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Abstract

In this work, we study the properties of a pentadiagonal symmetric matrix with perturbed corners.
More specifically, we present explicit expressions for characterizing when this matrix is non-negative
and positive definite in two special and important cases. We also give a closed expression for the
determinant of such matrices. Previous works present the determinant in a recurrence form but not
in an explicit one. As an application of these results, we also study the limiting cumulant generating
function associated to the bivariate sequence of random vectors (n™ " (37_, X7, Sop_o Xk Xe-1)) el
when (X, )nen is the centered stationary moving average process of first order with Gaussian inno-
vations. We exhibit the explicit expression of this limiting cumulant generating function. Finally, we

present three examples illustrating the techniques studied here.
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1 Introduction

Pentadiagonal matrices have been explored in many possible ways in recent decades, most of them for
the symmetric case (sometimes, assuming that the symmetric matrix is Toeplitz). Some results address
the analysis of its eigenvalues (see Elouafi [6] and Fasino [9]), others focus on explicit formulas for its
determinant (see Elouafi [7, 8], Jia et al. [15], Marr and Vineyard [17] and Solary [22]). Other authors
examine faster algorithms for computing the determinant of such matrices (see Cinkir [5] and Sogabe
[21]), its use in solving systems of linear equations (see Jia et al. [14], McNally [18] and Nemani [19]), and

in the search of explicit formulas for the inverse matrix (see Wang et al. [25] and Zhao and Huang [26]).

However, there are not many works dedicated to the case of pentadiagonal matrices with perturbed

corners; to be defined below.

A pentadiagonal matrix is described in the literature as having zeros everywhere except in its five

principal diagonals. In the present work, we shall consider the following pentadiagonal matrix with
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perturbed corners

r q s 0 0
q D q s
D,=|° 1 7P 0 (1.1)
0 s . . q s
. q P q
Lo -~ 0 s qg 7|

Our purpose with this study is to present few properties of the matrix D,,, with relation to its determinant
and positive and non-negative definiteness. Working around with the matrix D,, is non-trivial. The
pentadiagonal matrices found in Cinkir [5], Elouafi [7], Wang et al. [25], or Jia et al. [15] serve as particular
cases from the matrix presented in (1.1). A more advanced study is given in Solary [22], where the author
presents computational properties for a pentadiagonal band matrix with perturbed corners, similar to
ours, but the elements are disposed in N x N blocks of m X m matrices in its five main diagonals, with
m, N € N.

As we will show here, a particular case of the pentadiagonal matrix in (1.1) appears in a problem relat-
ing to the centered stationary moving average process of first order (MA(1)) with Gaussian innovations,
defined by the equation

X, =éen+den_1, with|é| <1andneN,

where (€,,)n>0 is a sequence of independent and identically distributed (i.i.d.) random variables following
a Gaussian distribution with zero mean and unitary variance (e, ~ AN(0,1), for all n > 0). We are

interested in the asymptotics of the bivariate normalized cumulant generating function
1 1
L,(\) = - log E(exp(n{(A1, A2), Wh))) = - log (Eexp MU, 4+ A2Vy]),  for A= (A1, \2) € R?,

associated to the random vectors sequence (W,,)n>2, where

W, = nil(UmVn) =n"" <Z X,?, ZXka—l> . (1'2)
k=1 k=2

The results we obtain for pentadiagonal matrices will help us in this direction. The main result in this
part of the paper is to give an explicit expression for the limit £(X) := lim,, o Ly, (A), when it is well
defined. A similar discussion appeared in Karling et al. [16], where the authors analyzed the bivariate
normalized cumulant generating function associated with the sequence (W, )n>2, when (X,)nen is a
centered stationary autoregressive process of first order with Gaussian innovations. In that work, the

treatment of the positive definiteness of a tridiagonal matrix was required.

The normalized cumulant generating function is of great help for obtaining the moments of a given
random vector. We point out that for the practical use of this property it is required to have an explicit
expression for it. The analytic expression we obtain for £(-) is quite complex (see Proposition 4.1) but

its partial derivatives can be calculated using the Wolfram Mathematica software.
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The present work is organized as follows. Section 2 is dedicated to obtaining a closed expression for
the domain when D,, is non-negative definite in the presence of the restriction » > p—s. Furthermore, we
analyze the special case 7 = p— s to give the explicit domain for which D,, is a positive definite matrix. In
Section 3 we compute the determinant of the matrix D,, by using a recurrence relation proposed in Sweet
[23]. An application to the MA(1) process is presented in Section 4, where we analyze the asymptotic
behavior of the bivariate normalized cumulant generating function associated to the sequence (W), >a2,
given in (1.2), and we provide its limiting function. A few examples to illustrate the theory in practice

are exhibited in Section 5. In Section 6 some conclusions are presented.

2 Non-negative and positive definiteness of D,,

We scrutinize in the following subsections when the matrix D,, in (1.1) is non-negative definite if the
restriction r > p — s is considered. In addition to this, a sharper result can be provided for the positive
definiteness of D,, in the special case when r = p — s. Both reasonings rely on the results proved in
Fasino [9] and Solary [22]. Despite being well known, we recall two equivalent definitions of non-negative
(positive) definite matrices in the real symmetric case.

Definition 2.1. A real symmetric matrix M = [m; j]pxn of order n X n is said to be non-negative
(positive) definite if (see Gilbert [10] and Horn [13]):

1. the scalar 7 Mz is non-negative (positive) for every non-zero column vector € R™;

2. the eigenvalues of M are all non-negative (positive).

21 Caser>p-—s

The approach presented in Fasino [9] yields a nice criterion based on a second-order polynomial to
determine when D,, in (1.1) is a non-negative definite matrix. We use this criterion to provide an explicit
expression for the domain which characterizes when D,, is non-negative definite. It is although necessary
to require a priori that r > p — s.

