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ABSTRACT. Consider the transformation 7' : S' — S', such that T (x) =2x (mod 1), and where St is the unitary
circle. Suppose J : ' — R is Holder continuous and positive, and moreover that, for any y € S', we have that

Yx such that T(x)=y J(x) =1

We say that p is a Gibbs probability for the Holder continuous potential logJ, if c.lj:g ;(p) =p, where
Logy is the Ruelle operator for logJ. We call J the Jacobian of p.

Suppose v = g * U is the convolution of two Gibbs probabilities p; and 1, associated, respectively, to
logJ; and log.J>. We show that v is also Gibbs and its Jacobian J is given by J(u) = [J; (u—x)d i, (x)

In this case, the entropy h(V) is given by the expression

nv) == [ [ 1og( [+ 2)dua() dpa(r) | dpa ).

For a fixed y, we consider differentiable variations pf, r € (—&,€), of p; on the Banach manifold of Gibbs
probabilities, where u? = 1, and we estimate the derivative of the entropy A(u] * i) atr = 0.

We also present an expression for the Jacobian of the convolution of a Gibbs probability p with the invariant
probability with support on a periodic orbit of period two. This expression is based on the Jacobian of p and
two Radon-Nidodym derivatives.

1. INTRODUCTION

Consider the 2x (mod 1) transformation 7' on the unitary circle S'.

All expressions of the form x + y below are consider (mod 1).

Given two probabilities 7 and u on S' the convolution v = 1 * u is the probability such that for any
Borel set A we have

V() = () (4) = [ ula = dn).

This is the same as saying that for any continuous function ¢

[o@ave = [ ([ o0+xdut)an.

Note that if u is the Lebesgue probability on S! then, for any v we get u * v = u (just change coordi-
nates).
On the other hand if g = &, then, for any v we have that g v = v.

Suppose p and 1 are T invariant.
Note that for any continuous ¢

J6en@ avi) = [ ([ (0oT)x+y)aut))dntx) =
[ ([ @1+ 10D dut)dn -
/(/(¢(T(x)+y)du(y))dn(x) -

[ (] @x+3)dut)ane = [o@avi

Date: May 2, 2018.



2 ARTUR O. LOPES

Then, it follows that v is also T-invariant.

The convolution operation is commutative.

A very important contribution to the topic of convolution of invariant probabilities on the circle is [6].
By means of combinatorial techniques it was proved there, among other things, the convergence of the
n-convolution of positive entropy measures for the Lebesgue measure. They also show that convolution
does not decrease entropy (increase in most of the examples). The proofs of our results have a different
nature (and they are for a particular family of probabilities).

Related results concerning convolution are [4], [10], [11] and [12].

Definition 1. The Jacobian of an invariant measure p is the measurable transformation J,, such that

p(T(a) = [ J;"ap.,
for any Borel set A such that T |4 is injective (see the paragraphs before Proposition 3.4 in [18]).

The role of J,;° I'is to provide a formula for the change of variables on the inverse branches of 7.

A more elegant form of expressing this property for J;- I (in the particular case which is the main
interest of our paper ) is via the Ruelle operator. We begin with the ”Jacobian” and a posteriori we get the
probability. We point out that the Jacobian in [18] is the inverse of what we call Jacobian here.

We assume from now on that J : S — R is at least continuous and positive, and such that, for any y we
have that
J(x)=1.
x such that 7' (x)=y
Given J as above the Ruelle operator .%jo,; acts on continuous functions ¢ on the following way:
ﬂogJ((P) = ¢’ where
o(y) = Y  J®ew.

x such that T'(x)=y

The dual a?j(*)g 7 of Logy acts on probabilities.

Definition 2. We say that p is a Gibbs probability (o1, a g-measure, where g = logJ) for the continuous
function J if

1:§g1(P) =p.

The entropy of p is given by the Rokhlin formula: — [logJdp (see for instance section 9.7 in [21]). The
probability p is the equilibrium probability (maximize pressure) for the potential logJ (see Proposition 3.4
in [14]).

The Jacobian J,, of p according to definition 1 agrees with the above J.

In this way is natural to call J the Jacobian of p.

As an example we mention that for the transformation 7' (x)= 2x (mod 1) the Lebesgue probability has
Jacobian J constant equal to 1/2.

If J is just continuous it is possible that exists more than one fixed point probability for ,iﬁlzg 7 (see [2]
and [17]). If J is Holder the fixed point probability is unique.

General references for Jacobians and Thermodynamics Formalism are [21], [13], [14], [15] and [19].
We use the dynamics of the doubling map on an essential way. The possible extension to expanding
transformations on the circle would require a good meaning for translation on the circle which is at the
same time compatible with the distance among preimages of a general point.

