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Abstract

Bogoliubov’s 1947 approximation, originally developed in the microscopic theory of superflu-
idity, laid the foundation for solving previously intractable quantum models and later became part
of “quantum mathematics”. Regarding mathematically rigorous results, one of its most advanced
forms — the only one that handles quantum equilibrium states — was published in the Memoirs of
the AMS in 2013. Building on key results from convex analysis, the present work significantly
extends it to obtain a general mathematical theory that enables nonlinear variational problems
on convex compact spaces to be fully studied via a linearization process, referred to here as the
“Bogoliubov linearization”. This problem is particularly timely, given the current development
of quantum algorithms and computers, which are inherently linear machines. A deep connection
with the optimal transport is also proven. As a paradigmatic example of application, the approach
proposed here is applied to the nonlinear thermodynamic formalism — an emerging field that can
have important impacts on various fields of mathematics, such as ergodic transport, the fractals
and multifractal formalism, discrete-time linear dynamics, C*-algebras, etc. Notably, even in
the case of finite alphabets the obtained results go beyond the scope of the existing literature in
nonlinear thermodynamic formalism.
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optimal transportation, non-cooperative equilibria.
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1 Introduction

1.1 Abstract theory of Bogoliubov linearizations

Nonlinear variational problems appear in such a wide variety of mathematical contexts that it would
be difficult to provide an exhaustive list. Their interest lies in the wide range of applications in the real
world, such as in physics, biology, engineering and economics, for systems governed by principles
of equilibrium and optimality in the presence of nonlinear effects. From a mathematical perspective,
nonlinear variational problems stimulate the development of sophisticated analytical techniques, such
as compactness methods, variational inequalities and critical point theory. They also promote signifi-
cant connections between functional and convex analysis, partial differential equations, geometry, as
well as other areas of mathematics.

Although general approaches for studying them exist, such as the celebrated catastrophe theory,
nonlinear variational problems are generally very difficult to analyze rigorously. In this paper, we
propose a general method to study variational problems of the form sup F (K'), where F : K — R is
a nonlinear function defined on a compact convex Hausdorff space K. This is done in the scope of
convex analysis. Indeed, given two real normed spaces X, the nonlinear functionals I we consider
are of the form

F=f—-g-or_+gioTy,

where f : K — {—oo}UR is an upper semicontinuous concave function, 7 : K — Xy are
two continuous affine transformations and g+ : X, — R are two lower semicontinuous and convex
functions whose Legendre-Fenchel transforms, g7, have a full domain' and grow sufficiently fast at
large arguments. This situation is very general, as discussed in Remarks 3.5 and 3.6. For example,
any C''-functions on a compact subset of R" (N € N) can be represented as the difference of convex
and continuous functions. See Remark 3.6. In applications, f, —g_ o7 and ¢, o 7 typically refer to
an entropy, a nonlinear attractive and a nonlinear repulsive interaction term, respectively.

'A slightly more general assumption for g_ can be used. See Condition B2 of Section 3.3.



Note that even if the function f is a priori only concave (rather than affine), our primary focus is
on the nonlinearity introduced by the functions g.. In fact, one might wonder why we do not include
—g_ o7_ in the term f, given that they are both upper semicontinuous and concave. The advantage
of splitting I into three parts, f, —g_ o7_ and g, o7, becomes apparent when the Legendre-Fenchel
transform of ¢} and certain associated linear variational problems can be easily controlled. This is
the raison d’étre of Bogoliubov linearizations. We demonstrate the effectiveness of this method by
applying it to the nonlinear thermodynamic formalism. However, our new approach has a much wider
range of applications.

In fact, it originates from a study of quantum lattice systems at equilibrium, which was published
in the Memoirs of the AMS in 2013 [18] and has been extensively developed here. We prove in
Theorem 3.8 that

supF (K) = sup inf {supGy,, (K)+g¢"(y-)—g;(ys)} =P €R, (1)
y+EX] Y- EXT
where G, , = f—y_o7_+yyo7,,y+ € XL, which are named the Bogoliubov linearizations

of IF here. Solutions to these variational problems are studied in detail, see again Theorem 3.8. For
instance, we obtain the following unexpected result:

Er = {u € K+ 3(1;)jes © K with lim 1, = rand lim F(u,) = P"} —{peK :F(u)=r)},

keeping in mind that [ is generally not upper semicontinuous. Additionally, this set is compact
and its elements are self-consistent solutions to associated linear variational problems. Indeed, as
can be seen from Equation (1), the nonlinear? problem can be studied through the family of linear?
variational problems

PL(ys,y-) =sup Gy, (K),  yr € XL, )

This is achieved by determining beforehand the solutions z, € X7 to the sup,, . X inf, cx+ in (1).
There is in particular a canonical two-person zero-sum game associated with the maximization of F,
the payoff function of which is given by the nonlinear approximating pressure

P (Y4, y-) = Pu(y,y-) +9° (y-) — 9% (y+) -

This game is studied in detail in Section 3.4 because it itself has interesting applications, as shown
in Section 2.7.4 in the context of the thermodynamic formalism or in [18, 21] for lattice quantum
systems.

In Section 3.5, we explain how generalized nonlinear equilibrium states

1 € Gy =co(Ey) C K

can lead to distributions (at equilibrium) of order parameters* for the system under consideration,
which is an important concept in physics, related to phase transitions. In this context, we show that,
for any given order parameter distribution at equilibrium, the nonlinear pressure sup F(K) can be

’The nonlinearity here refers to the functions g.; .

3The function f is not necessarily linear. It is the functions g4 that are linearized, being replaced by y1 o74 in G, R
We nonetheless refer to sup G, ey (K) as a “linear” variational problem, because nonlinearity is represented here by g ;
furthermore, in statistical mechanics the function f represents an entropy functional (typically the entropy per unit volume
of space-invariant states) that is usually both concave and convex in the thermodynamic limit, and is therefore affine. See,
for example, the application of this method to nonlinear thermodynamic formalism, as explained in this paper.

“The term “order parameter” originates in physics and refers to a quantity that measures the degree of order in a system,
distinguishing different phases of matter. It is expected to exhibit different behavior at phase transitions. In the context of
mean-field theory, it refers to the c-number substitution that arises from the mean-field approximation. A typical example
of an order parameter is the magnetization density in spin systems.



exactly recovered from a Monge-Kantorovich (transportation) problem [65, page 10] associated with
these distributions, the cost function of which is nothing but the nonlinear approximating pressure
Py, defining the above thermodynamic game. This observation is very useful because of the cele-
brated Kantorovich dual problem [65], for which various high-performance numerical tools are avail-
able. Moreover, in usual applications, the distributions at equilibrium of order parameters are simpler
mathematical objects than general equilibrium states. In fact, typically, the former are probability
distributions in some compact subset of a finite-dimensional space, whereas the latter are positive
functionals on some infinite-dimensional C*-algebra.

Optimal transport is a fundamental theory that has numerous applications in fields such as eco-
nomics, machine learning, fluid dynamics, signal processing, mechanics, etc. Therefore, in Theorem
3.16 we prove the Kantorovich dual problem for sup F(K), thereby establishing a link between non-
linear equilibria and this theory. To our knowledge, this is a new result. For more details we recom-
mend Section 3.5, which could even be a starting point for further developments in optimal transport
theory. Indeed, our aim is not to present here a detailed analysis of the associated optimal transport
problem, but rather to build a fundamental connection between the maximization of real-valued func-
tions [F on compact convex spaces and the dual Kantorovich problem, thereby opening the door to
entirely new mathematical and numerical developments.

Moreover, as the frontiers of quantum computing and high-performance processing continue to
expand, the ability to effectively linearize complex problems is becoming increasingly important. Our
approach, based on Bogoliubov linearizations, offers an alternative to conventional tools used nowa-
days for dynamical systems, such as the Carleman or Koopman methods and perturbation / Taylor
expansions [30, 34]. It thus unlocks a new framework for solving nonlinear variational problems of
paramount importance at present.

1.2 The nonlinear thermodynamic formalism of dynamical systems

In this paper the paradigmatic example of application is the nonlinear thermodynamic formalism,
a relatively new area of mathematical research: It appears in a series of seminal papers [45, 46, 7,
25, 42], which introduce a rigorous approach to studying several questions in mean-field theory of
classical statistical mechanics, in particular in relation to the Curie-Weiss-Potts models.

The linear thermodynamic formalism, in the Bowen-Ruelle-Sinai sense (see, e.g., [49]), is a com-
paratively old but still extremely active area of mathematics. See [13, 54, 37, 40, 6, 58, 24, 8, 49,
67, 28]. As explained in [49], it has numerous ramifications towards other fields of mathematics,
such as the ergodic transport, the fractals and multifractal formalism, discrete-time linear dynamics,
C*-algebras, Haar systems, groupoids and quasi-invariant probabilities for cocycles, mathematical
statistics, etc.

In 2023, Buzzi, Kloeckner and Leplaideur [25] explained how the nonlinear thermodynamic for-
malism can be understood from the linear one. Our aim is the same, but we take a completely
different approach with our general theory of Bogoliubov linearizations. Indeed, similar to Buzzi-
-Kloeckner-Leplaideur’s method [25], the theory of Bogoliubov linearizations transforms the nonlin-
ear problem into a family of linear ones. As explained above, this is achieved at the expense of some
self-consistency condition, which can, however, be effectively studied in the linear thermodynamic
formalism, as already demonstrated in [20] for some explicit examples.

This corresponds to Theorem 2.17, which allows us to determine equilibrium measures via the
so-called thermodynamic game discussed above. In fact, this game is shown in Theorem 2.21 to
have a direct and general interpretation in terms of (nonlinear) equilibrium measures. As explained in
Section 2.3, the case of Holder potentials in linear thermodynamic formalism remains a very general
situation and has excellent mathematical properties. For example, in this case (linear) equilibrium
measures are always unique and ergodic (see [50, 1]). We thus apply Theorem 2.17 to a nonlinear



version of this situation and obtain a much stronger result in Corollary 2.18 (see also Corollary 2.22).

We study the nonlinear thermodynamic formalism here via its linear version, as Buzzi, Kloeckner
and Leplaideur did in [25]; however, in our view, our method is simpler and more transparent. This
allows us to reach the same conclusions under much more general assumptions, as well as derive
new results, such as Theorems 2.17 and 2.21. See Section 2.6 which compares Buzzi-Kloeckner-
Leplaideur’s approach with ours. See also Conditions TF1-TF3 of Section 2.7.1.

Last but not least, with regard to the mathematical scope, it should be noted that the (symbolic)
space considered in relation to the thermodynamic formalism is the set of all (infinite) sequences
in an alphabet €2, which is not necessarily finite but is only assumed to be compact with respect to
some metric. Despite the great importance of this more general case in applications — such as in the
classical XY model — the mathematical literature remains sparse. This has made it necessary to pro-
vide proofs for several fundamental results which, although anticipated, are essential to our analysis.
In particular, we define the entropy via (transfer) Ruelle operators and make the connection with a
thermodynamic limit of finite volume entropies, thanks to [1]. We also introduce new concepts, such
as A-functionals. We believe that, in addition to establishing a very general mathematical founda-
tion for the Bogoliubov linearization method, which stems from a long tradition in statistical physics,
the present work provides a solid basis for developing the nonlinear version of the thermodynamic
formalism for compact metric alphabets.

1.3 Structure of the paper

To summarize, Theorems 2.17, 2.21, 3.8 and 3.16, as well as Corollaries 2.18 and 2.22, are the main
results of the paper, which is divided into two main parts:

e Section 2 explains the thermodynamic formalism, including Buzzi-Kloeckner-Leplaideur’s sem-
inal approach [25] to its nonlinear version, in Section 2.6. We begin with this example to di-
rectly illustrate a concrete application of our abstract theory of Bogoliubov linearizations. This
example is indeed pedagogical and even paradigmatic, with a very general scope of application.

e Section 3 presents our general abstract theory of Bogoliubov linearizations, which could prove
very useful in many other contexts. Note that in Section 3.2 we provide a more detailed expla-
nation of why it was named after Bogoliubov.

Each of the two main sections ends with a more technical subsection and an appendix that compile
mathematical assertions used in this work. The results presented in the two appendices are either
standard, largely unknown (e.g., Theorem 2.40) or new. This makes the paper self-contained and
accessible to a wide audience.

2 Paradigmatic Example: Nonlinear Thermodynamic Formal-
ism of Dynamical Systems

The thermodynamic formalism is an old subject in strong connection with dynamical systems and
ergodic theory. See, e.g., Ruelle’s book [58] which first systematized this theory in 1978. It re-
mains an extremely active and important area of mathematics. See, for example, the book [70]
that emerged from a semester in 2019 at the Centre International de Rencontres Mathématiques
on “Thermodynamic Formalism: Applications to Probability, Geometry and Fractals”. It has in-
deed numerous ramifications across other areas of mathematics, including: the ergodic transport,
the fractal and multifractal formalism, discrete-time linear dynamics, C*-algebras, Haar systems,
groupoids, quasi-invariant probabilities for cocycles, mathematical statistics, etc. For example, it has



been known since the 1980s that the Hausdorff dimension of the support of a probability measure
can, in certain cases, be determined through the derivative of a (linear) topological pressure. See, e.g.,
[47]. For various references and examples of works connected to the thermodynamic formalism, see
[13, 54, 37, 40, 6, 58, 24, 8, 49, 67, 28].

In recent years, approaches to study questions in mean-field theory from the ergodic viewpoint
were introduced, in particular for the Curie-Weiss type models. These results constitute the founda-
tions of a new area called the nonlinear thermodynamic formalism [45, 46, 7, 25, 42]. As explained
in [25], the nonlinear version of the thermodynamic formalism has been also considered in relation to
the multifractal analysis [28].

As it turns out, there is an intricate relationship between the nonlinear formalism and the linear
one. For compact metric alphabets, in the case of convex and concave nonlinearities, or a combination
of both, we present a new method inspired by “quantum mathematics” to solve this problem effec-
tively. In fact, the link between both formalisms is made via a min-max principle which leads to the
concept of thermodynamic games, the cooperative equilibria of which provide a complete classifica-
tion of the nonlinear equilibrium measures of a given nonlinear (topological) pressure as equilibrium
measures of self-consistent (effective) linear pressures.

The general (abstract) version of this method is postponed to Section 3. To motivate it, we first
present its application to the nonlinear version of the thermodynamic formalism as paradigmatic ex-
ample. Although the nonlinear thermodynamic formalism is a known subject, our approach introduces
new developments in the form of a novel yet natural variational problem on probability measures (Sec-
tion 2.7.4). Even in the case of finite alphabets our results cover a more general class than the current
literature in nonlinear thermodynamic formalism [45, 46, 7, 25, 42].

To make the paper self-contained, we begin with the mathematical framework of the symbolic
dynamical systems formalism.

2.1 Mathematical framework

Alphabet. Let (€2, d) be any compact metric space. It represents a general (possibly infinite) alphabet.
For simplicity and without loss of generality, we assume that

max d(2 x Q) = max {d (wy,ws) : w1, ws € Q} =1, 3)

i.e., 2 has normalized diameter. In addition, we set an arbitrary a priori probability measure m, which
is fixed once and for all, on the Borel o-algebra of the alphabet (2, d). Recall that such a measure is
always regular, for the alphabet is a metric space. Below, it is important to assume that m has always
support equal to 2.

Infinite strings. From the compact metric space {) we construct the compact® topological space
¥ = N as the set of infinite strings in the alphabet 2 endowed with the product topology. A standard
basis of the topology of X is given by the collection of cylinders, defined for any N € N and finite
sequence (1, ..., Oy of open sets of (€2, d) by

[01,...,ON]i{a:(wn)neNEE:wl601,...,wN€ON}QZ.

Fix once and for all throughout the paper a parameter n € (0,1). Then, a metric generating the
topology of X can be defined by

dy(0,0) = (1= S dwnwl) . 0= @0 = @en €5, @)

neN

31t is compact, by Tychonoff’s theorem [57, Section A.3].



Note that the metric is defined to satisfy the normalization
max d, (X X X) = max{d, (01,02) : 01,02 € ¥} =1,

given a fixed parameter 7 € (0,1). Observe that [54, Proposition 1.2] shows that results for equi-
librium probabilities on 0% can be derived from the ones obtained in QY, which are studied here.

Real-valued functions on strings. C'(3) = C'(X; R) is the Banach space of all real-valued continu-
ous functions endowed with the supremum norm:

[olle = l¢lls =suple (X)] =sup{lp (o) :0 €}, el (X).

Ct(X) = Cp(%; R) denotes the subspace of all continuous functions ¥ — R that are supported in
some cylinder [Oy, ..., Oy]. Itis a dense subspace of C'(X).
For any « € (0, 1],

C*(X)=C*(%5R) = {9 € C(X):3C > 0sothat |p (o) — ¢ (0')] < Cd, (0,0")" foro,0’ € T}

is the space of all real-valued a-Holder-continuous functions with respect to the metric d,,. We use in
this space the so-called Holder norm

Il = el + s {dy(0,0) @) —e@)} . weC (®, O

o,0'€X, oFo’

with respect to which C*(X) is a Banach space. Note also that C¢(X) C C*(X). In particular, C*(X)
is a dense subspace of C'(X).
Some of our results require the use of the unit closed ball

S={peC®): ¢l <1} CC(¥) (6)
of the Banach space C'(X) of continuous functions. S is endowed with the uniform metric

ds(o,¢) =l — ¥l - 0,0 €8S.

Note that S is a separable metric space, C'(X) being a separable normed space. Then, M(S) =
M(S;R) denotes the Banach space of bounded, real-valued Borel-measurable functions S — R with
the supremum norm:

[flloe = [fllse,s = sup[f (S)] = sup{[f (0)] : o€ S}, feM(S).

Shift-invariant probability measures on strings. The so-called shift mapping T : > — 3 is defined
by
T(0),=wnt1, NEN, 0= (wn),en€ED. %)

Clearly, T' is continuous and in particular Borel measurable. Then, a probability measure x on the
Borel o-algebra of ¥ is, by definition, T-invariant when T, () = u, where T, (u) stands for the
pushforward of the measure ;. with respect to T, i.e., Ty (u) (B) = u(T*(B)) for any Borel set
B CY.

As Y is a metrizable compact space, by the Riesz-Markov-Kakutani representation theorem, one
can identify the space of Borel measures of finite variation on X with the (topological) dual space
C(X)* of the Banach space C'(X). See, e.g., [3, 14.15 Corollary]. P C C(3)* denotes the convex
space of all Borel probability measures on > and the convex set of T-invariant ones is denoted

P(T)={peP:Tupn) =pn} . @®)

7



It is a weak*-closed subset of P and, since P is weak*-compact, P (T') is also weak*-compact. Notice
that the weak* topology of P and, consequently, that of P(7"), is metrizable, because the Banach space
C'(X) is separable, as ¥ is a metrizable compact space.

Thanks to the Krein-Milman theorem [57, Theorem 3.23], P(7’) is the weak*-closure of the con-
vex hull of the (nonempty) set P, (1) of its extreme points, i.e.,

P (T) = 6 Perg (T) .

By the metrizability of P(7") and Lemma 3.27, P, (7") is a Borel set with respect to the weak*
topology. Extreme 7T'-invariant Borel probability measures on ¥, i.e., the elements of Pe, (1), are
the ergodic measures, because of Proposition 2.34. See also [66] for the case of a finite alphabet. In
addition, by Proposition 2.36, the set P, (1") of ergodic measures is a weak*-dense subset of P(7'):

P (T) = 73erg (T) . )

2.2 Entropy for compact metric alphabets

In the literature, entropy is usually only defined for finite alphabets €2, but, motivated by possible
applications to continuous-spin systems, following [50] (see also [1]), we allow the alphabet €2 to be
an arbitrary compact metric space. Entropy is not as well understood in this broader context and much
less literature is available.

To define it, recall that we fix in all the paper an arbitrary a priori probability measure m whose
support is equal to ). It is used to introduce the (transfer) Ruelle operator £y', which is the linear
operator on C' (X) defined, for any ¢ € C'(X) and 0 = (wy,)nen € 2, by

Lo (o) = /ng (woo) m (dwy) woo = (wo, w1,...) € 2.

In the case the alphabet is the finite set {1, 2, ..., k}, it is natural to take the a priori probability measure
m as the normalized counting measure, see [50] for details.

Let CT be the cone of positive functions of C'(Y), i.e., the set of continuous functions 3 — Ry .
Then, the entropy for 7-invariant probability measures is defined as follows:

Definition 2.1 (Entropy)
The entropy of any T'-invariant probability measure is, by definition, equal to

p =t = i { [0 (LD o} werm. ao

Remark that the infimum in (10) is not necessarily attained for some positive function ¢ € C*. In
addition, the entropy is a mapping p — h(u) from P(T') to [—oo,0]. For instance, the T-invariant
measure whose support is a fixed point for 7" is equal to —oo, while

b < [ (55;};)”)) (o) = 0

for any T-invariant probability measure 1 € P (T'), where 1 € C™ is the (constant) function equal to
1.

A useful observation concerns an equivalent definition of the entropy defined above. To state it,
we use a generalization of the Ruelle operator. For a given a-Holder-continuous potential f € C*(X)



(v € (0,1)) and an a priori measure m on 2 whose support is equal to €2, it is defined, for any
¢ € C%(X), by

L7 (p) (o) = / exp( f(woo))p(woo) m (dwy) woo = (wo, w1, ...) € 2.
Q
This Ruelle operator is a linear operator on C'“ (¥). A normalized potential f is, by definition, a
potential f € C*(¥) (o € (0,1)) satisfying L}(1)(0) = 1 for all o € X. Then, we have the
following fact:

Proposition 2.2 (Alternative definition of the entropy)
For the entropy of Definition 2.1, the following equality holds:

v = ant fosrs = [ ronaen}, an

fec*(x)
where Ay is the main (i.e., the largest) eigenvalue of the Ruelle operator L7

Proof. See in [33, Remark 7.8] and [1, Definition 2]. Note that the arguments in [33, Section 7] refer
to a finite alphabet €2, but a close analysis of the proofs shows that only the abstract properties of the
Legendre-Fenchel transform are necessary. Therefore, everything can be done in the same way with
a compact metric space {2 and, in particular, the first equation of [33, Section 7.1] applies to the case
the alphabet is a compact metric space (). ®

By Definition 2.1, the mapping u +— h(u) from P(T') to [—o0, 0] is upper semicontinuous in the
weak™* topology, the entropy being defined as the infimum of weak*-continuous functions (indexed by
¢ € CT). It is additionally affine, thanks to Proposition 2.38. That is, the entropy A is both concave
and convex. See also [66] for the case of finite alphabets. This follows from the concept of specific
entropy given in [1] for compact metric alphabets, along with the characterization of the entropy in
terms of a thermodynamic limit, as given by [1, Theorems 3.1 and 3.4]. See Theorem 2.37. We
elaborate on that in Section 2.9.2.

Remark 2.3 (Alternative formulations of entropy)

Non-dynamical entropies, such as the Gibbs-Boltzmann (or Shannon) entropy (density) can also be
considered. Recent relevant examples include more general forms of entropy on the probability space,
as presented in [51, 52], along with their relationship to the pushforward dynamics (the level-2 set-
ting). There, the authors define an entropy that generalizes the one we use for a compact metric alpha-
bet. [8] defines an abstract pressure and derives a corresponding entropy via the Legendre-Fenchel
transform. In all these variants, the entropy functional remains concave and upper semicontinuous,
ensuring that the results of Section 3 still apply.

2.3 Linear thermodynamic formalism

Given an a priori probability measure m whose support is equal to §2, the so-called topological pres-
sure (pressure for short) 3, () of a continuous function ¢ € C'(X) is defined by

P (p) = 2’%) {hp)+e ()}, (12)
where
= [ p@ute).  nePm).

In this context, the continuous function ¢ € C(X) is called potential. This pressure is nothing else
than the Legendre-Fenchel transform of minus the entropy and, conversely, the entropy is minus the
Legendre-Fenchel transform of the pressure (see [66, Theorem 9.12] for the case of a finite alphabet):

9



Proposition 2.4 (Pressure versus entropy)
Considering the entropy of Definition 2.1, one has

h(p) = @Eig(fz) PBrlw) =}, weP().

Proof. By Definition 2.1, h is concave and weak*-upper semicontinuous, being the infimum of weak*
continuous functions indexed by ¢ € C™. So, the assertion is nothing else than Equation (122) for the
concave and weak*-upper semicontinuous function g on the dual space C'(X)* defined by g = h on
P(T) and —oo otherwise. m

In the thermodynamic formalism (and statistical mechanics of one-dimensional lattices) one is
interested in 7-invariant probabilities y1,, giving the exact pressure B, (¢), i.., satisfying the equality

Py (p,) = sup P (P(T)) , (13)

where
Pr () =h(p) +¢ (), peP(T) .

(Remark that the potential ¢ considered here corresponds to minus the Hamiltonian in statistical
physics.) Such probabilities refer to the following notion:

Definition 2.5 (Equilibrium measures - linear case)
Given a continuous function ¢ € C(X), a probability measure y, satisfying (13) is called a linear
equilibrium measure for .

The set
Ep, ={peP(T): Pp(n) =supP(P(T))} (14)

of linear equilibrium measures is nonempty, weak*-compact and convex, because the mapping ;o +—>
@ () + h () from P(T') to R is upper weak*-semicontinuous and affine, thanks to Proposition 2.38.

When ¢ is of Holder class, i.e., ¢ € C%(X) for some o € (0, 1], the linear equilibrium measure
t, 1s unique and ergodic [50, 1]. The set of all linear equilibrium measures /., for all possible Holder
potentials ¢ is even weak*-dense in P(7), i.e.,

{1, :Ja € (0,1] sothatp € C*(X)} =P (T) .

(In particular one has that the ergodic probabilities are dense in P (T), see (9).) This follows from
[33, Corollary 7.14]. It is easy to see that the proof of this result given in [50, 1] is general enough to
include the case where the alphabet is a compact metric space.

2.4 Nonlinear thermodynamic formalism

A nonlinear version of the thermodynamic formalism is relatively recent. It appeared in a series of
seminal papers [45, 46, 7, 25, 42], which contribute a rigorous approach to studying mean-field theory
in classical statistical mechanics (cf. the Curie-Weiss-Potts models).

