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ABSTRACT. Here we consider the discrete time dynamics described by a trans-
formation T' : M — M, where T is either the action of shift 7' = o on the sym-
bolic space M = {1,2, ..., d}N, or, T describes the action of a d to 1 expanding
transformation T : ST — ST of class O (for example x — T(z) = dx (mod
1)), where M = S?! is the unit circle. It is known that the infinite-dimensional
manifold A of Holder equilibrium probabilities is an analytical manifold and
carries a natural Riemannian metric. Given a certain normalized Holder po-
tential A denote by pa € N the associated equilibrium probability. The set of
tangent vectors X (functions X : M — R) to the manifold AN at the point
(a subspace of the Hilbert space L?(u4)) coincides with the kernel of the Ruelle
operator for the normalized potential A. The Riemannian norm |X| = |X|4
of the vector X, which is tangent to N at the point p 4, is described via the
asymptotic variance, that is, satisfies
X2 = (X,X) = limposoo 2 [(X07) X 0T dpa.

Consider an orthonormal basis X;, ¢ € N, for the tangent space at pa. For

any two orthonormal vectors X and Y on the basis the curvature K(X,Y) is

1 (e o) o0
K(X,Y) = Z[Z(/nyid;m)? —Z/XQXiduA /YQXidpA].
i=1 i=1

When the equilibrium probabilities p 4 is the set of invariant Markov proba-
bilities on {0,1} C N, introducing an orthonormal basis d,, indexed by finite
words y, we show explicit expressions for K(dz,a-), which is a finite sum.
These values can be positive or negative depending on A and the words x and
z. Words z, z with large length can eventually produce large negative curvature
K (az,az). If z, z do not begin with the same letter, then K(a,,a.) = 0.

1. INTRODUCTION

We denote by T': M — M a transformation acting on the metric space M,
which is either the shift o acting on M = {1,2,...,d}", or, T is the action of a d to
1 expanding transformation T : S* — S, of class C'*®, where M = S' is the unit
circle.

For a fixed a > 0 we denote by Hol the set of a-Holder functions on M.

For a Holder potential A : M — R we define the Ruelle operator (sometimes
called transfer operator) - which acts on Holder functions f : M — R - by

(1) f=Zafx)= > *Wfy)

T(y)==
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It is known (see for instance [23] or [2]) that .Z4 has a positive, simple leading
eigenvalue A\ 4 with a positive Holder eigenfunction h 4. Moreover, the dual operator
acting on measures .Z’; has a unique eigenprobability ¥4 which is associated to the
same eigenvalue A 4.

Given a Holder potential A we say that the probability 4 - defined on the Borel
sigma-algebra of M - is the equilibrium probability for A, if u4 maximizes the
values

o + [ 4 du.

among Borel T-invariant probabilities p and where h(u) is the Kolmogorov-Sinai
entropy of p.

The theory of thermodynamics formalism shows that the probability p 4 is unique
and is given by the expression py = hava.

In some particular cases, the equilibrium probability (also called Gibbs probabil-
ity) pa is the one observed on the thermodynamical equilibrium in the Statistical
Mechanics of the one-dimensional lattice N (under an interaction described by the
potential A). As an example (where the spin in each site of the lattice N could be
+ or —) one can take M = {+, —}N, A: M — R and T is the shift.

Taking into account the above definitions, we say that a Holder potential A is
normalized if Z41 = 1. In this case Ay =1 and pgq = v4.

Two potentials A, B in Hol will be called cohomologous to each other (up to a
constant), if there exists a continuous function g : M — R and a constant ¢, such
that,

(2) A=B+g—goT —c.

Note that the equilibrium probability for A, respectively B, is the same if A
and B are coboundaries to each other. In each coboundary class (an equivalence
relation) there exists a unique normalized potential A (see [23]). Therefore, the
set of equilibrium probabilities for Holder potentials N can be indexed by Holder
potentials A which are normalized. We will use this point of view here: A <> 4.

The infinite-dimensional manifold N of Holder equilibrium probabilities p4 is
an analytic manifold (see [25], [10], [23], [7]) and it was shown in [12] that it carries
a natural Riemannian structure. In order to provide a context for our main result,
let us review first some of the main properties of this infinite-dimensional manifold
and some definitions described on [12].

The set of tangent vectors X (a function X : M — R) to N at the point pa
coincides with the kernel of 4. The Riemannian norm |X| = |X|,, of the vector
X, which is tangent to N at the point 4, is described (see Theorem D in [12]) via
the asymptotic variance, that is, satisfies

(3) X| = V(X,X) = | lim 1/(2_:X0Tj)2d,u,4

n—oo N -
j=0

The associated bilinear form on the tangent space at the point p 4 can be described
(see Theorem D in [12]) by

(4) (X,Y) :/XYdMA.
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This bilinear form is positive semi-definite and in order to make it definite one

can consider equivalence classes (cohomologous up to a constant) as described by

Definition 5.4 in [12]. In this way, we finally get a Riemannian structure on N (as

anticipated in some paragraphs above). Elements X on the tangent space at ua

have the property [ X dua = 0. The tangent space to A" at p14 is denoted by TaN.
Given a normalized potential A let {X;} be an orthonormal basis of T4\, i € N.
Our main result is :

Theorem 1.1. Let A be a normalized potential, and let {X;} be an orthonormal
basis of TaN. Let X = X1,Y = X, then the sectional curvature K(X,Y) is given

by

) KOCY) = I XY X =3 [ Xeda [ Y20 dya)

The expression of K (X,Y") applies of course to any pair of vectors in the basis
{X;}, we can always change the enumeration of the vectors in the basis without
changing the basis. The work consists of two distinct parts: the first part, from
Sections 2 to 5, has a more geometric nature and deals with the calculation of the
Levi-Civita connection and the curvature tensor. This estimate becomes quite com-
plex because we are dealing with an infinitely dimensional Riemannian manifold.
Our goal was to express the sectional curvature for sections on the tangent space at
14 in terms of integrals of functions with respect to g 4. An important tool which
will be used here is item (iv) on Theorem 5.1 in [12]: for all normalized A € N,
X € TaN and ¢ a continuous function it holds:

— [ exdua
t=0

d

(6) dat wdpayix

In Section 4.3 we describe the expression of sectional curvature K (X,Y") in terms
of the calculus of thermodynamics formalism.

The nature of the second part of the paper, from Sections 6 to 9, is more dy-
namic, analytical and considers M = {0, 1}. We denote by K the set of station-
ary Markov probabilities taking values in {0,1}. The set of shift invariant prob-
abilities u € K is contained in A'. The probabilities p are defined on the space
{0,1}. The two dimensional manifold K is the set of equilibrium probabilities
for potentials A depending on the two first coordinates (see [23]), that is, when
Az, 22,23, .y T, ..) = A(z1, T2).

For each point p4 in K we are able to exhibit a special orthonormal basis {a,}
for the tangent space TN, indexed by finite words y on the alphabet {0,1} (see
expression (28)). This orthonormal family will be denoted by F. We focus, for each
point in /C, on the sectional curvatures for pairs of vectors on F. We get explicit
results in this case. This second part of the article is perhaps the more technical
and subtle part; after some computations we will get the explicit expression for
sectional curvature K (d,,a.) (see expression (45) in Theorem 7.7 and Propositions
7.9 and 7.12).

A remarkable fact appearing in the proof of Theorem 1.1 is that the expression
(5) of the sectional curvature K(d,,a,) is actually a sum of a finite number of
parcels (see expression (45) in Theorem 7.7 and Remark 7.11).
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We highlight some properties that will be demonstrated in the future and that
describe the eventual values of the sectional curvature K(a,,d.) depending on the
pair of vectors G, a, and the point in I under consideration.

1. Each vector a, is a function which is constant in cylinders of finite size (see
expressions (28) and (25)). More precisely, given a finite word y = (Y1, Y2, ..., Yn),
n > 1, we denote by [y] = [y1,¥2,...,yn] the associated cylinder set in {0, 1}".
The function &, is constant in each of the cylinder sets [a,y1,¥2, ..., Yn, b], where
a,b=0,1. The support of a, is the union of these cylinder sets. In this way if the
word y has large length, then the support of @, is contained on very small sets. We
will have to consider the empty word which will give rise to two tangent vectors d8
and &é, which are functions with support on cylinders of size two.