Lemma 2.1. Let D,, be the pentadiagonal matriz defined in (1.1) with p > 0. Consider the sets

DQZ{S:07P>2‘Q|}7
D (2.1)
Dg:{0<s<§, —v/4s(p—2s) < ¢ < 45(1)—25)} and
1
D4:{0<s<g, ——(p+28) <qg< —\/4s(p —25) V \/4s(p—2s)<q<2(p+2s)}.

If r > p—s and p,q, s lie inside D1 U Dy U D3 U Dy, then D, is non-negative definite for all n € N.
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Proof. First we observe that if p = 0, then, the only possible case where D,, might be non-negative
definite is the trivial one, when p = ¢ = s = 0. Thus, we can assume hereafter that p > 0. The remaining

of the proof stands on proposition 5 in Fasino [9], which states that, given
g(x) = sa® + qr + (p — 2s), for x € R, (2.2)
the matrix D,, is non-negative definite, for all n € N, if and only if g(z) > 0, for all z € [-2,2].
We separate our analysis in three cases:

e Case s < 0: by hypothesis p > 0, hence, it follows that ¢*> — 4s(p — 2s) > 0 and the equation

g(x) = 0 has two real roots, given by

—q — \/q*> — 4s(p — 2s)

2s

For the condition g(x) > 0 to be true for all z € [-2,2], we must have simultaneously x5 < —2 and

—q+/q* —4s(p — 2s)

r] = and a9 = (2.3)

x1 > 2. The latter relations are verified if and only if p, ¢, s lie inside D;.

e Case s = 0: in this case, notice that D, is a tridiagonal matrix and that g(x) = gz +p. Therefore, if
p = 2|q|, then g(z) > 0 for all x € [—2,2]. Hence, p, q, s must lie inside Dy for D,, to be non-negative
definite.

e Case s > 0: here we observe that there are two possibilities. Either ¢> —4s(p—2s) < 0 and g(z) > 0,
for all z € R, or either ¢> — 4s(p — 2s) > 0 and g(z) = 0 has two real distinct roots, namely, z; and
Zo given in (2.3). In the former case, p,q, s must lie inside D3. In the later case, g(x) > 0, for all
x € [—2,2], if and only if 2o < —2 or 1 > 2, which gives us the domain Dy in (2.1). -

Remark 1. Note that, if p, g, s belong to Dy UDs UD3UD,4 and p > 0, then r > p — s implies that r > 0.
Remark 2. When considering proposition 5 in Fasino [9], the term positive definite should be read as
non-negative definite. Additionally, the same proposition cannot be proved for positive definite matrices
in the strict positive sense, i.e., by just replacing the condition g(z) > 0, for all z € [—2,2], by g(x) > 0,
for all x € [-2,2].

An illustration of the domain Dy U Dy U D3 U Dy is given in Figure 1. We note that outside this set it
may happen that D,, is non-negative definite for some n € N, but this does not generate a contradiction
to the result of Lemma 2.1. In fact, the statement of this lemma considers the non-negative definiteness
of the matrices D,, for all n € N.

2.2 Special caser =p—s

It may happen that r = p — s and as a consequence we obtain the following.

Lemma 2.2. If the elements of the matriz D,, in (1.1) satisfy the relation r = p— s, then its eigenvalues

are given by

k k
Q= 4s cos? (n:l) + 2q cos <n+7r1> +p—2s, for 1<k<n.
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Figure 1: Domain D; U Dy U D3 U Dy illustrated, for the cases when s, g € [—800,800] and p € [0, 1000].

Proof. See theorem 4 in Solary [22]. O

Since we have explicitly the general representation for the eigenvalues of D,, in the special case when
r = p— s, it is now easy to obtain the determinant of such matrix. As a consequence from Lemmas 2.1

and 2.2, the following corollary is of extreme importance.

Corollary 2.1. Let D,, be the matriz in (1.1) with r = p — s. Then, it follows that
1. D, has a null eigenvalue if and only if

k k
4s cos? (71—1—7T1) + 2q cos (n—fl) +p—2s=0,

for some k such that 1 < k < n.

2. A closed expression for the determinant of D,, is given by

~ km km
det(D,,) = H (43 cos? <n+1> + 2¢cos (n+1) +p— 28) .
k=1

3. Consider
Dy = U{ s‘0<s —25(1+20052 <kz7r>) ——4scos(lm) fork:eN}
O_neN b,q, , P= n+1 y 4= n+1 ) .

If p,q, s lie inside Dy UDy U D3 U Dy \ Dy, then D, is positive definite, for all n € N.

Proof. By Lemma 2.2, the eigenvalues of D,, are given as a,, j = 4s cos® (f—L) + 2q cos (nkTT_rl) +p—2s,
for 1 < k < n. Hence, statement 1 is evident. For the proof of statement 2, we note that the determinant

of D, is equal to the product of its eigenvalues.

Statement 3 is the only one that requires more caution. In the proof of Lemma 2.1, we note that
inside D; U Dy U Dy we have a,, , > 0 for all k,n € N. Indeed, if p,q,s € D; U Dy U Dy, the polynomial
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g(+), defined in (2.2), is non-negative for all x € [—2,2] and, in the worst scenario, it has a real root at
r=—-2orx =2 Sinceap; =g (2COS( kj:l)) and ‘cos( +1) f < 1, for all k,n € N, it follows that
oy, > 0, for all k,n € N. The only section that D, can actually have a null eigenvalue is inside the
domain D3 with ¢ = 4s(p — 2s). In this case, when ¢? = 4s(p — 2s), it follows that —g/2s is the only

root of the polynomial g(-) and, therefore,

k k
an,k:g<2(;os (n—l—ﬂ-1>> =0 & g= —4scos (71—|—7T1)

2
As a solution to the equation s (2 cos (nkfl)) +q (2 cos (nk—fl)) + (p — 2s) = 0, we obtain

km
=251+ 2cos? .
p s( + 2 cos (n+1)>

Therefore, the matrix D,,, with r = p — s, has an eigenvalue equal to zero if and only if s > 0, ¢ =

—45cos(kj:1) andp—25(1—|—2cos (kj:l)> O

3 An explicit formula for the determinant of the matrix D,,

It is possible to find in the literature explicit formulas for the determinant of pentadiagonal symmetric
Toeplitz matrices (see e.g. Andeli¢ and da Fonseca [1], Elouafi [6, 7], and Jia et al. [15]). However, little
has been done concerning pentadiagonal symmetric matrices with perturbed corners. Recently, Solary
[22] proposed a closed expression for the determinant and computational properties for a pentadiagonal
matrix disposed by blocks, where the corners in the main diagonal are perturbed. This matrix by blocks
serves as a generalization of the matrix D,, in (1.1) and its determinant can be computed from equation
(22) in Solary [22]. The formula of the determinant was given with the help of the Sherman-Morrison-
Woodbury formula.