In previous works, the nonlinearity is encoded by a continuous function ' : RY — R (N €
N), the arguments of which are the expectation values p (¢;),..., 1 (py) of N fixed a-Holder-
continuous functions ¢, ...,y € C*(X) with respect to a probability measure ;. € P(7T). This
refers to Example 2.6 presented below. Here we consider a significant generalization of what has
been done in the literature on nonlinear thermodynamic formalism by considering nonlinearities that,
instead of depending on a finite vector ¢, ...,y € C*(X) of a-Holder-continuous functions, now
depend on a continuous function on the space C*(¥) of a-Holder-continuous functions. This al-
lows us, for instance, to include Example 2.7, which is the classical analogue of the quantum lattice
systems considered in [18].
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Intuitively, this allows us to use infinite, possibly uncountable, families (¢, )ae; € C*(X) of
Holder potentials to formally define the nonlinear part as F'((i(,,))acs) for any probability measure
p € P(T'). We restrict ourselves to uniformly bounded families (¢, )qcr to avoid innocuous technical
complications and discussions. Since the function F' will be completely arbitrary, we can take (¢, )aer
in the unit ball S C C*(X) without loss of generality (for the uniformly bounded case).

Therefore, for any continuous linear functional p : C'(X) — R, define the continuous bounded
function pug € C(S) = C(S;R) by

ps(@) = ule) peS. (15)

In other words, g is a kind of projectivization of the action of 1 on C'(X). Then, our aim is to study
the variational problem

P (F) = SEFT){}L<M)+F<MS)} : (16)

where F': C(S) — R is some function satisfying

sup F'(ug) < oo. (17)
pEP(T)

(For instance, F' is bounded on the unit closed ball of C'(S). Note that pg is in this ball for all
p € P(T).) Recall that h(u) stands for the entropy of the T-invariant measure ;1 € P (7). The
quantity B(F) is called here the nonlinear pressure of F'.

As an example, if for some fixed a-Holder-continuous potential A € C*(X)\{0} we are interested
in maximizing the quantity

S (A + (1)

over T-invariant measures p € P(7T'), then we take

rn=3 (s () reco. as

Moreover, since the metric d and the function F' are arbitrary, our setting also includes the case
studied by [25], which is described in detail in Section 2.6. The most important cases for applications
in statistical mechanics are probably the following examples:

Example 2.6
Fix N € N, take any continuous function F on RY, along with (normalized) potentials ., ..., oy €
S. Then

F(<P1 ~~~~~ @N)(f)iF(f(gpl),.--,f((pN))7 fEM(S),

defines a continuous function on M(S) that is bounded on bounded sets. This includes the following
important particular choice:

Fug)=p(e) +A(n(pa)’, neP(T),

for any continuous functions® o,,p, € C(X) and X\ € R. In particular, the linear case X\ = 0 is
included.

A priori we should have ¢, p, € S, but a simple change of the definition of the original function F' gives p(;) +
A(p(ip2))? for arbitrary o, 0, € C(X).

11



Example 2.7
Take any finite positive Borel measure a on S, A € R and some continuous function ¢ € S. Then,

FEO () =M @)% [ 107 a@) . FeMs).
defines a continuous real-valued function on M(S) that is bounded on bounded sets.

Similar to Definition 2.5, we define equilibrium measures in the nonlinear thermodynamic for-
malism as follows:

Definition 2.8 (Equilibrium measures — nonlinear case)
A T'-invariant probability measure maximizing (16) is called a nonlinear equilibrium measure.

We show, among other things, that the nonlinear equilibrium measures considered in the paper
[25] fit (under its assumptions) within the above definition. However, our setting covers a much
broader class of models, which are in line with important examples from mathematical physics. These
are related to a convex nonlinearity F',, representing long-range attractive forces, and a concave one
F_, associated with long-range repulsive forces.

Note that the bare existence of a nonlinear equilibrium measure is unclear, depending on the
choice of the function F'in (16). Consequently, the existence of nonlinear equilibrium measures, and
the entire scope of our study, require certain minimum conditions on the nonlinearity F'. These are
the following assumptions:

Condition 2.9

(i) F is the restriction to C(S) C M(S) of the sum of two functions Fy : M(S) — R that are
o-normal, meaning here that, for any bounded sequence ( f,,)nen € M(S) converging point-wise to
f € M(S), one has

n—oo

(i1) The functions F', and F_ are respectively convex and concave.

Under these assumptions, the functions F.. are necessarily continuous with respect to the uniform
convergence in M (S) and they always satisfy (17): Observe that P(7") is weak*-compact and its
weak* topology is metrizable, as C'(£2) is separable (with respect to the supremum norm, €2 being a
compact metric space). In particular it is sequentially compact with respect to the weak* topology.
Furthermore, the weak* convergence of 1 in P(7") implies the point-wise convergence of zig in M(S).
Consequently, the set { F'(ug) : p € P(T)} C Ris (sequentially) compact and thus, bounded.

Typically, in statistical mechanics the convex function F'; represents some mean-field attraction,
while [ represents a mean-field repulsion. This physical interpretation is similar to that given in [18]
for quantum lattice systems. Here we simply refer to the concave and convex parts of the nonlinear
pressure functional P, which is equal in this case to

P(p)=h(p)+F_(us) + Fr (ns) ,  peP(T). (19)

Examples of such a o-normal convex (concave) function F'; (F') for applications in statistical me-
chanics are given by Examples 2.6 and 2.7’ when the real-valued function F, (F_) is additionally
convex (concave) on RY. These situations are included in the following more general example:

"The o-normality of FW “) is a direct consequence of Lebesgue’s dominated convergence theorem.
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Example 2.10

Let X1 be two real normed spaces and g+ : Xy — R two continuous convex functions. Take two
bounded linear transformations 01 : M(S) — X4 that are o-normal, as explained in Condition 2.9
(i). Then define F. = +g. o 0., which are functions that are o-normal. F, and F_ are obviously
convex and concave, respectively.

The above examples Fj([‘Pl"""pN ) and Fj(t ) refer to the (real normed) spaces Xy = RY and Xy = R x
L*(S, a), respectively, with obvious choices for the convex functions g and the linear transformations
H:I:-

Under Condition 2.9 the nonlinear pressure functional P : P (1)) — R of a T-invariant measure is
weak*-upper semicontinuous, observing that the mappings p — Fy (pug) from P (T') to R are weak*-
continuous and the entropy h, weak*-upper semicontinuous. Therefore, the variational problem (16)
has maximizers and the set

Ep ={peP(T): P(p)=sup P (P(T))} (20)

of nonlinear equilibrium measures forms a (nonempty) weak*-compact and metrizable set, thanks to
the metrizability of the weak* topology in P(T"). However, unlike the linear case (cf. (14)), this set is
not necessarily convex if the functional F' is not at least concave. This contrasts with the linear case,
for which F' is affine (i.e., both convex and concave).

2.5 Generalized equilibrium measures

The non-convexity of the set Ep (20) of nonlinear equilibrium measure can be highly problematic
in physical applications, since, in this case, the (convex) mixture of two equilibrium states would no
longer be a new equilibrium measure, as physically expected. The same issue occurs for quantum
spin systems or fermions on lattices in the presence of mean-field interactions [18]. In other words,
physically, one should not only consider equilibrium measures as being the solutions to the nonlinear
pressure, but also any convex combination of them should be an equilibrium measure. This refers in
the present work to generalized nonlinear equilibrium measures. See Section 2.9.3 and [18, Definition
2.15 and Theorem 2.21].

Definition 2.11 (Generalized nonlinear equilibrium measures)
A generalized nonlinear equilibrium measure is any element of the weak*-closed convex hull Gp =
¢o(FEp) of the set Ep of (usual) nonlinear equilibrium measures.

G p is in particular weak*-compact and convex. Thus, by the Milman theorem [55, Proposition
1.5], generalized nonlinear equilibrium measures that are extreme in Gp must belong to the weak*-
compact set F'p. In other words, extreme generalized nonlinear equilibrium measures are always usual
nonlinear equilibrium measures. Then, by the Choquet theorem (Theorem 3.28), for any y € Gp,
there is a probability measure m,, on Ep such that

= [ o,
Ep

i.e., the generalized nonlinear equilibrium measures are nothing but the barycenters of probability
measures on the set of (usual) nonlinear equilibrium measures. See Definition 3.25 and compare also
with Corollary 2.30.

We use the terminology “generalized nonlinear equilibrium measure” because of the property
stated in Theorem 2.21 (ii), which establishes a precise relationship between these measures and
the maximization of an affine functional (3°) that naturally appears in our setting for the nonlinear
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thermodynamic formalism. This approach is inspired by the study of quantum lattice systems done
in [18], in which the affine functional is canonical from a thermodynamic point of view, being the
function that determines the properties of such quantum systems at equilibrium.

To explain this in a simple way, we come back to Example 2.6 above. Let m be any fixed a priori
probability measure on the character set (€2, d), whose support is equal to €2, as in Section 2.2, and
mg, € P (T') the corresponding product (probability) measure on the symbolic space 3 = Q. Notice
that mg, is even ergodic. Let further

En[tp]in_l(go—l—QDOT-‘r"'-i-gDOTn_l), neN, peC(X), 201

be the normalized Birkhoff sums of continuous potentials ¢. Then, for any n € N, the corresponding
Gibbs measure on C'(X) is defined for any ¢ € C(X) by

n . 1 o),....En o " (E,, 0),..,[Epn o
Mg%bs (p) = ) / e+ Enl21] (@) Enon] (@) + - Enlr) (@), Enlon)0) o (5 )myg, (do) |
Gibbs ¥ >n
where ¢4, ..., @ are the potentials of Example 2.6 and
o / o+ Ealir)(0)o Enlon)(0) - Bl @) Balon| @Dy (dgr)

n

Then, using Varadhan’s lemma one shows [20] that the following limit exists and is given by a varia-
tional problem on the set of 7T-invariant probability measures:
lim n ' n 28, =sup§ (P (T)) , (22)
n—oo
where 3’ : P (T) — R is the affine, albeit not necessarily weak*-upper semicontinuous, functional
defined below by (47) and named here the affine nonlinear pressure. Keeping in mind that P(7) is

sequentially weak*-compact, the set of approximated maximizers of this variational problem is then
defined by

By = {0 € P(T): 3 (1) e © P (T) with Tim g1, = pand lim § () =sup§ (P (7))} |
(23)
where the limit of 7T-invariant probability measures refers to the weak™ convergence. This set is
nothing but the weak*-closed convex hull Gp = ¢o6(Ep) of Ep:

Proposition 2.12 (Generalized equilibrium measures)
Fix N € N, take any convex (concave) real-valued function F, (F_) on RN, as well as norm-one

potentials p,, ..., o5 € S, and define the continuous function Ff“"’“"” )

as in Example 2.6. Then,

Proof. The assertion is a direct consequence of Theorem 2.29. m

Observe that weak*-accumulation points of probability measures (ugﬁibs o E,)nen always belong
to Gp = Ey, but not necessarily to £p. This last property is proven in [20] and we omit the details
here because we are solely interested in the variational problems themselves, with no (extended)
thermodynamic considerations other than those presented above for pedagogical reasons.

In fact, Theorem 2.29 is a pivotal result in this context, which can be used to generalize Proposition
2.12 beyond Example 2.6, i.e., for any o-normal functions Fy : M(S) — R, with F, and F_ being
respectively convex and concave. This generalization is not considered in the present section to
avoid repeating essentially the same arguments in a case that is more complicated to explain properly
and, therefore, much less pedagogical. In fact, Proposition 2.12 already shows us that the notion of
generalized nonlinear equilibrium states is the correct one for describing the thermodynamic limit of
nonlinear systems at equilibrium.
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Remark 2.13

Buzzi, Kloeckner and Leplaideur [25] already explain how to obtain nonlinear equilibrium measures
from an affine pressure, but their approach is very different from the one that leads to the affine
pressure §° presented above. Compare (79) below with (25)—(26). In fact, the arguments used by
these authors are reminiscent of the Bogoliubov linearization, which is explained below. However,
they do not exploit it to the fullest extent, which is what we propose to do here.

2.6 Buzzi-Kloeckner-Leplaideur’s approach to nonlinear pressures

In 2019, Leplaideur and Watbled [25] pioneered the study of nonlinear topological pressure through
an affine pressure. Considering a generalized Curie-Weiss model, they investigated the special case
of quadratic non-linearity. In 2023, in the context of Example 2.6 Buzzi, Kloeckner and Leplaideur
[25] show how nonlinear equilibrium measures can be obtained from an affine pressure. In fact, given

N €N, ¢,...,ox € C(X) and a real-valued continuous function F' on some set U C RY (cf.
Example 2.6) containing the compact convex set
{(nler), - plon) peP(M}CU, (24)

observe that

sup P (u) = sup {F(u(p1),....pnlen)) +h(p)}=sup{F(z)+h(z)} , (25
neP(T) neP(T) zeU

where

h(z) =sup{h(u):p € P(T) suchthat z = (u(py), ..., nlon))} -
The variational problem (25) (used in [25]) is a particular case of (16), in accordance with Example
2.6.

By [25, Proposition 3.3], solutions /., to this last variational problem are linear equilibrium mea-
sures v for some linear combination y;; + - - - + yn@y, 1.€.,

p(”??/la"'a!/N) = Sup p(/’bayla"'ayN> = P(yla"'7yN) ) (26)
weP(T)
where
Pys, - yn) = h(p) oy (o) + - +ynvplen), Y- yn €RY, pe P(T) .
By [25, Theorem C], all the values of yy,...,yy to be taken to maximize the nonlinear pressure

functional P in (25) are obtained from the maximizers in U C R of the variational problem on the
right-hand side of Equation (25), in the following way: Define the gradient VP : RY — R by

VP (y1,....yn) = (0, P (y1,- .. un) -, Oy P (11, uN)) -

Then, we must take all possible (y1,...,yy) € Y = (VP)™" (V) in (26), where

VY = {ceRN : F(c) +h(c) = sup {F(z)—l—h(z)}} , (27)

2€RN

in order to obtain all nonlinear equilibrium measures, i.e., maximizers of P (see the left-hand side of
the variational problem (25)), as linear equilibrium measures v of (26). This is done for C''-functions
F.

The authors get interesting results, but there are however several drawbacks: First, the computation
of the set V looks highly nontrivial for general C*-functions F. It requires, in particular, a good
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control of the entropy function h, which is minus the Legendre-Fenchel transform of the pressure
function P. Then, one has to be able to compute the preimage of the set V trough the function VP,
which is again another nontrivial task, in general.

Below we present a more effective method related to the Bogoliubov linearization, which is ex-
plained in detail and great generality in Section 3. As applied to the setting of [25, Theorem C], this
method allows us to study the variational problem (25), but the corresponding set ) is obtained much
more straightforwardly than in [25, Theorem C], by means of a simple variational problem that takes
advantage of the convexity or concavity of the function /. Summarizing, via the Buzzi-Kloeckner-
Leplaideur’s method,

sup P (u) = P ()
neP(T)
for some T-invariant measure yi, € P (T') satisfying so-called self-consistency equations /1.(¢;) = c;,
je{l,...,N}, and
sup p (p; y1s - Yn) = P (e Yo - YN)
reP(T)
for some ¢ € Vand y1,...,yny € ¥ = (VP)"' (V). Theorem 2.17 below yields essentially the
same result, but it does not require explicit knowledge of the set V, which avoids the need to study
a variational problem involving the highly non-trivial entropy function h (z). Instead, the numbers
Y1, - - - ,yn are computed from a variational problem involving only linear pressures and the Legendre-
Fenchel transform of F'.
To get a first intuitive idea, let us assume for simplicity that F' is convex and satisfies

F(z) = i {(z,0)ga = F" (x)}  with  F"(z) = s {(z,2)pa = F(2)} . (28)
Then
Sup P(p) = s {F(2)+h(2)} = sup sup {(z,2)ga +h(2) — F" (2)}
= sw {P(z) - F"(z)} = sup nf (P (2) = (2, 2)pa + F(2)} -

In particular, if one can interchange the last sup over z € RY and inf over z € R”, then
sup P(p) = inf sup {P(z) — (z,2)pa + F (2)} = inf {P(y) — (y,2)pa + F (2)}
peP(T) z€RN RN z€RN

= P@) = (W 0pa+ F (o)

with y being chosen so that

P (y) — (y, 2)ga = sup {P () — (2, 2)pa} -

z€RN

In the same way, c is chosen so that

P(y) = (9 chga + F(0) = inf {P(y) — (g, 2+ F ()}

In particular, VP(y) = ¢, ie, y = (y1,...,yn) € (VP) " ({¢}). Compare with [25, Theorem C]

andyq,...,yy € YV = (VP)_1 (V) above. Equation (28) refers to the Legendre-Fenchel transform of
the convex functions ' and F™, see Section 3.1 below.

Our method makes this heuristics rigorous. In fact, the problematic entropy function h(z) is

not used directly in any of our arguments. Instead, we use its Legendre-Fenchel transform, P (z),

which is much more tractable in many important applications. Our method also avoids calculating any
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gradients, but requires the convex and concave parts F. of /' to be separated and written as Legendre-
Fenchel transforms. Since [25] only considers the compact convex set (24) and any C''-functions on
a compact subset of RY (N € N) can be represented as the difference of convex and continuous
functions (see Remark 3.6), our assumptions are much weaker than those of [25]. Moreover, we
provide new results. See Conditions TF1-TF3 of Section 2.7.1, Theorems 2.17, 2.21 and Corollary
2.18. For example, we can handle not only the case of finitely many potentials ¢, ..., @y, as in [25]
or Example 2.6, but also the very general framework of Example 2.10, while making the approach
transparent with regard to the main arguments used in proofs.

2.7 New approach to nonlinear thermodynamic formalism

The sets Fp and Gp = ¢6(Ep) of equilibrium measures are pivotal; see Equation (20), Definitions
2.8 and 2.11. However, it is a priori not clear how useful the corresponding variational principles
defining these sets are to study phase transitions. In fact, it turns out to be more convenient to reduce
the nonlinear thermodynamic formalism to the linear one, for which concrete calculations can often
be performed, similar to Buzzi-Kloeckner-Leplaideur’s approach (Section 2.6).

Our abstract theory of Bogoliubov linearizations, which is explained in detail in Section 3, pro-
vides a systematic approach to this. It generalizes the study conducted in [18] on quantum lattice
systems, which, in this special case, resolves an old open problem addressed by Ginibre in 1968 [32]
concerning the exactness of Bogoliubov approximations of equilibrium states in the thermodynamic
limit. Indeed, in the quantum framework previously studied [18] only the specific case of “Example
2.78” is studied. Our framework here is much more general, encompassing Example 2.10 and thus
going far beyond the quadratic case of Example 2.7.

2.7.1 Bogoliubov linearizations

General assumptions. We study the nonlinear pressure

P(p) =h(p)+F_(ps) + Fy (ns) . peP(T),

for the general case given by Example 2.10. In fact, our abstract theory of Bogoliubov lineariza-
tions would allow us to extend this example even further to functions that are not necessarily of the
FL = +g4 o 0, and even non-o-normal ones. For simplicity, we refrain from making this further
generalization here, bearing in mind that the objective of this section is to illustrate our approach
using the nonlinear thermodynamic formalism as a paradigmatic example.

To present our general assumptions, we use the Legendre-Fenchel transform g* : X* — (—o00, o]
of a function g : X — R defined for a given dual pair (X, X'*) by

g (x)iigg{:v(y)—g(y)} ,  TEXT. (29)

We say that this Legendre-Fenchel transform has minimal linear growth A € R* if

tim — sup  {A[yll, — 9" ()} = —oc. (30)

R—00 e x+\ B(0,R)

where | - ||op denotes the operator norm (see (126)) and B(0, R) is the closed ball of radius R € R*
and center 0 € X* (see (125)). We recommend referring to Section 3.1 for more details. We consider
the following assumptions on the nonlinear energies:

8 Adapted appropriately to the fermionic/quantum spin situation.
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TF1 A are two real normed spaces and 0 : M(S) — A are two linear transformations that are o-
normal, i.e., for any bounded sequence ( f,)n,eny € M(S) converging point-wise to f € M(S),
(0.4(f,))nens converges to . (f) in X

TF2 g_ : X~ — R is a lower semicontinuous and convex function for which there is a positive
radius Ry € R such that {z € X_ : ||z]|op < R, ¢ (2) < oo} is nonempty and weak*-closed
for all R € [Ry, 00). Moreover, g* has minimal linear growth ||6_||,,, in the sense of Equation
(30).

TF3 g, : X — Ris alower semicontinuous, bounded and convex function for which g% (X¥}) C R
and ¢ has minimal linear growth ||0. ||o, in the sense of Equation (30).

Note that a g-normal linear mapping on M (S) is always bounded. In particular, ||0[/,, < oo.
Observe also that Conditions TF2-TF3 are trivially satisfied by quadratic functions g : Xy — R,
as g} and g* are also quadratic in this case. This is the most relevant case in statistical physics.
These assumptions are in fact very general. They are an adapted version of (the much more general)
Conditions B1-B3 of Section 3.3. Their general nature is discussed in Remarks 3.5 and 3.6.

Bogoliubov linearizations. They refer to a p-linearization method for the nonlinear pressure, which
is now defined as follows:

P(p)=h(p)—g-00_(ug) +9+00+(ng), peP(T), (31)

under Conditions TF1-TF3. Since ¢g** = ¢ for any lower semicontinuous convex function (see (122)),
we observe from Equation (31) that

P(p)= sup inf {P(yp,yp)+9"(y-) =gt (we)}, weP(@), (32

Y+ €XL Y-S
where, for any yy € X} and € P (T),

P(yp,y—,pu) =h(p) —y- o0 (ug) +yr o0y (ug) , (33)

is called here an approximating pressure of the T-invariant probability measure .
We call the new functionals p — P(yy,y_, 1), y+ € X}, Bogoliubov linearizations of P. Then,
the method we present refers to the study the p-linearized variational problem

P’ = sup inf_ Pip(ys.y-) (34)

_eX
y+EXTY -

instead of sup P(P (7)), where, for any continuous linear functionals y. € X},

PN (Y, y-) = Po(ys,y-) + 92 (y-) — g5 (y+) (35)
P (ys,y-) = supP(ys,y-,P(T)) = sup P(ys,y-,p) - (36)
pEP(T)

Pxy, and P, are called here the nonlinear and linear approximating pressures, respectively. Thus,
proceeding in this manner, we first analyze the linear problem for 7-invariant probability measures
and then study the nonlinear part via the other two variational problems over X} .

The variational problem (34) is supposed to be much easier than sup P(P(7)) in many important
cases because the linear thermodynamic formalism (Section 2.3), which is now very well developed,
should give us good control over the linear approximating pressures P, (y,,y_). We explain below
how (34) can be used rigorously to study the original variational problem sup P(P(7T)). When g_ =
0, note from (32) that (34) and sup P(P (7)) are trivially equivalent variational problems, because
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two suprema always commute with each other. The main difficulty is therefore to handle the case
where g_ # 0. This is done in Sections 3.2-3.3 using the celebrated von Neumann minimax theorem
(Theorem 3.24).

Bogoliubov linearizations — Holder case. Remark that, for any continuous linear functional y.. €
X7, the new functional

= yy 004 (ng) —y- o0 (ug)

from P to R in Equation (33) is affine and weak™ continuous. Similar to [19, Proposition 3.9], for any
y+ € X7, there is a unique continuous function ©,_,,, € C(X) such that

Yy 004 (ng) —y-o00_(ug) = p (@yﬂw) ’ pep. (37)

We name the continuous function ©,,_ . the approximating potential associated with y_,y,,60_,0..

Note that the approximating potentials are not necessarily Holder continuous. In particular, the
linear equilibrium measure, i.e., the T-invariant probability measure realizing the supremum in (36),
is not necessarily unique. This property can nevertheless always be ensured for specific linear trans-
formations 6.:

Definition 2.14 (Holder-type linear functions)
The pair (0_,0.) of linear functions is Holder-type if, for all y+ € X3, their associated approximat-
ing potential (see (37)) is Holder continuous, i.e., ©, ,, € C*(X) for some o = o, ,, € (0,1].

It corresponds in Example 2.6 to fix functions ¢, ..., ¢, only in C*(X), instead of the whole
space C'(X). Another general example of this situation can be given in the scope of Example 2.7 as
follows: Fix v € (0, 1]. Define the unit closed ball

Sa ={p e C*(X): |lpll, <1} € C* (%)
of the Banach space C*(X) of a-Holder continuous functions, endowed with the Holder metric

dsa (¢7¢): ||(70_¢”o¢ ) SOWGSa-

See also Equation (5). Take any finite positive Borel measure a, on S,, A € R and some a-Holder
continuous function ¢ € S,. Observe that the identity mapping S, — S is continuous. Thus, we can
define a measure a on S as the pushforward of a,, through the identity mapping. Then, with such a
measure a in Example 2.7 we again obtain Holder-type functions (6_, 6, ), where Xy = R x L?(S, a)
with obvious choices for the linear transformations 6.

Holder-type linear transformations . are particularly useful since the linear approximating pres-
sure (36) leads in this case to a unique and ergodic linear equilibrium measure for any y. € X7, as
already explained in Section 2.3. See also [50, 1]. This is a very interesting situation for studying the
nonlinear problem, as we shall see.

2.7.2 Thermodynamic game

The ji-linearized variational problem P’ refers to Equations (34)—(36). Observe in particular that the
concave and convex parts of the nonlinear pressure do not have symmetric roles, since an infimum
and a supremum do not commute in general. In special situations, this could be the case, but certainly
not in the general case, as is explicitly shown in [18, Section 2.7] for lattices quantum systems. A
sufficient condition for sup and inf to commute is given by Sion’s minimax theorem [41].

The switching of sup and inf as it appears in P’ (34) leads to the min-max variational problem

PE= inf sup {PL(y4y-)+9" (v ) =g (y)} = inf sup Paw(yr,y-) - (38)
Y-E€XT gy exs Y-EXT gy exs
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The max-min variational problem P’ and min-max variational problem P have both a meaning in
terms of equilibrium measures, as shown in Section 2.7.4. In the case of lattice quantum systems, this
has already been observed in [18, Theorem 2.36]. The max-min variational problem also appears in
the so-called Kac or van der Waals limit of lattice quantum models [21].