2. The values K(a.,a.) can be positive or negative depending on the point in
K and the words z and z (see Example 7.19).

3. We say that z is a subprefix of z, if x and z satisfy

[.17] = [1‘1,1‘2, o Lhy Tt 1, ...,$n] C [Z] = [$1,$2,...,xk],

where n > k. If 2 and z do not begin with the same letter (do not share a
common subprefix), then K (d,,d,) = 0 (see Proposition 7.10). As an example take
x=1(0,1,1,0) and z = (1,1,0).

4. Words = and z with large length can eventually produce extremely negative
curvature K (a,, a,). This may happen when z and z have several common subpre-
fixes. This is due to expression (45). As an example take x = (0,1,1,0,0,1) and
z=1(0,1,1,0,0,0,1). But even in this case, it is possible to get positive curvature
depending on the point in K (see Example 7.19 for a discussion in a particular
case).

5. We also show that if 4 (a point in ) corresponds to the measure of maximal
entropy on {0,1}N, most of the sectional curvatures K (a,,a.) are equal to —1/2
(see Proposition 7.16). Proposition 7.18 shows, in this case, an example where the
sectional curvature K (d?®]7d0) = 1/2. The different possibilities also include the
case K(af,a;) = 0.

6. Considering the two dimensional manifold K (of the Markov invariant proba-
bilities) it is natural to consider that vectors on T'M should be functions depending
on two coordinates. In our setting, the corresponding elements on the basis F are
ag and ag. We show that for any points in K the sectional curvature K (ag, ag) =0
(see Theorem 7.14). In this way, considering K as a surface in itself, we get that K
is a flat surface (see Remark 7.15).

In [22] , [4] and [24] the authors consider a similar kind of Riemannian structure.
The bilinear form considered in [22] is the one we consider here divided by the
entropy of pa. As mentioned in section 8 in [12] in that case the curvature can be
positive and also negative in some parts.

The main motivation for the results obtained on [22] (and also [4]) is related to
the study of a particular norm on the Teichmiiller space.

The results presented in [12] and here are related to the topic of Information
Geometry (see [1] for general results on the subject) and this is described in Section
5 in [16]. We point out that in the setting of Thermodynamic Formalism the
asymptotic variance is the Fisher information (see Definition 4.3 and Proposition 4.4
in [13]). Results about Kullback-Leibler divergence on Thermodynamic Formalism
appeared recently in [18].
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General references for analyticity (and inverse function theorems and implicit
function theorems) in Banach spaces are [7] and [26].

A reference for general results in infinite-dimensional Riemannian manifolds is
In section 6 in [12] it is explained that the Riemannian metric considered here
is not compatible with the 2-Wasserstein Riemannian structure on the space of
probabilities.

We would like thanks to Paulo Varandas, Miguel Paternain, and Gonzalo Con-
treras for helpful conversations on questions related to the topics considered in this
paper.

We thank the referee for extremely careful reading and criticism of previous
versions of our paper. Related results appear in [17].

2. PRELIMINARIES OF RIEMANNIAN GEOMETRY

Let us introduce some basic notions of Riemannian geometry. Given an infinite-
dimensional C° manifold (M, g) equipped with a smooth Riemannian metric g, let
T M be the tangent bundle and T3 M be the set of unit norm tangent vectors of
(M, g), the unit tangent bundle. Let x (M) be the set of C* vector fields of M.

In [3] several results for Riemannian metrics on infinite-dimensional manifolds
are presented. We will not use any of the results of that paper.

The only infinite-dimensional manifold we will be interested in here is N which
is the set of Holder equilibrium probabilities (which was initially defined in [12]).
Tangent vectors, differentiability, analyticity, etc, should be always considered in
the sense of the setting described in sections 2.3 and 5.1 in [12] (see also [6] and
[10]). We will elaborate on this later.

So in our case, M = N, and g is the L? metric, g4(X,Y) = [ X Ydua,

For practical purposes, we shall call Energy the function E(v) = g(v,v), v € TN,
although in mechanics the energy is rather defined by %g(v, ).

Given a smooth function f : N — R, the derivative of f with respect to a
vector field X € x(N) will be denoted by X (f). The Lie bracket of two vector fields
X,Y € x(N) is the vector field whose action on the set of functions f : NV — R is
given by [X,Y](f) = X(Y(f)) = Y(X(f)).

The Levi-Civita connection of (N, g), V : x(N) x x(N) — x(N), with notation
V(X,Y) = VxY, is the affine operator characterized by the following properties:

(1) Compatibility with the metric g:
Xg(Y,Z)=g(VxY,Z) +g(Y,VxZ)

for every triple of vector fields X,Y, Z.
(2) Absence of torsion:

VxY —VyX = [X,Y].

(3) For every smooth scalar function f and vector fields X,Y € x(N) we have
o VixY = fVxY,
e Leibniz rule: Vx(fY) = X(f)Y + fVxY.

The expression of VxY can be obtained explicitly from the expression of the
Riemannian metric, in dual form. Namely, given two vector fields X,Y € x(N),
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and Z € x(N) we have

o(VxY,Z) = J(Xg¥,Z)+Yg(Z,X)~ Zg(X.Y)

- 9([X,2],Y) = g(IY, 2], X) = 9([X, Y], 2)),
2.1. Curvature tensor and sectional curvatures. We follow [8] for the defini-

tions in the subsection. To simplify the notation, from now on we shall adopt the
convention g(X,Y) = (X,Y). The curvature tensor

R x(N) x x(N) x x(N) — x(N)
is defined in terms of the Levi-Civita connection as follows
(7) R(X,Y)Z:VyVXZ—VXVyZ—i—V[X,y]Z.

The sectional curvature of the plane generated by two vector fields X,Y at the
point A € N, which are orthonormal at A, is given by

8)  K(X,Y)=(VyVxX - VxVyX + VixyX,Y) = (R(X,Y)X,Y).

Let A be a normalized Hélder potential. Let us consider a local smooth surface
S(t,s), for | t|,| s |< e small, tangent to the plane {A + tX + sY'} generated by
X,Y at the point A = S(0,0). Let X, Y be the coordinate vector fields of the
surface, and suppose that X, = X, Y4 = Y. In Subsection 4.2 we shall exhibit
such local surfaces.

Lemma 2.1. The expression of the sectional curvature of the plane generated by
the two orthonormal vectors X,Y is

(9)
K(X,Y) = —%(X(X(II YV PD+HY @ (X P))+ [ VeX |7 +Y (X (X,Y)—(Vx X,V
Proof. The fact that X and Y commute implies that V¢Y = VX and
(R(X,Y)X,Y)=(VyViX —VgVypX,Y).
The first term of (R(X,Y)X,Y) gives

<V‘VXX,Y> = Y<VXX,}7>—<VX ,VyY)
= Y(7<77Y>_<7’VXY>)_<VX“X7vYY>
V(X(X,Y) - (X, V5 X)) - (V& X, V5 Y)
= V(XX V)~ V(| X ) - (V5 X, V5Y)

1 o _ _
= YV (I X ) +Y(X(X,Y)) = (Vg X, VyY)
The second term of the formula gives

(VxVyX)Y) =

= SXEXAYIP)-1IveX |?

Subtracting the second term from the first one we obtain the lemma.
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3. THE ANALYTIC STRUCTURE OF THE SET OF NORMALIZED POTENTIALS

Definition 3.1. Let (X, |.|) and (Y, |.]) Banach spaces and V' an open subset of
X. Given k € N, a function F' : V — Y is called k-differentiable in x, if for each
j=1,...,k, there exists a j-linear bounded transformation

DIF(z): X x X x .. x X =Y,
N——
J
such that,

DI F(z4v;)(v1, ey vj—1) — DT (2) (01, vy vj-1) = DIF(2)(v1, ..., v5) + 04 (0;),
where

0j : X =Y, satisfies, lim Lj(vﬂy =0

v=0  |u|x
By definition F' has derivatives of all orders in V, if for any x € V and any k € N,
the function F' is k-differentiable in x.

