g = g− and λ = ‖τ−‖∞ then, by Lemma
3.20 ([), M [(y+) ⊆ B−(0, R) ∩ dom(g∗−) for all y+ ∈ X ∗+. Additionally, in this case, the mapping
y− 7→ PNL (y+, y−) is weak∗-lower semicontinuous, thanks to Lemma 3.19 (−). Bearing in mind
again that closed balls of the dual space of a normed space are weak∗-compact (cf. the Banach-
Alaoglu theorem [57, Theorem 3.15]), we deduce that the sets M [(y+) ⊆ B−(0, R), y+ ∈ X ∗+,
are nonempty and weak∗-compact, as they are always weak∗-closed. Their convexity is a direct
consequence of the convexity of the function PNL(y+, ·) (Lemma 3.19 (−)). The case (]) is proven in
a similar way, from the weak∗-upper semicontinuity of PNL(·, y−). See Lemma 3.19 (+).

Now we consider the conservative values

P[ .
= sup

y+∈X ∗+
P [ (y+)

.
= sup

y+∈X ∗+
inf

y−∈X ∗−
PNL (y+, y−) , (175)

P] .
= inf

y−∈X ∗−
P ] (y−)

.
= inf

y−∈X ∗−
sup
y+∈X ∗+

PNL (y+, y−) , (176)

of the thermodynamic game. See Section 3.4, in particular Equation (151). We also study the corre-
sponding sets (156)–(157) of optimizers, i.e.,

M[ .
=

{
x+ ∈ X ∗+ : P[ = P [ (x+)

}
⊆ X ∗+ ,

M] .
=

{
x− ∈ X ∗− : P] .= P ] (x−)

}
⊆ X ∗− ,

which are nothing but the sets of conservative strategies of the thermodynamic game.

Lemma 3.23 (Sets M] and M[ of optimizers)
Assume Condition B1. Let g± : X± → R be non-zero lower semicontinuous and convex functions for
which dom(g∗+) = X ∗+ and* (172) holds for g = g± and λ = ‖τ±‖∞.
([) P[ ∈ R and the set M[ ⊆ X ∗+ is nonempty, norm-bounded and weak∗-compact.
(]) P] ∈ R and the set M] ⊆ X ∗− is a nonempty, convex, norm-bounded and weak∗-compact subset of
dom(g∗−).

Proof. By Lemma 3.20 (][), M[ ⊆ B+(0, R) ⊆ X ∗+ is norm-bounded. From Lemma 3.21 ([) and
the weak∗ compactness of B+(0, R) one concludes that P[ ∈ R and that M[ is nonempty and weak∗-
compact. Mutatis mutandis for that case (]), thanks to Lemmata 3.20 ([]) and 3.21 (]). M] is convex,
because P ] is convex, thanks to Lemma 3.21 (]). Note that M] ⊆ dom(g∗−), because P] < ∞ and
P ](y−) =∞ when y− /∈ dom(g∗−) 6= ∅.

3.7 Appendix
This appendix contains some useful standard results. These could help non-specialists to understand
the present paper more easily. We present the von Neumann minimax theorem (Section 3.7.1) and the
Choquet theorem (Section 3.7.2).

3.7.1 The von Neumann minimax theorem

This theorem was first proven by John von Neumann in 1928 [63]. He proved it in relation to two-
person zero-sum games. This laid the foundations of game theory, even if the theorem has applications
that go far beyond this field of mathematics. It gives a general criterion for the existence of saddle
points.
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Recall first that saddle points are defined as follows: Let M and N be two sets. The element
(x0, y0) ∈M ×N is, by definition, a saddle point of the real-valued function f : M ×N → R if

sup
y∈N

f (x0, y) = inf
x∈M

sup
y∈N

f (x, y) = sup
y∈N

inf
x∈M

f (x, y) = inf
x∈M

f (x, y0) .

A saddle point (x0, y0) ∈M ×N in particular satisfies the equalities

f(x0, y0) = inf
x∈M

sup
y∈N

f (x, y) = sup
y∈N

inf
x∈M

f (x, y) .

The von Neumann minimax theorem, which is used here in an essential way, refers to the following
statement about the existence of saddle points of functions on topological vector spaces:

Theorem 3.24 (von Neumann)
LetM andN be two (nonempty) compact convex space. Assume that f : M×N → R is a real-valued
function such that, for all y ∈ N , the mapping x 7→ f(x, y) is convex and lower semicontinuous,
whereas, for all x ∈ M , the mapping y 7→ f(x, y) is concave and upper semicontinuous. Then there
exists a saddle point (x0, y0) ∈M ×N of f .