In the present section, we show a closed expression for the determinant of the matrices D,, and E,,,
defined in (3.1), by considering a recursive relation proposed in Sweet [23]. We also show the explicit
expressions for some cases not covered by this author (see Lemmas 3.2 for matrices D,, and E, and
Lemma 3.3-3.5 for the matrix E,). In Theorem 3.1 we exhibit a closed expression for the determinant
of the matrix D,,, based on the results of Lemmas 3.1-3.5. As far as we know, this explicit expression is
totally new and it provides a quicker and efficient way to compute the determinant of D,,. To achieve

such aim, we shall consider the sub-matrix

r qg s 0 -+ 0




M.J. Karling, A.O. Lopes and S.R.C. Lopes 7

Let us denote the determinants of D,, and E,, by d,, and e,, respectively. The recursive relation presented

in Sweet [23] gives us the following lemma.
Lemma 3.1. Forn > 6 and q # 0, the following recursive relations hold
dyn=(r—58)en1+(ps—q*) (eno—5€n3)+5>(s—p)en_a+5 ens, (3.2)
en={p—58)en1+Ds—¢*) (eno—5en_3)+5(s—p)en_a+5 en_s, (3.3)
with the initial conditions
€1 =T,
€2 =pr— CIQ»
ez = p*r — ¢*(r — 2s5) — p(¢* + 5?), (3.4)
er=p°r —p* (¢ +5%) —p (26°(r — s) +75°) + ¢* +2¢°s(r — s) + s*,
es = prr + ¢ (r — 4s) + st + 2¢°s% (—r + 5) — p3(¢® + %) + p(2¢* + 4¢%rs + %)

+p?(=2rs® + ¢*(=3r + 2s)).

Proof. Immediate from equations (1), (5) and (11) in Sweet [23]. O
Remark 3. The initial conditions ej, eq, e3,eq,e5 in (3.4) are defined as the first, second, third, fourth
and fifth principal minor of E,,, respectively.

The case when ¢ = 0 is not covered by Sweet’s [23] recurrence relations, but it is not difficult to prove
the following.

Lemma 3.2. Forn > 5 and ¢ =0, the following recursive relations hold

dp=r€n1—psten_g+sten_a, (3.5)
en=Pen1—PS en_3+5 en (3.6)
with the initial conditions
e1 =, e =pr, e3=p(pr—s), es = (p? — s (pr — s°).
Proof. The proof follows by the induction principle. O

From (3.3), we obtain the following lemma.

Lemma 3.3. If ¢ # 0 and s # 0, then e, = det(E,) may be given by
5
en =D Kjh, (3.7)
j=1

where py, -+, us are given in (3.8). The coefficients K1, - -+ , k5 are described in the following way:
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1. if > ¢ {4s(p — 2s), (p+ 25)2/4}, then it holds (3.9);
2. if ¢> = 4s(p — 25) and p > 6s, then it holds (3.11);
3. if ¢* = 4s(p — 2s) and p < 65, then it holds (3.14);
4. if ¢ = (p+25)%/4 and p # 65, then it holds (3.15);
5. if ¢* € {4s(p — 2s), (p+ 2s)?/4} and p = 6s, then it holds (3.16).
Proof. The result follows by applying the characteristic roots technique to the associated auxiliary poly-

nomial

p(z)=2"—(p—s)2t —(ps—¢?) (2* —s522) —s3 (s —p) 2z — 5°, for z € C.

The roots of p(-) are given by

p—2s—a—/f p—2s—a+ p—2s+a— [
H1 = 4 ) M2 = 4 ) M3 = 4 y
(3.8)
p—2s+a+ [
pa="—""r— and s =s,

with

a=+(p+25)2—14¢%, B1=+2(p—25)(p+2s—a)—4¢2 and By = /2(p —2s)(p + 25 + a) — 4¢>.

Let us separate the proof in four cases.

Case 1: if ¢* ¢ {4s(p—2s), (p+2s)?/4}, then «, B and S are non-zero, and as a consequence,
t1,- -, s are distinet roots of the polynomial p(-). Thus, each solution to the recurrence in (3.3) is of
the form (3.7), where the coefficients x;, for j = 1,---,5, are the solution to the 5-by-5 Vandermonde

linear system

1 1 1 1 1 K} el
P H2o f3 a4 s KY e
piop3 opy opiop3 Ky | = es
[T TS T T N A eq
Lt omy ops o omyops | Les ] Les |
with ﬂ; = k; it; and e; representing the initial conditions given in (3.4), for j = 1,--- ,5. We used the

Wolfram Mathematica software (version 11.2) to find these coefficients, obtaining the expressions:

K1 = ’C(*Oé, Ba, *51)7 Ko = /C(*Oévﬂza 51)7 R3 = ’C(Oé, B, *52)7

B _ 2s(r+s—p)
kg = K(a, p1, 2) and K5 = = Is(p—2s)" (3.9)
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where

25(2s +3p+ 2 + 2) + ps®(4¢> — 2s(p —x) — (P + =) (2p + 2))
—25q%(4¢> — 2p* — (p—25)(2x + 2) — 7w 2)
ol oy <4q4—qz(p+x)(2p+2)+25q2(p—28+3x+22)>
—28’p(p+ax+2)—283(p— 25—z + 2)
(@ pr) (232(25+3p+x) +2¢°(3p—4s+z + z))
—(s(p—2)+pp+2)2p+2)

Ka,y,2) = z(p—2s+x+2)(p—6s+z+2)((2z+2)% —y?) ’ (3.10)

for x,y,2z € C. We note that the coefficients 1, , k5 in (3.9)-(3.10) are not well defined when ¢* €
{4p (p—2s), (p+ 25)2/4}. In these cases, some of the roots u1, - - , us have multiplicity greater than 1.
Thus, the solution to the recurrence in (3.3) takes another form and the coefficients might depend on n.