Definition 3.2. Let X, Y be Banach spaces and V' an open subset of X. A function
F :V — X is called analytic on V', when F' has derivatives of all orders in V', and
for each = € V there exists an open neighborhood V, of z in V', such that, for all
v € V., we have that

Flz+v) — F(z) = Z % DI F(z)v7,

where DI F(z)vi = DIF(x)(v,...,v) and D;F(x) is the j-th derivative of F in x.
Above we use the notation of section 3.2 in [10].

N can be expressed locally in coordinates via analytic charts (see [12]).

3.1. Some more estimates from Thermodynamic Formalism. Given a po-
tential B € Hol we consider the associated Ruelle operator .Zg and the correspond-
ing main eigenvalue A\ and eigenfunction hp.

The function

(10) II(B) = B +log(hp) — log(hp(T)) —log(Ap)

describes the projection of the space of potentials B on Hol onto the analytic
manifold of normalized potentials .
We identify below T4\ with the affine subspace {A + X : X € TaN}.
The function IT is analytic (see [12]) and therefore has first and second derivatives.
Given the potential B, then the map DpIl : TgN' — TrypyN given by
0
should be considered as a linear map from Hol to itself (with the Holder norm
on Hol). Moreover, the second derivative D%II should be interpreted as a bilinear
form from Hol x Hol to Hol, and is given by
> 0
DEII(X,)Y) = II(B 4+ tX + sY );—s—0.
BII(X,Y) 8t8s((+ + 8Y )i1=s=0

We denote by ||A||o the a-Holder norm of an a-Hélder function A.
When B is normalized the eigenvalue is 1 and the eigenfunction is equal to 1. We
would like to study the geometry of the projection II restricted to the tangent space
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TN into the manifold A/ (namely, to get bounds for its first and second derivatives
with respect to the potential viewed as a variable) for a given normalized potential
A.

The space T4 is a linear subspace of functions and the derivative map D II is
analytic when restricted to it.

We denote by Ey = E§' the set of Holder functions g, such that, [ gdpa =0,
where j14 is the equilibrium probability for the normalized potential A. Note that
E§' is contained in T4 (N).

Most of the claims of the next Lemma are based mainly on results of [12] (see
also [10], [6]).

Lemma 3.3. Let A : Hol — R, H : Hol — Hol be given, respectively, by
A(B) = A, H(B) = hg. Then we have
(1) The maps A, H, and A — pa are analytic.
(2) For a normalized B we get that Dglog(A)(¢) = [ dug,
(3) D%log(A)(n,v) = [ mbdug, where 1, n are at TgN', and B is normalized.
(4) If A is a normalized potential, then for every function X € TaAN we have
® fXduA =0.
o DAII(X) = X.

In order to simplify the notation, from now on, unless is necessary for the un-
derstanding, we will denote (I — $T7A\ng)_1 by (I — Zr.a)~t

Items (2) and (3) are taken from Theorem D in [12]. Item [ Xdps = 0 in (3)
follows from Theorem A and Corollary B in [12], and the other item in (4) is trivial.

The analyticity of A and H of the item (1) are well-known facts (see chapter 4
in [23] or Corollary B in [12]) which was also proved in [6].

The law that takes a Holder potential B to its normalization A is differentiable
according to section 2.2 in [12].

Note that the derivative linear operator X — D4 H(X) is zero when A is nor-
malized.

Remark 1: Item (1) above means that for a fixed Holder function f the map
A — [ fdpa is differentiable on A (see theorem B in [6])

Questions related to second derivatives on Thermodynamic Formalism are con-
sidered in [19], [20] and [24].

4. EVALUATING THE SECTIONAL CURVATURES OF THE RIEMANNIAN METRIC

The goal of the section is to calculate the sectional curvature K(X,Y') of the
plane generated by two orthogonal vector fields tangent to A € N applying the
calculus of Thermodynamics formalism. We start with a technical result that is a
consequence of formula 6. This lemma will be extensively used in the article.

4.1. Leibniz rule of differentiation.

Lemma 4.1. Let A € N and let v : (—¢,€) — N be a smooth curve such that
v(0) = A. Let X(t) =+'(t), and let Y be a smooth vector field tangent to N defined
in an open neighborhood of A. Denote by Y (t) = Y(v(t)). Then the derivative of
J Y (t)dpr ) with respect to the parameter t is

d dY (t
& [y = [ E a0+ [YOxWdi
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for every t € (—e¢,¢€).

Proof. The idea of the proof is very simple and based on the fact that the function
Q : x(N) x mp — R given by

Q) = [ X

is a bilinear form, where y(N) is the set of C! vector fields tangent to N and mrp
is the set of invariant measures of the map T'. So the derivative of a function of the
type Q(X (1), u(t)) satisfies a sort of Leibniz rule. Let us check.

Let us calculate the derivative at ¢t = 0, for every other t € (—¢, €) the calculation
is analogous. We have

G [Y O o =t (YO~ [ YO)dia)
= [ im0~ Y(O)durgo
4 i 2([ YOdio — [ YO)da)

dY (¢ 1
= [ B s+t ([ Y Odiasixw — [ ¥Odua)

where in the last step we use the fact that the derivative with respect to t only
depends on the vector X (0) and not on the curve through A tangent to X (0). By
equation (6) the second term in the above equality is just % JY(0)dpatixo) li=o,
which equals [ X(0)Y (0)dpa. This finishes the proof of the lemma.

O

From now on, we shall adopt the notations %—1; =Y’ =Y;, the second one applies
when there is only one parameter involved in the calculations, the third one will be
used otherwise.

4.2. Auxiliary local surfaces in A. Next, given a normalized potential A and
X, Y orthonormal vector in the tangent space of A, we proceed to construct a local
surface S(t,s), | t |,] s |< e small, such that S(0,0) = A, and the tangent space of
S(t,s) at A is the plane generated by X,Y. Let us consider the plane

P(t,s) = A+tX +sY

where t, s, € R, that is a subset of T4, and let II be the projection into N defined
in equation 10. The vector fields Xp(; 5) = %P(t,s) =X, Ypus) = %P(t,s) =Y
are tangent to the plane P of course.

Let S(t,s) =II(P(t,s)). By Lemma 3.3 item (5), the restriction of the map II to
the plane P(t, s) is a local diffeomorphism onto its image, so there exists € > 0 small
such that S(t,s) is an analytic embedding of the rectangle {| ¢t |[< €} x {| s |< €}.

The coordinate vector fields of S(t, s) are Xg.5) = 2 (II(P(t,s))) = Dp; ) IL(X),
Ys(m) = %(H(P(t, 5)) = Dpg,I1(Y), so X,Y are extensions of X,Y.

Moreover, we have the following result from Thermodynamic Formalism (for
derivatives of high order see (3.4) in [19]):
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Lemma 4.2. Suppose 1 : {1,2,..,d} — R is Hélder, normalized and p denotes the
associated equilibrium probability. Assume also that the Hélder function ¢ satisfies
Zy(¢) = 0. Denote by Ay and wy, t € R, respectively, the eigenvalue and the
eigenfunction for the Ruelle operator Zyyis. Then, we have

(1) The derivative of w, satisfies

d
(11) @wt(x”t:() =, for all z,
for some constant c.

(2) Moreover, as 1 is normalized

(12) %log(wt(x)h:o) =c, for all x

(3) Suppose X is an analytic vector field, extending the tangent vector X, de-
fined in a neighborhood of ¢. Let vy : (—e,€) — N be an integral curve of
X, with v(0) = ¢, and let w; be the curve of eigenfunctions for the Ruelle
operator of y(t). Then,

d
(13) awt(x) = ¢4, for all x,
is a curve of constant functions which is analytic on t.
(4) For any tangent vector X (in the kernel of the Ruelle operator), the direc-

tional derivative
(14) DyH(X) =cx = Dylog H(X),
where cx depends on X and .
(5) From (11), we get
d
(15) awt(T(Cﬂ)”t:Q =, fO’l“ all x,

and for the same constant ¢ of (11).

Proof. We are going to take derivative on the Holder direction ¢. Assume that ¢
satisfies .2} (¢) = 0, which implies that | ¢pdu = 0. This is so because iterates of
a function under the Ruelle-Perron-Frobenius operator converge to the integral of
that function against the eigenmeasure.

Denote by w(t, z) = wy(z) the normalized eigenfunction for %4 associated to
the eigenvalue A\;. That is

(16) Lprip(we) = Apwy.