In the section 2 we will consider convolution of two Gibbs probabilities. We estimate the entropy of the
convolution of two Gibbs probabilities (see Theorem 3). We also show for the case of Gibbs probabilities
that, if v = u; x U, then, h(v) > h(ly) (see Theorem 6). This result appears in a more general setting in
[6]. We do not use here the Hausdorff dimension as a tool in our proof.

We will present in section 3 an explicit expression for the Jacobian of the probability obtained by the
convolution of a Gibbs probability and a periodic orbit of period two (see expression (14)).

We also show examples of Gibbs probabilities p where the convolution of u with a periodic orbit of
period two results in the same probability u (see the class of potentials .# defined by expression (21)).
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In section 4 we analyze the following problem: for a fixed u, consider differentiable variations uf,
t € (—¢,€), of y1; on the Banach manifold of Gibbs probabilities, where u{ = ;. How can one estimate
the derivative of the entropy h(u{ * t>) at # = 0? On this direction see Proposition 12.

In the appendix we consider the following problem: suppose J; and J, are the Holder Jacobians and
they are such that: J, > Jj, when J; > 1/2, and J, < Jj, when J; < 1/2. Denote ; the Gibbs probability
associated to the potential logJ;, i = 1,2. We show that ~(u;) > h(U2) (see Proposition 13). This problem
is related to questions raised in section 3.

The PhD thesis [20] and [1] consider several properties for the convolution of invariant probabilities for
the symbolic space setting. An appropriate structure have to be considered for replacing the sum translation
on the circle. These works do not consider results similar to ours.

We thanks L. Cioletti, P. Giulietti and B. Uggioni for helpful conversations on the topic of convolution
of invariant probabilities.

2. CONVOLUTION OF GIBBS PROBABILITIES

Suppose J, is a Holder Jacobian and J; is a Jacobian which is just continuous. As we said J; : S' — R,
i =1,2, are such that Diﬂlf)g I (1;) = p;. The probability u; is invariant, ergodic and has support on S'.
We want to estimate analytical properties of the probability v = p; * .
A natural question is to ask if there exists an explicit expression for the Jacobian J, such that,
"?i:;gf(v) =V

in terms of Ji,J5.

Theorem 3. Suppose J, is a Holder and Ji is continuous. Then, the Jacobian J of v = Ly * U satisfies for
any u the expression

J(u) = / 1 (u—x)d o (x) 1)

and, therefore

h(v) = — / log J(u)dv (u) = — / log ( / 1 (4= x)dpa (x) ) dv () =
[ [ roe( [ 1+ X)) dpa ()| dpa s) @

In the proof of this theorem we just need to use the fact that 13g 7 (11) = W and it is not required that

U1 is the limit of the p,, n € N, defined by (4). However, this property is required for p,. The proof will be
done later.

Note that by the commutativity of the convolution we get that the above defined function J is Holder if
either J; or J; is Holder.

Corollary 4. Suppose [ has a Jacobian J, which is continuous and Ly is any invariant probability. Then,
the Jacobian J of v = Wy * Wy satisfies for any u € S' the expression

Ju) = / 1 (s —x)d o (x) 3)

Proof: Any invariant probability i, can be weakly approximated by Gibbs states uy, n € N (see for
instance Theorem 8 page 536 in [9]).

The function p — u; * p is continuous in the weak topology.

Then, the Jacobian J, of v, = i * 1} converges to the function J(u) = [J;(u — x)d i (x). Indeed,
x — Ji(u— x) is a continuous function depending C° on u.

The function J is continuous positive and satisfies J(x;) +J(x2) = 1,if T (x1) = T (x).

In order to show that J is the Jacobian of v = i1 * 1, consider any arbitrary continuous function ¢.

Then,

[Bost@@tv@= [ T ([ 50—l otm)avis) -
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[ X ([ ntw=ndi@) ot diu <)) =
T(w)=z

n—soo

,}ij;/ @(2)d(p* pz)( /(p 1 * p2) ( /(p )dv(z

Therefore, ch;g 7(v) = v. Finally, from Theorem 3 we get that u — [J; (u —x)duz( ) is the continuous
Jacobian of v = py * .

tim [ T();_):Z[ [0 =x)au (o) o) d(ar = 1) (2) =

O

Corollary 5. Suppose Jy is a Holder, J, is continuous and |y is the limit of the probabilities p,, defined
on (4). Then, the Jacobian J of W, * 1y is Holder and has the same Holder constant. This means that
convolution regularizes Jacobian.