Case 2: if ¢> = 4s(p — 2s), then a = |p — 6s|. Let us consider v = /(p — 65)(p — 2s). On the one
hand, if p > 6s, we get 51 = 0 and o = 27, implying that pg = us = ps = s, u3 = (p — 4s — v)/2 and
e = (p —4s +)/2. It follows that (3.7) is a solution to the recurrence in (3.3), with

k1 =K1, ko=2nKs2), r3=1K3(7), ks=Ks(—y) and r5=n? Ka(1), (3.11)
where ) ( ) ( )
p°—p(r+8s)+2s(2r+ 11s . p—r—3js .

= = f =1,2 12
ICI (p—68)2 ) ,CQ(]) p—68 ) or J y &y (3 )

and ) ) )

2 -2 —4 — —4 2

Ky(z) = 25 (P25 (p—ds +2) ((r=p)p—ds+2) +25 ), for z € C. (3.13)

z2(4s(Bs—z)+p(p—8s+2))3
Note that xy and x5 are dependent on n and n?, respectively. On the other hand, if p < 6s, we get

B1 = 2y and B2 = 0, implying that u1 = (p —4s —7)/2, p2o = (p —4s +7)/2 and p3 = pa = p5 = s.
Then, it follows that (3.7) is a solution to the recurrence in (3.3), with

R1 = IC3(’)/), Ro = ]Cg(*’}/), R3 = ICl, R4 = 2n ]CQ(Q) and Ry = Tl2 ICQ(].), (314)

for K1 and Ka(+) defined in (3.12) and K5(-) defined in (3.13). Note that in this case, k4 and k5 are
dependent on n and n?, respectively.

Case 3: if ¢ = (p+2s)?/4 and p # 65, let us denote § = \/(p — 6s)(p + 2s). Then a = 0 and B; = B2 = 6,
implying that g1 = p3 = (p—2s—9)/4 and po = pa = (p—2s+9)/4, with ps = s # p;, for j =1,2,3,4.
The solution of the recurrence in (3.3) is given in this case by (3.7) with

8s(r+s—p)

k1 =K4(6), r2=Ka(=0), r3=nK5(5), re=nKs5(-06) and k5= =652

(3.15)

where

p° (125 —p+ 2) — 2p*s (24s — 4r + 52) — 4p3s (2r(10s + 2) — 5(165 + 92))
8| +8p?s?(4r(5s+22) + 5(20s — 72)) + 16 ps3 (2r(8s — 32) — 5s(8s + 2))
—325% (27 (65 + 2) + s (65 — 72))
z(p—06s)(p—2s—2)? (p—6s—2)°

Ka(z) =
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and

4 <p4 (2r +4s—p+2) —2p® (r(6s+2) — s(6s — 2)) —8p?s (r(s —2) + s(s + z)))

+8ps? (r(8s+2) — s(6s+2)) — 165% (4s* — r(2s — 2))
Ko(z) = 22(p—6s—2)(p—2s—z)? ’

for z € C. Note that k3 and k4 are both dependent on n.

Case 4: if q € {43 (p—2s), (p+ 25)2/4} and p = 6s, then 3 = --- = p5 = s and the solution of the
recurrence in (3.3) is given by (3.7) with

8 5r — 7 —4 -5
K1 =1, /<a2=n<r—gs S), HSZ’RQ( T123 8>7 Ky =n> (r 35 S) and k5 = n* (T1258>. (3.16)

Note that ; depends on n/~!, for j = 2,3,4,5. O

An analogous result follows when ¢ = 0.

Lemma 3.4. If ¢ =0 and s # 0, then e, = det(F,) may be given by

€n = Z Rj V_;Ly (317)

j=1
where ) .

== wn=s wn=; (p— v/ p? —452) and vy = B (p+ \/p? —482) .
The coefficients K1, -+ , k4 are described in the following way:

1. if p* # 452, then k1 = Kg(1), ko = Kg(—1), k3 = K7(1) and k4 = K7(—1), where

K (j)_P—T+jS and K (j)_p3r—p232—3pr32+284+j(p82+T52—p2r) \V/p? — 4s?
6 - . 7 - )

2(p+2js) (p2 — 4s2) (p2—282—jp p2—432)
fO’f‘j:—l,].,'

2. if p=2s, then

3s—r T+ 58 r 5 [T —5
, , K3=mn (—) and Kyg=n ;
8s 8s 2s 4s

R1 =

3. if p=—2s, then

58 — 1 T+ 3s r o [T+ s
K1 = , Ko = , &3:—71(2—) and K4 = -—n .

8s S 4s

Note that, if p = £2s, then k3 and k4 depend on n and n?, respectively.
Proof. The proof is similar to the one of Lemma 3.3. O

In the case when s = 0 we get the following lemma.
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Lemma 3.5. If s =0 then E, in (3.1) is a tridiagonal matriz with determinant equal to

e, = /{151 + 5252 ’ qu 7é 07 (318)

rptl, if =0,
where & and & are given by (3.20). The coefficients k1, ke are described in the following way:

1. if p* # 442, then it holds (3.21);

2. if p*> = 4q?, then it holds (3.22).