Taking derivative on t:

d d
G Zorte(w(t, ) (@) = Lypeg(6() w(t, ))(@) + Lyseg(Fuwlt, ) (@).
Therefore, for all x, when t = 0, we get
d d
g Lorts(w(t, ) (@)le=0 = Ly(6())(2) + Ly (w(t, )=o) (@) =
0+ Lyl Fult, emo) o).
On the other hand, for all z and ¢
d d

—[Mw(t,z)] = w(t,x)d—)\t + A d

g ; ﬁw(t,x).
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Then, taking ¢t = 0,

d d d
%[Atw(t,x)]\tzo = w(0, ) %/\t|t=0 + M %hzow(t,x) =

d d
/¢dﬂ + ah:ow(tﬂ?) = %\t=ow(ta$)-

Denote g(z) = Lw(t,.)|i=o(z).
Then, Vx, we get from the above and (16)

for the normalized potential ¢. But, the only continuous eigenfunctions for %,
which are associated to the eigenvalue 1 are the constant functions.

Therefore, there exists ¢ such that 4w, (z)|—¢ = ¢, for all z.

As, for all t and =

d B %wt(l'”t:O _d
it log(wy()]t=0) = T(CC) = awt(:c)h:o,

we get (12).
(14) follows at once from the above.
Expression (13) is obtained in the same way as it was derived (11) (applying the

argument for each value t), and, finally, (15) follows trivially from (11).
O

We will use the above result on the next Lemma.

Lemma 4.3. The derivatives with respect to t,s of the coordinate vector fields X,
Y at the point A (a normalized potential) are

(1) giX =37 =—1

2) ZX=2v =0.

Proof. We assume that the tangent vector is Holder and in the kernel of the Ruelle
operator .Z4 . The proof of the Lemma will be a direct consequence of Lemma 4.2
taking 1 = A and ¢ = X. We will prove first the item (1) above.

The local surface S(¢,s) is contained in the manifold of normalized potentials,
and we denote, respectively, the corresponding eigenvalue by Ag(;s) and the asso-
ciated eigenfunction by hg« ) (of the Ruelle operator associated to S(t,s)).

Let I be the identity map. The expression of the projection II (equation (10)) is

II(B) = I(B) +log(hp) — log(hp(T)) — log(An).

By definition, we have

0 0
(17) &(XS(t,O))t:O = &(DP(t,O)H(XP(t,O)))t:O
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Lemma 3.3 grants that all the functions involved in the expression of II are
differentiable, so we get at the point ¢ = 0,

0 0
&(DP(t,O)H(XP(t,())))tZO = &(DP(t,O)I(XP(t,O)))tZO
0

8t((DP (t,0) log(H ))(XP(t,O)>)t:0

;((DP (t,0) log(H o T))(XP(t,o)))t:O

(D0 108N (X))o

The first term gives at t = 0,

0
&(DP(t,O)I(XP(t,O)))t:O = —(X)i=0 =0,

since X does not depend on t.

Claim 1:
The second and third term cancel due to (11) and (15).

Indeed, the curves
a(t) = Dp,0) log(H)(Xp(t,0)), B(t) = Dp,0)log(H o T)(Xp,0)
coincide by (11) and (15) with the expression
%CXP t,0
a(t) = (1) = L0
CXpt,0

for each ¢, where cx is given in Lemma 4.2. These curves are analytic and therefore
differentiable, so their derivatives with respect to t coincide. Since derivatives
o/ (t), B'(t) appear with opposite signs in equation (18), they add up to zero in this
formula. This proves the Claim.

Finally, the fourth line of equation (18) gives by Lemma 3.3 item (3),

0

75((DP(@0) log(A))(Xp(tVO)))t:O - _ /deu -1

since X has L? norm equal to 1. The same argument applies replacing X by Y in
the above proof, so this finishes the proof of item (1).

Item (2) follows the same type of reasoning and using (13). By definition we
have,

0 0
8S(XS(05)) =0 = %(DP(t,s)H(XP(t,s))t:O)s:O~
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This expression, according to equation (18) is

0 0

%(DP(t,s)H(XP(t,s)))t:s:O = %(DP(t,s)I(XP(t,s)))t:s:O
1o}
+ %((DP(t,s) log(H))(Xp,s)))t=s=0
0
- %((DP(t,s) log(H o T))(Xp(t,s)) ) t=s=0
0
- %((DP(t,s) log(A))(Xp,s)))t=s=0
The first term gives at t = 0,
(DI (Xp0)) im0 = o (X)izo = 0
95 \PP.0) P(t.0)))i=0 = - t=0 =

since X does not depend on ¢, s. The fourth term is, by Lemma 3.3 item (3),

d
—%(Dp(t,s) 10g(A)(Xp(r.s)))t=s=0 = —D% log(A) (Y, X) = — / XYdus =0

As for the second and third terms we have

Claim 2:
0 0
%((DP(t,s) log(H))(XP(t,s)))t:s:O = %((Dp(t,s) log(H o T))(XP(t,s)))t:s:0~

The proof goes as in Claim 1, letting

as(t) = Dpg,s)log(H))(Xpt,s))s Bs(t) = Dpg,sylog(H o T)(Xp,s))

we have by Lemma 4.2 items (3) and (5) that a4(t) = f5(¢) is an analytic curve of
constant functions for each given s. Therefore, the function

w(t,s) = as(t) = Bs(t)

is an analytic function of the parameters ¢, s and therefore, the derivatives of (%)
and f;(t) with respect to s coincide and give a family of constant functions in the
local surface S(t,s). This finishes the proof of Claim 2.

Claim 2 yields that the sum of the second and third tems of the expression of
%(Dp(t,s)H(Xp(t7s)))t:S:0 vanishes, just finishing the proof of item (2).
O

4.3. The expression of K(X,Y) in terms of the calculus of thermodynam-
ics formalism. Let us first state some notations. Let X; be the derivative of the
vector field X with respect to the parameter ¢ and X be the derivative of the vector
field X with respect to the parameter s. The same convention applies to Y;, Y.
The notations X (Y) = %Y =Y, will always represent derivatives with respect to
the vector field X, while XY or X x Y will represent the product of the functions
X and Y. Through the section this double character of the vectors tangent to the
manifold A which are also functions will show up in all statements and proofs.
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Theorem 4.4. Let A be a normalized potential, let XY € TaN be a pair of
orthonormal vector fields, and let S : (—¢,€) x (=0,0) — N be the local surface
defined in the previous subsection with S(0,0) = A, X, whose coordinate vector
fields are X, Y, with X(A) = X, Y(A) =Y. Then the sectional curvature K(X,Y)
at A of the plane generated by X,Y 1is given by the expression

K(X,)Y)=| VX |? ~(V£X,VyY)

We shall subdivide the proof into several steps.

Lemma 4.5. We have that X, =Y, in the local surface S.

This is a straightforward consequence of the fact that the vector fields X,Y
commute.
Next, let us evaluate the terms of the sectional curvature in Lemma 2.1,

KX)Y) = *%(X(X(H YIP)+Y (X 1)+ | Ve X |1
+ Y(X<X,Y>) — <V)*(X,V{/Y>.

Lemma 4.6. At every point p € S(t,s) we have

(1) XX(| Y 2) =2 VVodpy — [ V2dpy + [ X2V 2dp,.

(2) Y(V(| X [2)) =2 XXuudpsy — [ X2du, + [ X2V 2dn,.
In particular, if p = A we have

(1) X(X(| Y [2) =2 [ ¥ Vodpa — 1+ [ X2V 2dps.

2) YY(| X IIP) =2 [ XXssdpa — 1+ [ X?Y?dpa.
Proof. The expression follows from the application of the Leibniz rule to differen-

tiate || Y ||?= [ Y2dpu, (we shall omit for convenience the p in the notation of the
measure dp, ):

(X / Pp) = X2 / Y ¥adp + / X72dp)

2/(ﬁ>2du+2/mtdu+2/mmu

+

/ 72+ 2 / XY Vydp + / 272y

2/(ﬁ)2du+2/Yﬁtdu+4/XYﬁdu
+ / X,V 2y + / X272y,

Since by Lemma 4.3 we have that X, = Y; = 0, X; = Y, = —1, we get item (1)
just by replacing this values in the integral expressions above.

