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ABSTRACT. We develop a non-extensive thermodynamic formalism for the one-sided
shift on a finite alphabet, inspired by Tsallis’ generalization of Boltzmann entropy in
statistical physics. We introduce notions of g-entropy, g-pressure and g-transfer operators
which extend the classical thermodynamic formalism when ¢ = 1. We prove a Bowen-
type relation linking the g-pressure with a (2 —¢)-Ruelle transfer operator and show that
g-equilibrium states correspond to classical equilibrium states for a related potential. We
establish existence and uniqueness of g-equilibrium states for Lipschitz potentials, prove
differentiability of the ¢g-pressure, and obtain variational principles for both the g-pressure
and a related asymptotic pressure. Finally, we study cohomological equations associated
with (2 — ¢)-transfer operators and prove differentiable dependence of their solutions on
the potential, yielding an alternative construction of eigenfunctions for classical Ruelle
operators. We also propose an approach to non-extensive thermodynamics using non-
additive formalisms.

1. INTRODUCTION

1.1. Non-extensive entropy. Entropy of invariant measures is a fundamental concept
used in dynamical systems to quantify the rate of information production as a system
evolves over time. Within the thermodynamic formalism, this notion of metric entropy
plays a central role, allowing to relate the topological complexity of the dynamical system
with the largest possible complexity offered by the invariant measures by means of the
classical variational principle for topological pressure. In particular, if o : 2 — € denotes
the usual shift acting on the space Q = {1,2,....d}" and 4 : Q — R is a continuous
potential then

P(A) = sup {h(u) + /Adu D E va(a)} (1.1)

where P(A) denotes the topological pressure of A and h(u) denotes the Kolmogorov-
Shannon entropy of the o-invariant probability measure p, computed through dynamically
defined partitions which are weighted according to the Boltzman entropy function H
which, to each probability vector p = (p1,pa, ..., ps) associates the value

d

H(p) = > —p;log(pi) (1.2)
=)
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(see e.g. [77] for the definitions and proof). In a non-dynamical framework, the previous
expression coincides with Shannon information, sometimes referred to as static entropy.

Several scientific papers consider concepts of entropy which differ from the Kolmogorov-
Shannon entropy (1.2), whose emphasis is to provide a bias on rare events (see e.g.
[4, 15, 18, 42, 66, 69, 75] and the discussion therein). In fact, in Physics’ literature it
is somewhat common to consider a parameterized concepts of entropy, where for cer-
tain parameters entropy becomes non-additive even if dealing with independent systems
(cf. [2, p.75 equation (6)]). In order to elaborate further on that, let us recall some
definitions considered in the classical literature on the non-extensive entropy theory (in
a non-dynamically framework). Given ¢ > 0, the g-entropy of the probability vector
p = (p1,p2, -, Pn), introduced by Havrda and Charvat [35] and Tsallis [70], is defined as

d d
1 1
H — (n? 1 1) = )
E pi—1) = 4 ;1 pi(p; 1) = ;1 pilog, (p—) >0, (13

T 1-g
and, for each ¢ # 1, the function
1

l—q
is called the g-log function. The case ¢ = 1 which corresponds to Kolmogorov-Shannon
entropy. It is clear that if ¢ # 1 and and one wants to maximize ﬁ (>, p} — 1) among
different probability vectors p then there exists a bias which is not present whenever ¢ = 1.
Indeed, if ¢ < 1 then p! > p; and the g-entropy will enhance the relative importance of
rare events, and if ¢ > 1 one will get the opposite. We refer the reader to [69] for a
discussion. Moreover, for a fixed probability vector p, the limit of H,(p), as ¢ — 1 is
the classical Boltzman entropy H(p). In what follows we will emphasize some of the

properties of the g-entropy function and then establish a comparison with the classical
thermodynamic formalism.

(w7 —1) (1.4)

Ry > u > log,(u) =

Throughout this paper it will be a standard assumption that ¢ > 0, in which case
it makes sense to maximize entropy (see Figure 1). In fact, for ¢ > 0, the g-entropy

o o o o o o o
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FIGURE 1. Graph of the function p; — Hy(p1,1 — p1) when g = 0.9 (left)
and ¢ = —0.1 (right)
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function p — H,(p) defined by (1 3) is concave as a function of the probability vector
p = (p1,p2, .-, pn) because d22 — qu = %qq(q — 1)p?_2 < 0 and the finite sum of concave

functions is concave. Moreover there is a crucial difference between g¢-log functions for
g = 1 and ¢ # 1, with striking impact on the corresponding notions of extensive and
non-extensive entropies, respectively. Indeed, for every ¢ # 1 and a,b > 0,

log,(ab) = log,(a) + log,(b) + (1 — ¢) log,(a) log,(b) # log,(a) + log,(b)

the joint independent probability vector rs obtained from probability vectors r, s satisfies
the non-extensive relation

Hy(rs) = Hy(r) + Hy(s) + (1 — q) Hy(r) Hy(s) (1.5)

and one recovers additivity above if and only if ¢ = 1 (cf. [1]), which corresponds to
the classical (extensive) Boltzman entropy. We refer the reader to Section 12, to [78] or
(73, Appendix, page 84] for for more details on g-exponential, g-logarithmic functions and
g-entropies.

In this general non-dynamical framework, given constants ¢ > 0, 5 € R and a potential
A:{1,2,...,n} = R, one can define a notion of g-pressure by the variational relation

P,(BA) —sup{ p)+ 0 Zp]aj} (1.6)

where a; = A(j) and the supremum is taken over all probability vectors p = (p1, D2, ..., Pn)s
in correspondence to what Umarov and Tsallis [69] refer to as the first choice of variational
problem. A second alternative, where the pressure is defined replacing Z;lzl pja; by

Z?Zl pja; will not be considered here.

The latter finds a dual in the Statistical Mechanics literature, where in (1.6) the ¢-
pressure is minus the Helmholtz free energy and the values a; correspond to the values
of minus the Hamiltonian. However, in contrast to the classical pressure function, the
pressure function R 3  +— P,(5 A) defined by (1.6) is not globally convex nor concave
and several problems can occur when considering large ranges of 3 (cf. Remark 4.2).

1.2. Non-extensive thermodynamic formalism for the shift. In this paper we aim
to develop a the dynamical non-extensive thermodynamic formalism in parallel with the
extensive (classical) setting, looking for possible matches and discrepancies with some of
the well known results in the classical thermodynamic formalism developed in the last
decades (see e.g. [6, 14, 10, 22, 24, 28, 32, 41, 43, 37, 40, 57, 54, 58, 62, 65, 47, 67] just
to mention a few). Our work should be considered as an initial attempt to explore and
propose alternative answers to some questions that in our view are fundamental in the
theory. For that reason, we investigate a dynamical version of this class of problems for
the one-sided shift on a finite alphabet, where the extensive thermodynamic formalism
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(which corresponds to the classical Thermodynamic Formalism, using the Kolmogorov-
Shannon entropy) is extremely well understood. Although both theories have similar
motivation, the non-extensive thermodynamic formalism presents challenges and several
conceptual differences in respect to the classical (extensive) thermodynamic formalism
and non-additive thermodynamic formalism which we will now discuss in detail.

Consider the shift o : Q — Q acting on the symbolic space Q = {1,2, ..., d}. We denote
by Min (o) the set of o-invariant probability measures and by G the set of classical
(or extensive) equilibrium states associated to Lipschitz continuous potentials. These
measures are all ergodic, are singular with respect to each other and parameterized by the
associated Jacobian function J,, (cf. (2.3) and [41] for more details). Moreover, probability
measures in G have nice ergodic properties, as they are mixing, have exponential decay of
correlations for Holder continuous observables and satisfy large deviation principles (see
e.g. [10, 50]). Furthermore, by Rohklin’s formula, the Kolmogorov-Shannon entropy h(u)
associated to pu € G is given by

h(p) = —/log J,, dj. (1.7)

The extensive pressure P(A) of a Lipschitz continuous potential A : 2 — R satisfies the
classical variational principles

P(A) :sup{h(u)+/Adu D pE /\/linv(a)} = sup {h(u) —I—/Ad,u S pE Q} (1.8)

(the second equality in (1.8) is due to the upper-semicontinuity of the entropy map and
that any invariant probability can be weak* approximated, and in entropy, by a probability
measure in G, cf. [50]). It is also well known that there exists a unique equilibrium state
4 € G which maximizes the previous expression.

Given a Lipschitz continuous potential A : 2 — R, Ruelle’s theorem relates special
features of the equilibrium state p4 with leading eigenvalue and eigenfunction for the
Ruelle transfer operator L4 : C°(Q,R) — C°(Q, R), which is the bounded linear operator
given by

La(f) =) " f(ax) (1.9)

a=1

for every continuous function f : Q — R, where ax € € denotes the sequence in o~ !(z)
starting with the symbol a. Namely, the equilibrium state g4 is such that ps = hava
where Lahg = Aaha, Lhv4 = Aavg and Ay = e’ > 0 is the simple leading eigenvalue
of L4 (see e.g. [6]). We proceed to extend the above concepts to the non-extensive
framework.
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Non-extensive thermodynamic quantities. Let us now define the concepts of g-entropy of
an invariant measure in G, g-pressure function and g-equilibrium states, in a way that one
can recover the classical framework as the limit of such quantities as ¢ — 1. Inspired by
Rokhlins formula we define, for each ¢ > 0, ¢ # 1, the g-entropy of a probability measure
uweGas

H,(p) = /logq (%)du = 1—iq / (Jh = 1)dp. (1.10)

We extend the concept of g—entropy for probability measures p € M, (o) and show
that the g-entropy function is concave and upper semi-continuous (see Definition 3.3,
and Lemmas 3.4 and 3.6). In the extensive framework Boltzman entropy is concave and
the Kolmogorov-Shannon entropy is an affine function on the convex set of o-invariant
probability measures (see Theorem 8.1 page 183 in [77]). However, the dynamical g-
entropy is concave when 0 < ¢ < 1 (cf. Example 12.1).

In view of the second equality in (1.8), given a continuous potential A : Q@ — R we
defined the dynamical g-pressure function of A by the variational relation

P,(A) = sup {Hq(u) +/Ad,u = g}, (1.11)

and we will say that p, is a g-equilibrium state with respect to the potential A is an
invariant Gibbs measure attaining the supremum in (1.11). By definition, the previ-
ous supremum is taken over the space of extensive Gibbs equilibrium states G, hence if
non-extensive equilibrium states exist then these are equilibrium states for the classical
thermodynamic formalism.

In order to develop a spectral approach for the non-extensive thermodynamic formalism
one needs to consider suitable transfer operators. Given ¢ > 0, with ¢ # 1, the inverse of
log, is the g-exp function defined by

u ey =exp,(u) = (1+ (1 — q)u)flq (1.12)
This suggests to consider the family of transfer operators £, : C°(Q,R) — C°(,R) as
d d
Lag(f) =D e flaz) =Y [1+ (1 - q)A(az)]7 flaz), feC(QUR), (113)
a=1 a=1

whenever the latter is well defined.

At this point there are major technical and conceptual differences in respect to the
extensive transfer operators, at both conceptual and technical viewpoints. From the
technical viewpoint, the ¢g-exp function behaves in a quite intricate way: (i) if ¢ > 1 then
exp,(u) is positive if u < q%l; (ii) if 0 < ¢ < 1, the value exp,(u) is positive whenever
u > qul and is complex otherwise (up to ¢ = 1/2, where is always a non-negative real
number). Moreover, for ¢ > 0, the g-exp function is convex. The main conceptual
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differences in respect to the extensive thermodynamic formalism are described in the
next subsection.

1.3. Non-extensive operators: duality and non-additive thermodynamic for-
malism. Let us now describe the dynamical framework for non-extensive thermodynamic
formalism, developed in the paper. The first key observation is that there exists a non-
standard relation on the g-parameter interval I = (0,2) at ¢ = 1: the g-equilibrium states
and the g-pressure function relates to the (2 — g)-Ruelle operator. More precisely, such a
relation

q — pressure function P,(-) v transfer operator £49_,()

is formalized in Theorem A, which offers a Bowen-type formula, where we prove that
solutions of a log-functional equation involving the (2 —q)-transfer operators are related to
a zero of a Bowen-type equation involving the g-pressure function. In this way, among the
non-extensive g-equilibrium states associated to a certain Lipschitz continuous potential
A there exist extensive (classical) equilibrium states for a related Lipschitz continuous (cf.
Theorem A for the precise formulation).

The statement of Theorem A is far from establishing a dictionary between extensive
and non-extensive thermodynamic formalism. A fact that reinforces the latter is that the
g-pressure function 5 — P,(SA) is neither convex nor concave on £ for large ranges of
(see Remark 4.2), which creates technical problems for the use of the classical Legendre
transform. In this way, setting the duality of MaxEnt method and pressure in the non-
extensive dynamical via the classical Legendre transform formalism seems not to find
parallel in the non-extensive framework (compare the derivatives of the pressure functions
in [62, Proposition 4.10], Example 8.1 and (9.2) in case ¢ = 1/2). Furthermore, the lack of
convexity of the g-pressure function seems to contribute to a much richer structure on the
space of g-equilibrium states and there are examples where the log-functional equation
has non-unique solutions (see Section 8).

Another striking difference to the extensive thermodynamic formalism can be observed
at the level of ¢g-transfer operators, for each non-negative ¢ # 1. Indeed, while the usual
exponential function exp : (R,+) — (R4, X) is a group homomorphism and the leading
eigenfunction of the classical transfer operators can be obtained by normalized iterates
L7 1(1), one has that e;”b # eg eg for every ¢ > 0, ¢ # 1, and every non-zero a,b € R.
In this way, the weights appearing in the iterates £ (1) are much more intricate than
Birkhoff sums, which are classical to Boltzman-equilibrium statistics. In order to over-
come this fact we introduce a sequence (£,),>1 of transfer operators (2.9) adapted to
the shift and a family ® = (¢, ),>1 of Lipschitz continuous potentials ¢, : @ — R
given by (2.10), which falls in the realm of non-additive thermodynamic formalism. The
sequence & = (p,)n>1 has extremely mild additivity, i.e. it is just asymptotically sub-
additive. Nevertheless one can show that the g-asymptotic pressure B9(A), defined to
represent the exponential growth rate of the norms of transfer operators £,,, satisfies a
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variational principle involving the Kolmogorov-Shannon metric entropy and that equilib-
rium states always exist (see Theorem B and Lemma 6.2 for the precise statements).