Proof. If s = 0 then (3.3) simplifies to
en =Pen_1—q° €n_a. (3.19)

In the case when ¢ = 0, it follows that E,, is a diagonal matrix with determinant equal to det(E,,) = rp"~ 1.
Whereas if s # 0, consider

— /D2 — 42 /02 _ 42
% and gzzw_ (3.20)

The solutions to the recurrence relation in (3.19) are thus given by

&=

en = k1§ + K&y,

with
p—2r+/p* —4¢? 2r—p+ VPP —4¢® 5, o
K1 = and Ko = , if p® # 447, (3.21)
24/p? — 4¢? 24/p? — 4¢?

and )

k1=1 and ke =n ( ! —p) . if p? = 442 (3.22)
p

O

By inserting the formulas in (3.7) and (3.18) into the recurrence relation (3.2) and the formula (3.17)

into the recurrence relation (3.5), we obtain an explicit formula for the determinant of D,,.

Theorem 3.1. The determinant of the matriz D,, in (1.1) is given by

S kg F(u) P, ifq#0, s#0 andn > 6
S f) VPt ifg=0, s#0 andn > 5,
Z?;l ki FE)E2, ifq#0, s=0andn >3
r2pnT2, ifgq=s=0andn > 3.

Y

det D,, = (3.23)

3

where f(-) is the polynomial function defined by

(r—s)zt+ (ps — ¢*) (23 —s22) +s3(s —p) 2+ 8%, if ¢ #0 and s # 0,
f(z)=qrz8—ps?z+st, ifq=0 and s # 0,
rz—q?, if s=0.
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Proof. The result in (3.23) is a consequence of Lemmas 3.1-3.5. O

Remark 4. If we consider D,, defined for n = 3 and n = 4, respectively, as

r q s 0
r q s
s
Ds=1|q p ¢ and Dy = ¢ P , (3.24)
s g p q
s q r
0 s q r

then the expression of the determinant in (3.23) is true for all cases when n > 3.

4 Application to the centered MA(1) stationary Gaussian pro-

Cess

Consider the stochastic process (X, )nen defined by the equation
Xn=¢€n+¢en_1, with |¢| <1l andneN, (4.1)

where (g,,)n>0 is a sequence of i.i.d. random variables, with &, ~ N(0,1), for each n > 0. The spectral

density function associated to (X, )nen is given by
he(w) =14 ¢* +2¢ cos(w), forw e T = [~m, 7).

Since (Xp)nen is stationary (see definition 3.4 in Shumway and Stoffer [20]), we have by (4.1) that
X, ~ N(0,1+ ¢?). Moreover, the hypothesis |¢| < 1 guarantees that this process is also invertible (see
theorem 3.1.2 in Brockwell and Davis [4]).

It is common in natural sources to appear data sets that may be modeled by a process as the one
given in equation (4.1). The job of a statistician is to identify the pattern of these data sets and associate
it with such a model. The process given in (4.1) is called a moving average process of first order (MA(1)
process). The book by Brockwell and Davis [4] gives a full treatment in the subject of MA(1) processes,

of which we recall the most important properties related to it:

e if X is a random variable defined on a probability space (£2, ¥, P), the expected value is defined by
the Lebesgue integral

E(X) = /Q X (w) dP(w)
(X?) -

and the variance of X is given by Var(X) =FE E(X)?%

e the spectral density function of the process (X, )nen in (4.1) satisfies hy(w) = hy(—w) > 0, for all
we T, and ["_hy(w)dw < oo;

e the autocovariance function vx (k) = E(X, 41 Xn) — E(Xpn1r) E(X,,) of (X5)nen depends on hg(-)
in the sense that 1
vx (k) / e hy(w)dw;

:% .
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o the Toeplitz matrix T;,(hg) associated with hg(-) coincides with the autocovariance matrix of the

process (X, )nen and it is given by

L) = (5 [ ) (12)

- 1<, k<n

e the matrix T;,(hg) is symmetric and positive definite.

Here we tackle the following problem: let us assume that there is a set of observations Xi,---, X,
from the process given in (4.1). For X, = (X1,...,X,) and X? denoting the transpose of X, consider
the random vector

1
Wn - ; (Una Vn) ]
where

Un= X To(p1) Xn =Y X2, Vou=XLTo(p2) X = > XpXp 1,
k=1 k=2

and T, (¢;) being, respectively, the Toeplitz matrices associated with ¢;(-) : T — R, for j = 1,2, defined
by the functions

pr(w) =1, 2 (w) = cos(w).

We are interested in the asymptotic behavior of the normalized cumulant generating function associ-
ated to W, defined by

Ln(N) = T o B(exp(n((h, A2), Wa)) = 1 log (Bexp [Ty + AaVi)

for each A = (A1, A\2) € R%. From the definition given in (4.2), it is easy to show that linearity holds on
Toeplitz matrices. If we set () = A1p1(+) + Aawa(+), we note that

Lo(A) = % log (]E exp [X,TLTn(@,\)XnD ,

with
2\1 A 0O - 0
Ao 2M1 Ao
1
: Ao 201 g
0 - 0 X 2)

Since the random vector X, follows a n-variate Gaussian distribution and the matrix T, (px) is

symmetric, as observed in Bercu et al. [3], we may rewrite X,," T, (px) X ,, as

n
XnT Tn(‘P)\) Xn = Z aiykzn,ky
k=1
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where {af;kmﬂ are the eigenvalues of T),(px) T (hg) and {Z,r}}_; is a sequence of i.i.d. random
variables, each one having a chi-squared distribution with one degree of freedom. A simple algebraic
proof shows that {aﬁ,k}Z:l and {1 — 20‘2,1@}2:1 are also the eigenvalues of T, (hg)Y? Ty, (¢x) T (hg)'/?
and I, —2 T, (¢x) T (hg), respectively. Hence, from the independence of the random variables {Z,, x}7_;,

it turns out that L, () can bee expressed as (see Karling et al. [16]):

1 ~LS (1 —2a>,), ifar, <1 V1<E<n,
Ly (A) = —log (Eexp [X,LT Tn(QpA)XnD _ 5 2k—1 10g( ap ), ifap, <3 n
b +o0, otherwise.