Similar to what is done in [18, Definition 2.35] for quantum lattice systems, the variational prob-
lems P’ (34) and P* (38) can be interpreted as the conservative values of a two-person zero-sum
game whose payoff function is nothing but the nonlinear approximating pressure Pyp, (35), called
here the thermodynamic game. Note that we always consider here non-zero continuous functions
g+ : Xr — R, as otherwise there is no proper two-person game. The thermodynamic game is
characterized by the following objects:

e For any continuous linear functionals y. € X}, we define the variational problems

P’ (yy) = inf P (y4, X7) gy € AT, (39)
Py-) = swp P (Xy ), y €ar, (40)

M (yr) = {o eX™: P (yy) = Pu(yy, o)} C A7, (41)
M (y-) = {z; € X7 :P'(y.) =Py (z4,y-)} CXT. 42)

e For the max-min variational problem P’ and min-max variational problem P* we consider the
sets of optimizers defined by

(43)

M = {zy € X P (xs) =sup P’ (X]) =P}
Pt} (44)

M= {o_eX*:P(z) =sup P*(X*) =

N 1N
R

As proven in Section 3.6, under Conditions TF1-TF3 these objects have the properties gathered in the
proposition below. Let dom(g* ) be the domain of the Legendre-Fenchel transform g* of the function

_ X — R, ie., the set of all z € X* such that g* () < oo. Since the function g_ never takes the
value —oo (Condition TF2), observe that dom(g*) # () (see (123)) and dom(g* ) is a convex subset
of X'*, by convexity of g*.

Proposition 2.15 (Properties of variational problems)

Assume Conditions TF1-TF3. Then, the following assertions hold:

(i) For all y, € X7 and y- € dom(g*) C X*, P’(y.), P*(y-) € R and M"(y;), M*(y_) are
nonempty weak*-compact sets. For all y, € X7, M *(y4) is additionally convex.

(i) P°, P* € R and M’, M* are nonempty, norm-bounded and weak*-compact. M is additionally a
convex subset of dom(g*).

Proof. Conditions TF1-TF3 imply Conditions B1-B3 of Section 3.3 for K = P(T), f = h and
74 : P(T) — Xy defined by 74 (1) = 04 (pg) for any p € P(T). Indeed, P(T) is a compact convex
Hausdorff space, h is affine and upper semicontinuous (Definition 2.1 and Proposition 2.38), and 71
is affine and continuous in this case, because the weak* topology of P(7") is metrizable and the weak*
convergence of ;1 in P(T') implies the point-wise convergence of z1g in M(S). Note also that

[74lloo = sup {72 ()5 : € P(D)} < 10+ll,, sup |lusllop = 0=y -
peP(T)
So, it suffices to invoke Propositions 3.7 and 3.9 to get the assertion. W
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Much more features of the thermodynamic game can be considered. This is done in Section 3.4.
For example, we can define decision rules for the thermodynamic game (Definition 3.10) and find
their particular properties. E.g., if we assume Conditions TF1-TF3 but also that g% is continuous,
dom(g*) = X* and ¢* : X* — R is strictly convex, then we can deduce from Proposition 3.11
that, for all z, € M, M’(x,) contains exactly one element z_(z,) € X}. In this case, the function
x, +— x_(y,) from M’ to X* is continuous, both sets being endowed with the weak* topology. This
means that there exists a unique b-decision rule, see Definition 3.10.

Remark 2.16

The simpler case where g, = 0 or g_ = 0 can be studied in the same way (mutatis mutandis). For
example, if g, = 0 and g_ # 0, we consider P> = inf Py, (Xj) and M’ (0), since the set M° does
not make sense in this case. Similarly, if g, # 0 and g_ = 0, we consider P’ = sup P’ (Xj;) and M’
with the new function P> = Py, (-,0) — gy. Then Proposition 2.15 holds true, mutatis mutandis. We
refrain from going into further detail, as this special situation is already discussed in Section 3.

2.7.3 Validity of Bogoliubov linearizations

Under Condition 2.9 nonlinear equilibrium measures (Definition 2.8) form the weak*-compact set
(20), that is,
Ep={neP(T): P(n) =supP(P(T))} .

However, if we look at the same variational problem with the pressure P defined by (31) but under the
more general Conditions TF1-TF3, it is not a priori clear whether the above set is nonempty, since P
is not necessarily weak*-upper semicontinuous. So, in this case, it is instead convenient to use

Ep = {u € P(T) : (1, )new € P (T) with lim g, = gand lim P(u,) = sup P (P (T))} ,
n—oo n—oo
(45)
as the basic definition for the (nonempty) set of nonlinear equilibrium measures, similar to (23).
Above, the limit 1, — p of T-invariant probability measures is taken with respect to the weak”
topology. Surprisingly, this set is exactly what one would like from a conceptual point of view, the set

Mp ={peP(T): P(p)=supP(P(T));

of the usual maximizers of P. This is proven in the next theorem.
In fact, the sets M” C X7 and M b(y+) C X", yy € X7, of optimizers can be used to obtain all
elements of Ep via the weak*-compact convex sets

By (y4,y-) ={v € P(T) : P (y4+,y—,v) =supP (y,y_,P(T)) = PL (y4,y-)} , yr € X1,

of approximating linear equilibrium measures. Note that the weak® compactness and convexity of
EL(yy,y-) forall yo € X] is a direct consequence of the affine property and weak*-upper semicon-
tinuity of the approximating pressure u — P(yy,y_, 1) defined by (33), thanks to Proposition 2.38
and the weak™-upper semicontinuity of the entropy (cf. Definition 2.1).

As is usual, here the so-called subdifferential of a convex function g at z € dom (g) is denoted
0g(z), see Section 3.1 and in particular Equation (128) for more details. Recall that if g is Gateaux-
differentiable at z then Og(z) must be a singleton.

We are now in a position to show how the p-linearized variational problem P” (34)—(36) can be
used to completely solve the original problem, including not only the calculation of the nonlinear
pressure but also the nonlinear equilibrium measures:
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Theorem 2.17 (Nonlinear pressure and nonlinear equilibrium measures)

Assume Conditions TFI-TF3. Let 7+(u) = 01(ug) for any T-invariant probability measure |1 €
P(T).

(i) Nonlinear pressure:

sup P (P (T)) = P* = sup_inf {P(y,9-) + 9" (y-) — g} (1)} -

Y+ €XT Y- €A
(i) Self-consistency conditions: For any x, € M" and x_ € M’ (x.), the set

B (wsya ) = {u € By (wy,o ) s €09 (1 (1)} = B (1)

of self-consistent equilibrium measures of Bogoliubov linearizations is nonempty, convex and weak™-
compact, and does not depend upon the choice of x_ € M’ (x_.). Furthermore, for all x| € NI,

EY (z4) C{n e P(T): xy € 094 (T4 (1))} -

(ii1) Nonlinear equilibrium measures: Ep = Mp is weak*-compact and corresponds to the union of
all above sets of self-consistent equilibrium measures, that is,

Ep=Mp= | Ei(.) .

Ty 61\/[b
If the function g, : X, — R is additionally Gateaux-differentiable, then the above union is disjoint.

Proof. As explained in Proposition 2.15, Conditions TF1-TF3 imply Conditions B1-B3 of Section
33for K =P(T), f =hand 74 : P(T) — X4 defined by 74 (1) = 04 (ug) forany o € P(T'). The
assertions are therefore direct consequences of Theorem 3.8 (i)—(iii). m

Compared to [25, Theorem C], in particular Equations (25)—(27), the computation of the sets
M, M’ (z,), x4 € M, and Ey, (v, x_) of optimizers is much simpler, while our setup allows for
parameter sets in infinite-dimensional spaces X.. The cost is that we have to separate the convex
and concave parts of the nonlinearity. This cannot be avoided and is not just a technical artefact. On
the other hand, the C*-character of the nonlinearity is not needed’, although it can be very useful for
solving the corresponding variational problems.

Note that the (nonempty) compact convex set Ff¢ (x ) is naturally called the set of self-consistent
equilibrium measures of Bogoliubov linearizations. Indeed, take for instance Xy = R, g_(z) =
gi(x) = 2?/2 and 74 (n) = O+(ug) = p(yp) for fixed Holder potentials o € C*(X) (a € (0, 1)).
In this case we canonically identify the dual spaces X} with R. Then, for all T-invariant probability

measures i € P (1),
09+ (7 (1) = {1 (o) } -

Thus, 1 € Ej° (x) means that 4 is the unique linear equilibrium probability measure of the Holder
potential (x,¢, — z__) and satisfies y1(¢,) = xy. By Theorem 2.17, it implies in particular that,
for any fixed 4 € Ep = Mp, u(p,) = x4 forallz, € M>and x_ € M” (z,),i.e., M* = {x,} and
M?(x,) = {x_}. Compare this with Corollary 2.18 below. More generally, similar results are true if
the functions g are Gateaux-differentiable and their gradient mapping is injective.

This last example refers to the Holder case, which is very important in the linear thermodynamic
formalism. Indeed, when a potential ¢ is of Holder class, i.e. ¢ € C%(X) for a certain o € (0, 1],
recall that the linear equilibrium measure p, is unique and ergodic (see [50, 1]). In the nonlinear
framework, this leads us to define the Holder-type for pairs (6_, 6 ) of linear functions, in Definition
2.14. In this particular case the nonlinear equilibrium measures have strong properties. Among other
things, they are always ergodic.

°In contrast to the corresponding results of [25].
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Corollary 2.18 (Nonlinear equilibrium measures — Holder case)
Assume Conditions TF1-TF3 and that the pair (0_,0) of linear functions is Holder-type.
(i) Ergodic nonlinear equilibrium measures: For any v, € M’ and x_ € M’ (z..),

Er? <x+) = EY’ ($+>377) = EL, (x+, x,) = {U;mr} C Perg (T)
and Ep = Mp is a nonempty weak*-compact set of ergodic probability measures:
Ep=Mp={p,, 7+ € M} C Py (T) .

(1) If g+ : XL — R is Gateaux-differentiable then the mapping x > p, from the weak*-compact
M C X} to Ep C Peyg (T') is a homeomorphism with respect to the weak* topology of M’ and Ep.

Proof. Use Theorem 2.17, Proposition 3.14 (iii) and the fact that the nonlinear equilibrium measure
for Holder potentials is unique and ergodic (see [50, 1]). m

The conditions of Corollary 2.18 are satisfied in most cases of interest. For instance, consider
Example 2.6 with ¢,,..., oy € C*X) for some a € (0, 1] and a lower semicontinuous convex
function F = F, on R" for which the Legendre-Fenchel transform is strictly convex (e.g., N = 1
and F(r) = 2%/2). We refrain to discuss in more detail such explicit examples here, since this is
already done in [20].

Recall that Gp = Co(Fp) is the set of so-called generalized nonlinear equilibrium measures,
which can be equivalently defined in a more fundamental way by a property stated below in Theorem
2.21 (ii). See Definition 2.11 and discussions thereafter. Under the conditions of Corollary 2.18, by
the Milman theorem [55, Proposition 1.5] and observing that ergodic measures are extreme in the
convex set P (1') of T-invariant measures, the set Gp of generalized nonlinear equilibrium measures
is a face'® of P (T), the extreme boundary of which is precisely the set Ep of (simple) nonlinear
equilibrium measures. In particular, as P (7') is a Choquet simplex (Proposition 2.35), G p is in this
case a Bauer simplex, i.e., a Choquet simplex whose extreme boundary is compact.

Remark 2.19

Theorem 2.17 and Corollary 2.18 also hold when g, = 0 or g_ = 0 with obvious modifications. In
fact, this case is even simpler. For more details, see Remark 2.16 as well as the discussions following
Theorem 3.8.

Remark 2.20
Theorem 2.17 and Corollary 2.18 are, of course, only relevant when the functions g4 are not affine,
because otherwise we are dealing with the linear thermodynamic formalism.

2.7.4 Validity of the thermodynamic game

The conservative values P’ (34) and P? (38) of the thermodynamic game are related to two variational
problems on T-invariant measures respectively setup from the functionals §* : P(T) — R and
& : P(T) — R defined, for any T-invariant measure z € P (T'), by
F(n) = A% (1) —g- 00 (ug) +h(n) (46)
F (1) = A% () = AT () + h(p) (47)

where g4 : X1 — R are continuous convex functions and 61 : M(S) — X are two linear transfor-
mations that are o-normal. Here,

AT (1) = / Flus)€, (dv), ueP(T), 48)
Perg(T')

10A face F of a convex set K is a subset of K with the property that, if p = A1 p;+- - -+ A\np,, € Fwithp;,....p, € K,
Aoy A €(0,1)and Ay + -+ A\, =1, then py,...,p, € F.
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for any convex and o-normal function F' : M(S) — R, where ¢, is the (unique) Choquet measure
associated with g. To understand why the functional A in both (46) and (47) is important and
natural, we recommend Proposition 2.25 below. See meanwhile Definition 2.26.

Recall that the entropy / is affine weak*-upper semicontinuous (Definition 2.1 and Proposition
2.38). We can thus apply [18, Lemma 10.17] to & in order to get — via Equations (47)—(48) — the
ergodic decomposition of the functional §’:

3 () = /P LPOIE @) weP@), (49)

where §, is the unique Choquet measure associated to  (see Proposition 2.35). It is an elementary
result which, whilst certainly not surprising given that the functional J” is affine, is highlighted here
because it is a very useful observation, enabling the functional § to be calculated in practice via the
nonlinear pressure functional P.

In this subsection, we only consider continuous functions g, and ¢g_ in order to highlight the
singular nature of A-functionals, which even in this simpler context are discontinuous on a dense
set (cf. Theorem 2.27). The aim is not to obtain the most general framework possible, but rather to
explain the associated variational problems in an accessible manner, given that they are new in the
thermodynamic formalism.

The functional §’ is exactly the one obtained from the limit (22). It is therefore quite intuitive.
The functional §* turns out to be very useful in the proof of Proposition 2.28, in which no Bogoliubov
linearization is considered. See Equation (83). In fact, these seemingly incidental functionals are
very natural and the theorem below shows their importance for the study of nonlinear equilibrium
measures.

By Definition 2.1, Theorem 2.27 and Proposition 2.38, for any (weak*-)lower semicontinuous
and convex function g_ and o-normal linear transformations 6. : M(S) — XL, the functional §* is
concave and weak*-upper semicontinuous. Notice also that Definition 2.1 implies the weak*-upper
semicontinuity of the entropy. Thus, the set

Bz = {peP(T): 3 (n) =supF (P (1))}

of maximizers of F is convex and weak*-compact. By contrast, the functional §” is affine but (gener-
ally) not weak*-upper semicontinuous, which therefore forces us to take sequences of approximating
maximizers (similar to (23) and (45)):

Eg = { € P(T): 3 (1) e © P(T) with lim pr, = pand lim § (1,) =supF (P (1))},
(50)
where the first limit p,, — p refers to the weak™ topology. See again Theorem 2.27 for the continuity
properties of A-functionals.
Now we are in a position to associate the conservative values P’ (34) and P* (38) of the thermo-
dynamic game with two different variational problems on 7'-invariant measures:

Theorem 2.21 (Thermodynamic game and nonlinear equilibrium measures)

Assume Conditions TF1-TF3 with continuous functions g. Let 7 (u) = 04 (ug) for any T-invariant
probability measure 1 € P(T).

(i) Nonlinear pressures:

sup§ (P(T)) = P = sup inf {P(ys,y-)+9" (y-)— g% (y)}

_eX
ypEXT Y-St

supF* (P(T)) = P'= inf sup {F(y+,y-)+39" (y-)— g% (y4+)} -

_EX* *
Y - y+€X+
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(i1) Generalized nonlinear equilibrium measures:

Eszb = ﬁ(Ep) =Gp,
Ey = {pec(Bx(z_)) 2z e M Ndg_(7_(n)} ,

where Ep = Mp is given by Theorem 2.17 (ii)—(iii), while

Eny, (z-) = U By (zy,2-) .

T EME(z_)

Proof. Assertions (i)—(ii) for the case (b) are direct consequences of Theorems 2.17 and 2.29. See
also Definition 2.11. Assertions (i)—(ii) for the case (f) are proven as follows:

Step 1: The functional f : P(T) — R, as defined by
f=A%% 4 p, (51)

is affine (in particular concave) and weak™ upper semicontinuous, thanks to Definition 2.1, Proposition
2.38 and Theorem 2.27 (i). Thus, using Proposition 3.2 for K = P (7)), X = X_, g = g_, 7(n) =
0_(pg) and f defined by (51), we obtain that

sup§ (P (T)) = inf {supG, (P (T))+9g" (y-)} (52)

with
Gy (1) = A% () + h(p) —y-o00_(pns),  peP(T).
In addition, Corollary 3.4 also yields

By ={ne B 1z eMnag (r(w)}, (53)
where
Eg, ={neP(T):G, (n)=suw§, (P(T))}
for any continuous linear functional y_ € X’*.

Step 2: Note that, with obvious adaptations in the proofs, Theorem 2.29 and Corollary 2.30 also hold
if we add any arbitrary affine and weak* continuous function to the entropy h. It follows that

supGy_ (P (T)) = sup P,_ (P (T)) (54)

with
Py (1) = g4 00, (ns) +h(p) —y-o0_(ns), pneP(T),
while (the extended version of) Corollary 2.30 yields

Eg, =to(Ep, ), y-€X, (55)

with
Ep, = {M eP(T): P, (p) =supP, (P (T)>}
for any continuous linear functional y_ € X’*.

Step 3: Now, we apply the simplified version of Theorem 3.8 (see the discussions following Theorem
3.8) with K =P (T), g- =0, and

To(w) =0 (ug) . f(u)=h(p) —y-o0_(ug), peP(T),
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observing that g, is by assumption a continuous and convex function, that the functional f defined as
above is affine and weak*-upper semicontinuous (cf. Definition 2.1 and Proposition 2.38) and that 7
is a continuous linear transformation, ¢, being a o-normal linear transformation. Doing so, for any
continuous linear functional y_ € X", we get

sup P, (P (T)) = sup {P.(y+,y-)— 3 (v4+)} (56)
Y+ EXY
and
Ep, = | Eu(ysyo). (57)
y+eMH(y-)

It remains now to combine the three steps.

Step 4: We combine Equations (52), (54) and (56) to get Assertion (i) for the case (). Assertion (ii)
for the case (#) is a consequence of Equations (53), (55) and (57). =

By Theorem 2.21, the thermodynamic game has a direct interpretation in terms of equilibrium
measures. This is a very useful information that can be employed, for example, to show that generally
P! > PP, that is, the sup and inf in P° (34) or P* (38) do not commute, as is done in the quantum case
in [18, Discussions after Theorem 2.36]. The interpretation of the conservative values P° (34) and
P* (38) as variational problems on T-invariant measures given by Theorem 2.21 also turns out to be
crucial for the Kac, or van der Waals, limit, very well-known in statistical mechanics. This is exploited
in [21] in the context of quantum lattice models, but the arguments used, in the light of the results
presented here, can clearly be adapted to produce a version of [21] for the nonlinear thermodynamic
formalism. We therefore believe that the above results on the thermodynamic game can be useful for
further developments of the nonlinear version of the thermodynamic formalism. Notice additionally
that Theorem 2.21 follows relatively easily from our general approach, which is presented in Section
3.

We conclude this subsection by examining whether generalized equilibrium states can be true
maximizers of the affine pressure 3. So, consider the set

My = {p e P(T): % (n) = s (P (1)} C By

of strict maximizers of §’. Compare this definition with (50). By the affine property of 3, My 1s
convex. One might wonder whether the equality My = Ey holds true even if & is not necessarily
upper semicontinuous. In fact, in general, one only has the strict inclusion My, & Es». The reason is
that, because of the affine property of g, My, must be a (convex) face of P (T'), but this is generally
not the case for F. We proved this in the context of quantum lattice systems, but our arguments
can easily be adapted to the nonlinear thermodynamic formalism, see [18, Lemma 9.8]. However, if
the linear transformations 6. are Holder-type then the equality My = E3» does indeed hold. This is
proven in the next corollary, deduced from Theorem 2.21 (i)—(ii) and Equation (49).

Corollary 2.22 (Generalized equilibrium measures and maximizers of the affine pressure)
Assume Conditions TF1-TF3 with continuous functions g. Then,

co (Ep NPeg(T)) € My C o (Ep) = By (58)
and if 0+ are additionally Holder-type then Eg = M.

Proof. Clearly, My C Ey and thus, by Theorem 2.21 (ii) for the case (v), My C ¢o(Ep). Note
that 3 = P on ergodic measures, by the definition of A-functionals. Hence, by combining Theorem
2.17 (i) with Theorem 2.21 (i) for the case (b), we deduce that Ep N Pere (1) € My and (58) follows
from the affine property of 3°. If 6. are additionally Holder-type then, by Corollary 2.18 (i), Ep
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is a weak*-compact set of ergodic measures only. Hence, the Choquet measure in ¢o(Ep) of any
v € ¢o(Ep), as given by Corollary 2.30 (Ey = co([Lp)), coincides with its unique Choquet measure
in P(T'), as given by Proposition 2.35. As explained in Corollary 2.30 (cf. the Milman theorem [55,
Proposition 1.5]), this measure must be supported in Ep. Therefore, we can combine Theorem 2.21
(ii) with Equation (49) to get co(Ep) = Mz when 6, are additionally Holder-type. m

As a consequence, in the Holder case, generalized nonlinear equilibrium measures are precisely
all (strict) maximizers of the affine pressure functional §°, which is a very satisfactory characterization
of such T-invariant probability measures.

2.8 Technical Results: A-functionals and nonlinear pressures

We address the maximization of the nonlinear pressure functional P : P (T) — R defined on 7T-
invariant measures by (19). Although P is generally neither convex nor concave, this variational
problem can be studied via another real-valued functional on 7-invariant measures, which is affine,
i.e., both concave and convex. This fact may seem curious, or even strange, at a first sight. To properly
understand this, we must first precisely define the affine functional, which requires a few preliminary
definitions and observations.

Recall that E,[¢] stands for Birkhoff sums (21) on C'(X). It defines a linear contraction E,,
mapping S to itself. Now, we use the following observation:

Lemma 2.23 (Properties of ergodic measures)
For any ergodic measure |1 € Peo(T') and for pi-a.s. o € %,

lim B, [p] (o) =p(p) =ps(p), €S

Proof. Recall that any countable intersection of measurable sets of full measure has full measure.
Therefore, we infer from Proposition 2.33 that, for any countable subset S C S and for p-a.s. o € 3,

lim E, [¢] = p(p) , peS.

Since S C ((X) is separable (with respect to the supremum norm) and for any n € N, o € ¥ and
P10 € C(X),

max {|E,, [¢1] (o) = En [o] (@) [, [ (1) — 1 (02) [} < |l — @l

the lemma directly follows. m

Remark 2.24
Ergodic probability measures are mutually singular. See [66, Theorem 6.10 (iv)]. Note also that we

restrict Lemma 2.23 to functions ¢ € S in view of our applications. By linearity, the same assertion
holds true for all p € C(X).

Recall that a function F' : M(S) — R is o-normal when, for any bounded sequence (f,)nen C
M(S) converging point-wise to f € M(S), one has

lim F (f,) = F (f) -

n—oo

We also remind that P.,,(7") denotes the set of ergodic (or extreme) measures of the space P(7) of
T'-invariant probability measures. Note also that, given o € X and n € N, Equation (21) defines a
continuous and bounded function E,, , : S — R by

Enolp] =Enlp](0), peS. (59)
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In particular, E,, , € M(S). Clearly, for any ¢ € ¥ and n € N, E, ,» converges point-wise to E,, 5,
as 0’ — o. Therefore, for any o-normal function F' : M(S) — R, the mapping o — F(E, ) is a
continuous function from X to R. By a slight abuse of notation, we denote this function by “F o E,”.

We can now show an important property that leads to a convenient definition of the affine pressure
functional on 7-invariant measures.

Proposition 2.25
Let F' : M(S) — R be any convex and o-normal function. Then, for any T-invariant measure

we P(T),
lim ,u(FoIEn):infu(Fo]En):/ F(vs)§, (dv) ,
Perg(T)

n—00 neN

where § , is the Choquet measure associated with p (Proposition 2.35).