Interchanging X and Y, ¢ and s, in the above formula, we get item (2). At the
point p = A we have that fX'zduA = fT2duA = 1, so replacing these values in
the formula we finish the proof of the lemma.

O

Lemma 4.7. The expression of Y (X(X,Y)) =Y (X [ XYdpu,) is

7(X / XV dy,) — / ¥ K ydjiy+1— / P2dp,+ / K Vrdpiy— / R2dp,+ / 22724y,
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at every point p € S(t,s). In particular, at p = A we have
VOO [ XY dpa) = [V Xusdpa+ [ Xisdpa =1+ [ X270,
Proof. We apply the Leibniz rule,

Y@/&Y@): w/xyw+/xz@+/xww>

/xyw+/xzw+/xww

b [ XVt [ XFdps [ XTTd
+/ifmwgﬁwx@+/ﬁww

Since by Lemma 4.5 we have that X, = Y; we get the following formula just adding
the terms in the above formula:

VX [XVdy) = [VRedar [ XiFdpr [ XV [ (7
+ /Xm@+3 X&ﬁm+/ﬁﬁw+/XW%M

By Lemma 4.3 X, = Y; = 0, X; = Y, = —1, and replacing these values in the
integral expression above we obtain the formula in the statement. Moreover, if
p = A we know that [ X?du, = f2duA =1,as well as [Y2dpa = [Y3dua = 1,
thus concluding the proof of the Lemma.

O

Corollary 4.8. The term —1(X(X(|| Y ||?) + Y(Y (| X ||*)) + Y(X(X,Y)) in
the expression of K(X,Y') at the point A vanishes.

Proof. To shorten notation, we shall omit the dependence of A in the expressions.
According to Lemma 4.5, we have that
(1) [ XXowdp= [ XViudp.
(2) [YXqdu= [YYyudpu.
Replacing the above equalities in the expressions of Lemmas 4.6, 4.7, and adding

the resulting formulae we get Corollary 4.8.
O

Theorem 4.4 follows at once from Corollary 4.8.

5. CRISTOFFEL COEFFICIENTS AT THE EXPRESSION OF K (X,Y)

We denote by {X;}, ¢ € N, a complete orthonormal base of the vector space
TaN C L?(u) (for the Gibbs probability u associated to the normalized potential
A).

The main goal of the section is to obtain the expression for the sectional curvature
in Theorem 1.1.

Namely, let A € N be a point in the manifold of normalized potentials, let
X,Y € T4N be two orthonormal tangent vectors. Then the expression of the
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curvature of the plane generated by X,Y is
1 o0 o0
(19)  K(X,Y)= Z[Z(/XY)Q dp)? —Z/XQXZ- du /YQXidu].
i=1 i=1

In Proposition 5.2 we will show that the above sum is well defined.

The proof is a direct calculation of the terms || VyX ||2,(VgX,VyY) that
appear in the expression of the curvature in Theorem 4.4. We shall subdivide the
calculation in several lemmas.

We follow the notations of the previous section. Let S(¢,s) be the local surface
given in Section 4 tangent to the plane generated by the vectors X,Y, satisfying
S(0,0) = A, let X,Y be the local extensions of the vectors X,Y obtained by
projecting by the map II the plane generated by X,Y at TyA into the tangent
space of N.

Let us define local extensions X; of the vector fields X; in an analogous way
we defined the extensions of X,Y: let Si be the plane generated by X1, Xa, .., Xg
and let us project by II the tangent space of Sy into T’V by the differential of the
projection into N.

The terms || Vg X [|2,(V¢X, VyY) involve the Cristoffel symbols of the vector
fields X, Y, at the point A we have:

Ve, Xi =Y ThyX;
i=1

where 'y, = (Vg, X, X;) is the Cristoffel coefficient. We follow [8] for the defini-
tions and basic properties of Cristoffel coefficients.

The coefficient I‘fj can be calculated in terms of the coefficients of the first
fundamental form of the metric at A, the inner products g;; = (X;, X;) by the
following formula:

Iy = %glm(gmk,l + Gmik — Gklm)
where ¢ is the coefficient of the inverse of the first fundamental form of index
1M, gmk, is the derivative with respect to X, of the coefficient g,ni, and the above
notation is Einstein’s convention for the sum on the index m.

The expression ”inverse of the first fundamental form” requires some explana-
tion since we are dealing with an infinite-dimensional Riemannian manifold. One
natural rigorous approach is to evaluate the series Zloil I, X; as the limit of its
partial sums Z?Zl chlXi, that includes the Cristoffel coefficients in the subspace of
TaN generated by {X1, X5, .., X,,}. The first fundamental form restricted to this
subspace is a n X n matrix that, under our assumptions, is the identity. Its inverse
is of course the identity. This allows us to define all the terms in the partial sum,
then we take the limit as n — oo to get the series. We shall prove that the series
converges absolutely, so the above procedure provides the expression of V g, X as
an infinite series.

In particular, since the basis { X1, Xa, .., X, ..} is orthonormal, the indices in the
sum of the expression of V g, X, according to Einstein’s convention just reduce to
ii,kk, 11, depending on the case, and g; = g*' = 6. So at the point A we get the
formula

’ 1
ol = i(gik,l + Git,k — Grii)-
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Lemma 5.1. The term gir; at A, for any permutation of the indices, is

Jikl = /XiXledﬂ~
Then,

_ 1S
VXle = 52(/ XZXled,U/A)XZ
i=1

Proof. We have that g, = X;(X;, Xi) = X; inXkdu. By the Leibniz rule we
have
e / X, Xyt — / 9 (%) Ky + / -0 (%) dy + / X% Xudp
0X; 0X;
where aixl()_(i) is the derivative of the vector field X; in the direction of X;.
Notice that Lemma 4.3 extends to the submanifolds Sy for every k € N. So we
have
(1) 5% (%) = 0if 1 £,
(2) 3% (X)) =-1ifl=1i.
In both cases, since f)_(idu = 0 for every i, we get gir; = inXledu as
claimed.

The expression for Vg, X, is straightforward from this formula.
O

Corollary 5.2. Let us assume that X = X1 and Y = X5 are the first two vectors
of the orthonormal base {X;}. For the normalized potential A = S(0,0) we get the
following expressions

_ 1
Ve, Xi=3 Z(/ X2X;dpa)X;

=1

_ 1S
Vi =5 / X3 Xodpa)X;

=1

_ 1
Vi, Xo= 5 2(/ X1 XoXdpa)X;.

Moreover, for any pair X,Y € ToN the sums

Z(/XYXidu)Q and Z/X2Xidu /YZXid,u
=1 =1

are both finite.

Proof. We consider an extension of the family X,, » € N, to all L?(x) and we get
a complete orthonormal base of the vector space L?(u), given by X,., Yy, 7,5 € N.
The first three expressions in the statement are straightforward from Lemma 5.1.

Given two elements X,Y € T4N consider f = XY =Y af X, + Y blY; €
L?(p), then,

(/XYXZ- dp)? = |af .

It follows that 7% ([ XV X; dp)? = 352, af |2 <|| f || is finite.
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Denote g = X? = Y afdX, + >, b9 and h = Y2 = 3 alX, + 3 0Y,.

Therefore,
oo (oo}
/ghdu = Zafa? + Zb?b;’.
i=1 j=1

Form this follows that > ;- a’al converges. Note that [ X2X;du = af and
JY2X;dy = al. Then,

(oo} oo
Z/XQXidu /Y%(,duzZafaf
i1 i=1

converges.

O

Theorem 1.1 follows from direct calculation applying Corollary 5.2 to the ex-
pression of K(X,Y).

6. A WORKED EXAMPLE IN THE MARKOV CASE: AN ORTHONORMAL BASIS FOR
THE KERNEL OF THE RUELLE OPERATOR

From now on M = {0,1}" and we denote by K the set of stationary Markov
probabilities taking values in {0, 1}.

In this section, given a probability 4 € K, we will exhibit an orthonormal basis
for the tangent space to A (the kernel of the Ruelle operator) at 4.