There are many different proofs of this assertion available in the literature and we recommend, for
example, [4, Chapter 8] for a concise review on two-person zero-sum games, including a proof of the
von Neumann minimax theorem [4, Theorem 8.2].

3.7.2 The Choquet theorem

A classical result of Minkowski’s states that, in finite dimensions, any element x ∈ K in a (nonempty)
compact convex subset K ⊆ X can be decomposed into a convex combination of a finite number of
extreme points x̂1, . . . , x̂k ∈ E(K), that is,

x =
k∑
j=1

λjx̂j , (177)

where λ1, . . . , λk ≥ 0 are positive numbers satisfying Σk
j=1λj = 1. Recall that the extreme points

of a convex set are the elements that cannot be written as (non-trivial) convex combinations of other
elements in K. Their existence is ensured for all compact sets in a locally convex spaces X . In fact, it
is well-known that in this case, any compact convex setK ⊆ X is the closure of the convex hull of the
(nonempty) set E(K) of its extreme points, according to the Krein-Milman theorem [57, Theorems
3.4 (b) and 3.21].

To the decomposition (177) we can naturally associate a probability measure, i.e., a normalized
positive Borel regular measure, ξ on K: Take the probability measure ξx on K defined by

ξx
.
=

k∑
j=1

λjδx̂j

with δy being the Dirac (or point) measure27 at y and rewrite (177) as the following (weak) integral

x =

∫
K

x̂ ξx (dx̂) . (178)

That is, the point x is the so-called barycenter of the probability measure ξx. This notion is defined
in the general case as follows (cf. [55, p. 1]):

27δy is the Borel measure such that for any Borel subset B ∈ B of K, δy(B) = 1 if y ∈ B and δy(B) = 0 if y /∈ B.
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Definition 3.25 (Barycenters of a measure)
Let X be any real topological vector space, K ⊆ X a nonempty compact subset and ξ a (Borel)
probability measure on K. An element x ∈ X is a barycenter of ξ if, for any continuous linear
functional x∗ ∈ X ∗,

x∗ (x) =

∫
K

x∗ (x̂) ξ (dx̂) .

Note that if X if locally convex then ξ has at most one barycenter, for X ∗ separates the points of
X , and in this case we refer to the barycenter of ξ. Its existence is ensured by the following result [55,
Propositions 1.1–1.2]:

Proposition 3.26 (Existence of barycenters)
Let X be any locally convex vector space and K ⊆ X a nonempty compact subset. If the closed
convex hull coK ⊆ X is also compact, then every normalized Borel measure on K has a (unique)
barycenter. Additionally, for all x ∈ X , x ∈ coK iff x is the barycenter of some (not necessarily
unique) probability measure on K.

The Krein-Milman theorem says that any nonempty compact convex K ⊆ X of a locally convex
vector space has extreme points forming a set E(K) which satisfies K = co E(K), see [57, Theorems
3.4 (b) and 3.21]. In particular, by Proposition 3.26, any element x ∈ K is the barycenter of some
normalized Borel measure on the closure E(K) of the set E(K) of all extreme points of K. In
infinite dimension one generically [22] has that E(K) = K and this property is thus useless in such
a situation. If the relative topology of the given compact subset K ⊆ X is metrizable, the Choquet
theorem strengthens the Krein-Milman theorem by stating that the measure representing an arbitrary
element x ∈ K as its barycenter can always be chosen such that it is supported in E(K) (and not just
in the closure E(K)). Indeed, in this case, E(K) is a Borel set [55, Proposition 1.3]:

Lemma 3.27 (Extreme points form a Gδ-set)
Let X be any topological vector space and K ⊆ X a compact convex subset. If the relative topology
of K is metrizable, then E(K) is a Gδ-set with respect to the relative topology of K. In particular, it
is a Borel set.

We are now able to state the Choquet theorem, first proven in 1956 by Gustave Choquet [26]:

Theorem 3.28 (Choquet)
Let X be any locally convex vector space and K ⊆ X a nonempty, compact and convex subset,
whose relative topology is metrizable. For any x ∈ K, there is a (not necessarily unique) probability
measure ξx on K, which is supported on E(K) ⊆ K (i.e., ξx(K\E(K)) = 0) and whose barycenter
is x.

We recommend [55] for a concise review on the Choquet theorem and its generalization to non-
metrizable cases. The Choquet theorem stated above is proven on page 14 of these lecture notes
[55].

Such a measure ξx, as given by Theorem 3.28, is called here a Choquet measure associated with
the element x ∈ K. If any point x ∈ K has exactly one associated Choquet measure then the convex
subset K ⊆ X is a so-called Choquet simplex.
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