Proof:
As we mention in the remark at the end of this section the expression J(u) = [J; (u — x)d (x) is true.
Suppose 0 < o < 1 and K are such that for any r,s we have

i (r) =i (s)] < K [r—s|%
then, for any uy,u;

/11 0y —x)dpio (x) /11 ur —x) dpia(x) | <

/ (1 — %) — Ty (2 — ) | (x) < K |y — 2]
O
It is known from Lemma 9.2 (or, Corollary 9.3) in [6] that convolution increase entropy, that is, a(L; *

Uz) > h(ip). The proof in [6] basically use the fact that HD(u) = % and simple properties of the

Hausdorff dimension of an invariant probability. We will present a direct proof without using Hausdorff
dimension for the case of Gibbs probabilities. We point out that Gibbs probabilities are dense in the set of
invariant probabilities (see for instance Theorem 8 page 536 in [9]).

Theorem 6. Suppose J; and J, are Holder Jacobians. Denote by [y and [y the corresponding Gibbs
probabilities. If v = U * Uy, then, h(V) > h(Uy). Moreover, we have that h(v) > h(l), unless Wy or U is
the Lebesgue probability.

Proof: It is known from [7] (or, [8] for a more general statement) that when i, has a Holder Jacobian

we get
Zov(s)
('u2 v>0, l\fll{older /1 ( )d[lz (S)

where for any s we have Zv(s) = v(s1) + v(s2). This condltlon can be relaxed assuming that v is just
continuous (indeed, one can check that the proof of Lemma 2 in [8] applies to continuous potentials).
We will show that there exists u such that
s
) >dli2(5 )=

(v) = /log ("%u

108 Zouts))dia(s) — [togu(s)dp(s).

More precisely we will exhibit a Holder continuous function u such that

~ [1ogu(s)dyua(s) = (v).

and, moreover that

/ log(Zou(s)) dia(s) < 0.
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From (2) we have that

n(v) == [1 [ 1og( [ nr-+5—2)dya() dpa(r)  dpn (5) =

—/[/ log(./.Jl(r—&-s—x)dug(x))dul(r)]d,uz(s).

Then, taking
u(s) = e J1og ([ J1(rts—x)dps (x)) dp (r) ’

we just have to show that % (u(s)) < 1.
Suppose s1 and s; are the two preimages of s, then,

[ [50+s1=ndm@dm )+ [ [516+5 -0 du@dum ) =1

From Jensen inequality we get that
u(sy)+u(sy) =
e L 102 (J i (rs1=x)dia (x) ) din (r) o [log ([T1(r+s2—x)dha(x))du(r) <

eloglf (Ji(rts1—=x)dp(x))Jdu(r) 4 ploglf ([ Ji(rts2—x)da(x))]dui (r) —

[ [50+s1=ndm@dm )+ [ [0+ 5 -0 dp@du ) = 1.

Note that if for some s we have that %pu(s) < 1, then, as u has full support (see [14]), we have strict
inequality A(v) > h(Uy). In order to prevent this from happening it is required that for any s

[roe( [ 510+ =)y dp (r) =
log/(/J1(r+sfx)du2(x))d[,l1(r).

Note that when J = 1/2 (the Lebesgue probability) then the above equality is true.

On the other hand, if the above equality is true for any s then J; is constant (equal to 1/2). Indeed, it is
know that the Jensen inequality is an equality just when all weights are equal. It follows that [J;(r+s—
x)d,(x) is constant independent of r and s. As U, has full support we get that J; is constant.

0

We will show later in section 3 that there are examples in which the convolution of a Gibbs probability
with a probability with support on a periodic orbit results on the initial Gibbs probability.

Theorem 7. Suppose W is Gibbs probability for a Holder Jacobian J. For each n € N denote v, =
W k... U, then, limy_,e Vy is the Lebesgue probability
———

n

Proof: If u is the Lebesgue probability there is nothing to prove.

The sequence of probabilities v, n € N, has a convergent subsequence, V,,, k € N. Suppose limy_,.. V;;, =
p and p is not Lebesgue probability.

Denote by Jy the Jacobian of v,, . The sequence Ji, k € N, is equicontinuous and bounded by Theorem
5. Then, by Arzela-Ascoli theorem there exist an uniform limit J., (which is Holder) of a subsequence of
Ji, k€ N.

Remark 8. . By weakx topology one can show that the Jacobian of such probability p is exactly Jo, .

Denote by o the supremum of the entropy of 4(p) among the possible p obtained by convergent subse-
quences, Vy,, k € N.
We claim that one p of such possible p attains the supremum.
Consider a sequence of g,, r € N of such possible limit of subsequences Vy» T €N, n € Nsuch that
}gg Pr=p,
and
lim A(g,) = .

r—oo
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Then, it is possible to get a sequence v,gk ” such that

lim v
r—oo =P

and
lim A(

r—yoo

As the entropy is lower semicontinuous we get that 4(p) = o.. By Remark 8 we get that p has a Holder
Jacobian.