Proof. Fix ;1 € P(T) and denote by &, the associated Choquet measure. Since F' is o-normal, remark
that the mapping v — F (vg) from P(T) to R is weak*-continuous and, thus, integrable with respect
to the Choquet measure §,,. We divide the proof into two steps:

Step 1: Since F' is a convex continuous function on the Banach space M(5), it has continuous tan-
gents at any f € M(S). That is, for any fixed f € M(S), there is a continuous linear functional
¥ € M(S)* such that, for all u € M(S),

Fu)=F(f) 29w —-9(f) . (60)

Such a linear functional ¥ is also o-normal. Indeed, take any bounded sequence (f,,)nen € M(S)
converging pointwise to f. By Inequality (60) for © = f,, and the o-normality of F', we deduce that

9(f) > limsupd (f,) . 1)

n—oo

Similarly, from Inequality (60) for u = 2f — f,,
liminfd (f,) > 9 (f) (62)

n—oo

Altogether, Inequalities (61) and (62) yield

lim & (f,) =9 (f) (63)
for any bounded sequence (f,,)nen € M(S) converging pointwise to f. By linearity, it follows that
¥ is o-normal. Since (€2, d) is a compact metric space, ¥ is also a compact metric space (see, e.g.,
(4)). In particular, C'(¥) is a separable Banach space, which implies that the weak™ topology of P, the
space of all (i.e., not necessarily T-invariant) probability measures on ., is metrizable. From this fact
and the o-normality of ¢ it follows that the mapping v — ¥(vg) from P to R is weak*-continuous.
Note that, for any o € X,

ds(VoE,) =00E,(c) =9((0, 0 E,)s),

where ¢ o [E,, stands for the continuous function o — ¥ (E, ) and J, is the -probability measure at
o € ¥, thatis, 0,({c}) = 1. Since ¥ is a separable (being compact) metric space, any probability
measure on Y. is the weak™® limit of a sequence of convex combinations of J-probability measures.
See, for instance, [53, Chapter 1I, Theorem 7.1]. Using this fact, along with the weak™® continuity of
the mapping v — (rg) and the linearity of ¥, one arrives at

v(doE,) =9 ((vokE,)s)
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for all v € P and n € N. In particular, if v is T-invariant then
v(@oE,) =1 (vs) .
We then conclude from Inequality (60) applied to f = vg and u = E,, , that
v(FoE,)—F(vs) >0, (64)

for any T-invariant probability measure v € P(T'), which is nothing but a version of Jensen’s in-
equality. For a more general statement, see [18, Lemma 10.33]. Hence, by convexity of F' and (the
above version of) Jensen’s inequality,

u(FoEn)Z/

Perg(T)

v (FoE,) €, (dv) > / Flus)e, (dv) . 65)

Perg(T)

Step 2: Keeping in mind (65), it suffices now to show that

lim v(FoE,)¢, (dv) = / F(vs)§, (dv) (66)

O S Perg (T) Perg(T)

to get the assertion. Using the o-normality of /' and Lemma 2.23, for any ergodic measure v &
Perg (T') and for v-a.s. o € X,
lim F(E,,) = F (vs) . (67)

n—oo

The continuous functions
og— FoE,(0)=F(E,,)

are uniformly bounded for all n € N, i.e.,

sup [|[F o By || = supsup [F (Ey )| < sup {[F" (f)] : f € M(S) with [|f]|, <1} < o0,

neN o neN
because

sug |Enoll, =sup{|Ensl@]| :n €N, p € Swith |||, =1} <1
ne

and any o-normal function F’ satisfies (17), as explained after Condition 2.9. So, we can use Lebesgue’s
dominated convergence to infer from (67) that, for any ergodic measure v € Pe, (1),

lim v(FokE,)=F(vs) .

n—oo

Applying again Lebesgue’s dominated convergence, we obtain the limit (66). m
Proposition 2.25 motivates the following definition of a real-valued functional on 7'-invariant
probability measures:

Definition 2.26 (A-Functionals)
Given a convex and o-normal function F : M(S) — R, AT denotes the mapping P(T) — R defined
by

AF(M)i/P P96 @) peP@),

where &, is the Choquet measure associated with . (Proposition 2.35).
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As far as we know, the use of such a functional is entirely new to thermodynamic formalism. Ad-
ditionally, mutatis mutandis, it is a broad extension of the space-averaging functional introduced in
[18, Section 1.3] for quantum lattice systems. Important properties of this functional are gathered
in the next theorem. But before stating them, we recall that the I'-regularization of a functional
f:P(T) = (—o0, 0] is the convex functional I'(f) : P(T') — (—o0, co] defined by the supremum
over all affine and continuous minorants of f, i.e., for all u € P(T),

L' (f)(p) =sup{m(p) :meAandmlpr) < f}, (68)

where A denotes the set of all affine and weak*-continuous functionals on the dual space C(X)*.
It is the largest weak*-lower semicontinuous convex function below f, see [17, Corollary 3.2]. Cf.
Section 2.9.3, in particular Equation (120). It is also convenient to define the concave counterpart of
I'-regularizations: For any functional f : P(T) — [—00,00) and all u € P(T),

I (f) () = =T (~f) () = inf {—m () : m € A and — mlpir) > f} . (69)

which is the smallest weak*-upper semicontinuous concave function above f. We call I'_ (f) the
upper ['-regularization of f.

Note that taking the I'-regularization is equivalent to performing the Legendre-Fenchel transform
twice, 1.e., it is equal to the biconjugate of a function. See Sections 3.1 and 2.9.3. However, the
concept of I'-regularization is more convenient, in the sense that we do not need to talk about dual
pairs (X', X*) to introduce it. Furthermore, its definition via affine weak*-continuous functionals is
also technically very useful. In particular, as shown in [17, Lemma 3.4], it leads to an extension of
the Bauer maximum principle.

Theorem 2.27 (Properties of the functional A")
Let F': M(S) — R be a convex and c-normal function.
() AT is a weak*-upper semicontinuous affine functional.
(i) AT is weak*-continuous iff the mapping u — F(ug) is affine on P(T). In this case, there is
f € C(X) such that

A(p)=n(f), peP(I). (70)
(iii) If the mapping p — F(ug) is strictly convex then AT is weak*-discontinuous on a weak*-dense
subset of P(T).
(iv) AT is continuous on the G5 weak*-dense subset Perg (T') of ergodic measures. In particular, the
set of all T-invariant measures on which A¥ is weak*-discontinuous is weak*-meager:
(v) Its T-regularization T (AF) is the weak*-continuous convex mapping p — F (ug) on P(T).

Proof. We take a function F’ as specified in the theorem and divide the proof into several steps. Note
that this proof strongly relies on the one of [18, Theorems 1.18-1.19], which regards quantum lattice
systems.

Step 1: By Definition 2.26, A is clearly affine. By Proposition 2.25,

AF (p) = lim p(FoRE,) = inf u(FoR,) , peP(T) . (71)

n—o00 neN

As a consequence, A’ is an infimum over weak*-continuous functionals p +— u (F oE,) and is
therefore weak*-upper semicontinuous. (i) is thus proven. From Jensen’s inequality (see (64)), for
any n € N,

p(FoEn) = F(ug) -

This last inequality combined with Definition 2.26 and (71) leads to
AP () > Fps) ,  neP(T). (72)
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Note that AT (1) = F(ug) for all 1 € Peyg (T'), by Definition 2.26.

Step 2: Assume that the mapping i — F(ug) from P(T) to C is affine. We infer from Definition
2.26 and the o-normality of [ that

A" (p)=F(us), neP(T).

By the o-normality of F', the mapping p — F'(ug) is affine and weak*-continuous on the whole
(topological) dual space C(X)*. In particular, Af" is continuous. Similar to [19, Proposition 3.9],
there is f € C'(X) such that

Flug)=wp(f), pneP(T),
which in turn implies (70).

Step 3: Assume now that p — F'(ug) is not affine. Then, there are at least two T-invariant probability
measures v, ( € P(T) and A € (0,1) such that, for u = Av + (1 — \) (,

Fpg) < AF(vs) +(1—=A)F(Cs) , (73)

the function F’ being convex. By Proposition 2.36, the set P, (1) of ergodic probability measures is
weak*-dense in P (T'). So, there is a sequence (v™),cy € Perg(T) of ergodic measures converging
with respect to the weak™* topology to the above probability measure ;. Then, by Definition 2.26 as
well as Equations (72) and (73),

lim AP (™) = Iim FW) = F (ug) < AF (vs) + (1= A F (Co) < AF (), (74)

n—oo n—oo

because F' is o-normal, A\ € (0,1) and A’ is affine. Consequently, A’ is discontinuous on the
probability measure 1 = A\v + (1 — A) (. Steps 2 and 3 yield Assertion (ii).
Step 4: Assume that the mapping 1 — F'(jug) is strictly convex. In particular, it is not the constant

mapping. Therefore, for any v € P(T), there is at least one T-invariant probability measure ( ) e
P(T) such that F(vg) # F(C(S”)). For all v € P(T), we define the subset

I(v) = {)\1/ 4 (1= A)C™ for any A € (0, 1)} CP(T) .
Finally, let us consider the subset

D= |J I(v) CP(T)\Per (T) .

veP(T)

By continuity of the mapping A\ — Av for A € C and v € P(T'), the set D is weak*-dense in P (7).
Any p € D is clearly of the form
p=Av+(1—=A)¢ (75)

for some A € (0,1) and v, ( € P(T) with F(v) # F((). By Proposition 2.36, for any i € D, there is
a sequence (™), cy C Pu(T) of ergodic measures converging with respect to the weak* topology
to p. Then, by Definition 2.26 and Equation (72), for any ;v € D of the form (75), Equation (74) holds
true because F is o-normal and strictly convex, A € (0,1) and A" is affine. As a consequence, the
mapping A’ is weak*-discontinuous at any ;1 € D and hence on a weak*-dense subset of P (T'). In
other words, (iii) is proven.

Step 5: We show now that A” is weak*-continuous for any ergodic probability measure, which yields
(iv), thanks to Proposition 2.36. Take v/ € Pe,(T) and consider any sequence (v™),en C P(T)
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of probability measures converging with respect to the weak* topology to v. By Definition 2.26,
Assertion (i) and Equation (72),

F(rg) = A (v) > limsup AT (»™) > lim inf AT (™) > lim F(Vgn)) = F(vg)
n—o0 n—0o0 n—o0
because F is o-normal. In other words, the functional A is weak*-continuous on Pe,, (7). Notice

that the weak* topology of P(7T') is metrizable. (So, there is no need to use nets here to check
continuity on P(7T).)
Step 6: Recall that the I'-regularization I'(f) of functionals f, as defined by Equation (68), is the

largest weak*-lower semicontinuous convex function below f. See, e.g., [17, Corollary 3.2]. By
Inequality (72), it follows that

Fug) <T (A7) () <A (), peP(T), (76)

because the mapping i — F'(ug) is weak*-continuous and convex on P(7"), thanks the convexity and
o-normality of F'. In addition, for any ergodic probability measure v € Pe,s(T),

Fvs) =T (A")(v) = A" (v) . (77)

Therefore, using the weak*-density of Pe(T") in P(T") (Proposition 2.36), the weak*-continuity of
p— F(ug) and the weak*-lower semicontinuity of I'(A"), we deduce from (76)—(77) that

L(AT) () =F(ps) . neP(T),

that is, (v) follows. This concludes the proof of the theorem. m
Thanks to Theorem 2.27, under Condition 2.9 the nonlinear pressure functional

P(p) =F(pus) +h(p) =Fi(ug) + F-(ug) +h(p) ,  peP(T), (78)

on T-invariant measures has a direct relation to the functional §* : P(T") — R defined by (47), that
18,

F AT AT (79)

In contrast to the nonlinear pressure functional P : P(T") — R (78) which is not necessarily affine
but weak*-upper semicontinuous (for o-normal F) (see Proposition 2.38), the functional J” is affine
but not necessarily weak*-upper semicontinuous, because of Theorem 2.27 and Proposition 2.38.
However, the variational problems sup P (P (T)) and sup §* (P (T)) can be related, as well as can
their corresponding maximizers. This is a consequence of the next observation. Recall that Pe,,(7)
stands for the (dense in P (7)) set of ergodic probability measures on X.

Proposition 2.28
Let F'y : M(S) — R be two o-normal functions and assume that F', and F_ are respectively convex
and concave.

(1) We have

sup §F(u)= sup F ()= sup P(v)= sup P(u)<oo. (80)
,U«E’P(T) VGPerg(T) VEPerg(T) MEP(T)

(i) [ _(3") = L _(P) on the whole space P (T) and T'_(P) = P on Pey(T). Furthermore,

sup & (1) = sup I'_ ({?b) (u) = sup I'_(P)(u)= sup P(p) < oo. (81)
EP(T) eP(T) EP(T) REP(T)
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Proof. Note that all suprema in (i) are finite, because any o-normal function F' such as F.. satisfies
(17), as explained after Condition 2.9, and the entropy functional is uniformly bounded from above.
Assertion (i) is proven in the same way as [18, Lemma 2.9], while the proof of (ii) uses the same
arguments as the first part of the proof of [18, Theorem 2.21]. We reproduce these proofs below,
adapting them to the present situation.

Step 1: The Bauer maximum principle [2, Theorem 1.5.3] says that an upper semicontinuous convex
real-valued function f over a compact convex subset /£, such as the weak*-compact convex set P(71'),
attains its maximum at an extreme point of /. However, by Theorem 2.27, §” is the sum of a convex
weak*-lower semicontinuous functional and a convex weak*-upper semicontinuous functional, both
on P(T). We thus need the extension of the Bauer maximum principle given by [17, Lemma 3.4],
which says that the supremum of the values of asum f = f_+ f, of alower and upper semicontinuous
affine functionals f_ and f, on a compact convex subset K can be restricted to the set £(K) of
extreme points of K (see Section 3.7.2), i.e.,

sup f (K) =sup f(E(K)) .

Applying this result to f = §* and K = P(T) while using additionally that §” = P on P, (T) (see
Definition 2.26), we thus obtain the equality

sup §'(u)= sup F(v)= sup P(v). (82)
neP(T) VEPerg(T) VEPerg(T)

Since P is weak*-upper semicontinuous, it has a maximizer (i, over P (7). Thus, by Corollary 2.39,
there is a sequence (V,,)nen € Perg(T') of ergodic probability measures converging in the weak ™ topol-
ogy to p, with the property that P(v,,) converges to P(u,) as n — oo. In other words, maximizing P
over P(T') results the same as maximizing P over Pe,,(1"). Equation (80) then follows. Observe that
Equation (81) is a direct consequence of Equation (80) and Theorem 2.40. We now prove the equality
['_(§’) = I'_(P) on the whole space P (T) and I'_(P) = P on the dense subset Pe(T) of ergodic
measures.

Step 2: We start with a partial upper I'-regularization of § by defining the new functional ' :
P(T) — R as follows:

3 () = A () + F_(pg) +h(p) ,  peP(T). (83)

By Theorem 2.27, §* is concave, weak*-upper semicontinuous and bounded from below by §°. Recall
that the ['-regularization of a functional f is the largest weak*-lower semicontinuous convex function
below f, see [17, Corollary 3.2] or Section 2.9.3. Le., (the upper I'-regularization) I'"_ (f) is the
smallest weak*-upper semicontinuous concave function above f. Using this property and Equation
(69),

F<I-(®)<F.

Hence, for any ergodic probability measure v € P (T),
P)=§="_(8) =8 . (84)

Step 3: We show now that ' (Sb) is an upper bound for I'_(P). By Corollary 2.39 and the o-
normality of F., any T-invariant probability measure p € P(T') is the limit of some sequence
(Vn)nen € Perg(T) of ergodic probability measures converging in the weak® topology to x and
such that P(v,) converges to P(u). By (84), I'_(3°)(v,) also converges to P(u). Since I'_(3°)
is, by construction, weak*-upper semicontinuous on P(7"), we thus conclude that, for any 7'-invariant
probability measure p € P(T'),

P(p) = lim T (§") (va) <T— () () (85)
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which, combined with the fact that I"_(P) is the smallest weak*-upper semicontinuous concave func-
tion above P (see [17, Corollary 3.2]), yields

I (P)<T_(§) . (86)

We show next the converse inequality.

Step 4: We use now the concavity of I'_(P), the (unique) Choquet measure §, associated with an
arbitrary T-invariant probability measure ;1 € P(T'), along with Jensen’s inequality applied to £, and
['_(P) (see [18, Lemma 10.33] for its proof in this context) in order to bound I'_( P) from below by

(P )= [

Perg(T)

L(PWe @)= [ PE)E) 87)

Perg(T)

for all u € P(T). Now, by applying [18, Lemma 10.17] to the entropy h (which is an affine weak*-
upper semicontinuous functional) and using Definition 2.26, recall that one gets an ergodic decompo-
sition of §” in the following sense:

/ PW)e, ) =F (), pePT),
Perg(T)

see Equation (49). By Inequality (87), It follows that
r_(P)2T- (%), (88)

thanks to Equation (69) and the fact that I'_ (3’ b) is the smallest weak*-upper semicontinuous concave
function above §’ (see [17, Corollary 3.2]). Consequently, I'_(P) = I'_(F’), which, combined with
(84) also yield ' _(P) =T _(F") = P on Pe(T). m

Proposition 2.28 combined with Theorem 2.40 not only implies that the corresponding variational
problems for all functionals §°, I'_(F’), P and I'_(P) give the same numerical value but also that
the corresponding (possibly generalized) maximizers are directly related to each other. To explain
this, similar to Equations (23) and (50), given a bounded functional f : P(T) — R, we define the
(nonempty) set

By = {i € P (1) :3(11,)c € P(T) with lim 1, = prand lim f (1) = sup f (P (T) }.
(89)
of all weak*-limits of approximating maximizers, i.e., generalized maximizers. FE; differs a priori
from the set

My ={peP(T): f(u)=supf(P(T))}

of (strict) maximizers of f. One has a priori only the inclusion M; C E;. If the functional f is
weak*-upper semicontinuous then £y = My, that is, F; is nothing but the (weak*-compact) set of
(strict) maximizers of f over P(T).

Theorem 2.29 (Sets of generalized maximizers)
Let F'y : M(S) — R be two o-normal functions, with F, and F_ being respectively convex and
concave. Then,

Egb == EF,(S") - MF,(Sb) == MF,(P) - EF,(P) == E(EP) ;

that is, all sets of (possibly generalized) maximizers are nothing but the weak*-closed convex hull of
the weak*-compact set Ep = Mp of strict maximizers of the (weak™-upper semicontinuous) functional

P.
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Proof. As upper I'-regularizations are always upper semicontinuous, note that £z = Mp_ (3 and
Er_(p) = Mr_(p). The equality EF_(gb) = Er_(p) 1s an obvious consequence of Proposition 2.28 (ii)
and we infer from Theorem 2.40 and (69) that E}. ) = ¢0( Ly ). On the other hand, Ey; is a convex
set, by the affine property of §” (cf. Theorem 2.27 and Proposition 2.38). By [18, Lemma 10.36], it is
also weak*-compact because P(T') is weak*-compact and the weak*-topology is metrizable on P(7).
As a consequence, Ey_ ;) = ©0(Ey) = Ep. Applying again Theorem 2.40 and (69), we obtain
meanwhile Er_(py = €o6(Ep), which leads to Fy = Er ) = Er_p) = co(Ep). Finally, Ep is
the weak*-compact set of strict maximizers of the functional P as a consequence of the weak*-upper
semicontinuity of this functional together with the weak*-compactness of P(7'). m

Corollary 2.30 (Choquet decomposition)

Let 'y : M(S) — R be two o-normal functions with F, and F_ being respectively convex and
concave. Then, equilibrium measures v € Fy that are extreme in Ey belong to Ep and for any
p € Ey, there is a probability measure m,, on Ep such that

m,(Ep) =1 and u:/ vmy, (dv) . (90)

Ep

Proof. By the Milman theorem [55, Proposition 1.5] and Theorem 2.29, equilibrium measures that
are extreme in 3, must belong to Ep. Then, using this property and the Choquet theorem (Theorem
3.28), we derive (90), because the set I, is convex, weak*-compact and metrizable, by Theorem 2.29
and the metrizability of the weak* topology in P(T"). m

2.9 Appendix

This appendix contains a selection of useful results that are difficult to find within the mathematical
framework we use. Indeed, in most previous works the alphabet €) is assumed to be a finite set,
whereas we only assume it to be a compact metric space, which, of course, may be infinite. Therefore,
in Sections 2.9.1-2.9.2 we re-examine known facts within this broader context.

One thing that is not very well-known is the properties of the entropy functional for infinite al-
phabets. Our definition (Definition 2.1) is based on a variational problem involving the (transfer)
Ruelle operator. This definition is simple and elegant, but it poses certain difficulties in proving the
convexity of this functional. To this end, we use recent results [1] to write the entropy functional for
compact alphabets as a thermodynamic limit of finite-volume entropies (Theorem 2.37). Based on
this observation, we are able to prove the affine property!! of the entropy functional of Definition 2.1.
See Proposition 2.38. Another consequence of this result is the so-called ergodic abundance of the
entropy functional, as given by Corollary 2.39, which is also a fundamental property for our proofs,
along with the weak* density of ergodic measures (Proposition 2.36).

2.9.1 Ergodic measures

Let (X, .A) be any measurable space. Le., X is any nonempty set and .A some o-algebra on X. In
ergodic theory, the existence of limits of the form

N 1l m
so(r)—g;ngoﬁz_lsoof (), =r€X, 1)

is studied for any measurable function f : X — X and appropriate functions ¢ : X — R. Such a
question led to two important (types of) ergodic theorems, which were proven for the first time by

!11.e. convex and concave. The concavity of the entropy functional is a direct consequence of its definition.
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von Neumann and Birkhoff, respectively. See [64, Theorems 3.1.6 and 3.2.3]. The most interesting
one here is Birkhoft’s ergodic theorem [64, Theorem 3.2.3], which ensures the existence of the limit
(91) almost surely for integrable functions ¢:

Theorem 2.31 (Birkhoff)

Let (X, A) be any measurable space, f : X — X a measurable mapping and 1 a probability
measure that is invariant'? with respect to f. For any p-integrable function o : X — R, the limit (91)
exists ji-almost surely and defines another p-integrable function p : X — R (u-almost everywhere)

satisfying

| e@nn = [ el

X X

The Birkhoff ergodic theorem stated above is proven, for instance, in [64, Section 3.2.2], see [64,
Theorem 3.2.3].

The p-integrable function ¢ : X — R, uniquely defined p-almost everywhere, is called a time
average of the (u-integrable) function ¢ : X — R. For any given measurable set A C X (i.e.,
A € A), T4 denotes the time average of the corresponding characteristic function x 4. It is called the
mean sojourn time associated with A € A. These objects allow us to explain the notion of ergodicity:

Definition 2.32 (Ergodicity)
Under the conditions of Theorem 2.31, the pair (f, 1) is ergodic if, for all A € A, 74 = u(A), i.e.,
the constant function (A) on X is a mean sojourn time for A.

By definition, ergodicity of a probability measure p thus refers to the fact that, for all Borel sets
Ac A,

1l m
Tim. ETnZ:lXAof = /X Xa(x)p(de) ,  p-as.

See Theorem 2.31. This property is equivalent to the corresponding one with the characteristic func-
tions x4, A € A, replaced by general p-integrable functions. See, for instance, [64, Proposition
4.1.3]. The ergodicity is also equivalent to a clustering property [64, Proposition 4.1.4]. All this leads
to the following proposition:

Proposition 2.33 (Properties equivalent to ergodicity)
Under the assumptions of Theorem 2.31, the following conditions are equivalent:

(i) (f, p) is ergodic.
(i1) For any p-integrable function ¢ : X — R,

1 n
lim — = d -a.s.
nggonglswf /XsO(w)u(flf), ji-a.s
(iii) For all p,q € (1,00) with 1/p + 1/q = 1 and all functions p € LP(p), ¥ € L),

,}ggo%:z;;/xw(x)SOOf”(fc)u(dr):(/Xw(x)u(dx)> ([ e@uan).

Ple., fo(n) = p, where f.(u)(A) = u(f(A)) for all Borel sets A € A.
B1.e., the transformation f is ergodic with respect to the measure y or the measure y is ergodic with respect to the
transformation f.
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Proof. By [64, Proposition 4.1.3, cf. (i) and (iii)], (i) holds true iff (ii) is satisfied, while [64, Propo-
sition 4.1.4, cf. (1) and (ii1)] proves that (i) is equivalent to the clustering properties (iii). m

It is well known that the ergodicity property precisely characterizes the extreme invariant mea-
sures. In fact, under the conditions of Theorem 2.31, let

P(f)={peP: filn) = p} (92)

be the set of all probability measures on A that are invariant with respect to f, where P is the set of
all (i.e., not necessarily invariant) probability measures on .A. It is a convex set and P, (f) denotes
the subset of its extreme points, which turns out to be nothing but the set of ergodic measures with
respect to the measurable transformation f:

Proposition 2.34 (Ergodicity and extremality)
Under the conditions of Theorem 2.31, the invariant measure ji € P(f) is ergodic iff it € Pexg(f).

See, for instance, [64, Proposition 4.3.2] or [66, Theorem 6.10] for more details, including the proof.

Of course, all these results can be applied to the case where X is the compact topological space
¥ = QN, the set of infinite strings on the alphabet 2 endowed with the product topology, and f is
the transformation 7" : ¥ — X defined by (7). In this particular case, we can identify P(7"), defined
above by (92), with the weak® compact and convex space of all positive normalized linear functionals
on C'(X), thanks to the Riesz-Markov theorem [23, Theorem 4.68]. In particular, P(7) C C'(3)*. By
the Krein-Milman theorem [57, Theorems 3.4 (b) and 3.21], the subset P, (1) of its extreme points
is nonempty and

P(T) =C0O Perg (T') .

Therefore, by Proposition 2.34, there are ergodic measures in P(7') and any 7T-invariant probability
measure p € P(7T) is the weak* limit of convex combinations of ergodic probability measures.

Since ¥ is a metrizable compact space, C'(X) is also separable with respect to the topology of
uniform convergence and, hence, the weak* topology of P(7") C C(X)* is also metrizable. In par-
ticular, by Lemma 3.27, P(T') is a Borel set for the weak* topology and using the Choquet theorem
(Theorem 3.28), one checks that P(T') is a (Choquet) simplex:

Proposition 2.35 (P(7') as a Choquet simplex)

For any T-invariant measure ji € P(T) there is a unique (Choquet) probability measure &, on
the Borel c-algebra associated with the weak* topology of P(T'), that is supported in Peg(T'), the
barycenter of which is . In particular,

§u(P(T)\Perg(T)) = 0. (93)

Proof. The existence of a (Choquet) probability measure £, with the asserted property is a direct
consequence of Theorem 3.28, since P(7) is a metrizable, weak*-compact and convex set, as already
explained. It only remains to show its uniqueness. So fix ;1 € P(7T') and let §,, be any Choquet measure
on P(T') whose barycenter is u, as given by Theorem 3.28. Using Proposition 2.33, Equation (93),
Lebesgue’s dominated convergence theorem as well as the notation E,,[-] for the Birkhoff sum (21),
we deduce that, for any ¢, p, € C(X),

[ atedneg @ = [l e la)e, @)
PT) Pors

= lim [t (02En [01]) €, (df2)

n—oo Perg(T)

= lim p(0,En [1]) -
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The second equality follows from Lebesgue’s dominated convergence theorem because

v (9B [0 < lleill lpolloe - ¥ €P(T), neN.