In Theorem C we prove that the solutions of the functional equation concerning the
(2 — q)-Ruelle transfer operators vary differentiably with the potential on a neighborhood
of the original potential A, provided that this is normalizable. This result can also be
used to provide an alternative argument for the existence of eigenfunctions for transfer
operators, using the implicit function theorem.

Finally, there are several natural notions of equilibrium states appearing motivated by
the non-extensive thermodynamic formalism, and it is of huge interest to understand their
interplay. A general relation between two of these notions, namely g-equilibrium states and
g-asymptotic equilibrium states, still seems out of reach due to the much different nature
of the non-extensive objects (cf. Remark 2.3). Nevertheless, as Theorem A establishes
a bridge between non-extensive g-equilibrium states of a Lipschitz continuous potential
A and extensive equilibrium states for a modified Lipschitz continuous potential, it is
natural to look for the dependence of these objects on the potential A, and to understand
its possible applications.

1.4. Organization of the paper. For the readers’ convenience let us give a brief des-
cription on the organization of this paper.

The main results of this paper are stated in Section 2: Theorem A offers a duality
between the g-pressure function and the (2 — ¢)-Ruelle operator, Theorem B establishes a
variational principle for the non-extensive pressure function, while Theorem C describes
solutions of a certain cohomological equation.

Our main focus in the present paper is the study of the concept of g-entropy for prob-
ability measures p € G. In Section 3 we describe properties of g-entropy functions H,()
for Gibbs and Bernoulli measures. Later, in Section 4 we consider a dynamical point of
view for g-pressure under the non-extensive framework. First we analyze the case where
the probability p is of the form p = (p1, pa2, ..., pn) and we exhibit the maximal g-pressure
probability for a given potential (cf. Section 4.1). This corresponds to the case in which
the dynamical system does not intervene and it is in consonance with most results in non-
extensive Statistical Mechanics (see e.g. [26, p. L71]), as our definitions are associated
to the so called first choice of MaxEnt method as described in [26, 70, 74]. Our main
objective in Section 4.1 is to allow the reader to understand the nature of the results that
will be extended in later sections, and that will contemplate the dynamical viewpoint. In
Subsection 4.2 considers the non-extensive point of view for the g-pressure in a dynamical
setting.

In Section 5 we prove Theorem A. In order to do so, in Section 5.3 we consider methods
related to the problem of solving the (2 — ¢)-Ruelle operator equation. In Subsections
5.3.1 and 5.3.2, for 0 < ¢ < 1, we exhibit potentials A for which we can find solutions for
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the (2 — g)-Ruelle operator equation (2.5), as solutions for the classical Ruelle operator
equation with respect to some modified potentials.

In Section 6 we relate the g-asymptotic pressure function with results from classical non-
additive thermodynamic formalism. First, in Subsection 6.1 we describe the asymptotic
sub-additive property of the family of potentials (¢, )n>1, in the case 0 < ¢ < 1. This will
be crucial in the proof of Theorem B, which appears in Subsection 6.2.

On Section 7 we present a proof of the existence of solutions for g-Ruelle Theorem equa-
tion using a version of the implicit function theorem (see [45, 5]), and prove Theorem C.

In Section 8 is devoted to specific classes of examples on which the non-extensive objects
can be computed. In the case of locally constant potentials A : {1,2} — R which depend
only on the first two coordinates, that is A(x) = A(z1, x2), we will show that the dynamical
g-equilibrium state is a Markov probability. Using a different technique, Example 8.5 we
present explicit solutions for the pressure problem in a non-extensive setting by exploring a
relation between these and the g-Ruelle operator acting on Lipschitz continuous potentials,
hence obtaining a non-extensive version of the Ruelle’s Theorem.

The remainder of the paper consists of four appendices. Appendix A in Section 9
describes an explicit expression for the derivative of the pressure in the case ¢ = 1/2.
Appendix B in Section 10 describes the point of view of dynamical partitions for the
non-extensive case (somehow related to [60]). In Appendix C Section 11 we briefly relate
the results of the non-extensive entropy described in our text with Renyi entropy. Finally,
the Appendix D (Section 12) contains a self-contained description of several general and
useful properties for the ¢g-log and g-exp functions; some of them are used throughout the

paper.

2. MAIN RESULTS

2.1. Setting. Let o : Q — Q denote the one-sided shift on Q = {1,2,...,d}", endowed
with the usual distance (which we denote by dist), which makes it diameter one. Let
C°(©,R) be the Banach space of all continuous functions on © endowed with the C°-
topology and let Lip(2) € C°(Q,R) be the subspace of Lipschitz continuous functions
endowed with the norm

| flleip = [ fllco + | fluip  where | flup = supw

2.1

Given a Lipschitz continuous function A :  — R the Ruelle transfer operator associated
to the potential A is the linear operator L4 given by (1.9). Its dual, denoted by L%, acts
on the space M (€2) of probability measures on 2 by the duality relation

/ F (L (m) = / L(f)dm  Vf e COQR).
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It is clear from the definition that £, preserves the space Lip(£2) of Lipschitz continuous
pontentials on 2. In case there exists ¢ € R and a continuous function ¢ : Q@ — R, so
that the Ruelle operator equation

d
La ()\_1( Ld ] )(m) = Z eAlan)Hoglpla))—log(P)@)=c — 1 for every z € (2.2)
veo a=1

holds then we say that A is a normalized potential, that ¢ is the eigenfunction and that
the constant A = e > 0 is the the eigenvalue associated to L£,4. For short we will say that
the pair (¢, ¢) solves the (extensive) Ruelle operator equation.

Ruelle’s theorem ensures that for any Lipschitz continuous potential A :  — R there
exist ¢ € R and continuous positive Lipschitz continuous function ¢ : @ — R satisfying
(2.2), and that the topological pressure P(A) of the shift o with respect to the potential
A coincides with log A (see e.g. [6, 62]).

A Jacobian J : Q) — R is a positive Lipschitz continuous function such that

d
Liog (1) (z) = Z J(ax) =1 for every x € . (2.3)

a=1

For each Jacobian J there exists a unique probability measure p = piog s, fully supported,
such that L£j,, ;(1) = p1, to which we will refer as the (extensive) equilibrium state of the
potential log J (these are often called Gibbs measures cf. [10]). The space

G = {mogJ: Jis a Jacobian} (2.4)

of all Gibbs measures associated to the extensive thermodynamic formalism is an infinite
dimensional manifold (cf. [55]). As there exists a bijective relation between the space of
Jacobians and the associated equilibrium states, the elements in G can be either param-
eterized by their elements p or by their Jacobians J (we refer the reader to [41, 55] for
more details). Our main goal is to determine whether there exist g-equilibrium states - re-
call these are probability measures on G attaining the supremum in (1.11) - and to build
possible bridges between the classical (extensive) equilibrium states and g-equilibrium
states.

2.2. Statements. The starting point for our study of the non-extensive thermodynamic
formalism is the following duality between the g-pressure function and the (2 — ¢)-Ruelle
operator equation. In this way, the next theorem provides not only sufficient conditions for
the solution of a non-extensive Bowen type equation, as it ensures that the g-equilibrium
state for a given Lispchitz potential A is a classical equilibrium for a pressure problem for
another potential within the extensive thermodynamic formalism.
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Theorem A. Let ¢ > 0 and A : 2 — R be a Lipschitz continuous potential. If there
exists a constant c € R and a continuous function ¢ : Q0 — R so that

d
Z e?ﬁ?”ﬂax)*@(a‘n)*c =1 for everyx € Q) (2.5)
a=1

and that all summands above are strictly positive then P,(A) = c¢. Moreover, the following
properties hold:

(1) there exists a q-equilibrium state associated to A that coincides with the equilibrium

state for the potential log J, where J(z) = 6124£x)+g0(x)—<p(a(x))—c;

2) q
ﬂ(—b&(%»:ﬂl (2.6)

where J is the classical Jacobian described by

1N —14+(1+A+¢—(poo)—c)(g—1))"
_b&<3): q—1 '

Remark 2.1. Theorem A makes explicit a symmetry between the parameter g of the
g-pressure and the parameter ¢ = 2 — ¢ appearing in the ¢-Ruelle transfer operator
equation (2.5). In the extensive framework (corresponding to ¢ = 1) we recover that
the pressure function can be obtained through the leading eigenvalue of the classical
transfer operator. We will refer to a solution ¢ of (2.5) as the (2 — q)-non-extensive log-
eigenfunction (eigenfunction for short) and to the constant ¢ as the (2 — g)-non-extensive
log-eigenvalue (eigenvalue for short). The existence of a continuous function ¢ and ¢ € R
solving (2.5) is a non-extensive version of the Ruelle operator theorem [62, Theorem 2.2].

(2.7)

Remark 2.2. The pair of solutions ¢, ¢ in Theorem A need not to be unique (see Example
8.4). Moreover, in Example 8.5 we exhibit a Lipchitz continuous potential A where there
exist a pair of solution ¢, ¢ for (2.5), but one of the summands can take the value zero
for some x € ). In this way, in the non-extensive setting one should not expect a full
extension of the classical Ruelle Theorem.

It is worth mentioning that whenever one writes an expression like (2.5) we are implicitly
assuming that all values are well defined and, in most cases, we will assume that all
summands are strictly positive for every z. Let us discuss a bit further the class of
potentials that one considers. Given 1 < g < 2 consider the open subset (in the Lipschitz

topology)
1
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This open set varies continuously with ¢, in the Hausdorff distance. At a first sight
Theorem A could suggest to consider, for each A € F,, the g-transfer operator

Lag(f Z A2) f(ax) feC’QR)

However, in virtue of the properties of g-exponentials (cf. Section 12) their iterates

Lh,N@) = > [H ]y

on(y)==
seem not suitable to study the non-extensive thermodynamic formalism. For that reason
we will consider the family of transfer operators (£, ),en, defined by

£,.(f)(z) = Z e?(y)+A(o(y))+m+A(a”‘1(y)) ) (2.8)
o"(y)=x
for every f € C°(Q,R) and x € 2, which can be written as
E.(N@)= Y Wiy (2.9)
om (y)=z

where

n—1
1
sﬂn(y)Zl_qlog<1+ 1—q) ;A ) n € N. (2.10)

The family of potentials (¢;,),>1 is asymptotically sub-additive (cf. Lemma 6.2). How-
ever, this family of potentials is not almost additive and does not seem to satisfy any
of the sufficient conditions that allow to study the non-additive thermodynamic formal-
ism developed in previous works (see [11, 17, 30, 76] and references therein), which does
not allow us to use of spectral theory to study non-extensive thermodynamic formalism.
Nevertheless we prove the following variational principle.

Theorem B. Given 0 < q < 1, a Lipchitz continuous potential A : Q — R the limit
1
PI(A) = lim —log £,,(1)(zo) (2.11)
n—oo M,
exists and is independent ot the point xo. Moreover,

PI(A) = max {h(u) + lim 1 ondv: v E ./\/lmv(a)}, (2.12)

n—oo M
where h(v) is the extensive Kolmogorov-Shannon entropy of v.
The proof of Theorem B will be given in Section 6. The limit B9(A) in (2.11) will be

called the g-asymptotic pressure of the potential A : 2 — R and the probability measures
attaining the maximum will be referred to as q-asymptotic equilibrium states.
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Remark 2.3. The variational principle in (2.12) should be compared with the variational
definition of the g-pressure P,(A) in (1.11). The exponential growth rate of the norm
of the operators (£, ),en is related to sum of extensive entropies with the average of a
sub-additive family of potentials, whereas the ¢-pressure considers non-extensive entropies
but considers the usual integral over the potential.

Remark 2.4. A priori there is no relation between g-asymptotic equilibrium states and
the (non-extensive) g-equilibrium states, as these involve different measure theoretical
entropies. The above expression connects the non-extensive setting with the sub-additive
setting (recall (1.3)).

Theorem C. Let 0 < ¢ < 1, let A : Q@ — R be a normalized Lipschitz continuous
potential and let v be the probability measure such that L5v; = vz. There exists an open

neighborhood U C Lip(Q) of A and a differentiable map
U A (pa,ca) € Lip(Q) xR
such that

Z qu(“’”H@A(m)_@A(m)_C“‘ =1 for every x € 2 (2.13)
a=1
and [ advz =0.
Moreover, lim, , 1(va,ca) = (0,0) € Lip(2) x R.

The previous result will be proved in Section 7, stated as Theorem 7.1. One can ask
about natural condition under which for a Lipschitz continuous potential there exist ¢
and c¢ such that (2.13) holds. We conjecture that given ¢ > 0, in general there exists
a positive answer to the question for potentials A on some open set of potentials. In
the special case that Q = {1,2}", and A depends on two coordinates, we obtain explicit
solutions for a nontrivial class of examples (see Example 8.5 in Section 8 and Subsection
5.3.1).

Remark 2.5. We point out that when considering potentials which are merely continuous
in the extensive thermodynamic formalism then phase transitions, slow decay of corre-
lations and existence of non-ergodic equilibrium states may appear (see e.g. [21, 22, 33,
46, 48, 51, 47] and references therein). In particular there exist continuous potentials
A QQ — R for which there is no eigenfunction solution for the Ruelle operator equation
(2.2) (see [41]). In this paper we will always consider Lipschitz continuous potentials
and postpone the study of the non-extensive thermodynamic formalism for less regular
potentials to a future work.

Remark 2.6. The extensive equilibrium state i for the two-sided shift and a Lipschitz
continuous potential A : {1,2,...,d}* — R can be analyzed by showing that it is coho-
mologous to a Lipschitz continuous potential A : {1,2,...,d}" — R which depends only
of positive coordinates (see Proposition 1.2 in [62] or Appendix 7.1 in [59]).
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3. ¢-ENTROPIES

In this subsection we will study some basic properties of g-entropy functions, namely
that this is a concave and upper-semicontinuous function on the probability measures.
Throughout the section let C* denote the space of continuous positive functions on

{1,2,..,d}".
3.1. Gibbs measures. Given 0 < ¢ < 1, recall the g-entropy of a probability measure
uweGis

1) = [ 0@ = duta) = [ log, (G5

where J = J, is the Jacobian of 1 € G, hence it is always non-negative (see Section 12
for the properties of the g-exponential function). Moreover, as —logx > ﬁ(xq_l - 1)
for every 0 < x < 1 and 0 < ¢ < 1, one has that

h(p) > Hy(p) for every pe Gand 0 < g < 1. (3.1)
Lemma 3.1. The function G > p — H,(n) is differentiable.