Suppose a < log2. Then, we get by Theorem 6 that u * p has bigger entropy than p. If limy_,.. v, = p
then limy_,. it * Vy,, = W * P and this is a contradiction.

This proves that @ = log?2 and, by monotonicity of the entropy function along the sequence Vv,,, that the
unique maximal entropy measure (Lebesgue) is the weak limit of v,,.

nk()):a.

O

In [6] the authors proved convergence to Lebesgue measure for concatenations L, *... % U * 1] (invariant
measures) with some bound on their entropy. In the moment we don’t know how to get this kind of result
with our methods.

Suppose J is the Holder Jacobian of the probability p.
Consider for each n € N, the probability
2’1

anuﬂﬂ(n 4

2}1
which is not 7' invariant.

Note that 7" (s ) = 0.

If lim,, .. pn = p, then p will satisfy the equation 1Z§g ;(p) = p. (see Ruelle Theorem [14])

Remark 9. Note that p, = (£, ;)" (). In the case J is Holder it is a classical result that p, — p (see
Ruelle Theorem 2.2 (iv) in [14]). A more strong claim is Theorem 1.1 in [5] which shows convergence on

the 1-Wassertein distance.

In the case J is continuous we will assume here that such limit exists p, — p and we point out that this
limit is a Gibbs state for J.
If J is Holder such limit exist and it is the only fixed point of ,iﬂlf)g J-

Now we will begin the proof of Theorem 3. From now on we denote t; = u and J; = J. We want to
determine J from J.

Denote J5(j) := IT;_ 0]2( k(4 ). j=1,2,..,2"

Now we will consider p, When J =J,. That is, p, is the probability

2’1
pr =Y. 8,30)
J=1

which is not 7 invariant.
It is known (see Remark 9) that

lim p, = Uy

n—soo

It is natural to consider in our reasoning the convolution U * p,, = v,, n € N, because v,, — v, when
n — oo. We denote by J, the Jacobian of the (in principle) non invariant probability v,,.

Suppose y is such that £ am Sy < 2,,1 For fixed j, what is the range of x such thaty = 3 44 5n- The answer

k—j+1
on— 1 -
We will show later that for u € 5%, 2V,f;l, )

on—1

Z J5(j u—%)
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Note that for a continuous function f we get

[1@atwspn)@) = [ ([ rtx+)an)dpa)) =
J [ Liogs (Fx+))dnx) )dpa(y) =

on

Y. T2 (T (2)) (/22 + 220)+ I+ D/2) (e 1)/2+ L)) =
2 : i
Y b (T () V025245 D)2 412 (/24124 Dldu@) = ©)
on .
,;Hn '0J2(T”(2n))/[ (x/2+2n+1) (x/2+2n+1)+1 (x/2+2n+1+1/2) (x/2+2n+1+1/2)]du()
on . . . . . (6)
b (T () WG+ 20/ (o 20)/2) Tl 2+ 10/ (G4 35 +1)/2) () =

Jj=1

/ Frog, (1) 6+ ) AR (3)dpa(y) =
/"iﬂlogln B pn) /f (% pp)(z)-

Below we consider any j modulo 2".

Suppose f is a function with support on [2,, T i

D,0<v<omt — 1.
In figure 1 we consider the case n = 2, and one can see, for instance, on the interval [23,243) =

[5ir, LELY that two branches x/2 and x/2 +

3
ST JnfT 57, have projections over (23 , 23) (us1ng the red color -

this corresponds j = 1,3 and to left hand side of (5) ) and, moreover, x/2, x/2 + 4 7. X/2+ 2—3 x/2+ 2—3
(using the red and the blue color - this corresponds to j = 1,2,3,4 and (6) ), also have projections over

(5% 35)-
In the general case for the interval [5.% vt ),v=0,1,..., 2"+ _ 1, we have to consider for (5)

on+19 on+l
=0,..,2"~1 —1 (for the left hand side
v72t on—=1.

a) for v= even it is required a range of values j where j = V’2’ 2
of (5) ). Moreover, for the right hand side of (5) we will need the values of j =

b) for v=o0dd it is required a range of values j where j = #, t=0,.,2"" 1 — 1 (for the left hand side
of (5) ). Similar as above for the right hand side

This means the total of 2" possible values of in each case a) or b). We use this identification of ¢ and
Jj on future expressions.

For the interval [5%7, 221

sum for (6). Note that v ranges on 0, 1,..,2"*!. Given j, there exists a jj € {1,2,..,2"} such that either
J+jo=vor j+ jo=v—2" Each j € {1,2,..,2"} can not satisfy both conditions at same time. Any
j€4{1,2,..,2"} will satisfy one of the conditions. In this way all j will be used when considering together
the left and right side of (6).