Given a finite word z = (21,22, ...,2x) € {0,1}*, k € N, we denote by [z] the
associated cylinder set in M = {0, 1}

Consider an invariant Markov probability p obtained from a row stochastic ma-
trix (P ;)i j=o0,1 and an initial left invariant vector of probability 7 = (mg, m) € R?.

Given r € (0,1) and s € (0,1) we denote

. PO,U PO,l o r 1—r
(20) P(Pl,o P1’1>(1—S S )

In this way (r,s) € (0,1) x (0,1) parameterize all row stochastic matrices.
The explicit expression is

(21) plze, 2, o, Tn) = Toy Puy gy Prows - P 1 0m -
Definition 6.1. Denote by J : {0,1} — R the Jacobian associated to P. This
function J is such that is constant equal

_mb
Jij=——

T
on the cylinder [¢, j], i,7 = 0, 1.
According to our previous notation p4 = pieg.s (Which in this section will be
called just ).
Definition 6.2. The Ruelle operator for log J acts on continuous functions ¢ and
is given by: for each ¢ : M — R, we get that
7o P02,

(22) ﬁogj(@)(lfl,xg,x,g-.-) = 7@(0,‘%1,.’52,..-)4’
Ty T,y

P;
w@(l,‘Il,Iz? )



THE CURVATURE OF THE MANIFOLD OF HOLDER EQUILIBRIUM PROBABILITIES 19

It is known that .25, ; (1) = p. (see [23])
We also consider the action of £, ; on L? (1) and we are interested in the kernel
of this operator when acting on Holder functions.

Given a finite word = = (x1, x2, ..., ), depending of the context [z] will either
denote the word or the corresponding cylinder set in {0,1}". The empty word is
also considered a finite word.

We start by recalling that, given a Markov probability x on {0, 1}, the family
of Holder functions

Pmn ,1 Pxn ,0

1 1
Clz] = Lizo] — Liz1)s
ValaD) \| Pevo Vil \| Pe,a

where @ = (21,2, ...,%,) is a finite word on the symbols {0, 1}, is an orthonormal
set for £2(p) (see [14] for a general expression and [9] for the specific expression

we are using here). In order to get a (Haar) basis we should add e?m = ml[o]

(23)

1
m(1])

and 6[10] = 1(1) to this family.

Definition 6.3. Given a finite word = = (21, x2, ..., ), we denote
Uen Ty
6[07$1»$2a~773n] - 6[17$17$2,--7In]’
VTor/ Poz, VT Prz,

It will follow from (33) and (34) that the terms |a,| are uniformly bounded away
from zero (the minimum value is 2). Moreover, they depend just on the first letter
of the word [x].

(24) Qg =

Definition 6.4. We denote by

. 1
(25) Ay = @ Ay,

the normalization of a,.

In order to get a complete orthonomal set for the kernel of the Ruelle operator
we will have to add to the functions of the form (25) two more functions: d?ﬂ] and
&?(z) to be set in Definition 6.8. To show this result is our main goal in this section.
This family will be later denoted by F according to Definition 6.9.

In this direction, we first consider the problem of exhibiting an orthogonal family
which is a basis for the kernel of the Ruelle operator, and later via normalization,
we will get a complete orthonormal family which is a basis for the kernel of the
Ruelle operator.

Following this line of reasoning, one of our main tasks in this section is to show
the following;:

Theorem 6.5. The family a,, indexed by all words x = (x1, %2, ...,Tn), plus the
two functions 6?01 and 6[1@], determine an orthogonal set on the kernel of the Ruelle
operator Log Jj-

We will address first the issue related to the functions a,, and later to questions
regarding the functions e?m and 6[10].

First note that as the family ef,], where z is a finite word, is orthonormal, then,
az, where z is a finite word with size bigger or equal to 1, is an orthogonal family.
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Indeed, it follows from the fact that the family e,y defined by (23) is orthogonal,
and the bilinearity of the inner product, that

<aacaaz> =
,/71_11 ‘/71—11 ’/ﬂ-zl 1/71—21 .
(—=—="C0a — —=ClLaly 5—C10.:] ~ ——C1.2]) =
/70 F0 2, /TP, 00,2, TPz,

for all x = (21,29, ..,2,) # 2 = (21, 22, -+, 2k)-

0,

We shall subdivide the proof of Theorem 6.5 into several steps. First of all, we
have that:

Proposition 6.6. Given x = [x1, 22, .., T,] with a size larger or equal to 1,

VT
(26) ﬁogJ (e[zl,mg,..,zn]) = \/% V4 PIl,Ize[mz,Ig,..,ZEﬂ]

From this follows that all elements in the orthogonal family

U

VAL Ve,
/771—0 /P()’;El [0,11-,ZE21-~7I71] /77'('1 /Pl’xl [1,LE1,12,..,I"]?

indezed by words x = (x1, %2, ..., Ty ), are in the kernel of the Ruelle operator Hog .

(27) (g =

Proof. We consider finite words x with size larger or equal to 1.
Indeed, given the word = = (x1,2,..,2,), let L = Log 5 (€[2, 2s,...2,]), then we
get

L o ’ITI1 P P Ty,
= 117902 Liwa,..,zn,0]
\/ Im
P:vn,O
- 3321 777171]

\/ lnv
7Tac1 \/ Zl,Iz

‘Tnv
:131,302 2 Zn,0]
$2 xnv

_ V I17€E2 Pwn,O l[ 1 ]
allal) | P o2
This is equal to

Ty Ty \/Pi V P11,132 ns
T1,T2 Lizs,..,20,0]

Tzo V Tz \/7T€171 PILIQ Pﬂﬂzﬂrs Pa:nfl’mn Pmn,O

Tz V/ Tx2 \/137 V P$17£C2 Pacn,O
- T1,T2 P P P 932,..7%,“1]
UEPIRVALE S \/7711 w10 Prows o Poy 1, T,
which is equivalent to

Ty \/ P 1 Py, 1
Il,wz P P l[xz,»-,zn,o]
Ty \/Wrz za,w3 L an_1,2n x

Ty VT \/Pi 1 P 0 1
. = T1,%2 2 2 P [22,00s20,1]
zo \/ Tz, \/71-1:2 X2,T3 L Tp—1,Tn z
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that yields

VT, 1 Pt P o
L Px x - 1z Y, - i 1z yees Ty
VeV T e nma] | Pov ot T B el

v/ TTzq
= V P:ELCL‘Q 6I2,13-,-~,In
VAU

Then,

Log 1 ( \/\77 [z1,22,. ,ﬂcn])
;cl,x

_ Ivm 9371,,
= l[rz T 50 l["cz 1]l = €lza,xs,..,x0]
ILL[I'Q,Ig, X qu ‘L7l7

and therefore,

ﬂog]( ):ﬁogJ(

_ Ve _ Ve )
\/%m [0,z2,..,2x] \/ﬂ_—lm 1,z2,..,xn])"

For each finite word (x1, 2, .., 2,) denote

,/WII B - ,/ﬂ—xl o
\/ﬂ_—om [0,21,T2,..,%n] \/7?1\/P17,$1 [L,z1,22,..,20]

_ vV Txq 1 [ P:vn,l 1 _ Pxn,O 1 ]
TTO /7P0’w1 /f([ox]) Pmn,() [0z0] Pmn,l [0x1]

1[1z1])-

Qg -

VT 1 Pa:ml
(28) - [ P L1z0] —
VI Pra, /p((1z]) 2.0
From the above reasoning, it follows that the family a, is in the kernel of the
Ruelle operator. O

For words, = of size greater or equal to 1 the function a, is constant in cylinder
sets of size equal to the length of x plus 2.
As an example, we get that

ap = A/ 70 1 [ PO,l N _ @ N }
Vmor/Poo +/p([00]) "\ Poo [ooo] Py oo
V7o 1 Py Py
29 — — 1 —y /=1
(29) NN RN [ Pop 100 Por [101]]

is constant on cylinders of size 3.
Note that if  and z are different words, then, 1z, 0z, 0z and 1z are four different
words.