Proof. By [55], the space G is an analytic Banach manifold. Therefore, for a fixed ¢ > 0,
using that log, is differentiable on its domain and that the function 4 — J, is differentiable
(see e.g. [41]). Hence we conclude that G 5 u — H, () is differentiable as well. O

We proceed to prove a variational characterization for the g-entropy of Gibbs measures.

Lemma 3.2. Fix an Hélder continuous normalized potential B = log J : {1,2,..,d}¥ — R
and let puog ; be the equilibrium state with Jacobian J. Then, for 0 < ¢ <1,

H,(p) = inf /10 Md(m) (3.2)
)= e &q u(z) # ' '
Proof. By definition in (1.10) one knows that Hy(u) = [log,(J ')du. Taking a(z) =
ele/(®) ¢ C* one can write the right-hand side above as

Zﬁzl i(ax) . ZZ:I J(az) _ 1

Iqu <W = logq W = logq(J ),
and so, by integration,
> dlax)
[ tom, (2225 Yaute) = )

Now, given a general 7 € C" it can always be written as T = u.J, where u is positive. We

claim that L
/logq (%) du(r) = Hy(p)-
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Using that log(y) < log,(y) for each 0 < ¢ < 1, the concavity of z — log(z) and Jensen’s
inequality we deduce that

e (B ) - f e, (B

> / log ((i;u(a 2) J(az) u(z) ! J(:c)l)du(a:)

d

_ /]og ( > lulaz) u(z)™ ()™ J(M)) dp(z)

a=1

> / > log(u(az) u(x) ™ J(z)™") J(az) du(x).

This, together with the o-invariance of p and (3.1) yields that the right-hand side term
above can be written as

/log(U(x) u(o(x)) ™" J(o(2))™") dp(x) = /10g(J(U(x))1) dp(x)

— [ tog((a)) duta) = i) > Hy(n).

This proves the lemma. O

3.2. Invariant measures. In this subsection we extend the concept of g-entropy for
arbitrary probability measures in M, (c). In fact, Lemma 3.2 suggests the following
definition.

Definition 3.3. Given 0 < ¢ < 1 and a o-invariant probability measure p € M,y (o), the
q—entropy of i is defined as

H,(y) = inf /1Og M dp(z) (3.3)

I ueCt 1 u(x) ' '
We note that, in opposition to the case of Gibbs measures, for an arbitrary invariant

measure the infimum in (3.3) may not be necessarily attained by some function in C*.

We proceed to study the concavity of the g-entropy map p — Hy(p). Concavity will
not follows from a naive approach using Gibbs measures as, while for each A € (0,1)
and pq, us € G, the invariant probability measure Ay + (1 — A)pe does not belong to G,
even though it can be weak® accumulated by Gibbs measures (see [50] or [41, Corollary
7.14]). In this way we will use the variational formulation for ¢g-entropy to prove that it
is actually a concave function.

Lemma 3.4. Fiz 0 < g < 1. The g-entropy map Mu,(0) 3 u— H,(p) is concave.
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Proof. Fix 0 < ¢ < 1. Given X € [0,1] and py, 2 € My (o), consider the probability
px = Mg + (1 — N po. By definition, given € > 0 there exists u € CT such that

Hy(pn) = /Iqu (%)dm —€
:/logq (%)d[)\m+(l—)\)m] e

L —)\)/logq <W)du2 (z) —¢.

Now, as g-entropy of each y; is defined by an infimum over C* of the expression in (3.3)

one concludes that H,(py) = AH, (1) + (1 — XN)Hy(p2) —e. As € > 0 is arbitrary, this
proves the concavity of the g-entropy map, as desired. (]

Remark 3.5. The Kolmogorov-Shannon entropy map My, (0) 3 p — h(p) is well known
to be affine. Simulations suggest that the g—entropy is not affine when 0 < ¢ < 1.

Lemma 3.6. Fiz 0 < ¢ < 1. The q-entropy H,(p) is an upper semi-continuous function

of i on My,(0).

Proof. Fix p € M, (0) and take a sequence (fiy,)n>1 in Miyy(0) converging to p in the
weak™® topology. Assume, by contradiction, there exists € > 0, such that

limsup H,(un) > Hy(p) + €.

n—oo

Up to extracting a subsequence of the original sequence we will assume that the limit in
the left-hand side does exist. Then there exists v € CT and N > 1, such that

d
_ulaz
) > i) +e > [1og, (Z22 50 g ) (3.49)
for every n > N. By weak® convergence, as u is continuous and strictly positive one gets
. > uaw) _ > ulaz)
nh_{go log, (W dpn (z) = [ log, W dp ()
which, together with (3.4), shows that
> uaw)
Hl](,un) > /lqu (T d,un (l’),

which is a contradiction with (3.3). O
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The next result, inspired by [77, Theorem 9.12] offers a dual variational principle for the
g-entropy, showing that is coincides with the Legendre-Fenchel transform of the ¢-pressure
function. More precisely, define

A

Fy(g) =sup {H,) + [9dn s e Mino)}: (3.5)

The next result shows that the topological pressure ]Sq determines the g-entropy H, map.

Proposition 3.7. Suppose u € M, (c). Then,

Hy(p) = inf {Py(g) - 3
o) = _inf o\ Fal9) / gdp
Proof. Fix py € Miw(0) and g € C(,R). By (3.5), P,(g9) — [gduo > H,(uo). By
arbitrariness of g this proves that

. ® . > . .
it B0~ [aduo} > Hyfuo) (30

We proceed to prove the converse. Take b > H, (o). Take C' = {(u,t) € Miny(0) xR :
0 < t< H,(p)} Note that for any p € M, (o) there exists ¢ > 0 such that (u,t) € C.
As the entropy map H, is concave (see Lemma 3.4), we get that C' is a compact convex
set: if (u,t), (v,s) € C and A € [0,1] then At + (1 — N)s < AHy(p) + (1 — N)H,(v) <
H, (Mt + (1 — N)v), which proves that (A + (1 — A, At + (1 — N)s) € C. From the
upper semicontinuity of H, (recall Lemma 3.6), one concludes that (ug,b) ¢ C. As
Min(0) € M(X) ~ C(X)*, by the geometric Hahn-Banach separation theorem (cf.
29, p. 417]) there exists a linear functional L : C'(X)* x R — R and a € R so that
L(p,t) < o < Lo, b) for every (u,t) € C. By Riesz’s representation theorem, there
exists a continuous function v : {2 — R such that

/vdu+at</vduo+ab,

for all (u,t) € C. Taking (uo, Hy(110)) € C in the previous expression we get that
aH, (1) < ab, which shows that o > 0. Therefore,

1 1
Hq(u)+a/vdu<b+5/vduo for any p € My (o)

and so, taking the supremum over all invariant measures and recalling (3.5),
. 1
Pq<£> <b+ —/vd,uo.
o a

b> Pq<—> — l/valuo > inf{pq(g) — /gduo 1 g€ C’(Q,]R)}.

Thus
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Since b > H,(po) is arbitrary we conclude that

Hy(u) > nt {Pg) = [ gduo s g€ C@B}

This finishes the proof of the proposition. U

The next result shows that, even though for each 0 < ¢ < 1 the g-entropy maps lacks
the symmetry of the extensive entropy map, all of these attain its maximal value at the
Bernoulli measure with equal weights. More precisely:

Lemma 3.8. Fiz 0 < ¢ < 1. The function G > u — H,(u) has a unique mazimum,
attained at the Bernoullli measure po with equal weights 1/d, and Hy(po) = log,(d).

Proof. Note first that, by Lagrange multipliers, it is not hard to check that the supremum
of the function p = (p1, pa, ..., pa) = ®(p) = 25:1 pj—11is the value d'~7—1, and that it is
only attained at po = (1/d,1/d, ...,1/d). Hence, if J denotes the Jacobian of a probability
measure p € G then, by (1.10), o-invariance of p and ijl J(ax) =1,

(0 = [ 1@ = dua) lﬁ/ZJm Jar)™ = 1)du(x)
1 d
=1, (Z; J(ax)? = D)dp(x).
Now, as (J(iz))1<i<q 18 a probability vector one has that ®((J(ix))i<icq) < d'79 — 1 for
every x € (. In consequence,
1 . 1
Hyw) = 3=, (21 J(az)? = Ddp(z) < rq(dlfq — 1) = Hy(po) = log,(d),

which proves the lemma. O

3.3. Dynamical relative g-entropy. Let us finish this section by introducing the con-
cept of relative g-entropy for Gibbs measures. Suppose p; € G has Lipschitz continuous
Jacobian J;, i = 1,2. The relative q-entropy (also called ¢q-KL divergence) is the value

Hy(p, p2) = /10gq (%)dm —/logq (%)dﬂl- (3.7)

This function H,(p1, pi2) is analytic on the pair (1, p2) in the Banach manifold of Lipschitz
equilibrium states G (cf. [55]). Moreover, H,(j1, p2) is non-negative: using (11.3) we
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obtain

o, o) = [ 108,y ) = [ 10g, (7 am

N /; hiaz) [logq(b(lax)) B logq(Jl(lax) )] dpz(w) = 0. (3:8)

4. THE ¢-PRESSURE FUNCTION

4.1. The non-dynamical g-pressure function. In this subsection we consider the g-
pressure in a setting where there is no underlying dynamical system, the initial setting
considered in [27, 70]. Althouth the results in this subsection are not strictly necessary
for reading the rest of the paper, these offer a motivation and insights for the theory to
be developed in the next sections.

Given 0 < ¢ < 1 and a continuous potential A : {1,2,...,d} — R, the g-pressure of
A, defined in (1.6) and involving a non-extensive entropy and an extensive integral, is
defined as

(6A)—sup{ p)+ 0 ijaj}—sup{ sz_l +ﬁ2ajp]} (4.1)
where the supremum is taken over all probability vectors p on {1,2,...,d}, and a prob-
ability vector p is a g-equilibrium for B A if p attains the supremum above. The classical
pressure of A is similar to the previous expression with H,(p) replaced by 2?21 —p; log p;.
It is easy to check (using (12.4)) that P(A) > P,(A) for every for 0 < ¢ < 1 and that
P(A) < P,(A) for every g > 1.

1—¢q

Lemma 4.1. Given ¢ > 0, § € R and a potential A = (ay,as, ...,aq), the q-equilibrium
state p = (p1,p2, ..., pa) for BA is unique and given by

Baj

eQ—q .

Pi= =i B for every 1 < j <d. (4.2)
> in1 € 4

Proof. In order to determine the probability that attains the maximal value of (4.1)
subject to the constraint Z;l:l pj = 1 we use Lagrange multipliers for the function

((p1:p2, - pa), A) = L((p1, P2 - - -, Pa), A Bzajpj Zp]—l [Z pj—l]

where A is a constant. Given 1 < j < d the condition W@’ A) = 0 can be written as
J

ﬁaj + %_qu_l —-A=0 (43)
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or, equivalently,

p; = (%q) (A= fa; )77 = (%cz) A (1 A(fijq)@—l))qil-

subject to the constraint that Z;lzl p; = 1. Taking A = ﬁ above we obtain

N I\ g
= ()7 (1emta-0) = ()

Taking the normalization we conclude that

5‘1]

D = ﬁj _ Ca—q
J d ~ = d a;
DD D e'g q
for each 1 < j < d. This proves the lemma. O

Remark 4.2. Given 0 < ¢ < 1 and A = (a1,a2), B = (b1, be), after a tedious computation
one can show that

al

d e ey’
P,(A+ 3 B)|g=0 # /deA = b —qa + by —qa : (4.4)
dﬁ Zr 16254 Zzzl €2lq

where p, is the g-equilibrium state for A = (a,az). In this way, in the non-extensive
case, the derivative of the pressure does not behave exactly like in the classical extensive
case. In the special case that n = 2, ¢ = 1/2 and A = (a1, as) = (3,7), the graph of the
function

B — Py(5A)

(see Figure 4.2) indicates that this function is neither concave, nor convex, nor monotonous
in the interval (—0.5,1.5). This is due to the fact that the entropy p — H,(p) may be
convex or concave depending on ¢ (see Figure 1) and this somehow influence what is
observed in the pressure when the value of § changes. Similarly, taking § = 1 and fixed
potential A = (ay, as) = (3,7) the graph obtained in Mathematica for ¢ — P,(A) indicates
that this function is neither concave, nor convex, nor monotonous.

Finally, in what follows we illustrate how Lemma 4.1 can be used to compute the
non-dynamical ¢-pressure function.

Ezample 4.3. Ilf ¢ =1/3, n =2, f =1.2,a; = 0.5,as = 0.8, g-pressure for SA is equal to
1.6895.. and the g-equilibrium state p is p = (p1, p2) given by

Bai Baz

€a g €2—q
pr=0.3172... = Ba— and p, = 0.6828... = Ty e (4.5)
ey gt € ey gty
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FIGURE 2. The graph of the function § — F,(8 A), when € (—0.5,1.5),
for g =1/2, and A = (a1,a2) = (3,7), obtained in Mathematica.

Ezample 4.4. In the case ¢ = 1/2 we get that the probability vector (py, p2) attaining the
maximum in Lemma 4.1 is given by

o (agb — b)2
Pr= S danb — dagh + a?b? + a3b?
and
a;b — b)?
b2 (@ )

T 8= darh — dash + a2b® + a2b?’

4.2. The dynamical ¢-pressure. Given 0 < ¢ < 1, and a continuous potential A : 3 —
R, the dynamical q-pressure of A on G (or g-pressure for short, when no confusion is
possible) is defined as

qu(A) = ilelg {Hq(ﬂ) + /Ad,u} = ilelg {/logq (%) d,u+/Ad,u}, (4.6)

Any probability measure p € G attaining the supremum (4.6) is called a g-equilibrium state
associated to A, for the g-pressure function in G. A difficulty that arises in this context
is that the set G is non-compact. We define, analogously, for a continuous potential
A:Q = Rand 0 < q <1, the dynamical g-pressure of A on M,,(0) is defined by

PMin(@)(4) = p {HQ(MH / Adu}. (4.7)

MEMinv
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Any probability measure p attaining the supremum in (4.7) is referred to as aq-equilibrium
state associated to A, for the g-pressure on the compact set Mi,, (o).