We assume now that v =0, 1,....2" "1 — 1 is even.
In this case we consider the two terms of (6):

) we have to consider at same time the both expressions (left and right) of the

W5 [5G+ ) G+ prdu+ O

Jj such that j+ jo=vfor some jo on

2M4+1

o 2 ox o j+2" o x o j42"

(1 () / LG+ G+ L auw = ®
ZVL

Jj such that j+ jo=v—2" for some jj

fu)dp(u)+ ©)

Jj such that j+ jo=vfor some jg
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3/4
1/2
1/4
0 1/8 2/8 3/8 4/8 5/8 6/8 7/8

FIGURE 1. The case n =2

_ w j n+1 J;l u
() [ Y payap = (10)
J such that j+ jo=v—2" for some jj okl N (u)
v+1 =
on+l Jn(u)
f(u)dp(u). (1D
zn‘jrl Jn(u)

Assume that v =0, 1,...,2""! — 1 is even. In this case we consider the two terms of (5):

=2 2;71 v=2t
Wb (1 (20) [, J/2 /2 + 2 )+
0<r<2n-1-1 24
v=2t _ on—l 257;?1 v=2t _~Hn—1
)y HQ;B]Z(TW(ZT))/z[ J(x/2+1/2)f(x/2+1/2+ZT)du(x):

0<r<on-1-1 7
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on—1 j vl J
n J(u — 7)
Wb (7(50)) [ 77 =02 ) dpa ().
JZ 0v2 on 2":*] Jn(u)
Therefore, when v even we get that for u € [2,1 i 2vn++11 )
2l .
J J
= L b ()= 37)

A similar result is true when v is odd.

Remember that lim,, . p, = Uo.
As J, is a Holder function, given any x € S' we have that lim,, Lre1,(8) (x0) = [ g(z)dia(z). Then,
we consider for u € S fixed, the function x — g(x) = J(u —x).
Then, taking xo = 0 we get
) = i Jofu) = lim L () (0) = [ I 2)dps ().

n—soo

In this way

h(v /logJ Ydv(u /log /Ju x)dun(x))dv(x).

Remark 10. Note also that if J, is continuous and satisfies the hypothesis of being the limit of p,, n € N,
the same expression J(u) = [J(u— x)ds(x) obtained above is also true.

In the case J is constant J = 1/2 we get that J, = 1/2. In this way if u is the Lebesgue probability, then,
V, = W * p, is also Lebesgue probability.

Note that for any u we have that J, (u) +J,(u+1/2) = 1. In this way the probability v, is invariant for
the T. Then, we get that the convolution of any invariant probability u with p, (not invariant) is invariant.

The entropy of v, satisfies 4(V,) = — [logJ,dV(n).

3. CONVOLUTION OF GIBBS PROBABILITY AND A PERIODIC ORBIT OF PERIOD TWO

In this section we consider the convolution of a Gibbs probability with a probability with support on an
orbit of period two.
Suppose the Jacobian J : S' — R is such that Logs (1) = .

Consider now p = %(61 /3+0,/3) and we want to analyze properties of v = % p.

We denote the Jacobian of v (in the sense of Definition 1) by J. We have to understand in this case the
corresponding change of coordinates on the inverse branches.

In other words, we want to express the J, such that,

Loar(V) =V (12)

in terms of J, p and u.

We will present an explicit expression for J in terms of J and two more Radon-Nikodym derivatives (see
expression (14)). This will provide a formula for the entropy of u * p (see (17)).

We will also show that there exist Gibbs probabilities u satisfying 4t = v = % p. Jacobians described
by equation (21) satisfy this property. For these examples, of course, the entropy does not increase by
convolution.

About question (12) the main property for J is: for any continuous function f

| Bt p)@) = [ FDd(wp)(2).

In this way {1 *p is a fixed point for Z*
- ogJ
Remember that when J is Holder the fixed point probability is unique.
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For a continuous function f we get

[r@awsp)@ = [ fle+du)dpt) -
12( [ et 1/3)ane) + [ Fe+2/3duix) =
120 [ Lhogs (Fa+1/3)d@) + [ Liogs (Fx-+2/3))dnix)) =
12 [U/2) 62+ 1/3) 4+ 1D/ (4 1)/2 + 1/3) )+
JUG/2)(F 72+ 2/3) + 9G4 D/2)(F(+1)/2 4 2/3) () =
120 [W0/2) £5/2 4+ 1/3) I+ 1)/2) £ (x/2 4 5/6) da o)+

JUG/2) /24 2/3) I (+1)/2) £(5/2 + 1/6) i (@),

On the other hand
/ Logi()(2)d(u*p)(z) =
[ e dp() =
ST+ 203 /2)+ T4+ D/t y+1)/2) Jd()p() =
12 [+ 1/3)/2) (o 1/3)/2) 40 1/3 +1)/2) f(Ge 13 +1)/2)]dulo) +

/[f((X+ 2/3)/2) f((x+2/3)/2) +7((x+2/3 +1)/2) f((x + 2/3 + 1)/2)]du(x) .