More generally, by the same arguments, for any k£ € {2,..., 00} and ¢, ..., p, € C(2),

Np—1—>00 ni—oo

/P(T) ,& (‘pk) o I[L (901) gp (dla) = lim --- lim H (SpkEnkq [Sokfl] o 'Em [901]) : (94)

Let
X=span{p,--- P,k €Ny, ¢p,...,0, €C(X)} CC(P(T);R) ,

where ¢, --- @, = 1 (i.e., the constant function 1) when & = 0, » : P(T') — R is defined for any
p € C(X) by
e(v)=vr(p), veP(T), 95)

and C(P(T); R) stands for the space of weak*-continuous functions P(7") — R. By Equation (94),
the quantities

/ ﬂ(gok)ﬂ(@l)éM(dﬂ)? /{26{2,...,00}, 9017"'790k60(2>7
P(T)

depend only on the probability measure 4, but not on the particular choice of the Choquet measure ¢,
representing /. As a consequence, the quantities

£ () = fw &, dp),  feX, (96)

P(T)

also depend only on the probability measure p. Observe that the elements of C'(X), seen as weak*-
continuous linear functionals'* on the dual of the Banach space (C(X), ||-||.), (trivially) separate the
points of this dual space. As P(T') is weak*-compact, we can invoke the Stone-Weierstrass theorem
[23, Theorem 7.191] to deduce that X is a uniformly dense subalgebra of C'(P(T");R). Thus, the
quantities (96) extended to all continuous functions f € C(P(7T); R) only depend on . Therefore,
the Choquet measure § ,, which is a probability measure on P(7'), must be unique. =

Proposition 2.35 means that P(7T') is a so-called Choquet simplex. In fact, P(T') is even the so-
called Poulsen simplex (which is unique [44, Theorem 2.3.] up to an affine homeomorphism), as a
consequence of the weak™ density of its extreme points:

Proposition 2.36 (Weak™ density of ergodic measures)
The set Peg(T') of ergodic measures is a G5 weak*-dense subset of P(T).

Proof. Note that the weak* topology of P(T") is metrizable and thus, the set Pe,, (1) of extreme points
of P(T') is a Gy set, thanks to Lemma 3.27. We now prove the weak*-density of P, (7) in several
steps. We start with a general observation on the Banach space C'(X) of all continuous functions on
character strings ¥ = QY.

Step 1: For any m € N, we define the subspace

Con(2)=J CE)N T

meN

of so-called cylinder functions, where

In={¢: T —=R:3f:R™ = Rsuchthat p (0) = f (w1,...,wy) forallo = (w,),y € X} .

“Le., forany p € C(X;R), ¢ (v) = v (p) for all v € C(Z; R)*. Cf. Equation (95).
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The set C.y; (X) is a dense subspace of C'(X), by compactness of ¥ (cf. Tychonoff’s theorem [57,
Section A.3]) and the equicontinuity of well-chosen families of continuous functions on compacts
(via Ascoli’s theorem [57, Section A.5]). Indeed, fix some s = (s,,), .y € 2. For any ¢ € C'(X) and
m € N, we define the continuous function ¢,, € C(3) N J,, by

Som (U) = 90 (Jm) I 0= (wn)neN € E )
where
Om = (wla ceos Wiy Smd1s Sm2, - - ) €X ) 0 = (wn)neN €X.

Recall that the metric (4) for n = 1/2, that is,

dij2(0,0") ZQ "d (wp,w!) 0= (Wn)pen 0 = (W) en €2,

neN

generates the topology of Y. From (3) we observe that
dijo (0, 0m) Z 27 (Wn, 8,) <217, 0= (Wn)pey €5 mEN. (97)

This implies that the family {(,,, },.en of functions on the compact ¥ is equicontinuous. By compact-
ness of X and continuity of ¢, the family is also uniformly bounded. Again by (97), ¢,, converges
pointwise to ¢, as m — oo. Now, using Ascoli’s theorem [57, Section A.5] we deduce that, at least
along some subsequence, the convergence is uniform, that is, for any ¢ € C'(%),

liminf |l — ¢,,[|., = liminf sup ¢ (o) — ¢ (o) = 0.
m—0o0 m—o0 oEeY

In other words, C.y (X) is dense in C'(X).
Step 2: Forany m € Nand k£ € N, let

Conie (B) = {poTH I e C(S)NTn} -

In fact, Cy, x(X) is nothing but the space of continuous functions (wy,),,cy — ©((Wn),cy) that only
depend on W(—1)m+1, - - -, Wkm. These closed subalgebras of C (32) are all naturally isomorphic to
C(€2™). Given any positive normalized functionals (i.e., probability measures on €2) v, ; on the
subalgebras C,, (X) € C'(X), m, k € N, there is a unique positive normalized functional &), . Vm,k
on C(X), for which, forall l € N, ky,...,k € N, ky < -+ < kjyand ¢ € Cpp, (2),..., ¢, €
Cm,kl (2>’

Q) Vi (01 01) = Viny (91) Vot (1) -

In other words, identifying positive normalized functionals on functions on compacts with probability
measures, ), .y Vm,k is nothing but the product probability measure of the probability measures v, x,
m, k € N. Fix now any T-invariant measure ;1 € P(7") C C(X)* and, for all m, k € N, define the
positive normalized functional ,,, , € Cp, x(X)* as being the restriction to Cyy, 1 (X) of 1, i.e.,

P (0) = 1 () peC(X)N T . (98)

Then, for all m € N, let the probability measure 1, on X be defined by

Hin = @) iy € C(D)" - (99)

keN
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Observe that, by construction, 7™ (1) = u®, where T, (v) stands for the pushforward of an arbitrary
probability measure v € P with respect to T, i.e., T, (v) (A) = v(T'(A)) for any Borel set A C
Y. That is, x is a m-periodic probability measure. We can now define a T-invariant measure by
averaging out & within a period:

m—1

1 n
Hn = — D T (i) € P(T) . (100)
n=0
By construction we also have
m g, () =p(p) , ¢ €lyu(X).

m—r0o0

Since Cy (X) is a dense subset of C'(X) (Step 1), we deduce that the sequence (f1,,)men converges
to 1, in the weak™ topology. It remains to show that 1, is an ergodic measure for each m € N.

Step 3: Fix again a T-invariant measure p € P(T'). Let j1, j2 € Nand p,q € (1,00) with 1/p+1/q =
1. Take ¢ € C(X) N J}, and ¢ € C(X) N Jj,. Then, for any k € N, k > j, + m, using Equations
(99)-(100), we compute that

J2 +m

%;/;&(0) (p o T*) (o) iy, (do) = £ Z/w (90 T*) (9) ty (do)
+(1—“2%)/Zwamm<do>/2soo:r'f<a>um<do>,

which, combined with Holder’s inequality and the 7™-invariance of 1, yields the bound

1k

P2 L@ T @) @)= [ 0@ @) [ (o) (00)
/= )

< 92+m ((/ 0 ()] 1, da) (/Isa  hy da))l/p) (101)

It follows that

lim > [ 0@ (o) @ (@0) = [ 0101 (d0) [ (o) ()

By Step 1, C.y1 (X) is dense in C'(X). Therefore, we can extend the last limit to all ¢ € C'(X) and
Y € C(X). In addition, since C'(X) is dense in LP(u,,,) for any p € (1, 00), using Holder’s inequality
as done in (101), we can then extend the last limit to all ¢ € LP(p,,) and ¢ € L(u,,), p,q € (1, 00)
with 1/p + 1/q = 1. Now, by Proposition 2.33, 1,, is an ergodic measure forallm € N. m

2.9.2 The entropy functional as a thermodynamic limit

Our initial goal in this subsection is to show that the entropy is affine in the case where the alphabet is
a general (i.e., not necessarily finite) compact metric space (see Proposition 2.38), what is well-known
for finite alphabets [66, Theorem 8.1]. We summarize the main steps of the proof of this property,
which stems from [1]. Then, we give in Corollary 2.39 a proof of ergodic abundance for alphabets
that are general compact metric spaces; this result was already known in the case of a finite alphabet
(see [48] and also [29]).
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First, just like in [1, Section 2], we define the relative entropy (also known as Kullback-Leibler
divergence) of a probability measure ;1 € P with respect to second one v, both on the measurable
space (X, S): For any sub-c-algebra A C &,

Jo du (@) 0 fu(0) w(d0) >0, f = 2 i uf < ]
Ha(ply) = (102)
o, otherwise ,

where f, is the Radon-Nikodym derivative of the restrictions to A, |4 and v| 4, of the measures
and v. Here, u|4 < v|4 means that p| 4 is absolutely continuous with respect to v| 4 and we use the
convention f, (o) In f, (¢) = 0 when f, (o) = 0, as is usual. As it is well-known, the relative entropy
is monotonically decreasing with respect to “coarse graining”, that is, for any o-subalgebra B C A,
we have

Hp (ulv) < Ha(ulv) - (103)

For any finite subset A C N, we apply this definition to the initial o-algebra & of the canonical
projections'> ¥ — QA For simplicity we use the notation

Ha (ulv) = He, (ulv) (104)

for any two probability measures i, v on the measurable space (3, &) and finite set A C N. We call
this quantity the relative entropy of x in A with respect to v. Note from Inequality (103) that

Ha (i) < Ha(ulv) . A CA. (105)

We fix an a priori probability measure m on ) and, for any probability measure ;. € P and finite
subset A C N, we define H, (1), the so-called specific entropy in A of p. It is nothing but minus the
relative entropy of p in A with respect to the product measure on ¥ constructed from m, i.e.,

mg = Qm € P(T) . (106)

keN

In other words, for any probability measure x and finite subset A C N,

Ha (1) = —Ha (plmg) - (107)

In the limit n — oo of finite subsets {1,...,n} it gives the so-called specific entropy per site of any
T-invariant probability measure p € P(T'), which is well-defined in this case by the limit

77777

b (1) = lim n™ Hyr oy (1) € [-00,0] . (108)

The functional b : P(T') — [—o0, 0] is both concave and weak* upper semicontinuous. See [31] for
more details. Note in particular that [31, Definition 15.13, page 315] essentially correspond to this
claim, but the lattice is Z there, instead of N.

A thermodynamic limit similar to (108) can also be obtained by using other reference measures,
not just the product measure (106), like in [31, Theorem 15.30]. Observe that the product measure is
nothing but the Gibbs measure associated with a constant potential. Indeed, more generally, we can
take the (unique) Gibbs measure associated with any Holder potential f as reference measure. This is
done as follows:

Step 1: Given any Holder potential f € C*(X) (a € (0, 1)), we define an appropriate normalized po-
tential f and consider the associated Ruelle operator L7 In particular, we should have £7(1)(0) = 1

ls(ai)ieN = (04)ien
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for all o € X. This is done in the following way: As already explained in [1], one can use the gener-
alization of the Ruelle-Perron-Frobenius theorem given in [50] to define a cohomologous normalized
potential defined by

f=f+Inh;—In(hjoT)—In)\s,

for any f € C%(X), where \; is a maximal eigenvalue of L} having hy € C*(X) N C" as an
eigenfunction.

Step 2: The relation between f and f, or more explicitly L7 and ﬁ}?, is explained in [50] and refers
to the following observations: Since Ay is a maximal eigenvalue of L7 there is an eigenprobability
v such that

(LF)" (vy) = Apvy
with (£fm)* being the usual dual operator acting on probability measures. It turns out that the product
hsvy, properly normalized, is an equilibrium measure ;1 € P(T') for f, in the sense of Definition

2.5. In other words, 1, maximizes the pressure functional By, (f), as defined by (12) with ¢ = f.
Moreover, log A\ = Pp,(f) and the set

{u €P(T): (LW)v = y} (109)

has only one element, which is equal to yi; = 17 € P(T’) (notice that the normalized potential fisof
Holder class, as f is a Holder potential), called'® the Gibbs measure associated with the potential f.

Having now the Gibbs measure 1 at our disposal, we study the thermodynamic limit of the rel-
ative entropy of a T-invariant measure with respect to p,. This refers to [1, Theorem 3.1], which
states that, for any probability measure m on (2 having full support, each a-Holder-continuous func-
tion f € C*(X) (a € (0,1)) and any T-invariant probability measure v € P(T'), the following limit
exists:

b (vlpy) = T}Lrlgon_lH{l 77777 np (Vlpg) =In Xy —/Ef (o)v(do) —b(v) € [0,00] , (110)

where p1; € P(T) is the Gibbs measure associated with f, which is the unique element of the set
(109). From [1, Theorem 3.1] together with the positivity of the relative entropy it also follows that,
for any o € (0,1),

00 <= [ f@ulde) . weP(T). feC(®).

provided m is a probability measure on €2 having full support. By Proposition 2.2, we thus deduce
that

0 < = utfwy - [fouaen} . werm,

fece(%)

when m is a probability measure on €2 having full support. Recall that h : P(T) — R is the entropy
of Definition 2.1. In fact, the functionals ) and h are equal to each other. This claim refers to [1,
Theorem 3.4]. Combined with Proposition 2.2 and Equation (108), we thus arrive at the Aguiar-
Cioletti-Ruviaro theorem:

Theorem 2.37 (The entropy as a thermodynamic limit)
Assume that m is a probability measure on ) having full support. Then, for any n € P(T),

v = dut fiy = [ @ ulao)} = tim e )

fec(x)

161t is sometimes named the normalized DLR probability for f; for the exact definition and equivalences, see [27].
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The representation of entropy as a thermodynamic limit is very useful because, among other
things, it allows us to derive the affine property of the entropy as a functional on P(7T'):

Proposition 2.38 (Affine property of the entropy)
Assume that m is a probability measure on ) having full support. Then, the mapping j — h(u) from
P(T) to [—o0,0] is affine.

Proof. We start with the concavity of the entropy h, which is easy to prove directly from its definition
(Definition 2.1): For any A € (0, 1), consider the convex combination

fry = Ay + (1= A) iy (111)

of two arbitrary T-invariant probability measures i, 11, € P(T'). For the T-invariant probability
measure /5 and an arbitrary strictly positive parameter ¢ € R, take an approximating minimizer of

(10), i.e., a positive function f € C* such that
Ll’n
In (M) ps (do) .

h(:u3)+62/ f(O')

%

It follows from Equation (111) that

P+ = A [ (fﬂ i d”(’))m(da)

> S
e [ (B) o,
> A () + (1= A) h(py) -
Since € € R is arbitrary,
h () = A (py) + (1= A) b () (112)

forany A € (0,1) and p, s € P(T).

We now prove that the convexity of the entropy /, which has become relatively easy to prove,
thanks to Theorem 2.37: Take again arbitrary A\ € (0, 1) and p,, uy € P(T'). Fix also some n € N.
Regarding the o-algebra &y . ), (the convex combination (111)) 3 has Radon-Nikodym derivative
equal to

-----

fusz—wrl}:)‘fm"’(l_)‘)fuz’ (113)

provided f,, and f,,, the corresponding Radon-Nikodym derivatives of 1., and y,, exist. In this case,

M,y (13) = —H, ) (p3lmg) = — /z f,U«3 (o) In fug (0) mg (do) ,

see Equations (102)—(107). If one of the two Radon-Nikodym derivatives f,, and f,, does not exist,
the Radon-Nikodym derivative f,,, does not exist either and, for any A € (0, 1), we trivially have

Hit,omy (3) S AH oy (1) + (1= X) Hpony (12) (114)

both sides of the inequality being equal to co. Thus, assume that both f,, and f,, exist. Then, since
the Radon-Nikodym derivatives are mg-almost everywhere positive and, by (113) and the fact that
the function In(-) is monotonically increasing,

In (fug (‘7)) =1In ()‘ful () +(1=2A) S, (‘7)) > In ()‘fm (U)) )
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(mg-almost everywhere), we arrive at

)‘/fulln(fug) mg (do) > )‘/fulln()‘ful) mg (do)
> >
= )x/zfu1 In (f,,) me (da)—l—)\ln)\/zf“lm@ (do)
= )\/ fuy In (fu,) mg (do) + An A . (115)
>

In the same way, we obtain that

(1-— )\)/ fuyIn (fu,) me (do) > (1= N) / fiyIn (fu,) me (do) + (1 =A)In(1—=X) . (116)
b b))
By adding (115) and (116), we get the upper bound
Himy (3) S Ay (1) + (1= N Ho oy () = AIA = (1= A)In(1=A) (117

for any A € (0,1), py,pp € P(T) and n € N such that f, and f,, both exist. By Theorem 2.37
combined with (114) and (117), it follows that

h(pg) < M (py) + (1= A) b (o) (118)

forany A € (0,1) and iy, py € P(T). Thus, h is both concave and convex, i.e., affine. ®

Corollary 2.39 (Ergodic abundance)

Assume that m is a probability measure on ) having full support. For any pn € P(T), there exists a

sequence ([i,,)men of ergodic measures converging in the weak™ topology to i such that
Tim R (p,) = R (p) -

Proof. Let 1 € P(T) and define the sequence (fi,,)men by (98)—(100). Indeed, by the proof of

Proposition 2.36 (cf. Steps 2 and 3), (i, )men converges to 4 in the weak™* topology while y,, is an
ergodic measure for each m € N. By Theorem 2.37,

.....

where /L%7 . = TF(u2). Since the Radon-Nikodym derivatives are mg-almost everywhere positive

and the function In(-) is monotonically increasing, we have that



(mg-almost everywhere). Therefore,

1 m—1 1 m—1 1 m—1
- D My (45 s) < Hom <E > ui?i,n> <Ilnm+ - > Hovemy (H2,) -
k=0 k=0 k=0

(This is essentially the same argument used in the proof of Proposition 2.38 to prove the affine prop-
erty of the entropy.) It follows that

m—1 m—1
, 1 . 1
h(u,,) = 7}13)10 p—" Z Hitomy (15 5) = nlgrolo Zn Z Ht,mny (K i)
k=0 k=0
1 m—1
L ®
= thgO p_— kz:; Hik,mntk) (Mm)
1 m—1
= lim — [ nHy ., H
Jim —— (n (,m} (1) + 2 (k) (1)
m—1
+ > ((n=DHp,my (1) + Hiprr,m) W»)
k=1
1
- Lot (119)

To get the third equality we use the additivity of the relative entropy with respect to product probability
measures, along with the T-invariance of y. Notice also, that by Inequality (105) and the 7T-invariance
of u, the terms

Ho,ky (1) and Hikr1,my (1) = Hit,m—ry (1)

for k € {1,...,m — 1} have to be finite (i.e., not —oo) whenever Hy (1) > —oo. In turn,
Hi,.my (1) > —oo for all m € N when the entropy h (1) is finite, i.e., h () > —o00), by Theorem
2.37 and Inequality (105). In particular h (1,,) is finite for all m € N when A () is finite. Now, we
deduce once again from Theorem 2.37 and (119) that & (1,,) tends to k (i), as m — co. ®

2.9.3 Minimization of real-valued functions via ['-regularization

In 2012 we proved [17] that, in great generality, the minimization problem of any non-convex and
non-lower semicontinuous function that is bounded from below and defined on a compact convex
subset of a locally convex real topological vector space can be analyzed through an associated convex
and lower semicontinuous function, which is the so-called I'-regularization of the original function.
We present this result because it is important in Sections 2.7.4 and 2.8, but is not common knowledge
(at least in the thermodynamic formalism community).

Fix once and for all in all the subsection a (nonempty) compact convex subset /' of a locally
convex real (topological vector) space!” X'. The aim of [17] is to characterize of the set of generalized
minimizers of real-valued functions on K. Given an (extended) function f : K — (—o0, oo the set
of its generalized minimizers is, by definition, the closure of the nonempty'® set

0(f, K) = {x € K : 3(wi)ies © K witha; — v and lim f(z;) = inf f(K)}

of all limit points of approximating minimizers of f. Note that the function f is here completely
general. In particular, it is not necessarily convex or lower semicontinuous.

7Topological vector spaces are here Hausdorff spaces, i.e., singletons in those spaces are closed sets.
1802 (h, K) is non-empty because any net (z;);e; C K converges along a subnet, K being compact.
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It turns out that the study of the above set of generalized minimizers can be performed via I'-
regularization, which is defined as follows [2, Eq. (1.3) in Chapter 1]: For any extended real-valued
function f : K — [k,00] with k € R, its I'-regularization (on K) is the function defined as the
supremum over all affine and continuous minorants m : X — R of f,i.e., forall x € K,

['(f)(x) =sup{m(z) :me A(X) and m|x < [}, (120)

where A (X)) is the space of all affine continuous real-valued functions on X. Since the ['-regularization
" (f) is a supremum over continuous functions, I' (f) is a convex and lower semicontinuous function
on K. In fact, it is the largest weak*-lower semicontinuous convex function below f, by [17, Corollary
3.2]. See, e.g., [17] or [18, Section 10.5] for a short review on I'-regularizations.

Theorem 2.40 (Minimization of real-valued functions)
For any function f : K — [k, oo] with k € R, the following assertions hold true:
(1)

inf f(K)=inf T'(f)(K) .

(ii) The set M of minimizers of T (f) over K is the closed convex hull of the set 2 (f, K) of generalized
minimizers of [ over K, i.e.,

M= (2(f.K)) .

(iii) All extreme points of the compact convex set M belong to the set of generalized minimizers of f,

ie, £(M)C Q(f, K).

This theorem correspond to [17, Theorems 1.4—1.5] and implies, among other things, a general-
ization to locally convex real spaces of the Lanford III-Robinson theorem, proven for separable real
Banach spaces, which characterizes the subdifferentials of continuous convex functions. See [17,
Theorem 1.8].

3 Abstract Theory of Bogoliubov Linearizations

The abstract structure of the arguments used above for the nonlinear thermodynamic formalism of
dynamical systems can be extracted, revealing a much broader spectrum of applications than that
considered in Section 2. In fact, all one needs is a generic compact convex Hausdorff space K,
instead of the particular case of the metrizable weak*-compact and convex space P(T") of T-invariant
measures of Section 2, or the metrizable weak*-compact and convex space of states on the CAR C*-
algebra used in [18]. The considered nonlinear functions can also be very general, a sum of a concave
upper semicontinuous and a convex lower semicontinuous function. Despite this being a very general
framework, explicit results can be obtained via self-consistency when the associated linear variational
problems are well understood. This transition between nonlinear variational problems and linear ones
is what we call here Bogoliubov linearization, in honour of Bogoliubov’s seminal approach used in
his famous microscopic theory of He* superfluidity, proposed in 1947. That is what is presented in
this section, forming a general theoretical framework that we believe is both useful and elegant.

For the reader’s convenience, we begin by recalling basic definitions and properties of the Legendre-
Fenchel transform and subdifferentials (Section 3.1). Next, we study the purely concave case (Section
3.2), which is then used as a springboard to the general case (Section 3.3). In Section 3.4, this general
study leads to decision rules of a canonical two-person zero-sum game, referred to here as thermo-
dynamic game, which is the terminology proposed by [18]. In Section 3.5, we conclude by linking
this formalism to Monge-Kantorovich’s optimal transport and duality formulas. This opens up our
approach to a broader field of research.
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3.1 The Legendre-Fenchel transform and subdifferentials

Let X be any real normed space. Its (topological) dual space is the set of all continuous linear
functionals on X and is denoted X'*, as is usual. The dual space X'* is then endowed with the weak*
topology. Recall that it is a locally convex space. By [57, Theorem 3.10], (X, X'*) forms a so-called
dual pair, meaning that, for all x € X, the functional y — y(z) € C on X* is continuous with
respect to the weak* topology, and all linear functionals which are continuous with respect to the
weak™* topology have this form.

Given such a dual pair (X', X*), the Legendre-Fenchel transform' ¢* of a function g : X —
(—o00, 00| (that is, g is allowed to take the value oo) with nonempty domain

dom(g) ={z € X :g(x) < oo} #10
is the convex lower semicontinuous functional from X* to (—oo, co] defined by

g (x) =sup{z(y) —g(y)}, we&. (121)

yeX

Note that the conditions imposed on g means that we only consider here so-called proper functions,
as defined in [59, Definition 1.3.1]. In this context, the double Legendre-Fenchel transform g**, also
called the biconjugate of g, is nothing but the so-called I'-regularization of ¢ (see (120)), that is, the
largest lower semicontinuous convex function below g. In particular, if g is a lower semicontinuous
convex function then

g(x)=swp{y(x)—g"(y)}, T€EX. (122)

yex*

Recall that the Legendre-Fenchel transform is always weak*-lower semicontinuous, being the supre-
mum over weak*-continuous (and affine) functionals. See [59, Theorem 2.2.4] and [17, Corollary
3.2]. Observe from (122) that, for lower semicontinuous convex functions g, one must have

dom (¢*) ={z € X :g"(x) < oo} #0, (123)

since the function g never takes the value —oo (it is even proper, by assumption). In this case, the
nonempty sets dom(g) and dom(g*) are always convex, by convexity of Legendre-Fenchel trans-
forms.

This essential property (that is, (122)) is crucial for allowing us to implement the Bogoliubov
linearization in a mathematically rigorous manner.

Below, we focus on functions whose Legendre-Fenchel transform grows faster than linearly. More
precisely, we consider functions with large enough minimal linear growth. In fact, given a dual pair
(X, X*), we say that the Legendre-Fenchel transform ¢* of a function g : X — (—o0, 00] with
nonempty domain dom(g) # () has minimal linear growth A € R if

im — sup  {A[yll, — 9" ()} = —oc. (124)
0,R)

R—o0 yEX*\B(

where
B(0,R) = {y e x|yl < R} c X (125)

is the closed ball of radius R € R and center 0 € X*, while, as is usual,

1Yllop = sup {ly ()] : 2 € X, Jlzll, <1}, ye&™. (126)

191t is also called the conjugate of g.
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If such a function g is additionally convex and lower semicontinuous, then we deduce from (122) and
(124) the existence of a strictly positive radius R € R" such that, for any € X satisfying ||z, < A,

g(z) = sup yx)—g ()} = ei}?gm () =g (W)} . (127)

This property is important to define below “equilibrium states”.

Given again a dual pair (X, X*) and a function ¢ : X — (—o0, 00] with nonempty domain
dom(g) # 0, the corresponding Legendre-Fenchel transform is directly related to the so-called subd-
ifferential of g at z € dom(g), which is defined by

dg(z) ={reX":VyeX, z(y—2)<g(y)—g(2)}. (128)

In particular, by [59, Proposition 4.4.1], when g is also convex, z € dom(g) is solution to the varia-
tional problem (121) if and only if x € dg (z). When g is a lower semicontinuous convex function,
we can also infer from [59, Proposition 4.4.1] that, for any x € dom(g), z € X is solution to (122)
if and only if z € Jg () C A'*. Note indeed that z € X'* is solution to (122) if and only if

g (@) +97(2) = z(x) .