Remark 4.5. Given 0 < ¢ < 1, by boundedness and upper semi-continuity of the g-entropy
function (recall (3.1) and Lemmas 3.4 and 3.6) and compactness of M, (o), there always
exist g-equilibrium states associated to the continuous potential A on M, (o). Moreover,
even though G is a non-compact analytic manifold, the existence of a g-equilibrium state
for A on G that attains the supremum in (4.6) follows by boundedness, upper semi-
continuity and concavity of the ¢g-entropy function.

Remark 4.6. The space G coincides with the space of extensive equilibrium states for
Lipschitz continuous potentials. For that reason, using Rohklin formula (1.7), the classical
pressure P(A) of a Lipschitz continuous potential A satisfies

P(A) =sup {/longpH—/Adu},
neG

where J denotes the Jacobian associated to p. Moreover, from (3.1) we get that
P(A) > F,(A) for every 0 < ¢ <1 and A € C(Q,R)

We now proceed to study the differentiability of the pressure function. Let us first
recall some necessary notions. We say that B : Q — R is cohomologous to A : Q@ — R if
there exists a continuous function f : 2 — R, and ¢ € R such that

A=B+f—(foo)—c (4.8)

AsG C Miy,(0),if (4.8) holds then [ Adu = [ Bdu—c for every u € G and, consequently,
the g-equilibrium states associated with any two cohomologous potentials A and B are
the same.

In [15], Bi$ et al introduce an axiomatic definition of pressure function as any map
[': B — R on a Banach space B C L*°(Q) that satisfies the following properties: for any
A, B € Band c€R,

(H1) (monotonicity) if A < B then I'(A) < I'(B);

(H2) (translation invariance) I'(A +¢) = T'(A) + ¢;

(H3) (convexity) I'(@A + (1 —a)B) < al'(A) + (1 — a)['(B) for every 0 < a < 1.

It is easy to check from its definition in (4.6) that P, : C°(Q,R) — R is a pressure
function. Additionally, as the supremum in (4.6) is taken over probability measures that
are o-invariant then the pressure function P, also satisfies:

(H4) (coboundary invariance) P,(A+ foo — f) = P,(A) for every A, f € C°(Q, R).
In view of [15] we obtain the following immediate consequence:

Corollary 4.7. In the locus of convexity, the q-pressure function P, : Lip(Q) — R is

Gateauz differentiable if and only if it has a unique q-equilibrium state on M, (o) for
every Lipschitz continuous potential.
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The next proposition allows to obtain non-extensive equilibrium states from the classical
extensive framework.
Proposition 4.8. Let p € G be the extensive equilibrium state for the potential log J.
Then, the following holds:
(1) p is a g-equilibrium state for the potential — logq(ﬁ);
(2) p is the unique q-equilibrium state for the potential — logq(ﬁ) which belongs to G;
(3) Pol(— log, %) = 0.

Proof. Fix € G as the extensive equilibrium state for the potential log J. Hence

0= P(log J) = H, (1) + /log Jdy = /logq (%) dyi — /log G)du.

Now, for each i € G, if one denotes its Jacobian by J, it follows from (3.8) that

/ log, <ﬁ)dﬂ(x) - / log, (ﬁ)dﬂ(m) >0 (4.9)

and, in particular, recalling (1.10),
Pq< —log, (ﬁ)) = sup {Hq(ﬂ) +/—1ogq (ﬁ)dﬂ(w‘)}

= zlellg) { /logq <ﬁ>dﬂ(m) — /logq (ﬁ)dﬂ(x)} > 0.

Moreover, the probability measure i = p is the only measure in G for which the equality

in (4.9) is attained. This implies simultaneously that Pq< — log, (ﬁ)) = 0 and that

p is the unique g-equilibrium state in G for the potential —log, (ﬁ) This proves the

proposition. ]

Remark 4.9. We observe that while —log.J = log (%), the log, terms appearing in the

non-extensive thermodynamic formalism obey to a symmetry in parameters. More pre-
cisely, if A = — logq(%) then (observing the relation between log, and e, in (12.7))

log J = —log(e;A) = log(es" ). (4.10)

2—q
5. NORMALIZED POTENTIALS AND EIGENFUNCTIONS OF TRANSFER OPERATORS

Given the potential A, we would like to determine the value of the g-dynamical pressure
P,(A) in a procedure similar to that obtained when finding the eigenfunction of the Ruelle
operator (as in [62]). There are some technical and conceptual difficulties in trying to
implement an alike strategy, due to the fact that ej*y # eyey. For that reason we need
to introduce different and alternative concepts which are also natural to study.
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5.1. Normalizable potentials.

Definition 5.1. Given ¢ > 0 and a Lipschitz continuous potential A, we say that A is
g-normalized if

d
Z e;‘(“m) =1, forevery z € (.
a=1

In case there exists a Lipschitz continuous function ¢4 and a constant c4 such that

d
Z e lentealan—pale)=es — 1 for every x € Q) (5.1)
a=1

then we say that A is g-normalizable.

It is clear from the definition that the potential A = 0 is normalizable (there exists the
trivial solution ¢ = 0 and ¢ = log,(d)). Moreover, in the extensive context, corresponding
to ¢ = 1, equation (5.1) can be written as

d
La(e?4)(x) = Z eAlar)tealan) — p=ea ova@)  for every x € QQ, (5.2)
a=1
meaning that e®4 is an eigenfunction for the transfer operator £4 associated to the eigen-
value e™A. In particular, in the extensive framework for every Lipschitz continuous po-
tential A the transfer operator £4 has a spectral gap on the space of Lipschitz continuous
observables, hence every Lipschitz continuous potential is normalizable.

In the non-extensive the situation changes drastically. More precisely, if ¢ # 1 then

€Z+y+(1—q)xy — eg‘ eg

for every x, y in the domain of the g-exponential (cf. (12.8)) and consequently the solutions
of (5.1) become unrelated to eigenvalues of any g¢-transfer operator. This is a major
obstruction to obtain to the construction of the non-extensive thermodynamic formalism

using the tools developed in the extensive framework.

Remark 5.2. In Examples 8.5 and 8.4 we illustrate the fact that the existence of a pair
(pa,ca) satisfying (5.1) in the non-extensive setting can be much more subtle than its
extensive counterpart. Solutions to the normalization problem will be produced via the
implicit function theorem, and this will give also a new method for the solution of eigen-
functions for transfer operators in the classical extensive framework (we refer the reader
to Sections 7.1 and 7 for more details). This method has the advantage of showing that
for each 0 < ¢ < 1, the eigenfunction ¢4 and the constant c4 vary differentially with the
potential A.

The next lemma ensures that the solutions of (5.1) are related to solutions of cobound-
ary equations required for the analysis of the ¢-pressure problem, namely that under
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some normalization condition, every Lipschitz continuous potential is cohomologous to a
potential of the form —log,(%).

Lemma 5.3. Take 0 < g <1 and let A : Q2 — R be a Lipschitz continuous potential for
which there exists a Lipschitz continuous function @4 and a constant c4 such that
d

Z e?ﬁf”w(m)_“m_c“ =1 for everyx € Q,

a=1
and that all summands above are strictly positive. Then, there exist a Lipschitz continuous
positive Jacobian J : Q — R, a Lipschitz continuous function ¢ : 2 — R and ¢ € R so
that

1
—log, (7) = A@) + p(@) — ¢(o(x) —c. (5.3)
Proof. By assumption, the function J(x) = 6’24_(2)+‘p(x)_90(0(x))_c is a Lipschitz continuous
Jacobian. Now, using that e} = (e;,)~", the latter is equivalent to
1 (A @ (o) =e) L _ = (Al rea)—(o(a) )
J(z) 2ma 1
and so (5.3) holds. O

Remark 5.4. The previous lemma ensures that if A is (2 — ¢)-normalizable with the pair
(pa,ca) then J(x) = efﬁﬁ”w“‘(z)*“(a(x»*m is a Jacobian. This, combined with (12.25),

ensures that

—log, (%) Adpa—(pa0o)—ca
€aq =J = €a—q

and, consequently, —log,(5) = A+ ¢4 — (pa 0 0) — ca. This proves that —log,(5) is
cohomologous to A — ¢4 and, by properties (H2) and (H4) on the pressure function, it
follows that: (i) Py(—log,(5)) = P4(A) — ca, and (ii) both potentials have the same
g-equilibrium states.

5.2. Proof of Theorem A. Given a Lipschitz continuous potential A : Q@ — R, de-
note by ¢ and ¢ the solutions of equation (2.5) and write J(z) = 6’24_(2)+‘p(x)_¢(0(x))_c for
the corresponding Jacobian. By Lemma 5.3 and Remark 5.4 there exists a Lipschitz

continuous function ¢ and ¢ € R so that —log, (%) = A(z) + ¢(x) — p(o(x)) — ¢ and
P< — log, (%)) = P(A) — ¢ Moreover, from Proposition 4.8, the classical equilibrium

state for the potential log(J) is a g-equilibrium state for —log, (%) (hence for A as well).
The reasoning above shows that ¢ is unique.

In order to complete the proof of the theorem it remains to prove that P,(A) = c. As
before, we parameterize an arbitrary i € G by its Jacobian J. By definition of ¢-pressure
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and invariance of probability measures in G,

P =sup () + [ Adilz)]

neg -

s [ [ 1ogq<ﬁ>dﬁ<w> + [ @) di(o)

peg -

—sup | / —(A(2) + ¢lx) — plo()) — ) djifz) + / Adj(a)] = ¢

peg -

This finishes the proof of the theorem. O

The following is a direct consequence of the proof of Theorem A and the classical
thermodynamic formalism.

Corollary 5.5. Given 0 < q¢ < 1 and a (2—q)-normalizable Lipschitz continuous potential
A, there exists a unique q-equilibrium state g 4 for A in G. Moreover, g 4 s exact, has
exponential decay of correlations for Lipschitz observables and it varies differentiably with
respect to A.

5.3. The (2 — g)-Ruelle operator equation. In this subsection we will relate solutions
for the ¢-Ruelle operator with solutions for the classical Ruelle operator. Given 0 < g < 1
and a Lipchitz continuous potential A : Q — R, if for some ¢4 and c4 we get for any

z € ()
d

Z pAlax)toalaz)—pa(w)—ca _ 1, (5.4)

2—q
a=1

then from Theorem A the value cy4 satisfies P1(A) = ca,
Remark 5.6. In case there exists a continuous function ¢ and ¢4 € R satisfying the
previous relation we say that ¢-Ruelle theorem equation can be solved. If this is the case,

from (2.7) a g-equilibrium state can be given in terms of the solutions for the Ruelle
equation which are known in the classical Thermodynamic Formalism.

We denote by Lp the classical Ruelle operator for the potential B : 2 — R. Given an
a-Holder continuous function F': Q — R, 0 < a < 1, we denote by

F(x)—F
Pl ap @)
CE,yEQ,I;éy d(x7 y)a

its a-Holder constant. It is not hard to check that if f is Lipschitz continuous then log,(f)
and eg are Lipschitz continuous and that

| log, (f)|x < [f]rsup([f]7)
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and

1 4
|€(];|1 < T—¢ |fl1 sup([1+ (1 —q)f|79).

We will need the next instrumental result.

We consider the following space of potentials. Given ¢ > 0 (¢ # 1), let us denote by
H, the space of Lipschitz continuous functions A : 2 — R such that

1
A(z) > — for all x € Q. (5.5)
q —
By compactness of €2, the latter condition (5.5) ensures that (1 — ¢)A is bounded away
from —1, hence it makes sense to define the following.

Definition 5.7. Given ¢ > 0 with ¢ # 1 and a Lipschitz continuous potential A € H,
consider the potential A, : Q@ — R given by

A, =

1
4 log(1 + (1 — q)A) = log(e2). (5.6)
Note that the potential A, depends in a differentiable fashion from A.

Given a potential A € H,, the g-Ruelle operator L4, : C°(Q,R) — C°(Q, R) is defined
by f = La,(f), where

Lag(f)@) =D et flaz) = > (1+ (1 - q) A(az)) ™7 f(az). (5.7)

Lemma 5.8. Fiz 0 < ¢ <1 and a potential A € H,. The following properties hold:

(1) the operators La, and L4 coincide;
2) there exists a leading eigenvalue Ay, > 0 and a unique normalized positive eigen-
7q
function w44, in the sense that

EA,q(SOA,q) = Mg PAg (5.8)

(3) P(A,) =logAa, is the classical pressure for the potential A,
(4) P(A) 2 P(4,).
Proof. Note that, for any given continuous function f : {2 — R and every z € €2,
d

d
La(le) = 3 eM e f(ar) = 3 em a0 o)

a=1

Z (1+(1-¢q)A ))%qf(ax)zﬁmq(f)@)-
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This proves item(1). Items (2) and (3) are a direct consequence of (1) together with the
classical Ruelle’s theorem for the transfer operator L4, . Finally, denoting by g4, the
classical equilibrium state for the potential A, one knows that

P(Aq) = h(pag) + /Aq dprag-

In particular, the classical variational principle together with the fact that

log(14+ (1 —q)z) < x

for each 0 < ¢ < 1 and x > 0, ensures that

P(A) > hipa,) + / Adpa,

>
/h(/’LA,Q)—i_/l_q

This proves item (4) and completes the proof of the lemma. O

log(1+ (1 —¢q)A) du = P(A,).

Some comments are in order. First, note that equation (5.8) is quite different from
(2.5), which involves the (2 — g)-exp map.

Note from Lemma 5.8 that given a general A, we define A, (via (5.6)), for which there
exists a continuous function ¢4, and c4 € R so that

d
Y etilan)losgag(an)lospan(@)los A = 1 for all z € Q. (5.9)
a=1

A(z)

Observing that (5.6) is equivalent to e4«(® = ¢;'") one concludes that

d d
Z eﬁ(ax)elogsm,q(aw)—log Paq(r)—caq — Z eAa(az) Slog pa,q(az)—log paq(r)—caq — 1 (5.10)
a=1 a=1
Our strategy in the next subsections is to explore relations of the form e5_, = e e*, for
some x, ¥, z.