The above means that it is required that for any continuous f

/[J(X/2)f(X/2+ 1/3) +J((x+1)/2) f(x/2 +5/6) Jdp(x)+
/[J(X/Z)f(X/2+2/3)+J((X+1)/2)f(X/2+ 1/6)]du(x) =
/[f(x/Z + 1/6) f(x/2+ 1/6)+J (x/2+ 2/3) f(x/2 + 2/3)]du(x)+

/[f(x/2+ 1/3)f(x/2+ 1/3) + J(x/2 4+ 5/6) f(x/2+ 5/6)]du(x). (13)
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3.1. An explicit expression for the convolution in the case of Gibbs probabilities for Holder Jaco-
bians.

Consider a Holder Jacobian J on S! and suppose that J is the Jacobian of u.

J denotes the Jacobian of v = p xp.

We will not be able to show that J is continuous (just measurable). Anyway, we denote J as the Jacobian
of v in the sense of Remark 1.

In this subsection we want to show an explicit expression (in terms of certain Radon-Nidodym deriva-
tives) for J (see (14)). In order to get that we will have to use equation (13).

Denote by p; the probability such that p;(B) = u(B+ 1/3) for any Borel set B and denote by y, the
probability such that iy (B) = (B +2/3) for any Borel set B.

The measure uz = u; + Wo.

Then, u; is absolutely continuous with respect to 3. Denote by R; the Radon-Nikodym derivative.

Moreover, U is absolutely continuous with respect to y3. Denote by R, the corresponding Radon-
Nykodim derivative.

Therefore, for any continuous function # we have

[ = [ hz=1/3)au() = [ he=1/3R1 = 1/3)du()+ [ Bz =2/3)RiE~2/3)dn(E)
and
/hduz _ /h(z —2/3)du(z) = /h(z ~1/3)Ra(z— 1/3)dp + /h(z— 2/3)Ra(z—2/3)d(2).
Taking above h(z) = g(z+ 1/3) the first condition can be rewritten as: for any continuous function g:
[edu= [ g@Ri(=1/3)1dn@)+ [z~ 1/3)R1(~2/3)du(:).
Taking above h(z) = g(z+2/3) the first condition can be rewritten as: for any continuous function g:
[sdu= [ gzt1/3)Rola=1/3)dn() + [ @)Raz~2/3)dn()

We will show that

J(z) =J(z—2/6)Ri(22) +J(z—4/6)R2(22). (14)
This corresponds also to
J(x/245/6) =J(x/24+3/6)Ry(x — 1/3) +J(x/2+1/6)Ry(x/2 —1/3) (15)
and
J(x/2+2/3) =J(x/2+2/6)R1(x—2/3) +J(x/2)Ra(x/2 —2/3). (16)

It will follow that the entropy of v is

h(v) = — / log( J(z—2/6)R (22) +J(z— 4/6)Ry(22) ) dv. a7

Remark 11. Note that for any x we have that Ry (x) + Ry(x) = 1. The above expression for J in (14) says
in some sense that J attain values on the convex hull of the values of J. It is reasonable to guess that this
mechanism is responsible for the increase of entropy under convolution (see a kind of more general and
analytic statement in the appendix). Expression (17) permits an analytic estimation of this increase.

Assuming (14) we have to show that (13) is true for any f.

a) Consider first a function f with support on (0,1/6).
We have to show that

/] J(x/2) f(x/2 +2/3) du(x) + /2/3J(x/2 +1/2) f(x/2 + 5/6) du(x) =
J23 1/3

/l F/2+2/3) f(x/2 + 2/3)dp(x) +/2/3f(x/2+5/6)f(x/2+ 5/6)du(x).  (18)
2/3 1/3
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From (14), (15) and (16) we get

/;3 (x/2) f(x/2 +2/3) du(x +/ J(x/2 4 1/2) f(x/2 +5/6) du(x) =

[2/ J(x/2) f(x/2 +2/3)Ra(x—2/3) dp(x +/ J(x/241/6) f(x/2 + 5/6) Ra(x — 1/3) du(x)] +