(4.3)

From (4.3) we note that the condition O‘;},k < %7 for all k£ such that 1 < k < n, is the equivalent of
requiring that D,, x = I, — 2T, (¢x) T, (hy) must be a positive definite matrix, where

r q s o --- 0
¢ p q s - ro=1=2M(1+¢%) — A,
0 =1-2\(1+ ¢?) — 2)20,
DA |® 0 i {7 R SROWY
0 s q s q :_2>\1¢_)‘2(1+¢2)»
: . . q S :—)\2(]5.
L0 --- 0 s q T |

To avoid confusion, we shall adopt the notation D,, x to distinguish the particular case in (4.4) from the
general one in (1.1), and in the sequel, we say that D, x is the pentadiagonal matrix associated to the
MA(1) process. Thus, it follows that

— - log(det(Dy 2)), if Dy is positive definite,

Lo(A) = (4.5)

400, otherwise.

It remains to check for the convergence of —(1/2n)log(det(D,, x)), which is given by the next proposition.

Proposition 4.1. Let A = (A, \2) € R? and Dy = D} U D3, with D and D3 given in (4.8) and (4.9),
respectively. Then, L(X) :=lim,— oo Ly (A) = lim, oo —(1/2n) log(det(D,, x)), where

1 (p—2s)(1++v1—-A%)(1+ V1 - B?) —
L) = 5 log 1 ., for Ae D\ DY, (46)

400, otherwise,

with
— @~ Is(p—2 > Is(p— 2
A= VeI Z2) g T VE s = 29) (4.7)

p—2s p—2s ’

p,q and s defined as in (4.4), andDig\ denotes the closure of DY, given in (4.10).

Proof. As D, x is a matrix that satisfies the relation r = p — s, Lemma 2.1 and Corollary 2.1 are

applicable. The domains D1, Ds, D3, Dy in (2.1) can be rewritten in terms of A1, Ay and ¢, as the union
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of the two following sets

Dy ={ S <M < g (264 hall ) € —4had(l - 221+ 67) (48)
and
s [—142X(1+¢%) =20 (1 + ¢?) 1 1

From Corollary 2.1 we conclude that D, x has at least one null eigenvalue inside Dy if A belongs to

0 _ _ 14+ ¢ + 4¢ cos (nLJfl) ) y
- 1%%5;" 5 2(1+¢2+2¢c0s(7ﬁ1>)2’)\2 (1+¢2+2¢C0S<%)>2 . (4.10)

As aresult of that, D,, x is positive definite, for all n € N, if (A1, A2) is considered inside Dy \ DY, implying
that —5- log(det(D,,, x)) is finite, for all n € N. However, we need to be careful when taking the limit as
n — oo. Although D, » is positive definite in FQ\DR, asymptotically speaking, the limit lim, o0 Ly ()
does not exist over this set. Consequently, we may define L(A) = +oo, if A ¢ Dy \Dig\ Henceforth, we

shall restrict our analysis to the set Dy \ DY.

Consider in what follows the measure space L>°(T) := L (T, B(T), L), were LL(-) is the Lebesgue mea-
sure acting on B(T), the Borel o-algebra over T = [—m, 7). Since ¢x, hg € L*(T), it is straightforward
to show that

|0¢2,k| < lealloollPglloo, forall 1 <k <nandneN, (4.11)

where || - ||oo denotes the usual norm in L>°(T) (see definition 6.15 in Bartle [2]). The function ¢ hy :
T — R, defined by

(ex ho) (@) = Pa(w) ho(w) = (A1 + Az cos(w)) (L + ¢” + 2¢ cos(w)),

is continuous and bounded in T, hence it attains a maximum and a minimum in that interval. Let my, p,

and Mg, p, denote, respectively, the minimum and the mazimum of (¢x he)(-), i.e.,
Mex by = Mi{(pahg) (W)} and - My, n, = max{(pa he)(w)}.

It follows that my, », and M, p, coincide, respectively, with the essential lower and upper bounds of
(¢ hg)(-) (see page 65 in Grenander and Szegd [12]). Moreover, one can verify that

(Aa(1+ ¢2) — 201 9)° } .

Mipx hgr Mo hy € {(Al +22)(140)% (A —A)(1—9)%, — %0

Note that
1—2(pxahg) (W) =12\ + Xacos(w))(1 + ¢* + 24 cos(w))
=1-2X\ (1 + ¢*) —2(2X1¢0 + A2(1 + ¢?)) cos(w) — 4X9¢ cos? (w)
= (p — 25) + q(2cos(w)) + s(2cos(w))? = g(2 cos(w)), (4.12)
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where g(+) is the second—ordeir polynomial given in (2.2), but for the particular case when p,q and s are
given by (4.4). If X € Dy \ DY, we have g(z) > 0, for all z € [~2,2], and from (4.12) it follows that
1—2(pahg)(w) =g(2cos(w)) 2 0,Vw €T = (pahy)(w) <1/2,VweT.
Thus, My, n, < 1/2 for all (A1, X2) € Dx \ DY. On the other hand, from
llealloollhglloo = lloa holloo = max{[Mpy n, |, [Meoxn, [} 2 =1gs ny,

we obtain mg, n, = —||¢allco||hg||oc- Therefore, if X € Dy \ DY, then

[mtpxths@Ah(p] - [_||90)\H00||h¢||0071/2]' (4'13)
Let us consider the continuous extended function F : [—||pal|co||P¢]]ec, 1/2] = R U {o0}, defined by
log(1 —2
F(z) = _M,

Note that F(-) has a bounded support (i.e., the set of those x € R for which F(x) # 0 is bounded) and, as
a consequence from (4.11) and (4.13), if A € Dy \ DY, we infer that F(af;)k) are finite for every 1 < k < n
and n € N. Then, it follows from theorem 5.1 in Tyrtyshnikov [24] that

B N |
dim 3 R = o [P o (oxho) () do.