5.3.1. The case ¢ = 1/2. In the case ¢ = 1/2 we are able to relate the extensive Ther-
modynamic Formalism to the non-extensive Thermodynamic Formalism. This in a sense
that given a general potential A (and the associated A, as in (5.6)) we will be able to
exhibit a potential B such that one can express a solution ¢p for the (2 — ¢) equation

d
Z€§EZ$)+¢B(GQE>_¢B($)_CB -1 (5.11)

a=1
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This will be achieved via finding the eigenfunction of the classical Ruelle operator for the
potential A, (see (5.15)).

In this way one can produce examples getting a normalized equation for the non-
extensive Ruelle operator for the parameter 2 — ¢.

In order to do that we claim that when ¢ = 1/2, given r and a

e’ = e
is equivalent to
a=—2+2¢e"2
Below we will choose the option corresponding to a = —2 + 2¢’/? in our computations.

We will not present the details of all computations to derive the potential B; just the final
expressions.
Consider the function g given by

—4 4 (2+a) Vel=2=C[2 — (a1 — a2 — C’)]

glal,a2,C a) = 5.12
( ) (2 + CL)‘ /eal—aZ—C ( )
One can show that

eg(_aql,aQ,C,a)-i-(al—a2—C) _ 1/4(2 + CL)2 eal—aQ—C _ 6; eal—aZ—C'. (513>

For the parameter (2 — ¢), a potential B and ¢p as in (5.11) will be derived from A
(or, from the associated A,): given the potential A, expressed via (5.6), consider the
associated ¢4, and Ay, = €9 obtained from Lemma 5.8. Finally, take

—4+ 2+ A) o752 — log(pag) +1og(paq 0 0) + cay)]
B ales, , (5.14)

(2+A),/—2—

ca,q ($4,q90)

vp =logpa, and cg = ca,. Then, given z we get from (5.13), (5.9) and (5.10)

d d
Z 6124_(1233)+(§0A(ax)750,4($)*€,4) _ Z e?(am)elog(pAﬂ(am)flogcpA,q(x)ch,q _
a=1 a=1
d
ZeAq(aw)elogm,q(ar)*logsDA,q(x)fCA,q —1 (5.15)
a=1

In this way we show the existence of solutions for the (2 — ¢)-Ruelle theorem equation
(5.11) from classical results for the potential A,;. Note that we can also obtain A from A,
20001 Ty this way we can begi ing taki A, of hoi

= y gin our reasoning taking some A, of our choice.
Explicit extensive solutions of eigenfunction and eigenvalue for a family of potentials that

depends on infinite coordinates on 2 are presented in [19]. Therefore, taking as A, a

via A =
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potential described in [19] one gets solutions for the g-Ruelle operator equation for a
family of nontrivial potentials A on the non-extensive setting.

Note also that from (5.14) we get that the potential A depends on a differentiable way
from the potential A. Remember that the potential A, depends in a differentiable fashion
A and vice versa.

5.3.2. The general case 0 < g < 1. The procedure is similar to the previous one but the
solution is not so explicit and simple. Define g by

g(al,a2,C a) =
e—a1(€a2+c(1 +a— aq)q%l<ea1—a2—c(1 +q— aq)ﬁ)q
q—1
e1+a2+c+allg—1)—a2q—cq
qg—1 '

Expression (12.24) is very helpful on this section.

One can show that

eg@i,a?,C,a)—&-(al—a?—C) _ eg eal_‘ﬂ_c. (516)
Given A, consider the potential A, given by (5.6) and the associated eigenfunction ¢4,
and eigenvalue A4, = e“e obtained from Lemma 5.8.

Denote
A= g(log pag.log(pay00),caq A),
and g4 = logpa, and cq4 = cay.
Then, given x we get from (5.16) and (5.10), in the same way as in (5.15)

d
Z e?_(c;:c)ﬂo/;(ax)*sm(x)*m -1 (5.17)
a=1

6. ASYMPTOTICALLY SUB-ADDITIVE g-POTENTIALS AND ASYMPTOTIC PRESSURE

This section is devoted to the proof of Theorem B. We first describe the sequence of
potentials appearing in the family of transfer operators £,,, for n € N.

6.1. Sequences of sub-additive potentials and transfer operators. Fix 0 < ¢ <1
and a Lipchitz continuous potential A : 2 — R. For each n € N and =z €  we write
SpA(z) = Z}:& A(o’(x)). For each n € N, the linear operator £, defined by

L.(f)(x) = e AW fy) = N (14 (1) SuA(y) ™7 f(y)
o" (y)=z o (y)=x
_ Z oT=7 108(1+(1=9) SnA(y)) F(y). (6.1)

o (y)==
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is positive and bounded. From (6.1) it is natural to investigate the family of Lipschitz
continuous functions

1
o) = T loa(1+ (1= 9) 5,A(5)). n € .
which we refer to as the family of g-potentials associated to A (we omit the dependence
of the sequence on ¢ and the potential A for notational simplicity).

Lemma 6.1. If the potential A is non-negative then the sequence (py)nen 1S sub-additive,
1. Omin < Pm 00" + @, for every m,n € N.

Proof. Given 0 < ¢ < 1 and a,b > 0 one has that

log(14+(1—¢q)(a+b)) < 7 ! log(l—l—(l—q)a)—i-l1 log(14+(1—¢q)b).

—q —q —q
The previous expression can be obtained by taking exponential on both sides of the
inequality and using that 1 +x +y < (1 + 2)(1 + y) for every z,y > 0. In consequence,
(L+(1—q)(a+b)
(141 =qa)™ (1+(1—q)b)=s
From (6.1) we get that @, m < @, + (@m0 0™) for all m,n € N, as desired. O

< 1. (6.2)

Lemma 6.2. Assume that A : Q — R is a continuous potential. Then the sequence
(@n)nen is asymptotically sub-additive, i.e. there exists a sub-additive sequence (1p,)nen
such that

) 1
lim —||¢n — ¥nlleo = 0.

n—oo N
In particular, given a o-invariant and ergodic probability measure u,
1 1
lim —p,(z) = inf —/(pn du for p-a.e. x € Q.
n—oo M n=zln

and the map M(o) 3 p— lim, % [ ¢n dp is upper-semicontinuous.

Proof. In the case that inf,cq A(z) > 0, Lemma 6.1 ensures that (p,),en is sub-additive
and there is nothing to prove. Assume now that inf,cq A(z) < 0 and choose the constant
¢ = —2inf,cq A(x) > 0. Then one can write

log(1+(1—q)SA)(y))

— - log(1+ (1= ) S,(A+0)(9)) (63)
1 1+(1—q)5A4) )
R log[1+(1 —q) Su(A+0)(y) (4
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The sequence ¥, (x) = ﬁ log(14(1—q) Sn(A+¢)(y) ) appearing in (6.3) is sub-additive,
by Lemma 6.1. Moreover, since 0 < ¢ < 1 and logy < y for every y > 1 one can use

L+ (1 -g)S A+l _ (1 —q)en

< <1+ <4
1+<1_Q) SnA(y>

1+ (1 —g)ninfueq |A(z)]

for every large n > 1, to bound (6.4) in the following way

1 1+ (1—=q)Spu(A+c)(y) 4
0< log ( ) < .
) 1+ (1-4)5A)(y) (1—q)
This implies that |[p_th, [le < ﬁ tends to zero as n — oo, which proves the first

assertion in the lemma. The latter, together with Kingman’s sub-additive ergodic theorem
(see [77, Theorem 10.1]) implies that, for every o-invariant and ergodic probability p on
Q,

1 1
lim —,(z) = inf — /¢n dp, for p-ae. x € Q. (6.5)

n—oo N, nzln

Furthermore, as the map M(o) 3 p + inf,>1 = [, dp is the infimum of continuous
maps, then it is upper-semicontinuous. Finally, the second and third claims in the lemma
are direct consequences of the corresponding statements for the sub-additive sequence
(¥n)nen and the fact that limy, o0 ={/@n — Ypllee = 0. O

6.2. Proof of Theorem B. Consider a Lipschitz continuous potential A : 2 — R and
0 < g < 1. We will first show that for any given xq € €, the limit

1
Jim —log £,(1) (o)

exists and it is independent of zg.
Lemma 6.3. For each xo in §Q, the sequence (£ 1log £,(1)(20))ns1 s convergent.

Proof. Fix x( in ) and consider the sequence

an =log €,(1)(ao) =log D (1+(1—q) SuA(y) ™. (6.6)

o™ (y)==0

Given z € © and n € N, we denote by y7,, 1 < j < d", the collection of points y € Q
satisfying 0" (y) = x. It is not hard to check that there exists a uniform constant H > 0
so that

Lo (D) (Y50)

e <1 6.7)
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for every xp, m > 1 and 1 < j < d". Using (6.2) and (6.7) we deduce that

dm+n 1

Lin(L)(a0) = 3 (1 (1= QSmA(Wosn) + SwAO™ Y5 )])
dm dn N
=SS (14 (- )8 AW )+ SeAl)] )
k=1 j=1
dm  d"
<3 STI (= ) (SmAlyn DT+ (1 - ) (S, Al

k=1 j=1

= Ln(D)(yj5) €a(1)(20) < H L (1)(20) £4.(1)(0)

for every m,n > 1. Then, the sequence (a,)nen given by (6.6) satisfies the weakly sub-
additive condition a1y < @y, + a, + log H for every m,n > 1 and, from [68, Theorem
1.9.2 ], we get that

lim 2 = inf 2 (6.8)
n—oo M n>1 ’[’L
This proves that the sequence (£ log £,(1)(z0))n>1 18 convergent, as desired. O

The next lemma ensures that the previous limit does not depend on the initial point.

Lemma 6.4. For every xg,x1 € () the following holds:

1 1
lim —log £,(1)(zo) = lim —log £,(1)(z1)

n—oo 1 n—oo 1

Proof. Tt is well known that the potential A, being Lipschitz continuous, satisfies the
following bounded distortion property: there exists C' > 0 such that

1S, A(y) — S, A(Y)| < Cdist(z, 2'). (6.9)

for any n > 1, any points z,2’ € Q and any paired pre-images y = y;, € ¢ "(z) and
Yy =y, €0 () (1 <j<d")in the same inverse branch for o™. Moreover, as {2 has
finite diameter, from (6.9) there exists H > 0 such that

1+ (01— )SAW)™ (14 (1—q)S,A(y)\
(1+ (1 - )S.AWY) ™ <1 +(1— q)SnA(y/)> <H (6.10)

for any n > 1 and any paired pre-images y,1y’. Using that

(14+ (1= q)r)™i — (1+ (1 —q)s) ™7 | = (1+ (1 — g)r)™s
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for any r, s > 0 and denoting by y;, ¥, the paired n'* pre-images of x, 2/, respectively, one
obtains that: given n > 1, x, 2’ € Q and the corresponding paired pre-images v, 1/,

1

2.0)6) - L) =] X 0+ 0= )SAE)T — 3 (14 (- g)S,AW)™

on(y)=x on(y')=z'
dn
o 1+ (1= q)S Ay =
< ‘Z(l + (1= q)SnA(y:)) = |1 — (1 n El = q§5 Aé;) |

i=1

<1+ H)ELu(1)(x).
As x, 2’ are arbitrary we conclude that
1 La (1) (")
<
2+H = £,(1)(x)

for every n > 1 and every z,z’ € Q. The conclusion of the lemma follows from the last
inequalities and the convergence established in Lemma 6.3. 0J

<2+ H

At this point we proved that for any 0 < ¢ < 1, the g-asymptotic pressure of the
Lipschitz continuous potential A : 2 — R can be computed by the limit

1
q — lim =
P(A) = lim —log £,(1)(zo)
for an arbitrary point zy € ). In order to complete the proof of Theorem B it remains to
prove that the g-asymptotic pressure satisfies the following variational principle and that
the supremum can be attained.

Lemma 6.5.

PI(A) = sup {h(u) + lim ! gondu}, (6.11)
)

VEM (o n—oon

where h(v) is the Kolmogorov-Shannon entropy of v.

Proof. Fix xg € Q. For each value n € N consider the partition C, of 2 formed by the
collection of 2" cylinders of size n in 2. We index the elements of the partition C, by
corresponding sets I', 1 < j < d". For each value n, and 1 < j < d", we get that
o™(I}') =  and each I? is an injectivity domain for o™ and, for that reason, we may
denote by y7, € I the unique n'" preimage of the point z in I7.
Now, for each 1 < j < d", pick z;,, € I maximizing the function I > y — ©,(y) =
1= log(1+ (1 —¢q) ShA(y) ). From (6.10) we get that
1
14+ (1 —q)S,A(z,) )4
(1+ (1 —q) SnA(yj,) )™




A DYNAMICAL APPROACH TO NON-EXTENSIVE THERMODYNAMICS 34
for any n, x € Q and 1 < j < d". An argument similar to the one used in the proof of
Lemma 6.4 implies that

1 L£,(1)(xo)
< <2+ H
2 + H = Z;lil esupyel;’.l enly) T

for every n > 1. By Lemma 6.2 there exists a sub-additive sequence 1) = (1,),>1 so that
limy, 00 =||@n — ¥nlloe = 0. Altogether we deduce that

d’l’L
PI(A) = lim ~log £,(1)(z0) = lim ~log 3 exp(sup (1))
j=1

n—oo M, n—oo 1 yEIJ"

coincides with the topological pressure of the sub-additive sequence of continuous poten-
tials (1,)n>1 (see e.g. (9) in [30]). Combining the variational principle for sub-additive
sequences of potentials (see e.g. [30, equation (14)]) and the second assertion in Lemma 6.2

we obtain (6.11), as desired. O
Finally, we note that the fact that
1
UA) = {h lim = | o, d } 6.13
W) = max {h)+ i [ o (6.13)

(hence g-asymptotic equilibrium states always exist) is a direct consequence of the upper-
semicontinuity of the Kolmogorov-Shannon entropy map M, (c) 3 v +— h(v) (see [77])
and the the upper-semicontinuity of the map M, (o) > v — lim,,_,. % [ ¢ndv (recall
Lemma 6.2). This finishes the proof of Theorem B. 0J

6.3. On the space of g-asymptotic equilibrium states. The family ® = (¢, )nen
of Lipschitz continuous potentials is merely sub-additive in general. Nevertheless, as it
satisfies the variational principle (6.13) it makes sense to ask whether the g-asymptotic
equilibrium measures can be derived from the classical extensive thermodynamic formal-
ism. We start by the following:

Lemma 6.6. The function C°(Q) > A — PRI(A) is a pressure function.