[/2; (x/2+2/6)f(x/2+2/3)Ri(x—2/3)dp(x +/ J(x/2+3/6)f(x/2+ 5/6)Ri (x—1/3)du(x)] =
[/1 J(x/2)f(x/2—i—Z/.’))Rg(x—2/3)(1;1(36)—|—/1 J(x/242/6)f(x/2+2/3)R1(x—2/3)du(x) |+
2/3 2/3
2/3
[/1/ J(e/243/6) £ (x/2+5/6)Ry (x—1/3)du (x +/ J(x/241/6) F(x/2+5/6) Ra(x—1/3) d(x)] =
[/2;3f(x/2+2/3) (J(x/2)Ry(x—2/3)du(x) +J(x/2+2/6)Ri(x—2/3)) dp(x) |+
l Z " F/24 5/6) (J(x/2 4+ 3/6)R: (v~ 1/3)du(x) + T(x/2+1/6) Rafx— 1/3) )dpa(x)] =
/ Fx/242/3) J(x/242/3) du(x +/ F(x/245/6) T(x/2+5/6)du(x),
and this shows (18).

b) Suppose f has support on the interval [2/6,3/6).
We have to show that

[0 staf21/3) e+ [ s021/2) 5072+ 1/6) du) =

1/3
|62 13 /24 1/3)dni) + / J5/2+ 1/6) f(3/2+ 1/6)du(y) . (19)
The proof is similar to the previous case and it will be left for the reader.

¢) Suppose the function f has support on (4/6,5/6). We have to show that

/
[ a2 w23y ant+ [ 96/2) 1(5/2-41/3) duts) =
0 2/3

[ 762+ 23 24 231 + [ /2 1/3) 5072+ 13 duG) . G0

The proof is similar to the previous case and it will be left for the reader.
For functions f with support on the other possible intervals we proceed in a similar way. This will give
the explicit expression of J in terms of J, Ry, R, on all points.
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3.2. A class of examples where J = J.
Suppose we ask: when J = J? What equation should J satisfy in this case? Is there some special form
of J such that this happens? We will present examples where this happens.

Denote by . the class of positive Holder Jacobians J such that for any x € [0,1/6) we have

J(x)=J(x—2/6) =J(x—4/6). (21)
We point out that under the above conditions the values of J on [0, 1/6) determine J uniquely. Indeed, on
the intervals [0,1/6) [2/6,3/6) and [4/6,5/6] is clearly determined. On the intervals of the form [1/6,2/6)
[3/6,4/6) and [5/6,1) it is also determined because the sum of J on the preimages of any point is equal to
1.
There exist several continuous (and Holder) Jacobians satisfying such conditions.

The equation
J(z) =J(z—2/6)R1(22) +J(z—4/6)R2(22)
is true for any f € .% and any z € S! because R; +R, = 1.
As from (14) we get that for any z
J(z) =J(z—2/6)R1(22) +J(z— 4/6)R2(22),

it follows that in this case /= J and g = p*p.

4. DIFFERENTIABILITY OF THE ENTROPY OF CONVOLUTION

To each equilibrium probability for a Holder potential A one can associate a unique positive Holder
Jacobian. Therefore, the set of equilibrium probabilities can be considered as a Banach manifold .4 (see
[3]). In this way we can consider the bijective map logJ — Lj,gy Over A",

Given a probability p,e; € .4 (associated to the potential log.J) and a tangent vector { € T , N, one
is interested on the derivative f,, , ¢ along £, where Lo, ¢ is the equilibrium probability for the potential
logJ+¢.

For a fixed ¢ consider the transformation G, such that, Gy (logJ) = [ @ dpiog s, then,

D(Gohogs(€) = [ (1= Fiogs)™(9) - L dtigs =

Foo _
Z/(P'COTld“logj-
i=0

Given a Holder potential A, following [3], denote .4 (A) = logJ, where J is the Jacobian of the equilib-
rium probability for A. We also denote 11 4 (4) the Gibbs (equilibrium) probability for A.

We denote 1;, i = 1,2, the probability associated, respectively, to the Jacobians (logJ);.

We denote ! = & (logJy +1z3)» Where z3 is a tangent vector to the manifold of Gibbs probabilities at the
point ;. Note that in this case [z3 du; =0

Denote by Ji the Jacobian of u’. This means that logJ} = 4" (logJ; +1z3).

If v, = u' * up we get that

() == [ 1 [1og( [T+ s=0duao) i) | di'(5)
Denote
= [1og( [ A (r+s - 0dus(x)) dpia(r).
Then,
ih Vt |t =0 = / |t OZ th‘t 0 /Zt |t 0*|t Oth( )

Given a contlnuous function ¢ we have from [3] that

[o6) & imodv(s )= [ozsau.

Note that Z' — Z° goes uniformly to zero when # — 0.
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Therefore, from [3]
d
7)o Sle-oavi(s) =

/ 20(s) %hzodv, (s) =
[ 10g( [ 45 =0dpa(x)) dyia(r)] ©limodvi(s) =
[ [ 10g( [ 1(r4s—00dua(x)) dia ()] z3(5)dan ().