3.2 Bogoliubov linearizations for concave interactions

General assumptions. In all this subsection, we consider the following assumptions:

Al X is areal normed space, K is a compact convex Hausdorft space, 7 : K — X is a continuous
affine transformation and f : K — {—oo} UR is an upper semicontinuous concave function
(which is of course not identically equal to —oo).

A2 g : X — R is alower semicontinuous and convex function for which there is a radius Ry €
R* such that B(0, R) N dom(g*) C X™* is nonempty and weak*-closed for all R € [Ry, c0).
Moreover, the Legendre-Fenchel transforms ¢g* has minimal linear growth ||7||« € R in the
sense of Equation (124).

Above, recall that B(0, R) C X™* is the weak*-closed ball of radius R € R" and center 0 € X™*, see
(125)—(126). We use the standard notation

ITlloe = sup {7 (W)l 4 = 1 € K} (129)

for the uniform norm (or sup norm) of 7. Recall that any continuous function on a compact is uni-
formly bounded. In particular, in Condition A2 one always has that ||7||o, < co. Remark also from
Condition A2 that g has obviously full domain, i.e., dom(g) = X (it is also proper), and the convex
set dom(g*) is nonempty, thanks to (123).

We call the elements of K (generalized) states. In this subsection we study the set

Er ={pe€ K:F(p)=supF(K)}
of nonlinear equilibrium states, where the function F : K — {—oo} U R is defined by
Fxf_gor. (130)
Note from Conditions A1-A2 that F is upper semicontinuous and concave, and so, £/~ is a (nonempty)

compact convex set.
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Remark 3.1

Clearly, F : K — {—o00} UR is an upper semicontinuous concave function like f in Condition Al.
The advantage of splitting F into two parts f and —goT arises when the Legendre-Fenchel transform
of g* and the maximization of f —y o1, y € X*, can be easily controlled. This is the raison d’étre of
Bogoliubov linearizations.

Bogoliubov linearizations. We associate to the function (130) the family of functions

Gy=f—-yor, yex. (131)
This leads in particular to the (nonempty) compact convex sets
Eg,={peK:G,(n) =supg, (K)}, yea&”, (132)

of associated linear equilibrium states. We call these new functions G,, y € X™*, Bogoliubov lin-
earizations of F.

The name “Bogoliubov linearization” used here is reminiscent to what is known in Quantum Sta-
tistical Mechanics as the Bogoliubov approximation or, sometimes, the approximating Hamiltonian
method. It is a generic method that has been first used in theoretical physics, starting with Bogoli-
ubov’s microscopic superfluidity theory in 1947 [9]. It can be made mathematically rigorous, as
shown in [10, 14, 15, 11, 12, 16, 18, 69, 43] for many cases in quantum physics, ranging from Bose
gases to quantum-spin and lattice-fermion systems.

However, apart from [18], all the mathematical results obtained beyond perturbative arguments
(with in particular (often dilute) limits of infinite particle numbers) on the Bogoliubov approximation
concern only the computation of pressures (or free-energy densities), i.e., the calculation of infinite-
volume limits of the logarithm of partition functions. As far as we know, the monograph [18] is the
only study of the Bogoliubov approximation for equilibrium states. It thus provides results regarding
all correlation functions (or all N-body density matrices) and solves in the case of lattice-fermion
systems an old open problem that was first raised by Ginibre in 1968 [32]. This approach [18] has
been significantly generalized here. Indeed, in the quantum framework, previously considered in [18],
only the specific case of “Example 2.7%° is studied.

Exactness of Bogoliubov linearizations at the variational problem level. The relationship be-
tween the maximization of the function 7 : K — {—oo} UR and its Bogoliubov linearizations
G, : K — {—o00} UR is established in the sequel using the celebrated von Neumann minimax theo-
rem (Theorem 3.24). In fact, they are related via the variational problem

P = ylen/\f* PNL (y)

and its set
M={ye & : Puw(y) =P} (133)

of minimizers, where

P (y) = PL(y) + 9" (y), P (y) =sup g, (K), yexr.

We call the quantities Pp,(y) and Pxy(y), y € X', respectively the linear and nonlinear approximating
pressures associated with the Bogoliubov linearization G,.. As F, (y) € Rforall y € X*, Py, defines
a real-valued function on the nonempty convex set dom(g*) and Pyy,(x) = oo when x ¢ dom(g*).

Note that P < oo, because dom(g*) # (). From Lemma 3.21 (b) (trivially adapted to the case
g3 = 0) we can infer that Conditions A1-A2 imply P € R, i.e., P > —oo. Under the same condi-
tions, we meanwhile have sup F (K) € R, because F (130) is bounded from above, as it is upper
semicontinuous, F (1) < oo for all u € K, and K is compact. In fact, the supremum of the function
F (130) turns out to be nothing but the variational problem P:

20 Adapted appropriately to the fermionic situation.
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Proposition 3.2 (Exactness of Bogoliubov linearizations)
Under Conditions A1-A2,
supF (K)=P = in)g Pyt (y) e R
YeEA™

and there are v € M and v € Eg, such that x € 0g (1 (v)), v € Er and

(z) = sup {yo7(v)—g"(y)} . (134)

yeX*

*

roT(V)—g

Proof. We divide the proof into three steps:

Step 1: Recall that there is a radius Ry € R such that the (convex) set B(0, R) N dom(g*) C X*is
nonempty and weak*-closed for all R € [Ry, c0) (see Condition A2). On the one hand, by Lemma
3.20 (b), there is Ry € [Ry, oo) such that, for all R € [R;, 00),

P = inf PaL (y) < inf P (y) . (135)

y€B(0,R)Ndom(g*) yeX*\B(0,R)
On the other hand, by Equations (122) and (130) together with Condition A2 (cf. (127)) there is also
Ry € [Ry, 00) such that, for all R € [Ry, 00),

sup F (K) = sup inf {f(u)—yor(p)+g" ()} . (136)

pek y€B(0,R)Ndom(g*)
Therefore, there is R € RT (R > R;, j = 0,1, 2) such that Equations (135)—(136) hold true and the
(convex) set B(0, R) Ndom(g*) C X* is nonempty and weak*-closed.

Step 2: The space K is by assumption compact, convex and Hausdorff (see Condition Al). Observe
that the set

No={pe€K: f(n) > —oc}

is weak*-closed and convex because the function f is by assumption upper semicontinuous and con-
cave (see again Condition Al). In particular, N, is a compact convex Hausdorff subspace of K.
Meanwhile, B(0, R) is a (Hausdorff) weak*-compact convex subset dual vector space X'*, thanks to
the Banach-Alaoglu theorem [57, Theorem 3.15]. By taking a radius R € R™ as in Step 1 we ensure
that (135)—(136) hold true and the nonempty convex set

My = B(0, R) Ndom (g*)

is weak*-closed, and therefore weak*-compact.

Step 3: Define the real-valued function § : My X Ny — R by

fly, ) = f(pn) —yor(u)+g"(y) €R, y € My, p € No .

For all © € Ny, the mapping y — f(y, pt) is convex and weak*-lower semicontinuous, whereas, for
all y € My, the mapping 1 — f(y, 1) is concave and upper semicontinuous, since f is by assumption
concave and upper semicontinuous and 7 : K — X is continuous and affine (see Condition Al). By
applying the von Neumann minimax theorem (Theorem 3.24), we conclude the existence of a saddle
point (z,v) € My x Ny of the function f. Since the radius R € R is taken so that (135)—(136) hold
true, we infer from (136) that

sup F (K) = sup inf , ) = inf su ) = inf PR .
pF(K) sup nf §(y, 1) ot sup Py p) = inf P (y)

By the definition of a saddle point, the pair (z, v) satisfies v € Fg, N Ex, x € M and

gOT(V)Z;;)g{yOT(V)—g*(y)}=$OT(V)—9*($) :
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In particular, since the function g never takes an infinite value (see Condition A2), we deduce from
[59, Proposition 4.4.1] that x € Jg (7 (v)) C X*. =

Non-exactness of Bogoliubov linearizations at the level of equilibrium states. Under Conditions
A1-A2, the function G, is upper semicontinuous for all y € X* and therefore, there is v, € K such
that

sup Gy (K) = Gy (vy) - (137)

In other words, Eg, # () for all y € X*. In particular, each minimizer x € M (see (133)) leads to a
nonempty set g, of linear equilibrium states of the corresponding Bogoliubov linearization. These
sets are expected to provide good candidates for the nonlinear equilibrium states of the function F
(130). However, as shown in [18, Section 9.2] for fermion-lattice systems where K is the (metrizable)
weak*-compact convex space of translation-invariant states on the CAR C*-algebra of the infinite
lattice, elements of the sets Eg,, © € M, are not necessarily nonlinear equilibrium states of the
function (130), i.e., elements of £~. In particular, we cannot generally expect the inclusion £g, C Er
for x € M. Instead, we only have the opposite inclusion, as the following proposition demonstrates:

Proposition 3.3 (Bogoliubov linearizations — Equilibrium states)
Under Conditions A1-A2,

Er C mEgI and Q) #MC ﬂag(T(V))-

zeM veEEF

Proof. We divide the proof into two steps:

Step 1: By Proposition 3.2, there is a continuous linear functional x € M, along with an equilibrium
state v € Fg, N Er, satisfying (134). Using (122) we thus observe that

sup G, (K) v)—xoT(v) (138)

S
= JW)+ mf {—yor()+g (Y} -y ()

fw)—gor(v)—g*(x)
= supF(K)—g"(x) . (139)

Take now any nonlinear equilibrium state 7 € Ex. Then, going backwards from (139) to (138) we
obtain that
F(©)—g" (x) =supG, (K) > G, (V) .

Keeping in mind (122), (130) and (131), we deduce from the last inequality that

QOT(D)Zyseu)g{yOT(D)—g*(y)}SZUOT('?)—Q*(:B) :

It follows that the continuous linear functional x € M is always solution to

got (V)= sup {yor (@) —g" ()} =x07(V) — 9" (v) (140)

for all nonlinear equilibrium states € Er. By going again backwards from (139) to (138) with 7 in
place of v, along with (140), we conclude that, for any 7 € Er,

supG, (K)=f (7)) —x o1 (D)

and, hence, £r C Fg, .
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Step 2: Take now any continuous linear functional z € M. By Proposition 3.2, for any nonlinear
equilibrium state v € Er,

F(@)=supF(K)=supG; (K)+g" () > Gz (¥)+g" (Z) .
Via Equations (122), (130) and (131), we thus get that, for all 7 € E,

907@):yseug{yw(ﬂ)—g*(y)}:fOT(D)—g*(@ :

Since the function g never takes an infinite value (cf. Condition A2), we deduce from [59, Proposition
4.4.1] and the last equation that M C Jg (7 (7)) for all € Ez. From the above equalities in this
step, we also get that, for all v € Er,
F (@) =sup Gz (K) +¢" (¥) =supGs (K) —go7(¥) +ZoT (D),
from which we conclude that
supGz (K)=F (7)) +goT (V) —ToT (V)= f(D)—ToT (D) .

In other words, £ C Eg_ forallz € M. m
The next corollary shows that the elements of £/ are in fact elements of the sets Eg_, € M, that
satisfy a self-consistency condition:

Corollary 3.4 (Bogoliubov linearizations and self-consistency)
Under Conditions A1-A2,

Er={veEg, :x€dg(r(v)}=E5, reM.

In particular, EF = EF is a nonempty, compact, convex set which does not depend upon the choice
of x € M. (For this reason the notation K is used.)

Proof. Under Condition A1, recall that the function G, is upper semicontinuous for all y € X*. So,
for all z € M, there is a solution to the variational problem (137) for y = z. So take an arbitrary
solution v, € Eg_ to (137). By Proposition 3.2 and Equation (122) it follows that, for all x € M,

fva) —xor(va) +g" () = sup F (K)
> f(ve) —goT(vy) = f(’/a:)‘{'yien/,\f* {—yor(va) +9" (W)} -

The above inequality is satisfied with equality iff
vor(ve) =g (v) = sup {yor(va) = g ()} < o0,
YyeEX™

meaning that 7(v,) € dom(g) and x € dg (7 (v,.)), thanks to [59, Proposition 4.4.1]. Note that g* (z)
is a real number because z € M. Thus, for all x € M, Eéi C Erx. Now, by Proposition 3.3, for any
v € Er and x € M, one has that v € Eg, and, thus, thanks again to Proposition 3.2 and Equation
(122),

fw)—zor(w)+yg (2)=f()—gor(w)=f()+ mf {-yor)+g ()}

Hence,

*(ff):yseu)g{yOT(V)—g*(y)}<oo,

zoT(V)—g

and, by [59, Proposition 4.4.1], € Jg (7 (v)). Note in particular that, for all x € M, E¥ is
nonempty, as Er is nonempty and £5 = Er. &

The (nonempty) compact convex set E¢ is called here the set of self-consistent equilibrium states
of Bogoliubov linearizations G,, x € M. This terminology refers to the paradigmatic example K =
P (T'). See the discussions following Theorem 2.17.
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3.3 Bogoliubov linearizations for interactions with concave and convex com-
ponents

General assumptions. In all this subsection, we consider the following assumptions:

B1 X, are two real normed spaces, K is a compact convex Hausdorff space, 7. : K — XL are
two continuous affine transformations and f : K — {—oo} UR is an upper semicontinuous
concave function (which is of course not identically equal to —o0).

B2 ¢g_ : X~ — Risalower semicontinuous and convex function for which there is a positive radius
Ry € RT such that B_(0, R) N dom (g* ) is nonempty and weak*-closed for all R € [Ry, c0).
Moreover, g* has minimal linear growth ||7_ ||, in the sense of Equation (124).

B3 g, : X+ — Risalower semicontinuous, bounded and convex function for which the Legendre-
Fenchel transform g¢* has full domain, i.e., dom(gi) = X}, and has minimal linear growth
|7+ || in the sense of Equation (124).

Above, B+(0, R) C X7 are the weak*-closed ball of radius R € R* and center 0 € X’f. Note that
the rather technical condition dom(g%) = X7} in Condition B3 is taken to ensure that the difference
gcoT_ () — gt oty (p), p € K, which is an important object here, is always well-defined as an
element of R U {oo}. It essentially says that g, (z) grows faster than the norm ||z|| x, as ||z||x — oo.
Again, we call the elements of K (generalized) states. In this subsection we study the sets

Mg ={p € K :F(p) =supF (K)} (141)

and
Be = {u € K : 3(1;)jes C K with lim jt; = rand lim F(p,) = sup IF(K)} , (142)
of nonlinear equilibrium states of the (Borel-measurable) function F : k' — {—occ} U R defined by
F=f—g or +g,oT,. (143)

Note from Conditions B1-B3 that F is bounded from above but neither upper semicontinuous
nor concave, and so, in contrast to the (purely) concave case (E£r), the set My is not necessarily
convex anymore. Furthermore, the set My could a priori be empty. By contrast, the set Fp O My is
necessarily nonempty.

All elements of Ef, including those of M if they exist, are called nonlinear equilibrium states.
In fact, as we prove below, the two sets turn out to be equal. This may seem very surprising, given
that we are maximizing a function I that is not upper semicontinuous.

Remark 3.5 (Decomposition as a difference of semicontinuous functions)
The decomposition property of a function as the difference of lower semicontinuous ones refers to the
set of point-wise limits of a sequence ( f,,)nen of continuous functions K — R such that

Y lfar () = fa(w) <00,  peK.

neN

If this inequality is uniform with respect to | € K, the resulting lower semicontinuous functions are
bounded. Such classes of functions, defined as differences of semicontinuous ones, are for example
discussed in [35] for compact metric spaces K. However, this set of functions does not generally
exhaust all point-wise limits of continuous functions K — R, which, for separable and metrizable K,
form the Baire-1 class, by the Lebesgue-Hausdorff-Banach theorem [39, (24.10)]; see more generally
[39, Chapter 24], in particular [39, (24.3)] for (possibly non separable) metrizable K.
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Remark 3.6 (Decomposition as a difference of convex functions)

In various situations, very general functions can be represented as the difference of convex functions.
For example, any Gateaux-differentiable function with domain in a Hilbert space, whose gradient
mapping is Lipschitz-continuous, can be written®' as a difference of two convex Gateaux-differentiable
functions. This is in particular true for C*-functions on any compact subset of RN (N € N). Compare
with [25] and Section 2.6.

Bogoliubov linearizations. Similar to the concave case, we associate to the function (143) the family
of functions
Gyry =f—y-o7_+ypory, Y+ € XL (144)

This object generalizes the functions G, defined by Equation (131) and leads to the (nonempty) com-
pact convex set

Egy+,y, = {M €K :Gy, 4 (p) = sup Gy (K)}

of linear equilibrium states of G, ,, for all y» € X}. The functions G, , , y+ € X, are again
called Bogoliubov linearizations of .

Exactness of Bogoliubov linearizations. Similar to the concave case, the maximization of the func-
tion [F is related to Bogoliubov linearizations via the variational problem

P’ = sup inf Pu(e,y-) .

y+€Xi Y— _

where, for any continuous linear functionals y, € X7,

Par (yey-) = Pu(ys.y-)+9- (v=) — 95 (y4) (145)
P (yry-) = sup§G,, , (K) . (146)

As in the previous case, given y. € X} we call the quantities Pp,(y,,y-) and Py (y+,y—) respec-
tively the linear and nonlinear approximating pressures associated with the Bogoliubov linearization
Gy. v Conditions B1-B3 imply that X’} x dom(g* ) is a nonempty convex subset of X} x X* and

Pyr, (Xf x dom(g*)) C R,

while Py, (y+,y-) = oo when y_ ¢ dom(g*).
It is convenient to define the function P’ : X7 — {—oco} UR by

P’ (yy) = inf Pr, (4, X7) | yy € X7, (147)
along with the following sets of optimizers:
M = {2, € X P () =sup P’ (&) =P’} C A7t (148)
and, for all fixed continuous linear functionals y, € X7,
M (yo) ={z_ € X*: P (ysz_) = P’ (y4)} C X", (149)

which are associated with the solutions to the variational problems P’ and P"(y, ), respectively. The
study of variational problems P’(y, ), y4+ € X, and P, including the sets M’(y, ), y, € X*, and
M’ of optimizers is postponed to Section 3.6 in order to reduce the technical arguments and focus
on the main result of this section. We therefore only give the essential properties of these variational
problems in the next proposition:

2IFor such a function f, write f(z) = (f(x) + C||z||?) — C||z||? for a sufficiently large constant C' € R*.

54



Proposition 3.7 (Properties of variational problems (b))

Under Conditions BI-B3 the following assertions hold:

() For all y, € X%, P’(y.) € R and M’(y,) is nonempty, convex and weak*-compact. There is
R € [Ry, 00) such that

M’(yy) € B(0,R)Ndom(g"),  yy € XL,
(i) P* € R and M’ C X7 is nonempty, norm-bounded and weak*-compact.

Proof. Assertion (i) refers to Lemmata 3.21 (b) and 3.22 (b). Assertion (ii) corresponds to Lemma
323(). m

We are now in a position to examine the exactness of Bogoliubov linearizations both at the level of
the variational problem and at the level of the equilibrium states. This brings us to our next theorem,
which is the central result of the present paper and can be applied to very general situations, such as
quantum lattice systems or classical dynamical systems:

Theorem 3.8 (Exactness of Bogoliubov linearizations)
Under Conditions B1-B3 the following assertions hold:
(i) Nonlinear pressure:

supF (K) =P = sup inf(*PNL(er,y,)E]R.

_€
ypEXT Y-St

(i) Self-consistency conditions: For any . € M" and x_ € M’ (x..), the set

Eg;+,w7 = {V € Egz+,17 FT- € 89_ (T_ (U))} = EZ(;+"

of self-consistent equilibrium states of the Bogoliubov linearization G, ,_ is nonempty, convex and
compact, and does not depend upon the choice of x_ € M’ (x4). (That is the raison for the notation
E(jfg+ .) Furthermore, for all ., € M,

Eéi+ C{veK:zy €dgy (14 (v)} .

(i11) Nonlinear equilibrium states: Ey = My is compact and the union of all above sets of self-
consistent equilibrium states, that is,

Ep = My = U E

Gapro -
m.,_EMb

If the function g, : X, — R is additionally Gateaux-differentiable, then the above union is disjoint.

(iv) If the (concave) function f : K — R defining F (see Equation (143)) is affine and all Bogoliubov
linearizations G, ..« have one single linear equilibrium state, then Er = My C K is a subset of
extreme points of the compact convex Hausdorff space K.

Proof. Many assertions need to be proven. So, we divide our arguments into several steps:

Step 1: By Equation (122), observe that

supF (K) = Sup{f(u)—g-OT—(u)Jr sup {y+OT+(u)—gi(y+)}}

neEK Y+ EXY
- {sup{f(u)+y+ou(u)—gOT(M)}—gi(y+)}, (150)
y+€Xj; pneK
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and a solution in X} x K to the variational problems (if it exists) does not depend on the order in
which the suprema are taken. Note that f + y, o 7. is a concave and upper semicontinuous function
on K for any y, € X}. Hence, we can apply Proposition 3.2 for f + vy o 7 in place of f to deduce
from (150) Assertion (i).

Step 2: Similarly, we can apply Corollary 3.4 to arrive at Assertion (ii), except for the property x, €
994 (4 (v)) forall z, € M’ and v € Eg‘;%, which is proven as follows: Take any z, € M’ and
v E EECM Then, using Assertion (i), along with Corollary 3.4 for f + =, o 7, we deduce that
v € By and

fW)=g-or (W) +grori(v)=[f(v) —g-oT (¥)+ x0T (V) =g} (24)

In other words, by Equation (122), one arrives at the equalities

g+ o T4 (V)= sup {y+ oT4 (V) — g} (y+)} =zr074 (V) — g4 (24) -
y+E€XT

Using again [59, Proposition 4.4.1] we conclude that x, € dg, (174 (v)).

Step 3: By Proposition 3.7 (ii), the supremum in (150) with respect to y, € X7 can be restricted
to a closed ball B (0, R), which is always weak*-compact (cf. the Banach-Alaoglu theorem [57,
Theorem 3.15]). Then, by Conditions B1-B3, observe that the mapping

(Y p) = f() +yrore(p) —g-or— (1) — g} (v4)

defined on B, (0, R) x K is upper semicontinuous with respect to the product topology when B (0, R)
is equipped with the weak™ topology. Therefore, there are solutions in B, (0, R) x K to the variational
problem (150) and the set of all such solutions is compact, because K and B, (0, R) are both compact.
In particular, Mp is nonempty. Furthermore, for any u € My, there is 2. € B, (0, R) such that
(x4, ) is solution to (150) and all solutions to (150) have this form. As the projection (z, u) — p
is continuous, we conclude that M is compact.

Step 4: Take any net (1;)je; € K converging to 1 € Ef such that
li‘I]nIF (1;) =supF (K) .

Because of Condition B3, there is some fixed radius R € R* such that, for any j € .J, we have a
solution z; € B, (0, R) in this ball such that

sup {y+ oT4 (Mj) - gi (y+)} = Tj4 O T4 (,Uj) - gi (33j,+> .

y+EXY

By the weak* compactness of B, (0, R), we can assume that (x;_);c; converges to some z, €
B, (0, R). In particular, via Equation (150), Conditions B1-B2 and the weak*-lower semicontinuity
of g7, we conclude that

supF (K) = EmF (u;) < f (1) = g- o7 (1) + 24 074 () = g% (24)

and (x, ) is a solution to (150), which yields p € My. In other words, Fr C My C Ef.

Step 5: We already prove in Steps 3 and 4 that Fr = My is compact. Therefore, having (150) in
mind (cf. Steps 1, 3 and 4), we can again apply Corollary 3.4 to arrive at Assertion (iii), except for
the disjointness of the sets Eézw’ x, € M°, when the convex function ¢, is additionally Gateaux-
-differentiable. This last property is proven as follows: If g, is Gateaux-differentiable then the sub-
differential dg (74 (v)), v € Ey, contains at most one point. Hence, in this case, for 7,2/, € M,
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Ty # x’+, and v € Eéfc+ 7S EZ , , one necessarily has that v = v/, that is, EZC+ and £ are
s </ - Ty, -

disjoint.

Step 6: If f is affine then all Bogoliubov linearizations G, , are affine, see Equation (144). So, if

they all have a single linear equilibrium state, then these states have to be extreme points of K. As
SCI-&- C Eg”_’z_, r_ e M (x4 ), it follows in this case that Fx C K is a subset of extreme points of

the convex set K. In other words, we obtain Assertion (iv). ®

The above assumptions on g, and g_ in Theorem 3.8 exclude the cases where one of these functions

is zero. However, if one of them is zero, or both, then Theorem 3.8 still holds true, mutatis mutandis:

e If both g_ and g, are zero then F = f, that is, £F is nothing but the set of maximizers of f and
Theorem 3.8 is useless in this case.

e If g, = 0and g_ # 0 then one has the (purely) concave case and, therefore, Fr = My = Er
for g = g_ and 7 = 7_ in (130), which defines the function /. Thus, in this case, Theorem 3.8
(1) and (ii)—(iii) correspond to Proposition 3.2 and Corollary 3.4, respectively. If f : K — Ris
affine and Fg,, x € M, (see (132) and (133)) are singletons, then Er = Myp = Er is a set of
extreme points of /.

e If g, # 0and g_ = 0, there is no infimum, only the two suprema, in Theorem 3.8 (i), that is,

supF (K) =P” = sup {P.(y+,0) — g% (y4)} €R.

y+EXT

In this case, Condition B2 is irrelevant. As for (ii) one defines the function P’ : X’ T = {—o0}U
R now by

P (ye) =supGy0(K) = gy (y+) . ys € X,
along with the corresponding set of maximizers:

M ={zeX:P(z)=supl (X])=Q} CAr.

Then, for all z, € M” and v € Eg, o x4+ € 994+ (74 (v)). In other words, all linear equi-

librium states of the Bogoliubov linearizations G, o, 74 € M?, are self-consistent in this case.
Again, Fr = My is compact and

Ey=Mg= |J Eg,_,.