Proof. The monotonicity assumption (H1) is immediate from the definition of 37(A). The
translation invariance and the convexity are immediate consequences of (6.13). O

In view of [15, Lemma 8.3], we define the following measurable, upper-semicontinuous
and bounded potential 14 : 2 — R defined by

1 1
VYa(w) = inf —pn(z) = inf Ao log(1+ (1 —q) SpA(x))

for every x € ). We prove the following variational principle which involves the usual
averages of the potential ¥ 4.
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Proposition 6.7. There ezists an upper-semicontinuous function b : My(o) — R such
that
W) = sw {o0)+ [wadr),
veEM, (o)

where M,(Q2) stands for the space of o-invariant finitely additive measures. In particular,
there ezists a o-invariant finitely additive equilibrium state v € M, (o) for o with respect
to the potential 1 4.

Proof. For each 0 < ¢ < 1, the sub-additive family of Lipschitz continuous potentials
® = (@, )nen satisfies

inf lgon(ar;) > L 1—2(1—-gq) alzrelgA(I”

nzln “1—gq

Therefore, P(A) > —oo for every bounded potential A. Then, it follows from the
proof of [15, Theorem 8.4] that there exists an upper-semicontinuous entropy function

h: My(o0) = R, defined by b(u) = infyere(q) (‘BQ(A) — [ a4 du) and satisfying

PIUA) = sup {f)(l/)—l—/wAdV}.

vEM (o)

Finally, the second claim follows as a direct consequence of the first one together with the
upper semicontinuity of the functions v — h(v) and v — [¢4dv. This completes the
proof of the proposition. O

7. SOLUTION OF BOWEN-TYPE EQUATIONS FOR THE NON-EXTENSIVE PRESSURE AND
NON-EXTENSIVE TRANSFER OPERATORS

In this section we will study the space of normalizable potentials, which are related to
the existence of eigenfunctions.

7.1. Existence of eigenfunctions for extensive transfer operators. We first prove
the following warm-up theorem within the classical extensive framework (this corresponds
to the special case ¢ = 1 in Theorem C).

Theorem 7.1. Let A : Q — R be a normalized Lipschitz continuous potentialﬁnd Vi
be such that L%vz = vi. There exists an open neighborhood U C Lip(2) of A and a
differentiable map
U>5A— (QOA,CA) S LZp(Q) x R

such that:

(a) [@adv; =0, and

(b) ¢, eAlantealan)—pa@)=ca = 1 for every x € Q.

Moreover, lim ,_, 1(va,ca) = (0,0) € Lip(2) x R.
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7.1.1. Differentiability of transfer operators. Let A : & — R be a fixed normalized Lips-
chitz continuous potential and v4 be a probability measure such that L%5v; = v .
Consider the analytic map
F: Lip(Q) x Lip(Q) xR — Lip(Q2) x R
(A’ g07 C) — (Zdzl eA(a')-HD(a')—GD(')—C’ f gp dVA)

and write Fa(-,-) = F(A,-,-) for notational simplicity. Given A € Lip(Q2), ¢ € Lip(Q),
c € Rand (H,h) € Lip(2) X R one can use the Taylor expansion of the exponential map
to write

FA(¢+H’C+h> _FA(QO,C)
d
= <Z [eA(a.H(WrH)(a')*(30+H)(4)*(c+h) _ eA(a-)ﬂo(a-)cp(')c]’/Hdl/A>

a=1

d
_ <Z pAla)+e(a)—p()—c (eH(a-)fH(-)fh _ 1)7/HdVA>
a=1

(7.1)

d
= (Z pAla)+e(a)—p()—c (H(a) —H() - h),/HdVA> + O(||H||2) + O(h2),

(as usual the terminology O(y) means that there exists B > 0 so that the expression
is bounded by Bly|). The first term above is linear in (H,h) while the second and
third terms correspond to higher order terms. Hence, we conclude that the derivative
DF4(p,c) : Lip(2) x R — Lip(2) x R is given by

d
DFa(p,c)(H,h) = (Z eAedte@)=eO=e (F(a-) — H(-) — h), / Hdz/A). (7.2)

7.1.2. Proof of Theorem 7.1. Let A : Q — R be a fixed normalized Lipschitz continuous
potential and v be a probability measure such that L5v;4 = v4. By the assumption, the
equation

d
Z eAlaz)+@(az)—@(x)—¢ _ 1, (7.3)
a=1

has a solution for the function ¢ = 0 and the constant ¢ = 0 (in this case v; is o-invariant).
Equivalently
F3(0,0) = (1,0). (7.4)
Our purpose is to use the formulation in (7.4) in order to use the implicit function
theorem to show that there exists an open neighborhood of the potential A formed by
normalizable potentials.

Proposition 7.2. DF;(0,0) : Lip(2) x R — Lip(Q) x R is an isomorphism.
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Proof. Using that 1 is a simple leading eigenvalue and £;1 = 1, one can write

d
MMDmmﬁ»:{uﬂmemmme:z:&wuﬂ@m—ﬂmnszﬂdm:o}
a=1
In particular, if (H, h) € Ker(DF'4(0,0)) then
HZﬁAH—h and /HdVA:/EAHdVA—h.

As L%v; = v the second equation implies that h = 0. Consequently, all elements in the
kernel of DF;(0,0) are of the form (H,0) where £L;H = H (hence H is constant) and
[ Hdv; =0. This implies that DF;(0,0) is injective.

0)

We proceed to show that DF;(0,0) is surjective. Fix an arbitrary (¢, b) € Lip(£2) x R.
By definition, the equation DF';(0,0)(H,h) = (¢,b) admits a solution (H, h) if and only
if

{ﬁﬂH—Ho®:¢+h 75)

fHdV~:

Integrating with respect to v; and noticing that we have it is o-invariant (because Ais
normalized) the first equation implies that h = — [ ¢ dv .
We will now make use of the spectral theory for the transfer operator £ ;. Denote by

C={p—¢poo+z:¢clLip(), z € R} (7.6)

the subspace formed by coboundaries and set Cy = {¢p — poo: ¢ € Lip(Q2)}. It is known
that the linear map £  |¢: C — Lip(2) is onto (cf. [41, Proposition 3.3 item 4]).
We claim that the linear operator U : Co — {¢ € Lip(Q): [¢dv; = 0} given by

YV(H)=L;(H—Hoo)
is a bijection. As the injectivity follows as in the proof of the injectivity of DF;(0,0), it

remains to prove the surjectivity of 0. In fact, by surjectivity of £ ; |¢, for any ¢ € Lip(2)
so that [ ¢dvz =0, there exists H € Lip(Q2) and z € R so that

¢p=Li(H—Hoo+z)=L;(H—-—Hoo)+z.

Integrating with respect to the g-invariant probability measure 74 one obtains

0—/¢du~—/(H—Hoa)dﬁzﬁg+z,

hence z = 0. This shows that B(H — H o o) = ¢, and proves the surjectivity of 0.
Therefore, the solution of (7.5) is obtained as the unique solution of the cohomological
equation

H—-Hoo=9"(+h)
which satisfies [ H dv; = b. This finishes the proof of the proposition. OJ
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We are now in a position to finish the proof of Theorem 7.1. In fact, in view of
Proposition 7.2, the implicit function theorem (see e.g. [45, page 9] or [5, 64]) ensures
that there exists an open neighborhood U C Lip(Q2) of A and a differentiable map

US> A (pa,ca) € Lip(Q) xR
such that

d
Z eAlar)tealar)—pal@)—ca _ for every x € Q)
a=1

and [ padvz = 0. This is to say that A admits an open neighborhood formed by nor-
malizable potentials. Finally, the limit lim4_,¢(¢a4,ca) = (0,0) € Lip(2) x R follows as
an immediate consequence of the differentiability result. This finishes the proof of the
theorem. 0

Remark 7.3. The previous arguments make use of some known results for the classical
transfer operators. Nevertheless, the arguments do not make use of iterates of the transfer
operators, which is one of the main obstructions to develop a non-extensive thermody-
namic formalism. For instance, in our proof we used the claim of Theorem 3.3 item (4)
in [41], which was obtained from properties of the operator (I — L£4)7!, where A is a
Holder normalized potential. In a general case, if this is true, the argument works. We
believe that following this reasoning it is possible to derive pathological examples where
one gets C? differentiability but not analyticity. Finally, one should notice that the argu-
ments concerning the proof of the surjectivity resemble similar constructions appearing
for perturbation theory of leading simple eigenvalues (cf. [39, 64]).

7.2. The space of extensive normalizable potentials. In this subsection we pro-
ceed with the proof of Theorem C in the context of the non-extensive thermodynamic
formalism. To each normalizable Lipschitz continuous potential A one can associate the
normalized potential 3 .
B(A)=A+¢pz—pi00 —cy, (7.7)

where P(fl) = c; and e“4 is the simple leading eigenvalue of the transfer operator £ ;

and h; = e¥4 is a leading eigenfunction which, up to a multiplicative constant, we may
assume to satisfy [ h;dv; = 1. Moreover, one has that both maps

h:A—h;eCOUR) and c:A—=c;€R

defined for potentials in Lip(§2) are Cl-smooth, and that, denoting by E° the space of
mean zero observables with respect to v,

Dh(fl)H:hA-/[(I—LAEO)‘I(l—hA)} - H dvj, (7.8)

and

DC(A)H:CA-/hA-HdVA:CA-/Hd,uA. (79)



A DYNAMICAL APPROACH TO NON-EXTENSIVE THERMODYNAMICS 39
for every H € Lip(§2) (cf. [16, Arxiv version] or [55]). We now deduce that the normalized
potential varies smoothly with the original Lipschitz continuous potential.

Corollary 7.4. The map B : Lip(Q) — Lip(QY) given by (7.7) is C*-smooth and

DB(A)H:HJr/[(I—EAEO)1(1—hA)} -(H—-Hoo) dVA—cA~/hA«HdVA

for every H € Lip(Q).
Proof. 1t is immediate from (7.8) and the chain rule that, for each H € Lip(£2),

Dy(A)H = D(log oh)(A)H = ﬁDh(A)H = / [(1—L5),) " (1=hy)]-H dvy (7.10)

This, together with (7.9), implies that B is C'-smooth and yields the formula for the
derivative of B. O

The next theorem offers a generalization of Theorem 7.1, by establishing a solution for
Bowen’s equation for general normalizable potentials.

Theorem 7.5. Fiz 0 < ¢ <1 and assume that A is normalizable There exists an open
neighborhood U C Lip(QQ) of A such that for every Lipschitz continuous potential A € U
there ezists a solution (@a, ca) such that

d
Z eAlan)tealar)—pa(@)—ca — 1 for all z € Q (7.11)
a=1

and [ @adpz =0. Moreover, U 3 A — (¢a,ca) is Ct-smooth.

Proof. If A is normalized the result follows from Theorem 7.1 and there is nothing to
prove. Hence we assume that A is not normalized. Let ¢; and c; be such that the

potential B = A4 ¢; — ¢ 00 — ¢; is normalized, hence 23:1 eBlaz) = 1 for all x € Q.
Consider the analytic map F : Lip(Q2) x Lip(©2) x R — Lip(£2) x R defined by

d
F(A, p,0)(z) = (Z ¢A(a) e 4 (az) = 4(0)—c 3] +o(an)—p(a)—c / sod/u>

a=1

and observe that F(A,0,0) = (1,0).
In order to prove Theorem 7.5 we proceed to verify the assumptions of the implicit
function theorem. In order to do so, first we compute the derivative of F' with respect to
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(,¢) at (4,0,0). Note that

d d
ZQA(ax)-I-BPA(ax)—SOA(:c)—c,a]-i-v(ax)—v(x)—(c-i-a) _ Z eA(a:L‘)—&-[goA(az)—(pA(x)_CA]_C
a=1

a=1

ol Alaz)+lp 5 (az) @ 5 (x)—cz]—c) (ev(ax)*v(w)*a —1)

M=

1

2
Il

eB(am)—c<€v(ax)—v(x)—a . 1)

]~

Il
—_

a

for every v € Lip(€2) and a € R. In particular, taking the Taylor series for the exponential
map one concludes that, for (v, «) € Lip(Q2) x R,

D(%C)F<A7 0,0)(v, a)(x) = (Z eP) (v(ax) —v(z) — Oé), /vdﬂg>

- (ﬁBv(x) —v(x) —a,/vdug) ;

where Lpg stands for the Ruelle operator associated with the normalized potential B. We
claim that the latter is an isomorphism from Lip(£2) x R onto Lip(€2) x R. In fact, given
(f,B) € Lip(22) x R we aim to prove that has a unique solution (v, a).

Lpv—v—a=f /vdugzﬁ. (7.12)

Using that L5 5 = iz and integrating the first equation above with respect to j1; one
deduces that o = — [ f duy. Thus, the first equation in (7.12) becomes

(1= Loy =—(f = [ fans)

is a p z-mean zero observable. Since B is normalized, the operator I — Lp is invertible
on the subspace of Lipschitz functions with p j-mean zero, and so there exists a unique
solution u € Lip(Q) of the previous equation with [wduz = 0. Then, the pair (v, )
with v = u+ 8 and @ = — [ fduys is the only solution of (7.12). This proves that
Dy F(4,0,0) is bijective.

Hence, by the implicit function theorem, there exist an open neighborhood U of A and
a C' map A € U — (p(A), c(A)) such that F(A, ¢(A),c(A)) = (1,0). Finally, defining

wa=e(A)+ i, and cag=c(A)+cy,
we obtain a mean zero solution for (7.11) as desired. This concludes the proof. 0J

Denote by 1 the set of normalizable Lipschitz continuous potentials. Building over the
previous results one can prove the following:
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Theorem 7.6. Every Lipschitz continuous potential A :  — R is normalizable.