We denote by ¢’ and A’, respectively, the main eigenfunction and the main eigenvalue of the Ruelle
operator for the potential log(J;) +1z3.
Note that when r = 0 we get that ¢’ =1 and A’ = 1.
As
log(J}) =log(J1) + tz3 +1og @, —log(@, 0 T) —log A',

which means
Ji =T ¢! 3 tlog @ —log(@oT)—logA’

we get that
Zl(s) _ / log(/h etz3+10g(Ptflog(‘P;OT)flog/l’(r+s_x)du2(x))duz(r) ]
and
d
E'tio Z'(s) =
/%h:o [10g(/]1 etz3+log(Pz710g((onT)*log7L’ (r+s_x) d,ug(x)}duz(r) .
Denote
Y'(s,r) = (/.h (r+s—x)e aHlogg—log(groT)—logd" (1. 4 ¢ ) gy, (x).
Therefore,

410 Y'(s,r
—/%hzo Z'(s)dVi|i=o(s) = —/Wdﬂz(r)dﬂl(s)-

Now we estimate 4
o ¥ (s.r) =
d
[ s =12+ 5o (log g~ log(@ 0 T) ~1ogA" )5 =) diia ().
Finally,
d 1
- E|I=OZ (s)dVili=o(s) =

_/fll (r+s5—x)[z3+ Zli—o (log ¢ —log(@i o T) —logA’ ) |(r+s — x) djiz(x)
. JJ (r+s—x)dua(x)
In this way we get the following proposition:

duo(r)dp(s)

Proposition 12. Suppose u;, i = 1,2 are probabilities associated, respectively, to the Jacobians logJ;.

Denote 1" = My (logJy +123)» | € R small, where z3 is a tangent vector to the manifold of Gibbs probabil-
ities at the point 1y, and v, = U’ * ;.

We also denote by @' and A', respectively, the main eigenfunction and the main eigenvalue of the Ruelle
operator for the potential log(Jy) +1z3.

Then,

Eh)lho =
Il fleolos losteoT) gt (-s i)

JI1 (r+s—x) dpa(x)

dup(r)dp(s)
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_ / [ / log ( / T (r+s—x)dpa (x) ) dpa (7] z3(s)d g (s).

5. APPENDIX

Now we will prove a result inspired by the reasoning followed in section 3 (see Remark 11).
It a result of interest in itself.

Proposition 13. Suppose are given the Hilder Jacobians Jy and J, and they are such that: Jy > J| when
J1>1/2,and J, < J; when J; < 1/2.
Denote L; the Gibbs probability associated to the Holder potential logJ;, i = 1,2. Then, h(u1) > h(uz).

Proof:

One way to get a path from J; to J; is to take J' = J; +¢ (J, —J1), 1 € [0,1].

Note that J(x;) +J"(x2) = 1, if T(x1) = T (x2) (therefore J* is a Holder Jacobian for each value 7).
We know that if [ x du; = 0, then, the entropy A, of the Gibbs state associated to logJ; + ¢ x satisfies

dh
d—ttt_oz —/xlog]l du, = —/x(logjl —logl/2)dw,

(see page 38 in [3]).

In this way if x(x) > 0 when (logJ;(x) —log1/2) > 0 and x(x) < 0 when (logJ;(x) —log1/2) <0
we get that the entropy decreases when we go in the direction ) beginning on ;. This is so because
—fx10g]l dup <0.

Take £(¢) such that

logJy +¢€(t) =log(J1 +t(Ja—J1)).
Note that logJ; —1—8(1) log(J2).

Then, & = e(t)]= Of——l
Moreover,
[ vdw = [Law -1~
1
/'ﬁogll Jdu —1 —/ﬁogjz ldp —1=0

The proof that %e(t) li=0 < 0 is similar to the case r = 0.

We denote i’ the equilibrium state for the normalized potential log(J;) + £(¢).
-

Moreover, %e(t)b = #«IZLM

In this case

/ ()] dpt’ = ﬂd“r:
! Ji +1(h—Jy)

b —J
/iﬂlog(h +t (=) (m Ydu' =

/fo(.ll —Jz)d‘ut =0

Then, £¢()|; = x:, t € [0,1] is tangent vector on .4 at logJ;.

Moreover,
dh
T t /Xt logJ; dy, = /Xt (logJ; —log1/2)dy, =

/J1+t o=y el 102 =) —log1/2)dpi.

Remember that J, > J; when J; > 1/2, and J, < J; when J; < 1/2.
When, J, —J; > 0, we get that (log(J; +#(Jo —J;)) —log1/2) > 0.
On the other hand when J, —J; <0, we get that (log(J; +¢(J>—J1)) —log1/2) <0

Therefore, %L <0.
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