In particular, we have

- . 1« I 1
lim L,(A1,A2) = nh_}n;o—%;log(l—2an,k) = T}LH;OE’;F(QH,;C) = %/T(Fo(go)\ he))(w) dw

n—oo

= 75 /77r log (1 —2hg(w) W(w))dw = —% - log [1 —2(1+ ¢ + 2¢ cos(w)) (A1 + Az cos(w))] dw
— _% " log [1—=2X1(1+¢%) — 2 (2M1¢ + Aa(1 4 ¢°) )cos(w) — 4ha¢ cos®(w)] dw
- _i " log [p — 25+ 2q cos(w) + 4s c0s2(w)] dw, (4.14)

—T

where p,q and s are given by (4.4). Considering A and B as in (4.7), from Lemma A.1 (see Appendix
A) it follows that

T —25)(1+vV1—-A?)(1++V1-B?
/ log [p — 2s + 2q cos(w) + 4s cos*(w)]| dw = 27 log (p=2s)(1 + 1 )+ ) (4.15)
In conclusion, (4.6) now follows from (4.14) and (4.15). O

In Figure 2, we ploted the domain Dy = D} U D3, for Dy and D3 given, respectively, in (4.8) and
(4.9) for X € [-2,0.5] x [—3,2] and ¢ = 1/3. In this figure, we also ploted some of the points (A1, A2)
that belong to Dg, given in (4.10). Notice how they scatter just over one side of the boundary of Dj.
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Figure 2: Domain Dy = Di U ’Di, for ’Di and ’Di given, respectively, in (4.8) and (4.9), for the case
when ¢ = 1/3, with (A1, A2) € [-2,0.5] x [=3,2]. On the left is the union Dy = D} UD3. On the

; : ; _ 140+ cos( ) _ —¢ _
right, the points (A1, A2) with A\ = (o s 20con( 257 and Ay = (Crorrzoco ) for n = 200 and
1 < k <200, are plotted.

5 Examples

Here we introduce three examples that illustrate the theory presented in the preceding sections. The first
one gives a counterexample to show that proposition 5 in Fasino [9] (and by consequence Lemma 2.1) is

not true if the condition r > p — s is not verified.

Example 5.1. Consider p =5, ¢ = —1, r =1 and s = 2, so that D,,, defined in (1.1), is given by

1 -1 2 o --- 0

2 -1 5 0
D, = (5.1)
0 2 -1 2
-1 5 -1
0 0 2 -1 1

Note that 1 = 7 < p—s = 2. Since ¢®> —4s(p—2s) = —7, the polynomial function g(z) = sz?+qr+p—2s =
222 — x4 1 has no real roots. We observe that, even though g(z) > 0 for all z € R, the matrix D,, in (5.1)
cannot be non-negative definite for all n € N. In fact, when computing its eigenvalues, we observe that
D,, has one negative eigenvalue if 5 < n < 8, and two negative eigenvalues if 9 < n < 100, suggesting
that proposition 5 in Fasino [9] does not hold in the absence of the condition r > p — s. Nevertheless, it
is still possible to compute the determinant of D,, by using the result of Theorem 3.1. The coefficients

required for this computation are (in approximated form)

k1 = 0.163717 4+ 0.05368%, ko = 0.163717 — 0.053687, x3 = —0.395173, ks = —0.075118, x5 = 1.14286,



18 Pentadiagonal Matrices and MA(1) Processes

and
w1 = —1.94374 — 0.4710314, po = —1.94374 + 0.471031z2, pus = 1.03951, 4 = 3.84797, us = 2.

Although k1, Ko, 1 and po are complex numbers, the determinant is real and it is given by
5
det(Dy) = > rj f(ug) 1 ~°,
j=1

where f(2) = —2* + 923 — 1822 — 242 + 32.

Table 5.1 presents the values of det(D,,) for four different values of n, obtained with the help of the
Wolfram Mathematica software, operating in an Intel Core i7-8565U processor. For comparison reasons,
when using the determinant function available in this software, the computational time registered for
n = 2000 was 0.828125 seconds. As Table 5.1 shows, the formula presented in Theorem 3.1 allows to

compute the determinant of the matrix in (5.1) much faster than the usual algorithms do.

Table 5.1: Approximated values of det(D,,), when n € {5, 5 x 10%, 5 x 107, 5 x 10%}.

n 5 5 x 106 5 x 107 5% 108
det(D,,) —40 | 1.65193 x 102926158 | 8 47348 x 1029261604 | 1 06844 x 10292616072
Time (in seconds) || ~ 0 0.015625 0.046875 0.453125

The next example clarifies the theory presented in Section 4.

Example 5.2. Consider ¢ = 1/3 fixed and let (X,,)nen denote the MA(1) process defined in Section 4.
We demonstrated that the normalized cumulant generating function associated to the random sequence
(™t (X X2 0 Xka,l))nZ2 can be written as in (4.5). For instance, if A = (=1, —1), then D,,

is the pentadiagonal matrix given by

32 16 1
5 9 3 0 -0
16 35 16 1
9 9 9 3
1016 35 - 0
_ 3 9 9
Dyj—1,-1) = X 6
0 3 9 3
: 16 35 16
9 9 9
116 32
L 0 0 3 9 9 A

The vector (—1,—1) belongs to the interior of D3, defined in (4.9). Hence, from Proposition 4.1 we

conclude that
lim L,(—1,-1) = lim —(1/2n)log[det(D, _1,_1))] = £(—1,—-1)

n—oo n—r oo
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where
1 —2s)(1 1-A2)(1 1-— B2
£(~1,-1) = — log (b —25)(1+V - )(0+V )| ~ —0.548981, (5.2)
with p = 35/9, ¢ = 16/9, s = 1/3, and
q—/@® —4s(p—2s) 16 —2i\/23 q+/q® —4s(p—2s) 16+ 2iv/23
A= = and B = = .
p—2s 29 p—2s 29

Table 5.2 presents the values of L, (—1,—1) = —(1/2n)log[det(D,, (_1,—1y)] for n € {5,10,50, 100, 500}.
Notice that, even for a small value of n = 5, the term L, (—1,—1) is relatively close to the asymptotic
value in (5.2).