Proof. The space 91 is an open subset of Lip(2) as a consequence of Theorem 7.5. In
order to prove the theorem it is enough to prove that 91 is closed.

Let (A,)n>1 be a sequence in O converging to A € Lip(Q2) in the Lipschitz norm
(recall (2.1)). We will show that A € 9, that is, that £4 has a leading eigenvalue and
eigenfunction. Denote by W, : Q2 x 2 — R, n > 1, an involution kernel for A,, with the
normalization W, (...1,1,1]1,1,1...) = 1. (we refer the reader to [13, 52, 53, 58] for the
existence of involution kernels). In particular, the dual potential A% : Q — R, depending
on negative coordinates of the two-sided shift, is defined by the equation

AL () = An(z) + Wa(o(y [ 2)) — Waly | 2) (7.13)

where (z]y) € Q x Q and ¢ stands for the two sided shift on Q x €.

For each n > 1, denote by v4: the leading eigenmeasure for the potential Ay. It is
known that the involution kernel W, is Lipchitz in both variables [53, Proposition 7 in
Section 5], that the dual potential depends Lipchitz continuously on the potential [25,
Section 3] and that

on(z) = / VD gy . (1)

is an eigenfunction for the Ruelle operator L£4,. Up to extract some subsequence, we
may assume without loss of generality that (v4x),>1 is weak® convergent to v. Moreover,
let W denote the limit of the corresponding involution kernels W,, guaranteed by the
Arzela-Ascoli theorem. Then, one concludes that

n—oo

¢ = lim ¢, = lim eW"("y)an(y) = /eW("y)du(y)
n—oo

is an eigenfunction for the Ruelle operator £ 4 associated to the leading eigenvalue 1. This
proves that 91 is a closed set and completes the proof of the theorem. O

7.3. Solution of Bowen-type equations for non-extensive transfer operators.
Fix 0 < ¢ < 1. Given a Lipschitz continuous potential A : € — R recall it is ¢-
normalizable (resp. g-normalized) if there exist a Lipschitz continuous function ¢4 and
ca, such that,

2 2 2
Zef(axﬂm(az)ﬂm(x%m -1 <resp. Z<1 + (1 — @) A(ax))/1-0) = Z e?(ax) _ 1)
a=1 a=1 a=1

(7.14)
and all summands are strictly positive for all x € €). The potential A = 0 is g-normalizable
forall0 < g <1asps=0and cy =logy, ,(2) = %&Hq are solutions for the equation

(7.14), and so A = log, ,(2) is g-normalized.
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Theorem 7.7. Given 0 < ¢ < 1 and A € Ny there exists an open neighborhood U of

A in Lip(§2) such that for every A € U there exists a probability measure vz, a Lipschitz
continuous function @4 and cy € R such that

d
Zegx(ax)Jr«pA(ax)wA(w)*CA =1 for all x € Q,
a=1

and [ padp; =0. Moreover, pa,ca depend in a differentiable way on A.

Proof. Let us prove the result in the case A € M, is normalized (the proof on the general
case can be adapted in a natural way, by defining a similar map as in (7.11) with the
exponential terms replaced by g-exponential terms). Consider the analytic map F' :
Lip(Q2) x Lip(2) x R — Lip(2) x R, given by

d
F(A, ¢, ¢)(z) = (Z A () ol /(gp Cpoo— c)d,u/;), (7.15)
a=1

for a ﬁxgd probability measure p; to be determined later. The assumptions ensure
that F(A,0,0) = (1,0). We will obtain functions A — ¢(A), A — ¢(A) such that
F(A,p(A),c(A)) = (1,0) as a consequence of the implicit function theorem.

Observe that the second coordinate in the right-hand side of (7.15) is linear in (¢, ¢).
Moreover, using the derivative of g-exp maps in (12.13), for each (H,h) € Lip(Q2) x R,

d d d

A(ax)+H (ax)—H(x)—h Alax) __ A(az)+H(az)—H(x)—h Alaz
Y el eHan =@ -h N7 Al -5 <eq< PR (o) —H @) ~h _ oAl )>
a=1 a=1

a=1

:Z [1+(1—q)fl(aac)]ﬁ (H(ax) — H(x) —h)

+O(H|* + |h]),
where the first term in the right-hand side above is linear in (H, h). This proves that

d
DEAO.0)(H. 1) = (3 [1+ (1= 0)A(a)] ™ (H(a)~ HO =), [(H - Hoo~h)duy).
a=1
(7.1(5)
In view of (7.16) it is natural to consider the extensive non normalized potential ¢ A,
given by
x> qAy(z) = log ([1 4 (1 —q)A(z)]™ ),
(recall (5.6)) and the associated extensive Ruelle operator
d

Lo, (D)= [1+ (1 —q) A(az)] ™ f(ax).

a=1
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Denote by p; the extensive equilibrium state for the potential qflq. By o-invariance we
deduce from (7.16) that

DF;(0,0)(H, h) = <£qu(H ~Hoo—h), —h).

The same argument as in the proof of Proposition 7.2 ensures that the linear map U :
Co — Lip(Q)o given by
Y(H) = quq(H — Hoo)

is an isomorphism. It is simple to check that the latter implies that DF;(0,0) is an
isomorphism as well. Hence, the conclusion of the theorem is a direct consequence of the
implicit function theorem. 0

8. EXAMPLES

8.1. One-step potentials. We will consider first the case of locally constant potentials
A depending just on the first coordinate.

Ezample 8.1. Consider the potential A : {1,2} — R, such that, is constant equal to
a; on the cylinder 1 and equal to as on the cylinder 2. Also consider another potential
B : {1,2}® — R, such that, is constant equal to b; on the cylinder 1 and equal to b,
on the cylinder 2. For ¢ = 3/2, we want to consider the equation (2.5) for the family of
potentials A 4+ sB, where s € R. More precisely, we will exhibit explicit solutions, which
will be denoted by c(s) and ¢° : {1,2}* — N, with a dependence on the parameter s, for
the equation

2

Ze;’i’ésm(ax)ﬂos(m)_ws(m)_c(s) =1, forany z = (z1,7,...) € Q. (8.1)
a=1

Given s € R, consider ¢(s) = 1/2(4 4 a3 + ag + b1s + bys). From Theorem A we get that
c(s) = Psj2(A + s B). Consider the function ¢* : {1,2}¥ — R such that for each s, it is

constant equal to ¢o(s) on the cylinder 1 and equal to ¢;(s) = 0 on the cylinder 2, where
802(5) = 1/2(—0,1 + as — b1s + bos+

\/16 — a2 +2a1a9 — a3 — 2a1b15 + 2a2018 + 2a1bys — 2asbys — bs? + 2b1bas? — b3s?]).

We leave to the reader the task to verify that the equation (8.1) holds. When a; = 2,
az = 5.5, by = 0 = by, we get p(0) = 2.71825 and ¢(0) = 5.75. The explicit expressions
were obtained using the software Mathematica. In this way we get an explicit solution
for (8.1), when s = 0. Note also that

c(0) = P3ja(A) = Sup {Hs/z(p) + /Adp }
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From Proposition 4.8, if the previous A satisfies A = —log, (%), we get that P,(A) =0
and the g-equilibrium state for A is the classical one for log .J. It is well known that this
one is the independent probability p on € with weights pi, p2, where

eyt
D = 22—q, for k =1,2. (8.2)

(623
D1 €37 q
In fact, given the real numbers a; and as, we get that
a2
S, S,
r=1"2—q r=1"2—q

and the summands are different if ay 7& ay. Then consider the Jacobian J : {1 2R 5 R,

such that, it is constant equal to 22—:M on the cylinder 1 and equal to 2—5 on the
_ r=1%"2—q r=1"2—q
cylinder 2, and take a; = —logq(a—l) and ay = —logq(a—l) In case ¢ = 3/2,
“2—q “2—¢
ZE 162(1Tq 272” 1620th
one obtains
2+ ay)? 24 ap)?
p1 = ( ) and py = ( )

8 + 4y + af + das + a3 8 + 4y + af + dag + a3’

Taking derivative at s = 0, we get

d 1 1
£P3/2(A + SB)|5:0 = §b1 + 51)2 7£ blpl + bgpg = /de (83)

Remark 8.2. Expression (8.3) shows that the derivative of the non-extensive pressure
differs from the one in the extensive setting (cf. Proposition 4.10 in [62]). In the Appendix
Section 9 we consider for the case ¢ = 1/2 the derivative of pressure for a more general
class of potentials (see (9.2)).

8.2. Locally constant two-step potentials. Now, we will consider the next level of
complexity considering the Ruelle operator equation for potentials A : {1, 2} — R which
depend just on the first two coordinates, that is,

A(x1, 29, X3, oy Tpy o) = A(X1, T2) 1= Ay, a2y (8.4)

which is constant and equal to a;; in each cylinder i j, 4,7 = 1,2. The information of the
potential A is described by the matrix

A — ary Q12 (8.5)
azi azz )’ '
Given 0 < ¢ < 1 we want to find ¢ and ¢, which are solutions of

Ze az)+p(ax)—p(z)—c _ 1 (86)

a=1

[\



A DYNAMICAL APPROACH TO NON-EXTENSIVE THERMODYNAMICS 45
with ¢(zg) = a, for fixed zg and « (we will refer to this setting as the Markov case).

We will assume, without loss of generality, that A(1,1) = ay; is the minimum of the
entries of the matrix (8.5). As a potential A admits ¢ and ¢ as solutions of (8.6) is
equivalent to say that A=A- A(1,1) has ¢ and ¢ = ¢+ A(1,1) as solutions of the same
equation, in order to solve (8.6) we will assume throughout that A(1,1) = a;; = 0. In this
case all other entries of the above matrix are nonegative.

We will show examples of potentials of the form (8.4) so that the solutions ¢ are
constant equal to ¢; in the cylinder 1 and equal to ¢, in the cylinder 2. In this case, it
follows from Proposition 4.8 that the corresponding non-extensive equilibrium probability
measure will be a (classical) stationary Markov probability. Observe also that if ¢ is a
solution of (8.6), then adding a constant to ¢ we also get a solution of (8.6). Therefore,
it is enough to search for a solution ¢ which is equal to ¢; = 0 in the cylinder 1 and equal
to 9 in the cylinder 2. In this way the function ¢ depends on the first coordinate in
and is determined by the value ¢, (it is equal to zero in the cylinder 1).

Remark 8.3. The assumption that all summands in (8.6) are strictly positive is necessary
for the connection with the existence of positive Jacobians which are of great importance in
classical Thermodynamic Formalism. This issue is clearly related to the claims presented
in Lemma 5.3 which in some way connects the non-extensive setting with the extensive
setting.

In consonance with the previous discussion we will assume that all entries in the matrix
el11—C ed12—p2—c
a2(11+902—c I az2—c (87)
eq eq

are positive numbers and that a;; = 0, and consider the functions
fi (A’ c, 902) = e;c i 6221%,0270 and f2<A7 c, 302) = 6212790270 + 632276. (88)
The next example shows that the solutions ¢ of (8.6) need not be unique.

Ezample 8.4 (Non-uniqueness of solutions). Set a;; = 0 = agg, ¢ = 1/2 in (8.8). Assume
¢ is equal to ¢ = 0 in the cylinder 1 and equal to ¢, in the cylinder 2. Take

¢ = 1/2(4 4+ /16 — a2, + 210021 — a3,) (8.9)

Y2 = —2—(121+C—|— V4C—C2, (810)
when 4¢ —¢® > 0 and 16 — a2, + 2a12a2; — a3, = 0. One can show that
fi(A e, 02) = 1 and fo(A, ¢, 2) = 1. (8.11)

In this case we get ¢ and ¢ which are explicit solutions for the ¢ = 1/2 non-extensive
Ruelle Theorem.
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When a1y = 2 and ag; = 3.5 we get that ¢y = —0.89595 and ¢ = 3.85405 solves (8.11).
In this way we get explicitly ¢ and c solving (8.6). Surprisingly, if we take above

Yo = —2—ag +c¢c— Vdc— 2 (8.12)

instead of (8.10), we get vy = —2.39595 and ¢ = 3.85405 solving (8.6), for a;o = 2 and
as1 = 3.5. In both cases, all values ef(am)ﬁp(m)ﬂp(x)*c in (8.6) are positive.

Therefore, it is possible to get two different eigenfunctions associated to two different
eigenvalues which satisfy the property that all summands in (8.6) are positive. This shows
that the non-extensive analogous of the Ruelle theorem displays issues of a much more

complex nature.

The next example will show that there are examples of potentials A which admit solu-
tions for (8.6) where one of the summands is equal to zero. This is a further evidence that
results analogous to the classical Ruelle’s Theorem, about the existence of eigenfunctions
and eigenvalues in the non-extensive setting becomes a much more complex matter.

Now we present explicit solutions for the eigenfunction problem covering different pos-
sibilities.

Ezxample 8.5. Take 0 < ¢ < 1 and a;; = 0 = ag;. We will exhibit explicit formulas for
solutions ¢ and ¢ for the system

— e ¢ p2—C
1 e, ey
— p012—p2—C aga—c
1 €q + €y .

where all summands are positive. This will provide solutions ¢ for (8.1). Denote ¢; = e;°
and ga = €g?™ ¢, where we assume that the parameters are such that ¢i,¢2 € (0,1). In
terms of the values ¢, ¢, we get the solutions

c=— logq(ql), (8.13)
p2 =log,(1 —q1) +c, (8.14)
arp = log, (1 —q2) + 2 +c, (8.15)
and
agy = log,(q2) + c. (8.16)

The eigenfunction ¢ is equal to zero in the cylinder 1 and is equal to ¢, in the cylinder
2. For example, when ¢ = 2/3, a;s = 0.857533, asy = 0.52199, we get the g-eigenvalue
c = 0.991701 and the g-eigenfunction ¢, is such that ¢ = 0.655413. This case corresponds
to ¢ = 0.3 and ¢o = 0.6. When ¢ = 4/5, taking ¢; = 0.2 and ¢ = 0.3, we get
a1o = 2.18972, ass = 0.306117, po = 1.15786 and ¢ = 1.3761. In this way we get another
example where we can find an explicit solution ¢ and c¢. Furthermore, when ¢ = 1/2,
a1 = 0= agy, a19 = —5.67332, age = —3.09545, one has that ¢ = 0, and ¢y = —2 provide

solutions ¢ for (8.1), and one has that €7 ," = 0.
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9. APPENDIX A: THE DERIVATIVE OF THE DYNAMICAL ¢-PRESSURE

Recall that for each 0 < ¢ < 1 and every Lipschitz continuous potential A : 2 — R,
the g-pressure of A is defined by

PA) = sup [Hy) + [ AGw) du(o)]

neg

where H,(p) is the g-entropy of 1 € G defined in (1.10).