Note that

(30) 9 1 P, Lo 1 Pm,,“o .
€ = TN T xl]-
2 u([x])Prn,o e T @) Py Y
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Therefore,
2 __ _ Ty 2 Ty 2
A, = Qg g 7_1_01:)0@1 [0,21,22,..,2,] 7r1P1,;E1 [1,z1,22,..,25]
_ Ty I Ppa N 4 Moy I Puo N ]
w0Po, p([02]) P, o 0 moPo g, p([02]) Py, iy 07
7'['351 1 Pac 1 773:1 1 Px 0
31 + = 11140 + 11111 -
(3D | TP, p([2]) Poyo 0 T 1P, p((1a]) Poya U )

From the above it follows that

(32) |az|:\/ Txy + Ty

T0P0,, T Pig,

Using the notation in the variables 7, s for the matrix P, when x; = 0 we get

(33) ax|=¢ Ty Tn (ST o))

T0FPoz TPl

and when 1 = 1 we get

(34) |az:¢ To T (s —s) L

0Py, TP,

Definition 6.7. We denote by F the orthonormal set of normalized functions d,
where & = (z1, T2, ..., )) is a finite word with size equal or larger than 1.

As we mentioned before, we will have to add two more functions in order to get a
basis (a completely orthogonal set in the Hilbert space) for the kernel of the Ruelle
operator Hog J-

We claim that the orthogonal pair (constant in cylinders of size 2)

Vi =mPioxj00) — moFo,01[10]

(35) Vo =molPo111y — miPriljoy

is in the kernel of the Ruelle operator (see Proposition 6.11). The functions V4 and
V5 are orthogonal to all a, € F and they depend on the first two coordinates x1, o
of x.

The vectors ‘71 = I%I and Vg = % are normalized and orthogonal to all a,.
This claim will be proved in Proposition 6.11.

One can show that

(1—r)r(s—1)3
(36) Vil = /72 P gm0 Poo + T3P i Pro = Corbe=
and

1— —1)3
(37) “/2| = TFSPO2717T1P1,1 + W%Pf,l 7T0P0,1 = %

(—247r+s)3

Definition 6.8. As a matter of notation we denote d?@] = Vl and &[1(2)] = Vg

These two functions are constant in cylinders of size 2



THE CURVATURE OF THE MANIFOLD OF HOLDER EQUILIBRIUM PROBABILITIES 23

Definition 6.9. We add d?m and d[(?)] to the family F in order to get the family F.

Remark 6.10. The elements in F range in all possible words of size larger or equal
to zero. A generic element in F is denoted by a,, and by this we mean that a, can
eventually represent &([)VJ] or d[lm].

Proposition 6.11. The orthogonal pair
Vi =m1P1o1j00] — 70lo,01[10]

(38) Vo =moPo11p1) — miPiilpy

is such that, each one of them is orthogonal to the other elements a,,, where x ranges
in all finite words with size bigger or equal to 1. V1 and V5 are on the kernel of the
Ruelle operator Log .

Proof. Note first that 1jgg) is orthogonal to all a,, where x = (71,22, ...,2,) is a
word with size equal or greater then 1. This claim follows from (28). Indeed, if

x1 = 0, we get that
<l Pfﬂnal 1 Pl'nvo 1 > _
[00] Pr. o [020] 7PJ;”71 [0z1]) =

V Pr, 1m0 Powy Py zy - Pry w0/ Prno —
V Pxn,o o Poyxl PILCDQ "'Pmnflﬁtn V Pxnyl =0.

If ;1 = 1 the claim follows at once.

Using the same reasoning one can show that 1jg17, 1[10], 1[11] are orthogonal to all
az, where length of x is bigger than zero. It follows that linear combinations of this
functions are also orthogonal to all a,. It follows that V; and V5 are orthogonal to
all a,, where the length of x is bigger than zero.

We will show that V3 is in the kernel of the Ruelle operator (for V5 the proof is
similar). Given y = (y1,¥2, .--s Yn, ..) € M, suppose first that y; = 0, then, we get

Log 7 (V1) = Log s (m1Pro1j00) — ToFo,01p10))(y) =

71 P10(J0,y, 1100) (0, y1, Y2, ) + J1,4, 1100 (1, Y1, Y2, -0) ) —

70P0,0(J0,4, 11101 (0, Y1, Y2, ) + J14, 110 (L, Y1, Y2, ) =

m0F0,0 m P
- 7T0P0707 =0.
o o

m1 P 0Jo,0 — moFPo,0J1,0 = TP
In the case y; = 1, we get
ﬁogJ(Vl) = 771P1,0(J0,y1l[00] (an17y27 ) =+ J17y11[00](1’y17y27 ))_

70L0,0(Jo,y, 1110) (0, 1, Y2, ) + J14, 10y (1, y1, Y2, --.)) = 0.
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Remark 6.12. A function of the form w = r11[g) + 72 11 is in the kernel of H,z s
only in the case where Py; = (1 —r) = s = Pj;. In this case

(39) w = (1 . ’r‘)l[o] . (1 — S) 1

is such that Aog 7 (w) = 0.
We do not have to take into account in our future reasoning this function because

1

1
=Vi+—Va
T 1

Proposition 6.13. The family of elements in F (see Definition 6.9 and Remark
6.10) is an orthonormal basis for the kernel of the Ruelle operator Log ;.

Proof. From Proposition 6.6 we know that given x = [z1, 22, .., ]

N
(40) Log g (6[1‘1,12’-»7371]) = N v Pﬂ?l;$26[$27x3’~~,zn]'
Suppose ¢ is in the kernel of the Ruelle operator. We will show that ¢ can be

expressed as an infinite linear combination of the normalized functions a, € F.
We can express ¢ as
p= > e

words y

When applying £, ;7 on ¢ we separate the infinite sum in subsums of the form

C0,az,..,an €[0,02,..,a05] + Cl,az,..,an €[1,a2,..,an]-

Assuming that ¢ is in the kernel of 4o, 5, we get from (40) that

0 = ﬁOgJ(Z Z [€0,02,...0n €002, 0] T CLiz,..00n €102, 0] |)

no Qaz,..,Qn

Z Z \/ PO as €00, .., \/ Pl,agCl,ag,..,ane[ag,..,an] }
n o a2,..,0n

Z Z \/ Py Jas C0,az,..,an T \/Pl azCl,az,. >04n Clag,..,an] -

n  Qa2;.,0n

Then, for fixed n and (ag, as, .., o)

\/ POag Co,00,..,0, —

Pl Otzcl a2,..

F

which means

VI T
W P f m Cl,ag,.. 00 -

coaa27"70¢n -

Then, the sum

CO,QQ,‘.,ane[O,OL2,..7OLn] + cl,az,“,ane[l,am..,an]

is equal to

A/T1 T 1
—Clas,..0n [ Tos V Pl,Oéz \/7?02 me[O,QQ,-~7an] - 6[1,O£27--,Oén]]'




THE CURVATURE OF THE MANIFOLD OF HOLDER EQUILIBRIUM PROBABILITIES 25

VTag 1

Multiplying the above expression by we get
NG V/P1,aq

T 1

[COOQ..oz €[0,a2,..,0m] T Cliaz,..,an €[1,00,..,a ]]
\/7_[_»1 m ) yeeyn s yes ) yeey&n s 3y &n

which is equal to

S 1 N
Claz,..,an [776[070427--:0“1] - 776[1,Q27~-7Qn]]
VT0 4/ PO,ag V1 4/ Pl,a2

- _Cl-,a%»-yan a’[a27~-7an]'

Then, (co,as,..,an€[0,as,..,an] T Cl,as,...an €[1,as,..,a,] ) 15 @ multiple of the function
[as,..,a,]- Since the above reasoning was done for a generic choice of (g, 3y oy iy )
we conclude that for each n the sum > yof lengthn Cy€ly] can be expressed as
a linear combination of elements a,, using words of length n — 1, n > 1.

From this follows that each element in the kernel of %}, s can be expressed as
an infinite linear combination of the functions a,..

O

Theorem 6.5 follows from the combination of Propositions 6.6 and 6.13

The above shows that the set F is a complete orthonormal set for the kernel of
the Ruelle operator acting on £2(u).

7. A WORKED EXAMPLE IN THE MARKOV CASE: PRELIMINARY CALCULATIONS
OF THE TERMS IN K (X,Y)

In this section, we shall devote ourselves to the calculation of the sectional cur-
vatures in the case of Markov stationary probabilities on M = {0, 1},

We denote by K C N, the set of Markov invariant probabilities. We will consider
this section the sectional curvature for points in K for general orthogonal pairs of
tangent vectors to .