:E+6Mb

For Gateaux-differentiable g, , the above union is disjoint. If f : K — R is affine and Eg”’o,
Ty € M?, are singletons, then Ey = Mp is a set of extreme points of K.

3.4 Decision rules of the thermodynamic game

The nonlinear approximating pressure Pyp, of Equation (145) can be seen as the payoff function of a
two-person zero-sum game. The conservative values of such a game are then the real quantities

P’ = sup inf Pnp (y4,y-) and Pt = inf sup Pyi(y+,y-) - (151)
yy€XT Y-E€XZ y-€X y exs

This game is named here the thermodynamic game associated with f, g1 and 7. In all this subsection,
we only consider non-zero functions g : X+ — R. If one of them is zero, we have essentially the
same results (mutatis mutandis). See, e.g., the discussions at the end of Section 3.3.
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Having in mind the thermodynamic game, in particular the conservative values of Equation (151),
it is natural to consider the function

P(y_) =sup P (X7,y-) ,  y-€AX”, (152)
along with P’ : X* — {—o00} UR already defined by (147), that is,

P’ (y;) = inf Py, (y4, X)) yy € X5 (153)
The subsets of solutions to the variational problems P°(y,) and P*(y_) for all y. € X7, i.e.,

M (yy) = {2_€X*: P (yy) =P (ys 7))} C X7, (154)
Mi(y ) = {oy € X P (y-) = P (ey,y )} C AT, (155)

are important, along with the sets

M = {z,€eX[:P"=P(z)} C AT, (156)
M = {z_eX*:P*=Pl(z )} C X", (157)

which refer to optimal strategies for the thermodynamic game. The sets M’ and M’ (y.), y,. € X*,
are already defined in (148)—(149) and their precise definition are recalled here for convenience.

The study of the variational problems P’(y,) and P*(y_) (y+ € X7), as well as P” and P¥,
including also the sets M” (1), M*(y_), M® and M* of optimizers, is carried out in Section 3.6. The
essential properties of case (b) are summarized in Proposition 3.7 above: P’(y,) € R and M°(y, ) is
nonempty, convex and weak*-compact and uniformly norm bounded for all y, € X*; P* € R and
M’ C A7 is also nonempty, norm-bounded and weak*-compact. We now give a similar statement for
the case (f):

Proposition 3.9 (Properties of variational problems (f))

Under Conditions BI-B3 the following assertions hold:

(i) For all y_ € dom(g*) C X*, P¥(y_) € R and the set M*(y_) is nonempty and weak*-compact.
There is R € R" such that

M*y-) € B(0,R),  y_€dom(g") € X"

(i) P* € R and the set M* C X* is a nonempty, convex, norm-bounded and weak*-compact subset of
dom(g*).

Proof. Assertion (i) refers to Lemmata 3.21 (f) and 3.22 (#). Assertion (ii) corresponds to Lemma
323(4). m

We are now able to define the decision rules for the thermodynamic game, which is the main topic
of this subsection.

Definition 3.10 (Decision rules of the thermodynamic game)
We call all weak*-to-weak*** continuous mappings

VM XY and M XY

such that O’ (zy) € M°(xy) and o (x_) € M*(x_) b-decision rules and 3-decision rules, respectively.
The two sets of b-decision and §-decision rules are respectively denoted by ©° and D*.

22That is, continuity refers to the weak* topology for both the domain and codomain of the mapping.
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As M’(x,) is convex for all z, € M’ (see Proposition 3.7), ®’ is a convex subset the space
Cior (M?; X*) of all weak*-to-weak* continuous functions M’ — X’*, with the usual point-wise vector
space operations.

Observe that

inf sup Pt Y+, f(y+)) = sup inf P (yo,f(y4) > P
FEC o+ (MP;X*) Y EMP Y EMP FEC o (MP;X*)

Therefore, if the set ©° of b-decision rules is nonempty then, for all ° € ®° and . € M’, one
clearly has the following equalities:

P> = inf sup Py (y+,f(ys)) = sup inf Pt (Y, f(ys))
fEC* (bexi) y+€Mb y+€Mb feCy* (Mb,Xj)
= inf P (e, §(2y) = sup P (y4,0" (y1)) = Prw (24,07 (24))
JECy~ (M?;*) Yo e

In particular the two-person zero-sum game on M” x Cy,. (M’; X*) whose payoff function is

(Y4, ) = Pav (y+,F (y+))

has a non-cooperative equilibrium (i.e., a saddle-point) and its unique conservative value is nothing
but P°, which is equal to sup F(K), thanks to Theorem 3.8 (i). This new two-person zero-sum game
is known as “extended game with information transfer”. Such a game is defined for instance in [5, Ch.
7, Section 7.2]. This is related to a very general result of game theory: Lasry’s theorem [4, Theorem
8.4].

The same is true for P? and D!, mutatis mutandis. Note however that ©? is not studied in further
detail, as it is a subject of lesser interest, even though this study would be no more difficult than the
one of ©°. By contrast, as discussed above, D’ is related to the variational problem sup F(K') on the
state space, which is our main object of study.

We give in the sequel some general condition ensuring that ©° is nonempty. We start with addi-
tional conditions on the Legendre-Fenchel transforms g* and g7 . It turns out that the strict convexity
and the finiteness of g* together with the continuity of g7 imply that 9" is a singleton. In particular,
it is nonempty. We then show that the uniqueness of the linear equilibrium states of the Bogoliubov
linearization also implies the existence of a b-decision rule (but not necessarily its uniqueness). This
last condition is very useful in our paradigmatic example, because it is fulfilled when the functions
(0_,0.) are of Holder type (Definition 2.14).

Proposition 3.11 (Existence of b-decision rules for strictly convex ¢g* and continuous g7 )
Assume Conditions BI-B3. If, additionally, g7, is weak*-continuous, dom(g* ) = X* and g* : X* —
R is strictly convex, then ©” is a singleton.

Proof. If ¢g* is strictly convex then, for any fixed y, € X7, the mapping y_ — Pni(y+,y-),
defined by (145)—(146), is strictly convex (as y_ — P (y,,y_) is convex, by Lemma 3.17) and thus,
M’(y.) = {y_(y4)} is a singleton. Therefore, " has at most one element. We now show that the
mapping z, > z_(x,) from M’ to X* is weak*-to-weak* continuous. Take any net (ng))je J in
M’ converging in the weak* topology to some 2, € M’. By Proposition 3.7 (i) or Lemma 3.22 (b),
for some R € R*, M°(z,) € B_(0, R) for all 2, € M’, where B_(0, R) C X* is the closed ball
of radius R € R™ and center 0 € X™*. In particular, x,(xSf)) € B_(0,R) forall j € J. Thus, as
B_(0, R) is weak*-compact (cf. the Banach-Alaoglu theorem [57, Theorem 3.15]), we can assume
without loss of generality that (x,(xg)))je s converges to some z_ € B_(0, R). For all j € J and
y- € X%,

Pa (a9, x_(29)) = PV, a- (@) + ¢ (2- (7)) — ¢ (27) < P (@Y, y)
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As M’ is norm bounded (Proposition 3.7 (ii) or Lemma 3.23 (b)), g* is always weak*-lower semicon-
tinuous and g’ is by assumption weak*-continuous, by taking the j-limit and using Lemma 3.18, we
conclude that

Py (g, @) = Pu(eg,zo) + g2 (e-) — g4 (w4) < Pap (24,y-) . y- € A2

In other words, z_ = z_(z) and so, the net (z_( (Jf)))jej has to converge to z_(x ) in the weak*
topology, from which it follows that the mapping =, +— x_(x,) is weak*-to-weak* continuous. ®

We now provide a method for constructing decision rules, based on equilibrium states. To this
end, we recall some general notions of convex analysis, more specifically the notion of “selection”
[56, Definition 2.7]: Given a real normed space X, a subset {2 C X" and a continuous convex function
g : X — R, afunction s : 2 — X™* is a selection for ¢ if s(x) € dg(x) for all z € Q. Interestingly, for
Banach spaces &, g is Gateaux-differentiable (Fréchet-differentiable) at x € X iff there is a selection
¢, 0 Qp — X* for g that is norm-to-weak* continuous? (norm-to-norm continuous®*) at z, where
2, is some neighborhood of x. See [56, Proposition 2.8]. In particular, if g is Gateaux-differentiable
(Fréchet-differentiable) on the whole space X" then the unique selection s, : X' — &A™ for g is norm-
to-weak™ continuous (norm-to-norm continuous).

Inspired by the general concept of selection, we introduce a similar notion in relation to equilib-
rium states:

Definition 3.12 (Equilibrium state selection)
A mapping £ : M? — Eg C K is a equilibrium state selection if it is weak* continuous and &(x,.) €
Eg‘;+ forall x,. € M". See Theorem 3.8 for the definition OfEE;;,. C Ep.

Because of [56, Proposition 2.8] and the self-consistency of equilibrium states, if the function g_ :
X_ — R is Gateaux-differentiable then any equilibrium state selection naturally induces a b-decision
rule DZ M — X

Proposition 3.13 (Construction of decision rules from equilibrium state selections)
Assume Conditions BI-B3. If the function g_ : X_ — R is Gateaux-differentiable and ¢ : NI’ — Ep
is an equilibrium state selection, then the mapping

Dzisg_OT,oszb%Xj

is a decision rule, where s, : X_ — X* is the unique selection for g_. It is weak*-to-norm®

continuous when qg_ is Fréchet-differentiable.

Proof. By [56, Proposition 2.8], Dz is weak*-to-weak™ continuous and it is weak*-to-norm continuous
when ¢_ is Fréchet-differentiable. Take now any optimizer z, € M’. Then, as ¢ is an equilibrium
state selection, &(xy) € Eg. . By Theorem 3.8 (ii), for any z_ € M (zy), v € dg_(1_ o &(wy)).
Since

09— (T-0&(xy)) ={sg_o7- o0& ()}
is a singleton (g_ being Gateaux-differentiable), it follows that 03 (2 ) € M’ (x4 forallz, € M’. In

other words, Dz is a b-decision rule. m

We now conclude our study of decision rules by giving sufficient conditions for the existence of
an equilibrium state selection as well as its properties. All of this is summarized in the following
proposition, which concludes our subsection:

Z3That is, the continuity is considered with respect to the norm topology in the domain and the weak* topology in the
codomain of the mapping.

24That is, the continuity is considered with respect to the norm topology for both the domain and codomain of the
mapping.

23That is, the continuity is considered with respect to the weak* topology in the domain and the norm topology in the
codomain of the mapping.

60



Proposition 3.14 (Properties of equilibrium state selections)

Under Conditions BI-B3 the following assertions hold:

(1) If the function g, : X+ — R is Gateaux-differentiable then any equilibrium state selection is
injective.

(i) If. for all x,. € NP, the set E(jf;+ of self-consistent equilibrium states is a singleton, then there is
a unique equilibrium state selection M’ — Ey. Additionally, in this case the unique equilibrium state
selection is surjective. This occurs in particular when g_ o 7_ : K — R is strictly convex, or if the
Bogoliubov linearization G, , has a unique linear equilibrium state for all y. € XZ.

(i) If g+ : X — R is Gateaux-differentiable and, for all x, € M, the set E5i+ is a singleton,
then the unique equilibrium state selection M’ — Ex is a homeomorphism with respect to the weak*
topology of M C X7

Proof. If the function g, : A7 — R is Gateaux-differentiable then, for any z, 2/, € M?” such that
x4 # 2!, we know from Theorem 3.8 (iii) that Eg;c+ SN Egse = (). Thus, any equilibrium state
.’1)+,‘

selection is necessarily injective in this case. By the proof of Theorem 3.8, for any =, € M”,
LEgy = Er,, € Eg,, . (158)
where F,, : K — {—oo} UR is the concave and upper semicontinuous function defined by

For(W) = f(p) —g-or_(u) +arory(n), peK.

Clearly,
Egs . ={mla)} =Er, ., a, €M, (159)

is a singleton under the assumptions of Assertion (ii). Thus, the mapping & : M’ — Ej defined by
&(xy) = p(xy) is the unique possible equilibrium state selection in this case. It remains to prove
that it is weak” continuous. With this aim, take any net (q:gf)) jes in M that converges in the weak*
topology to some x, € M’. By the weak*-compactness of Er and Theorem 3.8 (iii), we can assume
without loss of generality that u(a:ﬁf)) C Ly converges to some p € Ep in the weak™ topology. By
Equation (159), forall j € Jand v € K,

f)—g-or_(w)+2¥ o (v) < flua?)) — g- o T-(u(2)) + 2 o 7y (u(2)) .

Taking the j-limit at fixed v € K, we arrive at

JW) = g-or () +asoTi(W) < f(1) —g-oT_(w) 4207 (n), vEK,

using that M” is norm bounded (Proposition 3.7 (ii) or Lemma 3.23 (b)). In other words, . € E;I+ =

Egye . As Egge = {p(z4)}, it follows that u(xﬁf)) converges to u(x) in the weak* topology and

¢ is thus weak® continuous. If Egsc ) is a singleton for all 2, € M’ then ¢ is surjective, because
of Theorem 3.8 (iii). Finally, under the assumption of Assertion (iii), the unique equilibrium state
selection & : M’ — Ej is weak* continuous and bijective, thanks to Assertions (i)—(ii). Since M’
is weak*-compact (Proposition 3.7 (ii) or Lemma 3.23 (b)) and Fr C K with K being a Hausdorff
space, £ is in this case a homeomorphism. m

3.5 Generalized equilibria and optimal transport

Generalized equilibria and order parameters. Physically, the set of all equilibrium states of a
system is expected to be a convex set, in order to allow for phase mixtures. By contrast, the set Er =
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My of nonlinear equilibrium states defined in Section 3.3 (Equations (141)—(142)) is not necessarily
convex, because the function [ is generally not concave. That is why, in the scope of our paradigmatic
example, we introduced the notion of generalized nonlinear equilibrium measures in Section 2.5
(Definition 2.11) by considering the closed convex hull Gp = @6(Ep) of the set Ep of nonlinear
equilibrium measures. Exactly the same can be done in our abstract version of the theory of nonlinear
equilibria.

We thus define the compact convex set

Gy =co(Ep) C K . (160)

We call its elements generalized nonlinear equilibrium states. Physical equilibria should be seen
as elements of this set. If K is a compact convex set in some topological vector space (which is
the case in virtually all important cases, like our paradigmatic example, the nonlinear thermodynamic
formalism of classical dynamical systems, or quantum lattice systems), note from the Milman theorem
[55, Proposition 1.5] that the extreme points of the convex set G are all in E. Thus, the previous set
Er of nonlinear equilibrium states is rather related to what are called the pure equilibrium states, or
pure phases, in Physics.

One also expects that equilibrium states of a physical system are exactly those that maximize a
pressure function associated with the system under consideration. It turns out that Gr can also be
characterized in this way. It is the set of maximizers of the upper?® I'-regularization of I, which is the
smallest concave and upper semicontinuous function above . For more details, see Section 2.9.3, in
particular Theorem 2.40.

However, an upper I'-regularization is usually only concave, which is not as good as being affine, a
more desirable property for a pressure function from a physical point of view. In fact, in Section 2.7.4
we show for our paradigmatic example that generalized equilibrium states (measures in this case) are
indeed the limits of (weak*-)convergent sequences of approximating maximizers of an affine pressure
function. See Equation (50). This function turns out to be not semicontinuous in general (it is only
Borel-measurable), but it has the same upper I'-regularization as the original nonlinear pressure. See
Theorem 2.40 in this context. Moreover, it is maximized by any equilibrium state p € Er N E(K)
that is extreme in the convex set /K. As the function is affine, it is also maximized by any convex
combination p € co(Er N E(K)) C To(Er) = Gy of such equilibrium states, but not necessarily by
any generalized equilibrium state p € GF, as it is not necessarily upper semicontinuous. However,
in the Holder case (which is the relevant one in this section) the generalized equilibrium states turn
out to be precisely the strict maximizers of the affine pressure function. See Corollary 2.22. In fact,
this is not a particular property of our paradigmatic example, i.e., the thermodynamic formalism of
(classical) dynamical systems. In [18] we made the same observation in the case of quantum lattice
systems (quantum spins or fermionic systems on lattices) when the functions g+ defining the nonlinear
pressure function [F are quadratic.

Remark from [55, Proposition 1.2] that if A is a compact subset of a locally convex (Hausdorff)
space )/, then y € co(A) C Y iff y is the barycenter of a probability measure m, supported in A (see
Definition 3.25). If ¢6(A) is a compact Choquet simplex and A only contains extreme points of ¢6(A)
then the probability measure m,, is always unique and the mapping y — m,, from ¢o(A) to the set of
probability measures on A is an affine one-to-one correspondence. For more details see [55].

By Theorem 3.8 (iii)—(iv), Ly 1s compact and, if the equilibrium states of the associated Bogoli-
ubov linearizations are unique and f is affine, then Fy is even a compact set of extreme points of K
and Gr = ¢o(FEy) C K is, in particular, a face of the convex set K. So, in this case, provided K is
a compact convex subset of a locally convex space, ;1 € G iff p is the barycenter of a probability
measure m,, supported in Ep (see Definition 3.25). As illustrated in the nonlinear thermodynamic

261t corresponds to the function —I'(—IF) with I'(f) defined by Equation (120).
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formalism (see Proposition 2.35) or for quantum lattice systems [18, Theorem 1.9], Gy is usually
even a compact Choquet simplex and m,, is uniquely defined.
If the functions g+ : Xy — R are Gateaux-differentiable then the corresponding gradient map-
pings
Vgi : Xi — Xl

are norm-to-weak® continuous. They are even norm-to-norm continuous when the functions ¢
are Fréchet-differentiable. See [56, Proposition 2.8]. Recall that the subdifferentials dg(zy) =
{Vg+(xy)} are singletons for any x4 € X, , g+ being Gateaux-differentiable. In particular, in this
case, to any u € Gy we naturally associate measures 9. (1) on X, by considering the pushforward
of a probability measure m,, representing y € G (in Gr) through the mapping

Vgrory: K — XL

As Vg is always norm-to-weak* continuous and 7. : K — X, are by assumption continuous
(Condition B2), the measures 1 (1) are supported on the weak*-compact sets Vgy o 7o (Ep) C Xf.
In fact, by the self-consistency of nonlinear equilibrium states (Theorem 3.8 (ii)—(iii)), the probability
measure 1), (1) is supported in the weak*-compact set M’ C X%, while n_(u) is supported in the
union

M= | M(zy)Car. (161)

$+€Mb

If g+ are Fréchet-differentiable then the sets Vg, o 7o (Ey) are even norm-compact, as the gradient
mapping is norm-to-norm continuous in this case, thanks again to [56, Proposition 2.8].

Physically, the elements of the dual spaces X} refer to so-called order parameters of the system
under consideration. For example, if we consider a spin system, one typical order parameter of inter-
est is the macroscopic magnetization density. Similarly, if one considers models for superconductors,
then one typical order parameter would be the macroscopic density of Cooper pairs. Thus, given a
generalized nonlinear equilibrium state ;1 € G, the measures 1. () give the corresponding distri-
butions of order parameters. The order parameter distribution is well-defined in virtually all cases of
interest, because G is usually a Choquet simplex in these cases. In a so-called pure phase (1 € Ey)
such distributions are delta distributions, that is, they are concentrated in single points and thus have
zero variance. If these distributions have non-vanishing variance then we have a so-called phase mix-
ture, which is the general situation at a (first order) phase transition. Of course, the order parameter
distributions (1) also make sense for states ;1 € K that are more general, that is, not necessarily
elements of Gy, as far as the compact convex space K is a Choquet simplex (and g1 : X3 — R stay
Gateaux-differentiable of course). For simplicity we restrict ourselves to the equilibrium case.

One question that arises is how to calculate, from possible experiments, including numerical ones,
the order parameter distributions 1. (y) at least for generalized nonlinear equilibrium measures p €
Gy. In our paradigmatic example (Section 2) we can give a more precise empirical interpretation to
these order parameter distributions, which can thus be recovered from possible experiments:

Paradigmatic example — Nonlinear Thermodynamic Formalism of Dynamical Systems. In this
example, K = P(T) is the set (8) of T-invariant probability measures on the Banach space C'(3)* of
continuous functions ¥ — R, f = h is the entropy (Definition 2.1) and 7. : P(T") — A are defined
by 7+ (1) = 0+ (ug) for any p € P(T). In this particular case F = P is defined by Equation (31) and
we assume in Section 2.7.1 Conditions TF1-TF3, which are nothing more than Conditions B1-B3 of
Section 3.3 applied to our paradigmatic example, as explained in the proof of Proposition 2.15.
Observe first that K = P(7T) is a weak*-compact Choquet simplex (Proposition 2.35). It is a
subset of the dual space C'(X)*, which is a locally convex (Hausdorff) space when endowed with the
weak™ topology. Since the entropy f = h is affine (Proposition 2.38), Gp is also a Choquet simplex
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and one can naturally identify generalized nonlinear equilibrium states © € Gp with probability
measures m,, on the weak*-compact set £/p of (simple) nonlinear equilibrium states.

Recall that S denotes the unit closed ball in C'(X) and M (.S) is the Banach space of bounded, real-
valued Borel-measurable functions S — R with the supremum norm. See Section 2.1, in particular
Equation (6). Forany 0 € Y andn € N, let E, , : S — R be the continuous function defined by
Equation (59), that is,

Eno o] =Enle](0) =n"' (p(o) +@oT(0)+--+¢oT" (o)), ¢ebs.

Observe that, at any fixed n € N, E, ,» converges point-wise to [E,, ,, as ¢’ — o. Thus, if the linear
mappings 01 : M(S) — X, are o-normal (see Condition TF1 of Section 2.7.1) then 0, (E, ,)
converges in norm to 0 (E,, ,/), as ¢’ — o. That is, for any n € N, the mappings o — 6. (E, ,) from
Y) to X4 are continuous. Recall that g4 : X1 — R are assumed here to be Gateaux-differentiable and
by continuity of the gradient mappings Vg, the functions Y, ,, : > — X’T defined by

o= in o ei(En,U) ) (162)

are also continuous. In particular, they are Borel-measurable and thus define real-valued random

variables
Yi,n(xi> Y = R

o — Vgioby(E,,) (z1)

forany x4 € X, the distribution law of which is thus the pushforward of some generalized nonlinear
equilibrium measure ;1 € G p through the functions (162), whose values are linear functionals, applied
to vectors v € Xy. (YL, are also random variables taking values in X}.) The distribution law of

Y. ,, (z4) is denoted below by p{” ().

If the pair (f_,0.) is a Holder-type linear functions (Definition 2.14) then all the Bogoliubov
linearizations have unique equilibrium measures, which are all ergodic, thanks to Corollary 2.18.
Then, Ep is in this case a compact set of extreme points of P(7") and Gp = ¢o(Ep) C P(T) is,
in particular, a face of the convex set P(7") and a weak*-compact Choquet simplex. Therefore, as
already explained, © € Gp iff p is the barycenter of a unigue probability measure m,, supported in
Ep C Perg(T ) (see Definition 3.25). Furthermore, in the Holder case, the mapping p +—> m,, from
G p to the set of probability measures on E'p is an affine one-to-one correspondence. For more details
see again [55]. In this situation, we can prove that, given a (generalized nonlinear equilibrium) 7-
invariant probability measure i € G p, the characteristic functions of t)i" ) (u) point-wise converge to
the characteristic functions of the order parameter distributions v (1), as n — oo:

Proposition 3.15 (Order parameter distributions from Birkhoff sums — Holder case)

Assume Conditions TF1-TF3 of Section 2.7.1 and that the pair (0_,0.) of linear functions is Holder-
type and g+ : Xy — R are Gateaux-differentiable. Let v+ = v () for some o € Gp. Then, for all
Ty € Xy,

lim [ exp (iys (22)) 08 (dys) = / exp (i (1)) v (dys) -

Proof. Fix 1 € Gp. Foralln € Nand z4 € X,

[ e e w0 () = [ exp (90 0 (B (220 (do)

by

Note that the mappings
0+ [Vge o0y (Eng)l (24)
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from ¥ to R are continuous. Further, since P(7') is a weak*-compact Choquet simplex, f is the
barycenter of a (unique) probability measure m,, on Ep and therefore,

/Zexp (i[Vgs oy (E,op) (1)) p(do) = /

K

{ /E exp (1 [V 00y ()] (xi))y(da)}mu () .

By Corollary 2.18 (i), all v € Ep are ergodic measures and we can infer from Lemma 2.23 and
Lebesgue’s dominated convergence theorem that, for all v € Ep,

lim [ exp (i [Vgs 0 01 (Epo)] (22)) v (do) = exp (i [Vgs 0 0+ (vs)] (72)) -

n—oo »

Hence, again by Lebesgue’s dominated convergence theorem,

lim [ exp (i [Vge o 0s (E,..)] (24)) p(do) = /K oxp (i [Vgs 0 04 (vs)] (1)) m,, (dv)

n—oo »

= /X* exp (1y+ (1)) vx (dys) .

Indeed, recall that the measures . () on X’} are the pushforward of m,, through the mappings Vg, o
T4, where 74 (v) = 04 (vg) for any v € P(T). Using well-known properties of the characteristic
functions of real-valued random variables (cf. Lévy’s continuity theorem [36, Theorem 5.3]), we
conclude from the above proposition that, for all z € X, the distribution laws Ugf ) (u) of the real-
valued random variables Y, , (x4 ) weak* converge, as n — oo, to the order parameter distributions
De(p). m

It means that the order parameter distributions can be recovered from experiments, possibly nu-
merical ones. The order parameter distributions are also related to optimal transport [65], for which
various high-performance numerical tools are available. This link is explained below for the general
(abstract) case.

Optimal transport and distributions of order parameters. We show here that, for any given order
parameter distribution at equilibrium, that is, y+ = y(u) for some p € Gy, which is not necessarily
explicitly known, the nonlinear pressure sup F(K) can be exactly recovered from an optimal-transport
problem associated with these order parameter distributions, the cost function of which is nothing but
the nonlinear approximating pressure Pyr, (145) (similar to the thermodynamic game).