Table 5.2: Approximated values of L, (—1,—1), for n € {5, 10, 50,100, 500}.

n 5
L,(-1,-1) || —0.554116

10
—0.551548

50
—0.549495

100
—0.549238

500
—0.549032

&

In the following example, we show that in the case when r = p — s, the eigenvalues of the matrix D,
in (1.1) feature a periodic behavior. This is due to the result of Lemma 2.2.

Example 5.3. Consider once more the MA(1) process with ¢ = 1/3. As shown in Lemma 2.2, since the
matrix D,, x in (4.4) satisfies the relation 7 = p — s, for any pair XA € R?, the eigenvalues of this matrix
nk—j:l) +p — 2s, for p,q,r, s defined in (4.4) and 1 < k < n.
If we take a point A outside the range of Dy, we shall have an enumerable set of negative eigenvalues of
Dy, . For instance, if A = (0,1), then p = 1/3, ¢ = —10/3, r = 2/3 and s = —1/3. The matrix D,, (9 1)
is therefore given by

are given by «,, = 4s cos? (nk—fl) + 2q cos

r 2 10 _1 ]
3 3 3 0 0
_ 10 1 _10 1
3 3 3 3
_1 _10 1 0
- 3 3 3
Dy 0,1) = X o
0 -3 -3 3
L _10 1 10
' 3 3 3
1 _1l0 2
L 0 0 3 3 3

If n = 5, the eigenvalues of D,, (o 1) are

10 4 16 10
a5y = 373 a2 = =g, @53 = 1, asq= g @55 = 35 (5.3)
If we take n = 11, these same eigenvalues will appear as
10 4 16 10
a11,2 = _ﬁ’ 11,4 = —§7 11,6 = 1, 11,8 = 5, @11,10 = 37\/3
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In fact, if £ = 5 (mod 6), then the values in (5.3) will be eigenvalues of Dy, (o.1). Consequently, since a1

and as 2 are already negative, Dy, (o,1) cannot be non-negative definite.

This reasoning is not restricted to the pentadiagonal matrix associated to the MA(1) process. If D,,
in (1.1) has arbitrary values for p, ¢, s, and r is such that r = p — s, then its eigenvalues also share this
periodic property, due to Lemma 2.2. The point here is that the presence of periodic eigenvalues does
not allow the existence of some ny € N such that D,, is positive or non-negative definite for n > ng.

&

6 Conclusions

In this work, we have examined some determinantal properties of the general matrix D,, in (1.1). We
gave explicit expressions for the determinant via recurrence relations, providing an alternative to the
existing expressions given in the literature. Theorem 3.1, with the help of five lemmas, presents the
explicit expression for the determinant of D,,, showing its dependence on n > 3. We also analyzed when
the matrix D,, is non-negative definite in the presence of the restriction » > p — s. This is achieved
through the use of proposition 5 in Fasino [9], that helped us to provide the precise expressions for the
domains in (2.1). Furthermore, when r = p — s, we showed the explicit domain in which D,, is actually
positive definite (in the strict sense). Example 5.1 is important to show that the condition r > p — s is

essential for proposition 5 in Fasino [9)].

We have indicated the importance of the linear algebra analysis, self-contained in the present work,
by applying these results to the stationary centered moving average process of first order with Gaussian
innovations. An explicit expression for the normalized cumulant generating function L, (-), associated
to Wy, described in expression (1.2), was exhibited. Proposition 4.1 presents the limit of this function
L, (-), when n goes to infinity, in a closed expression, whenever it is well defined. In Example 5.2, with
the help of Proposition 4.1, we expressed the value of the limit £(-) in a particular case. Whereas in
Example 5.3 we exhibit the case r = p—s, where the eigenvalues of the matrix D,, in (1.1) feature a
periodic behavior, due to Lemma 2.2. Finally, we mention that one can obtain the partial derivatives
of L(A) with respect to A by using the Wolfram Mathematica software. From this, one can access an

explicit form of the moments for the underline random process.

A A Useful Lemma

In this section, we show a useful lemma that makes it possible to compute the integral in (4.15) and
which extends the result given in equation 4.224(9) in Gradshteyn and Ryzhik [11].

Lemma A.1. Consider a,b,c € R such that a + bz + cx® > 0, for |z| < 1. Let

b—vb% — dac b+ Vb —dac

A Y
n 2a e 2a
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Then, it follows that

. ﬂlog(i) if a=b=0, ¢>0,
log [a + bcos(w) + ¢ cos®(w)] dw = (A1)
/0 wlog | 2 (ty lfﬁi(H V1=75) , otherwise.

Proof. Note that, the assumption a+bx +cx? > 0 for || < 1, guarantees that a+ b cos(w) +ccos?(w) = 0
for all w € [0, 7], since |cos(w)| < 1. In particular, it follows that a > 0, and for this reason, two cases
are considered for the proof.

e Case 1: If a = 0, then we must have, necessarily, b = 0 and ¢ > 0. Hence

/0 log [a + beos(w) + ccos?(w)] dw = /0 log [ccos®(w)] dw = /0 log (¢) dw —|—/0 log [cos® (w)] dw

w/2
=m7log(c) + 4/0 log [cos(w)] dw.

From equation 4.224(6) in Gradshteyn and Ryzhik [11], we know that foﬂ/Q log [cos(w)] dw =
— 75 log (2), hence

/OTr log [ccos2(w)] dw = 7log (¢) — wlog (4) = wlog (2) .

e Case 2: If a > 0, note that
a+ beos(w) + ccos?(w) = a (1 + 71 cos(w)) (1 + 72 cos(w)). (A.2)

The proof of (A.1) then follows from the identify

/ log [1 + z cos(w)] dw = 7log , for zeC.
0

1+\/1—22]
2

Indeed, we have

/7T log [a + bcos(w) + ¢ cos®(w)] dw = /7r log [a (1 4 1 cos(w))(1 + 2 cos(w))] dw
0 0

= mlog(a) + / log [1 + 71 cos(w)] dw + / log [1 + 72 cos(w)] dw
0 0

14+ 4/1—72 1 1—~2
= 7log(a) + mlog % + mlog w]

a(1+/T—73)(1+/1 —7%)]
: .

2

= 7log
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