From Remark 4.5, for fixed 0 < ¢ < 1, we know that P,(A) is differentiable in A.
We consider in this appendix infinitesimal variations of a normalized potential A (for the
differentiability of the pressure function on the extensive case see e.g. [16, 44, 59]).

Given the Lipschitz continuous function v : {2 — R we want to compute d%Pq(A+sv) |s=0
for some g # 1. We will prove the following lemma.

Lemma 9.1. Consider a Lipschitz continuous Jacobian J and the associated equilibrium
state p and let A be the normalized potential A = — logq( ). Assume that v is a Lipschitz
continuous potential and assume that there exist (ps,cs) such that

d
Z egA az)+sv(az))+[ps(az)—(ps(@)]—es _ ¢ (9.1)

a=1
for every x € Q and every small s. If ¢ = % then

1/2 d,u + f J 1/2(j3¢5<x) - %905(0(%)))‘8:0 dp
[ J(x)2dp(x) '

a4
ds

Py(A+ s0)|s=0 = J I (9.2)

Proof. Fix ¢ =1/2 and let A,v : Q — R be Lipschitz continuous as in the statement. As
e, = J (recall (12.25)) then 3°0_ e; Zx) = Y% J(azx) = 1. In consequence,

/ZJCLJ} (az)dp = /Ze2q)famd,u /fd,u (9.3)

for every continuous function f and the g-pressure of A is P,(A) = 0 (cf. Proposition 4.8).
Moreover, it is not hard to check that

YOO 1 L((s) + () — his))] (94)

and, using the formula for the derivative of the (2 — ¢)-exp map in (12.26),

OO (1 (1) + gl — bs)] - [F6) 490 WG] 99)
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Now we note that if (9.1) holds then ¢, = P,(A + sv). Therefore, differentiating both
sides of (9.1) with respect to the parameter s and using (9.4) and (9.5)

d
Z 2)+s0(az))+lps (az) —pa ()] —cs

s=0

:Z(H%logqﬁ)_g oar) + (5lar) = 5@l omo = 7-cimo

a=1

As (1+ 1log,(1/y))~! = y'/? for any y > 0 one can write

1 1 -3
1421 —) = J(az)*?
( + 9 O J(ax) (az)
and, consequently,

- 1/2 12, d d 12 d
Z J(az) [J(am) v(az) + J(ax) (£¢S(ax) — E@S(ZE)NS:O — J(azx) £65|S:0] =0

a=1

for every x € ). Furthermore, using that 6’247(] =J,

A(ax) 1/2 1/2 i o i _ 1/2i =
Ze faz) + J(a2) (Lo (ax) Loy — Ta0)2 L] ] =0
(9.6)
Integrating with respect to p together with (9.3) and (9.6) one deduces that
_ )12 Tlam V2L G a2
0= Z vlaz) + J(a2)"2( L (ax) — o)y — T(a2)"2 L] olan)

= [ 9@ + J(sc)l/?(d%sos@) — (o @)l — T ol (o)

[ @ et [ 2 (oe) - Lo @))ldn = el [ T Pdu(o)

This finishes the proof of the lemma. O

10. APPENDIX B: SHANNON APPROACH TO THE NON-EXTENSIVE MEASURE
THEORETIC ENTROPY

In this subsection we shall introduce an alternative notion of non-extensive entropy for
all probability measures in M(c), which is a natural extension of the concept introduced
by Méson and Vericat [60] for Bernoulli probability measures. Fix 0 < ¢ < 1. Given a
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finite partition P of a compact metric space X, define

9,(p, P) = (Z (P ) - 1 <€10g (Zpep H(P)q) _ 1>, (10.1)

l—gq
which, using (1.3) one can write alternatively

=D uP logq< 113))

pep

Lemma 3.8 ensures that £,(u,P) < log,(d) and that its maximal value is attained

in the case of the equidistributed Bernoulli probability measure. Moreover, if P =
ViZ 2 077(P) denotes the dynamically defined partition, $,(p, P™) need not be sub-
additive for ¢ # 1, due to the properties of log,(-). Using (10.1) we obtain

log[ 1+ (1= q) 9y(1, P)] =log (D u(P)?). (10.2)

PeP

Inspired by (10.2), Méson and Vericat define the b,-entropy of u by
be(p) = S%p be(11, P)

where the supremum is taken over all finite partitions of X and

bo(p, P) = limsup — Liog{1+ (1 — ) (1, P™)]. (10.3)

n—0o0

We will need some auxiliary results.

Lemma 10.1. The function (p1,p2,...,pn) — log(Zlepg) defined on the space of
probability vectors p = (p1,D2,...,pn), and attains the mazimum value l%q log(n) at the
equidistributed probability vector.

Proof. In order to make use Lagrange multipliers consider the function

d d
p = (p1,p2,--.,pn) — log (Zp;’) —O‘Z pj
j=1 Jj=1

where « is a constant. Taking derivative in p;, i = 1,2, ...,n, we look for the condition

gp!™

) (10.4)
Zj:l p?

which implies that

1N s
= [Q—Zp?]qfl, Vi=1,2,..,n.
¢
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This, together with the assumption that Z?:l p; = 1, this implies that p; = %, that p

is the equidistributed probability vector and that the maximum value is log (Zle n*q).
This proves the lemma.

One could ask whether the usual notion of topological entropy admits a natural coun-
terpart in the non-extensive framework. Given a finite open covering U of X we write
Ny(U) =log,(#U). A simple modification of the arguments in [77, Section 7.1] and using
property (12.2) of g-log functions we conclude that

N,UVVY) = 1qu(u VV) = Ny(U) + Ny(V) + (1 — q) Ny(U)N(V)

for every finite open coverings U,V of X. In consequence, denoting by U™ = \/;.:01 o (U)
the dynamically defined open covering of U, one concludes that

n—1

Ny =tog, (\ o @) v \/ o730 @)

< Nq(u(n)) + Nq(u(m)) + (1 - Q) Nq(u(n))Nq(u(m))

and so the sequence (N,(U")),>1 is not sub-additive for ¢ # 1. In particular a notion of
g-topological entropy should be defined differently.
Inspired by the previous discussion and Lemma 10.1, we define the g-topological entropy

of o by

1
o = li “NU™),
Biopq(0) sup g lim sup = o)

where N (U™) denotes the smallest cardinality of an open subcover of U™).

11. APPENDIX C - RENYI ENTROPY
Definition 11.1. The g-Renyi entropy for p = (p1, pa, ..., pa) is defined as
_ log(3=9_, p!)
L—q
Given 0 < ¢ < 1, one can show that Hf(p) = F(H,(p)) for every probability vector

p = (p1,p2, -, Pn), Wwhere F' stands for the monotone increasing map F : R, — R, given
by

HE(p) (11.1)

log(1 1-—
s F(z) = 28 J; (l=g)) (11.2)

—q
A version of the g-entropy, when considering probability measures defined on sets that
are not finite is presented in (1.28) in [69] and also in (14) in [24], but our dynamical
definition of g-entropy has different features when compared with the ones in these two

references.
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In this way, the understanding of properties of H, can help in the understanding of the
Renyi entropy HJ'.

For the MaxEnt method, Tsallis et al [74] considered two forms of internal energy
constraints. In [1] a third choice was considered. Our main focus is on the pressure
problem and not on the MaxEnt method.

It is also true that

1 1
S gilog,(—) =3 gilog,(—) > 0. (11.3)
Z p F q;j

J

and that the maximal value of the left-hand side of (11.3) is equal to d.

12. APPENDIX D: BASIC PROPERTIES OF ¢-EXP AND ¢-LOG FUNCTIONS

g-log functions. Under the non-extensive point of view it is natural to consider the g-log
function (see [61, 71, 72]), defined by

u — log,(u) = (ut™1—1), (12.1)

where ¢ # 1 and u > 0. We observe that log,(1) = 0, that log(z) > log,(z), when ¢ > 1,
that log(z) < log,(7), when ¢ < 1, and that one recovers the classical function log taking
the limit of log, as ¢ — 1. See Figure 3 for the graph of log,.

FIGURE 3. Graph of the function log, in case ¢ = 0.5 (left) and ¢ = —0.5
(right). The domain is (0, co).

Moreover, for each 0 < ¢ < 1 the function u — log,(u) is concave, log,(u) < 0 for every
0 <u < 1, and it satisfies

log,(ab) = log,(a) + log,(b) + (1 — ¢) log,(a) log,(b) (12.2)
and

log, (%) = —pit log,(p). (12.3)
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For 0 < ¢ < 1,0 < o < 1, the function —logz > (29! — 1); therefore the

1—¢
equilibrium-Boltzman (nondynamical) entropy h(p) = — >, p; log p; satisfies
hp) > Hy(p). (129
In the case ¢ > 1, given 0 < < 1 one has —logx < ﬁ(azq_l — 1), hence
h(p) < Hy(p). (12.5)

When g > 0, the largest value of the g-entropy map is attained on the uniformly dis-
tributed probability vector py = (1/n,1/n,..,1/n) and it is equal to

H,(po) = - ! (01— 1) = log, (n)

Ezample 12.1 (g-entropy of Markov measures). A two by two line stochastic matrix P
with all positive entries P = (P, ;); j=1,2 determines a unique stationary Markov measure
pon {1,231 As Pi; + Po; = 1 = Pjy + Py, these probability measures u are indexed by
Py, Py € (0,1) x (0,1). The vector of probability 7 = (2) is the one such that 7P = 7.
The probability of the cylinder set ij is m; P ;. For a stationary Markov measure y, the

Jacobian J in the cylinder ij is equal to Q;; = P 7+ The classical entropy of p is given
J

by h(p) = — Zij:l 7;P;;log P;;. In the non-extensive case, for ¢ > 0, we get the concave
function
= 1
Hy(p) =Y mPylog,(=—).
inj=1 &

Figure 4 below shows the graph of the values of the concave function H, (), as a function
of Pia, Pyy € (0,1) x (0,1), when ¢ = 0.9. We point out that for values ¢ > 1 the function
H,(p) is also concave.

FIGURE 4. A Markov stationary probability is determined by the values
Pys, P51 of a line stochastic matrix P. Above the graph of the g-entropy
H, (1), when ¢ = 0.9, as a function of (P2, P;). The domain of the concave
function is (0,1) x (0,1)
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Remark 12.2. Given two probability measures p = (p1,p2, .-, Pn), ¢ = (q1,G2,---,Nn), by
Jensen inequality

P P
> gilog,(F) <log, (D ;=) =log,(1) = 0.
7 qj PR

In particular, the probability vectors p; = (0,...0,1,0,...,0) have zero p-entropy.

g-exp functions. For ¢ > 0, with ¢ # 1, the inverse of log, is the g-exp function. This
concept is necessary for the definition of the g-Ruelle operator. Recall that the g-exp
function is defined by

1
u— ey = equ(u) =1+ (1-qu)™e,

for every ¢ # 1 and u > 0, that it is convex and exp,(0) = 1 and the image of the function
exp, is (0,00). For the graph of exp, see Figure 5.

FIGURE 5. Graph of exp,. On the left ¢ = 0.5 and its domain is (-2, c0).
On the right ¢ = —0.5 and its domain is (—o0, 2).

Moreover, function e is the solution of the ordinary differential equation di’i—(xx) = y(z)?
with initial condition y(0) = 1, and
exp,(—log,(1/z)) <z (12.6)

and it is not the identity map.

Remark 12.3. The following holds:
. 1 .
(1) If ¢ > 1: exp,y(u) > 0 for every u < =; 1
(2) If0 < g < 1: exp,(u) > 0 for every u < =

When ¢ < 1 and ¢ close to 1, we get that exp,(u) > 0 for very negative values of w.

12.1. Some properties. In what follows we list some of the relevant properties of the
g-exponential functions, some of which used in the text, which illustrate the origin of the
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non-additivity of the non-extensive entropy function.
z -z __ 2\q ,—49% __
a) ey ey”, = (e7) e’ = 1

rHy+(1-q)zy _ & Yy
b) e =e; el

¢) e — et = —[L+a(l—q)= + [L+(a+b)(1—q)=
€a+b 1 1
D) =t a(l - g L (D)1 - )
q
e) (e)™ —e 20, ifx>1, and (¢f) — e, <0, ifz <1
d 1
) - log,(z) = —
d €T x
g) %eq - (eq)q
p; b
h P=cr— oW = =i o
> k=1 Pk (Zj:1Pj )
j P;
i) P = L < Pi =

d
S P (4, Py

J) (eg)* =ef 1y, for any a and ¢

a

(14 (1 —m)log,, ()1
l—gq

k) log,(r) = , for any m and ¢

: . — 1 n
I) (Taylor expansion) e; =1+ Zl - Qn-1(q) 2" for any ¢ > 0
where Q,-1(¢) = q¢(2¢ —1)(3¢ — 2)...[nq — (n — 1)]

: = n 1 n— N
m) (Taylor expansion) log,(1+ ) =z + 22(—1) Hm =3 (g+j)=
for any ¢ > 0
d(eath —e)

n) (First derivative) =1+ (a+p5)(1 - Q)]_Hflq, q>0

dp
d? (9P — e 1
0) (Second derivative) % =(-1+ 1—) (1—q) 14+ (a+6)(1— Q)]_QJFﬁ
—q
for any ¢ > 0
“ —2(—14 122
p) 6q eg—q = €2fq 2l
1 1+ (1+y(g—1)7"!
q) - log ( ) = )
ey, g—1
—14e¥(07 1 (14-(g=1) (e+y)) !
r) et =e, 1 eY,

s) 62—_12&1(1/1/) _

D L) = (1 (- D) ()
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(12.16)

(12.17)

(12.18)

(12.19)

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)
(12.25)

(12.26)
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