Recall from Theorem 3.8 (i) that the nonlinear pressure sup F(K') satisfies

supF (K) =P” = sup inf Pnr (y4,9-)

yp X} Y-E€XT
and consider the continuous mapping

v (Vgrory(v),Vg_or_(v))

for Gateaux-differentiable functions g, : X4 — R. Fix now any p € G and let n, be the pushfor-
ward of a probability measure m,, representing 1 in G through the above continuous mapping. By
construction, the marginal distributions on X’ and X* are ), (x) and y_(u), respectively. Moreover,
by Theorem 3.8,

[ Pates @) = [ Pa(Vaor ). Vo or ()m, (@)
= /KsupF(K)mu(dy)zsupIF(K). (163)
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On the other hand, for any probability measure n on X7 X A whose marginal distributions are
D+ =94 (n) and h_ =1y_(p), one has

/X* . P (Y4, y-) n(d (y4,9-)) z/ P’ (y+)n(d(y+,y_)):/X* P’ (y.) 9y (dys) |

XXX
(164)
where we recall that P°(y, ) is defined by (147), i.e.,

P’ (y;) = inf Py, (y4, X)) yy € X

Note that the function 3, ~ P (y,) is Borel-measurable, because it is upper semicontinuous, by
Lemma 3.21 (b). As 1, is supported in M’ (see Theorem 3.8), one conclude that
/ P (g, y-) n(d (y4,9-)) = / supF (K) v (dy) =supF (K) . (165)
XX X* X

+

In other words, by (163) and (165), the nonlinear pressure can be recovered from the following
Monge-Kantorovich (transportation) problem [65, page 10]:

supF(K)= _inf [ P () n(d ) (166)
ned(h0-) S xx

where (1, n_) is the set of all probability measures on X’} x X whose marginal distributions are
respectively n, =1, (u) andy_ = y_(p) for arbitrary fixed equilibrium order parameter distributions
associated with some p € Gy. As a consequence, the dual Kantorovich problem [65, Equation (5.3)],
along with appropriate assumptions, leads to the following representation of the nonlinear pressure:

Theorem 3.16 (Nonlinear pressure and the dual Kantorovich problem)

Assume Conditions BI-B3. Suppose additionally that X are separable normed spaces, g4 : X1 —
R are Gateaux-differentiable, g : X} — R are continuous with g* being strictly convex. Let
9+ = v (p) for some p € Gy. Then,

SUPF(K):SUP{/X* PJL(y+)U+(dZ/+)_/

Py (y-) - (dy)} :
+ Az
where the supremum is taken with respect to all possible choices of continuous functions Pg; : X} —
R and Py; : X* — R such that

P§L<y+)_P§ (y—>§PNL(y+,?J—) ) Yy € X5 .

Proof. On the one hand, observe from Theorem 3.8 that 1 is always supported in M’ = Mi, while
y_ is always supported on the set M” defined by (161). As a consequence, Equation (166) can be
rewritten as

supF (K) = _inf / Pat (9 y-) 0 (d (g 3)) - (167)
nev(n4,n-) M? XM

By Proposition 3.7 (ii) (or Lemma 3.23 (b)), M’ = M'ﬂr is a (nonempty) weak*-compact subset of
Xf. Since, by assumption, g% is continuous, dom(g*) = X* and g* : A" — R is strictly convex,
we can deduce from Propositions 3.7 and 3.11 that the nonempty set M’ is also a norm-bounded
weak™*-compact subset of X*. Since A, are assumed to be separable normed spaces, the weak*
topology is metrizable on the weak*-compacts sets M’ C X, which can thus be considered as metric
spaces. Because compact metric spaces are separable and complete, it follows that (M’ 1) are
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Polish probability spaces. As M’_ are norm-bounded, by Lemma 3.18 and continuity of g% : X} — R,
the nonlinear approximating pressure

Pan: M, x M = R
is weak™ continuous. Moreover, for any y. € X7,

Pur (Y, y-) = Pu (Y, y-) + 95 (y-) — g% (1) = PP (ys) + 9= (y-) — g7 (y+)

with P’(y, ) defined by (147). Since g% : X¥ — R are continuous and M’, are weak*-compact,

/.

as already explained in (164)—(165). Observe again that the function y, — P’ (y.) is upper semi-
continuous, by Lemma 3.21 (b). All the conditions of the Kantorovich duality theorem [65, Theorem
5.10] are thus satisfied. So, the assertion follows from Equation (167) combined with [65, Theorem
5.10(3)]. =

Solutions (or at least approximate solutions 4-Pg; ) to the dual Kantorovich problem expressed in
Theorem 3.16 should be physically interpreted as being effective pressure functions on the spaces of
order parameters.

Note that the assumptions of Theorem 3.16 are trivially satisfied for physically relevant choices
of convex functions g.. Take for example 5, € R* and

0 e (dy) <00 and [P () v (dy) = supF (K) < oo,
M

b
+ +

g+(z) = @i$2/2 or g+(x) = 2coshx

with X1 = R and &} = R, and remark that the corresponding Legendre-Fenchel transforms,
gi(s) =s*/(28.) or g(s) = ssinh™'(5/2) — V4 + st

are smooth and strictly convex. See also Remarks 3.5 and 3.6. Observe additionally that the strict
convexity of the function g* assumed in Theorem 3.16 is a sufficient condition only used for simplic-
ity in order to ensure the weak™ compactness of the set M (161), but this should not, of course, be
essential.

In fact, in the proof of Theorem 3.16, we only use the first assertion (i) of the Kantorovich duality
theorem [65, Theorem 5.10]. There are many other results in [65, Theorem 5.10] that could have been
invoked, but we refrain from mentioning them here, as our goal is not to provide a detailed analysis
of the corresponding optimal transport under the more general conditions, but to establish a fruitful
bridge between the maximization of real-valued functions ' on compact spaces and the dual Kan-
torovich problem, thus paving the way for entirely new mathematical and numerical developments.

3.6 Technical results on the thermodynamic game

Within the general setting of the previous sections we study here the linear and nonlinear approximat-
ing pressures associated with Bogoliubov linearizations, that is, the quantities

P (y4+,y-) =sup gy+,y_ (K) and Pyxv(y4,y-) = P (y+,y-) + 9" (y-) — gi (y4)  (168)

for any y. € X, previously defined by (145)-(146). We also analyze in this context the variational
problems associated with the two-person zero-sum game (Section 3.4) whose payoff function is the
nonlinear approximating pressure Fyr,. Note that we always consider here non-zero functions g.. If
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one of them is zero, we have essentially the same results (mutatis mutandis). See, e.g., the discussions
at the end of Section 3.3.

Before we start our technical study, we go over a few of the notation: B, (0, R) C X} are closed
balls (125) of radius R € R* and center 0 € X} and || - ||op is the usual operator norm, defined by
(126) for any continuous linear functional, while || - || is the uniform norm (or sup norm), defined
by (129). Recall that any continuous function defined on a compact is uniformly bounded and the
corresponding uniform norm is thus finite.

We start with two simple continuity properties of the linear approximating pressure Fp,, seen as a
function

(Y y-) = P (y+,9-)

from A7 x X" to R and defined by Equation (168) (see also (146)). Some arguments are elementary
and are only given below for completeness. Recall that Condition B1 is stated in Section 3.3.

Lemma 3.17 (Norm continuity of linear approximating pressures)
Assume Condition Bl. Then, P, : X7 x X* — R is convex and Lipschitz-norm continuous:

1PL (g, w) = Pu (Y y )| S Il e = yallop + -l llo- —w-llop - 72 ye € XL

Proof. Observe that, forany z1,y. € XJ andv € K,

[rx 0L (V) —yr 07 (V)] < lze = yllop 72

and the inequality of the lemma directly follows from the definition
Gy =f—y-oT_FyroTy,  yr €L, (169)

of Bogoliubov linearizations, see Equation (144). P, is convex because it is the supremum of affine
(real-valued) mappings (y4,y—) — Gy, (1), p € K. m

Lemma 3.18 (Weak* continuity of linear approximating pressures)
Assume Condition Bl. Then, Py, is weak* continuous on B (0, R) x B_(0, R) for any fixed R € R*.
If X are Banach spaces then Py, is weak™ continuous on the whole space X7 x X™.

Proof. Fix R € R'. Take any nets (yg))jej C B4(0, R) weak® converging to arbitrary points
y+ € B+(0, R), respectively. By Condition B1, K is (Hausdorff) compact and 7. are continuous. As
a consequence, 74 (K) C X are compact (in the norm topology of X). Thus, for any € € R™, there
are finite sets M . C K such that
) . €
dist (74 (Ms), 74 (K)) =sup inf |75 (p) — 72 (V)||5, < R (170)

pEK VEM+ e

Remark that the above quantity is the so-called Hausdorff distance between the compact sets 74 (M )
and 74 (K) in Xy. Then, by the triangle inequality and Inequality (170), forany 4 € K andv € M, .,

DO ™

yrore () =y ori (v)| +

peors () —y ors ()] < inf
VEM:t,E

Hence, there is j. € J such that, for all 4 € K and j € J satisfying j > j.,

‘yiOTi(M)—yg)oTi(M)’ <e,

because M, . is finite and (ys_f )) jes weak™ converges to y4. Now, as the last bound is uniform with
respect to ;i € K, from the definition (169) of G,, , , it follows that the mapping (y,,y—) —
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P (y4,y-) from B, (0,R) x B_(0,R) to R is weak® continuous. If the normed spaces X are
complete, then any weak™ convergent net in the dual spaces X} is norm bounded, thanks to the Uni-
form Boundedness Principle (the Banach-Steinhaus theorem [57, Theorem 2.5]). Consequently, in
the Banach case, /7, is weak™ continuous on X7 x X*. =

After briefly studying linear pressures, we now provide a series of lemmata regarding important
properties of the nonlinear approximating pressure FPyr,, seen as a mapping

(Y, y-) = Pan (Y4, 9-)

from X x A to RU {00} and defined by Equation (168) (see also (145)).

Lemma 3.19 (Properties of the nonlinear approximating pressure)

Assume Condition Bl. Let g+ : Xy — R be non-zero lower semicontinuous and convex functions
with dom(g?} ) = X7.

(+) For R € R and y_ € dom(g*), the mapping y. — Pxv(y+,y_) from B, (0, R) to R is weak*-
upper semicontinuous. If X is a Banach space then it is weak™-upper semicontinuous on X’;.

(—) For R € RT and y, € X, the mapping y_ — Pxy.(y+,y—) from B_(0, R) to R U {oc} is convex

and weak*-lower semicontinuous. If X_ is a Banach space then it is weak*-lower semicontinuous on
2

Proof. As Legendre-Fenchel transforms, the functions ¢ : X7 — Rand ¢* : X* — RU {oo}
are always weak*-lower semicontinuous. Note also that the convex set dom(g* ) is nonempty, thanks
to (123). Therefore, by Lemma 3.18, for any fixed R € R and y_ € dom(g*), the mapping
yy — Paxp(ys,y-) from By (0, R) to R is weak*-upper semicontinuous. The Banach case is also a
direct consequence of Lemma 3.18. Mutatis mutandis for (—). Notice that

y— — Pae(ys,y-) = Pu(ys,y-) + 9" (v=) — g% (y+)

is convex, because Legendre-Fenchel transforms are always convex and y_ +— Pp(y,,y_) is also
convex, thanks to Lemma 3.17. m
We next undertake the study of the two functions

P X —{-cc}UR and  P': X" = RU{c0}

defined by (152)—(153), that is,

P’ (yy) = inf Pap, (4, X7) and  P*(y_) =sup Pt (X],y-) (171)

for any y+ € X}. We assume that Legendre-Fenchel transforms ¢* have minimal linear growth
A € R in the sense of (124), that is,

lim sup {)\ Hy||Op —q" (y)} = —00. (172)

R—00 e x\B(0,R)

This allows us to show that these variational problems can be restricted to closed balls.

Lemma 3.20 (Consequences of the minimal linear growth of g7 )

Assume Condition Bl. Let g : Xy — R be non-zero lower semicontinuous and convex functions
with dom(g} ) = X7.

(0) If (172) holds for g = g_ and \ = ||7_||~, then there is R € R such that, for all y, € X7,

P = inf P y_) < inf P, Jy-) .
(y+) ,cinf P (Yt y-) S eitd TN (Yt y-)
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() If (172) holds for g = g, and \ = ||T ¢ ||, then there is R € R" such that, for all y_ € dom(g*),

Py-)= sup Pur(ysy-)>  sup P (ye,y-) -
y+€B4 (0,R) y+€XI\B(0,R)

(80) If (172) holds for g = g+ and X\ = ||T+||, then there is R € R™ such that

sup P’ (ys)>  sup  P’(ys) .
y+€B4+(0,R) Y+ EXI\B4+(0,R)

(08) If (172) holds for g = g+ and X = ||T+||«, then there is R € R" such that

inf Py ) < inf Py .
ot P )< b )

Proof. Assertions (b) and (f) are direct consequences of Lemma 3.17. Note that the strict inequality of
(1) cannot be satisfied when y_ ¢ dom(g* ), because, in this case, Py, (y+,y-) = oo forall y; € A},
To prove (fb) take any 2z € dom(g* ) # () (see (123)) and note from Lemma 3.17 and Equation (172)
for g = g, and A\ = |7, || that

lim sup P’ (y,) = lim sup inf Py (y+,y-)
R=00y, exs\B.(0,R) R=00y, e \B. (0,R) Y- 4=

< I%im sup {P.(ys, 2 )+ g (z-) — g (y4)} = —o0..
=00y X2\ By (0,R)

We meanwhile infer from (b) the existence of some strictly positive radius R € R* such that

P (y)= inf  Pa(y4+.y-) . Y+ €XF.
y—€B_(0,R)

Thus, by the weak* compactness of the closed ball B_(0, R) (cf. the Banach-Alaoglu theorem [57,
Theorem 3.15]) and Lemma 3.19 (—),

P’(ys)= min Pa(ys,y-) = min Pai(y1,y-) €R (173)
y—€B_(0,R) y—€B_(0,R)Ndom(g* )

for all y, € X%, keeping in mind that dom(g*) # @ (see (123)). In particular, P’(y,) > —oo for all
y4+ € X and, as a consequence, for some R < oo,

sup P’ (ys)>  sup  P’(ys) .
y+€B4+(0,R) Y+ EXI\B4+(0,R)

The proof of (bf) is similar: Note from Lemma 3.17 and Equation (172) for g = g_ and A = ||7_||~
that, for any v, € X7,

lim inf Pt (y_) = lim inf sup P, ,Y—
L NS ooy X" \B_(0.R) yy s (Y+,9-)
_RgEOyfeXiler(o,R){ L (Y 2-) + 95 (y-) — g5 ($+)} 0

By Assertion (1), there is R € R* such that

P'(y-)= sup Px(yp,y-) .,  y- €dom(g”),
y+€B4(0,R)
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which, combined with the weak* compactness of the closed ball B (0, R) and Lemma 3.19 (+),
yields
P(y_)= max Py (ys,y-) ER, y— € dom(g”) . (174)
y+€B4+(0,R)
Since dom(g* ) # 0 (see (123)) and P* (y_) = oo when y_ ¢ dom(g* ), we conclude that, for some
R < o0,

inf Pl(y_) = inf Py.) < inf  Ph(y.) .
y_Ellgli(O,R) (y ) y_GB_(O,lII%I)ﬂdom(gi) <y ) y_EXil{lB_(O,R) (y )
]
If the Legendre-Fenchel transforms ¢ have minimal linear growth || 7|, one infers from Equa-
tions (173)—(174) that P” and P* define real-valued functions on AT and dom(g*) C X*, respectively.
Additionally, these two functions have the following properties:

Lemma 3.21 (Properties of the functions P and P")

Assume Condition Bl. Let g+ : Xy — R be non-zero lower semicontinuous and convex functions
with dom(g} ) = X7.

(0) If (172) holds for g = g_ and \ = ||7_||, then P" : X} — Ris weak*-upper semicontinuous on
B, (0, R) for any R € R". If X, is a Banach space then P’ is weak*-upper semicontinuous on R

(£) If (172) holds for g = g, and X = |74 ||, then P* : X* — R U {0} is convex and weak*-lower
semicontinuous on B_(0, R) for any R € R™. Its restriction to (the nonempty convex set) dom(g* )
is convex and real-valued. If X_ is a Banach space then P* is weak*-lower semicontinuous on X*.

Proof. Fix R € R*. If (172) holds for g = g_ and A = ||7_|| ., then we deduce from Equation (173)
that there is R € R* such that the function P’ : B, (0, R) — R is the infimum of the family

{ys — Pav (y+, y*)}y,eB,(O,R)ﬂdom(g*_)

of weak*-upper semicontinuous real-valued functions from B (0, R) to R, thanks to Lemma 3.19 (+).
The real-valued function P’ : B, (0, R) — R is therefore weak*-upper semicontinuous. The Banach
case is proven in the same way. Mutatis mutandis for (#), thanks to Lemma 3.19 (—) and Equation
(174). To prove the convexity of P*, observe that this mapping is the supremum over 7/, € AT of the
convex mappings

y- = Pau (Y, y-) = PL (Y, y-) + 97 (y-) — 9% (y+)
all defined on the same (nonempty) convex domain dom(g* ). m

Forall y+ € X, we study now the subsets (154) and (155) of solutions to the variational problems
P’(yy) and P¥(y_), i.e.,

M (y,) = {e-eX”: P (y;) = Pu(yp,z )} CX",
Mi(y) = {ey € X Py )=Pu(ry,y )} CAL.

Lemma 3.22 (Solutions to the variational problems P’(y, ) and P*(y_))

Assume Condition Bl. Let g+ : Xy — R be non-zero lower semicontinuous and convex functions
with dom(g?} ) = X7.

(b) If (172) holds for g = g and X = ||7_||w, then, for all y, € X%, M’(y,) is nonempty, convex
and weak*-compact. There is R € R" such that M"(y.) C B_(0, R) Ndom(g*) forall y, € X}.

(1) If (172) holds for g = g, and \ = |74 ||, then, for all y_ € dom(g*), M*(y_) is nonempty and
weak*-compact. There is R € RY such that M*(y_) C B, (0, R) for all y_ € dom(g*).
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Proof. Recall that dom(g*) # 0, thanks to (123). For all y, € X%, M’(y,) C dom(g* ) because
Pxi, (Y4, y—) = oo when y_ ¢ dom(g* ). If (172) holds for ¢ = g_ and A\ = ||7_|| then, by Lemma
3.20 (), M"(y;) € B_(0,R) Ndom(g*) for all y; € X;. Additionally, in this case, the mapping
y_ — Pyi (y4,y_) is weak*-lower semicontinuous, thanks to Lemma 3.19 (—). Bearing in mind
again that closed balls of the dual space of a normed space are weak*-compact (cf. the Banach-
Alaoglu theorem [57, Theorem 3.15]), we deduce that the sets M b(er) C B (0,R), yy € AT,
are nonempty and weak*-compact, as they are always weak*-closed. Their convexity is a direct
consequence of the convexity of the function Py, (v, ) (Lemma 3.19 (—)). The case (#) is proven in
a similar way, from the weak*-upper semicontinuity of Py, (-,y_). See Lemma 3.19 (+). m
Now we consider the conservative values

P” = sup P’ (y.)= sup inf Pnp (y4,9-) (175)
y+EXT v+ EX] Y-S

P = inf P*(y_)= inf sup P o) 176
yex (y-) yex yﬁ% NL (Y5 Y- ) (176)

of the thermodynamic game. See Section 3.4, in particular Equation (151). We also study the corre-
sponding sets (156)—(157) of optimizers, i.e.,

M = {z, € X1 P =P ()} C AT,
MF = {a:_EXf:PﬁiPﬁ(x_)}QXf,

which are nothing but the sets of conservative strategies of the thermodynamic game.

Lemma 3.23 (Sets M* and M’ of optimizers)

Assume Condition Bl. Let g+ : X, — R be non-zero lower semicontinuous and convex functions for
which dom(g* ) = X and* (172) holds for g = g1 and X\ = || 74 || .

() P’ € R and the set M’ C X7 is nonempty, norm-bounded and weak*-compact.

(1) P! € R and the set M* C X* is a nonempty, convex, norm-bounded and weak*-compact subset of
dom(g*).

Proof. By Lemma 3.20 (#h), M* C B (0,R) C X is norm-bounded. From Lemma 3.21 (b) and
the weak* compactness of B, (0, R) one concludes that P € R and that M” is nonempty and weak*-
compact. Mutatis mutandis for that case (#), thanks to Lemmata 3.20 (b#) and 3.21 (#). M* is convex,
because P* is convex, thanks to Lemma 3.21 (f). Note that M* C dom(g* ), because P* < oo and
P¥(y_) = co wheny_ ¢ dom(g*) # (). =

3.7 Appendix

This appendix contains some useful standard results. These could help non-specialists to understand
the present paper more easily. We present the von Neumann minimax theorem (Section 3.7.1) and the
Choquet theorem (Section 3.7.2).

3.7.1 The von Neumann minimax theorem

This theorem was first proven by John von Neumann in 1928 [63]. He proved it in relation to two-
person zero-sum games. This laid the foundations of game theory, even if the theorem has applications
that go far beyond this field of mathematics. It gives a general criterion for the existence of saddle
points.
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Recall first that saddle points are defined as follows: Let M and N be two sets. The element
(x0,%0) € M x N is, by definition, a saddle point of the real-valued function f : M x N — R if

supf (xg,y) = inf supf (z,y) = supinf f (x,y) = inf f (x, :
ye]gf (%0, ) xeMyE]I\)[f (z,y) yE]gme (z,y) = inf f (z,90)

A saddle point (z9,yo) € M x N in particular satisfies the equalities

x = inf supf (z,y) = supinf f (x .
f( 05 yO) xGMye]li)]f( ay) yEIEQUer( ay)
The von Neumann minimax theorem, which is used here in an essential way, refers to the following
statement about the existence of saddle points of functions on topological vector spaces:

Theorem 3.24 (von Neumann)

Let M and N be two (nonempty) compact convex space. Assume that f : M x N — R is a real-valued
function such that, for all y € N, the mapping x — f(x,y) is convex and lower semicontinuous,
whereas, for all x € M, the mapping y — f(x,y) is concave and upper semicontinuous. Then there
exists a saddle point (xy,y0) € M x N of f.

There are many different proofs of this assertion available in the literature and we recommend, for
example, [4, Chapter 8] for a concise review on two-person zero-sum games, including a proof of the
von Neumann minimax theorem [4, Theorem 8.2].

3.7.2 The Choquet theorem

A classical result of Minkowski’s states that, in finite dimensions, any element x € K in a (nonempty)
compact convex subset X C X can be decomposed into a convex combination of a finite number of
extreme points Z1, . .., I € E(K), that is,

k
r=Y N, (177)

j=1
where A\{, ..., \; > 0 are positive numbers satisfying Z;‘?:l)\j = 1. Recall that the extreme points

of a convex set are the elements that cannot be written as (non-trivial) convex combinations of other
elements in K. Their existence is ensured for all compact sets in a locally convex spaces X'. In fact, it
is well-known that in this case, any compact convex set X C X is the closure of the convex hull of the
(nonempty) set £(K) of its extreme points, according to the Krein-Milman theorem [57, Theorems
3.4 (b) and 3.21].

To the decomposition (177) we can naturally associate a probability measure, i.e., a normalized
positive Borel regular measure, £ on K: Take the probability measure £, on K defined by

k
gz = Z)‘jdij
j=1

with 4, being the Dirac (or point) measure?’ at y and rewrite (177) as the following (weak) integral

:p:/ &€, (dd) . (178)
K

That is, the point x is the so-called barycenter of the probability measure £,. This notion is defined
in the general case as follows (cf. [55, p. 1]):

21§, is the Borel measure such that for any Borel subset B € B of K, §,(B) = 1ify € Band §,(B) = 0ify ¢ B.
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Definition 3.25 (Barycenters of a measure)

Let X be any real topological vector space, K C X a nonempty compact subset and & a (Borel)
probability measure on K. An element x € X is a barycenter of £ if, for any continuous linear
functional z* € X*,

o' a) = [ @ @)

Note that if X if locally convex then £ has at most one barycenter, for X'* separates the points of
X, and in this case we refer to the barycenter of &. Its existence is ensured by the following result [55,
Propositions 1.1-1.2]:

Proposition 3.26 (Existence of barycenters)

Let X be any locally convex vector space and K C X a nonempty compact subset. If the closed
convex hull coK C X is also compact, then every normalized Borel measure on K has a (unique)
barycenter. Additionally, for all x € X, x € coK iff x is the barycenter of some (not necessarily
unique) probability measure on K.

The Krein-Milman theorem says that any nonempty compact convex K C X of a locally convex
vector space has extreme points forming a set £(K') which satisfies K = o £(K), see [57, Theorems
3.4 (b) and 3.21]. In particular, by Proposition 3.26, any element x € K is the barycenter of some
normalized Borel measure on the closure £(K) of the set £(K) of all extreme points of K. In
infinite dimension one generically [22] has that £(K) = K and this property is thus useless in such
a situation. If the relative topology of the given compact subset K C X' is metrizable, the Choquet
theorem strengthens the Krein-Milman theorem by stating that the measure representing an arbitrary
element x € K as its barycenter can always be chosen such that it is supported in £(K') (and not just
in the closure £(K)). Indeed, in this case, £(K) is a Borel set [55, Proposition 1.3]:

Lemma 3.27 (Extreme points form a G s-set)

Let X be any topological vector space and K C X a compact convex subset. If the relative topology
of K is metrizable, then £(K) is a Gs-set with respect to the relative topology of K. In particular, it
is a Borel set.

We are now able to state the Choquet theorem, first proven in 1956 by Gustave Choquet [26]:

Theorem 3.28 (Choquet)

Let X be any locally convex vector space and K C X a nonempty, compact and convex subset,
whose relative topology is metrizable. For any x € K, there is a (not necessarily unique) probability
measure £, on K, which is supported on £(K) C K (i.e., £, (K\E(K)) = 0) and whose barycenter

Is .

We recommend [55] for a concise review on the Choquet theorem and its generalization to non-
metrizable cases. The Choquet theorem stated above is proven on page 14 of these lecture notes
[55].

Such a measure £, as given by Theorem 3.28, is called here a Choquet measure associated with
the element © € K. If any point x € K has exactly one associated Choquet measure then the convex
subset K’ C X is a so-called Choquet simplex.
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