We can also consider K as a two-dimensional manifold carrying the Riemannian
structure induced by N. From this point of view, there exists just one orthonormal
pair to be considered. One of our main results (see Theorem 7.14) claims that for
the two dimensional manifold K, for any point in I, the sectional curvature for the
pair of tangent vectors to K is always zero.

We will consider in our reasoning the empty word as a regular word. d8 and dé
are two elements in F associated to the empty word.

Definition 7.1. We say that z is a subprefix of x, if x and z satisfy
[Z‘] = [1‘171‘2, o Lhy Tt 1, ,J?n] C [Z] = [$1,$2,...,$k],
where n > k.

Note that, even when z is not a subprefix of z and x is not a subprefix of z,
they can share some common subprefix. Note also that if  and z do not share a
common subprefix, then z is not a subprefix of z and x is not a subprefix of z.

If [x] = [#], then, z is a subprefix of z.
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Definition 7.2. We say that z is a strict subprefix of z, if x and z satisfy
[x] = [x1, @2, ..Tk, Tht1, .., Tn] C [2] = [1, 22, ..., TR],
where n > k.

Two different words with the same length can not be subprefix of each other. If
the length of z is strictly larger than the length of x, then, z can not be a subprefix
of x.

Definition 7.3. Given the finite words x, z we denote by D[z, z] the set of all finite
words ¥y such that are subprefix of z and z.

If for example x = (0,0,0) and z = (0,0,0, 1), then
DIz, z] = {ayg, (0),(0,0),(0,0,0)}.

In the case z = (0,1,0,0,1) and z = (0,1,1) we get that D[z, z] = {a{(0), (0,1), }.
Another example: Dlag,,ag] = {ag} and Dlag,o,ag) = 0.
Note that in the case z = (21, 22, .., 2x) is a subprefix of © = (21, z2, .., x,), n > k,
then, z; = x1. Then, it follows from (32) that |a,| = |a.|.

Proposition 7.4. Assume that x is not a subprefiz of z and z is not a subprefix
of x. Then,
aza, = 0.

Proof. Note that a. is a linear combination of 19,0}, 1[021], 1[1z0] and 1[1.1]. As ag
is a linear combination of 1[040}, 1[0x1]; 1[120] @and 1[1,1] the result follows.
O

Note that the hypothesis of the last proposition is equivalent to saying that the
cylinders [z] and [z] are disjoint.

Corollary 7.5. Given a word x assume that x is not a subprefix of y and y is not
a subprefix of x. Then,
a2 a, = 0.

Proof. This follows from at once from Proposition 7.4. (]

Note that if z and y have the same length, but they are different, then [ a2 Gy dp =
0.

From Proposition 7.4 it follows:

Corollary 7.6. Assume that x is not a subprefix of z and z is not a subprefiz of x.
Then, we get that the products (part of the first sum contribution in (44)) satisfy

(41) /dz . aydp =0,
for all word y.

Remember that F (defined in last section) is the set of all functions of the form

1
(42) ay = ay,

Ty + Tq
\/TroPo,xl 1 P12

where © = (21, x2, ..., ) is a general finite word, plus the functions &?Q] and &[10)].
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Remember that Proposition 6.13 of last section claims that the family of func-
tions F determine an orthonormal basis for the Kernel of the Ruelle operator.

We want to estimate for X = a,, Y = a, € F and the orthogonal basis X; =

Gy € F the explicit expression of the curvature which was described in Theorem
1.1

(43)  K(X,Y)= /XYX dp)? /XQX dp /YXdu

We will not present the explicit expression of the sectional curvature K(X,Y)
for any pair of vectors X,Y in the kernel, but just for the case where the functions
X,Y are part of the family a, € F.

An important issue is: 0 = (a2, a,) = [ a2a, du, when the length of y is strictly
larger than the length of z (as will be proved in Sections 8 and 9). We mention this
point to stress the point that the last sum in expression (44) is a sum of a finite
number of terms.

Our main result in this section concerns the Markov case:

Theorem 7.7. For a fixed pair Gy,a, € F (with z different from x) the value
1

(44) K(dz,&x)zi[ Z(/alazayd,u Z /a ay dp /a gy dp].
wordy wordy

In the case the length of x is strictly larger than the length of z we get that (44)
can be expressed in a more simplified form as:

1
(45) 1[(/d2 a, du Z /a Gy dp /a Gy dp].
y € D[z,z]
In this case the above expression is a sum of a finite number of terms.

In the general case the value [ a2a.du is zero if z is not a subprefix of x. If z is
a strict subprefix of x and y is a strict subprefix of z, then the term

(46) - / aZa, dp / a2a, du

is non positive. Moreover, by (75) we get [ a2 a, du = 0. Then, it follows that (44)
is a sum of a finite number of terms, for any given x and z, with z # x.

The proof of this result will take several sections and subsections. Proposition
7.12 will will summarize several explicit computations that are necessary in our
reasoning.

We will also provide an explicit expression for the curvature (45) in terms of the
words x, z and the probability p (which is indexed by (r, s) of expression (20)). This
will follow from explicit expressions for ([ a, a a, dp)?, [aa,dp and [ a2a, dp,
for all finite words =z, z,y, that will be presented the Propositions 7.9 and 7.12
(which will be proved in sections 8 and 9).

It will also follow that when x and z do not share a common subprefix y, then
the curvature K (a., G, ) is equal to 0 (see Proposition 7.10).

There are examples (for instance, the case x = (0,1,0) and z = (0,1, 0,0)) where
the curvature K(a,,a,) is positive for some values of the parameters (r,s) and
negative for others (see Example 7.19). We can show from the explicit expressions
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we obtain that for fixed values of the parameters (r, s) the curvature K(a., a,) can
be very negative if both words x, z have large lengths and share common subprefix
with large length (see Remark 7.17). In Example 7.20 we show that K (a(q), a(0,0)) =
—0.205714..., when r = 0.1,s = 0.3. In Proposition 7.18 we show the curvature
K (d?@] ,dp) can be positive for some pairs r, s € (0,1). It follows from the expressions
of Proposition 7.12 that all sectional curvatures K (a., G, ) are equal to —1/2, when
r =1/2 = s, the size of z is bigger than 1 and z is a strict subprefix of x. See also
Proposition 7.18, when r = 1/2 = s, for the computation of K(d([)m,do) =1/2.

Remark 7.8. Expression (73) in Subsection 8.3 shows that in the case the length
of x is larger than the length of z, then ([ aZ a, du)? = 0.

Proposition 7.9. Assume that the length of x is larger than the length of z. The
first sum on expression (44) is given by

@ X (facaay ey = ([ @acde?+ ([ @2andn? = ([ @2 dnp

wordy

For a proof of this claim see expression (78) in section 9. This term in the sum
(44) is the part that contributes to the curvature to be more positive. The second
term in the sum (44) will contribute to the curvature becoming more negative (see
proposition 7.12).

Note that (47) does not depend on y. Note also that from expression (21) one
can get explicitly the values (47) as a function of (r, s).

In Proposition 7.4 we show that if x is not a subprefix of z and z is not a
subprefix of x, we get that [ a2 a. dp = 0. In this case the contribution of (47) for
the curvature will be null.

Proposition 7.10. When z and x do not share common subprefix the curvature
K(a,,d,) = 0.

Proof. When z and = do not share a common subprefix, it follows that x is not a
subprefix of z and z is not a subprefix of x.

We will show that in this case K(a,,a,) = 0. Indeed, from Proposition 7.4 we
get that ([ a2 a, du)?+ ([ a% a, du)? = 0. Fix the words z,  and consider a variable
word y. In order to estimate the second sum in expression (45) we have to consider
all different possible words y such that are subprefix of # and z. But there is no
such kind of y.

Therefore, K(a,,a;) = 0.

See also Proposition 7.18, when r = 1/2 = s, for the computation of other
sectional curvatures. (I

Remark 7.11. Tt follows from Remark 7.8 that > ., [a2a,du [aZa,dp is
a sum of a finite number of terms; because when estimating [ a2a, du [ a2a, du
we do not have to take into account words y with length strictly larger than the
minimum of the lengths of x and z. It also follows from Proposition 7.10 that if =
is not a subprefix of y and y is not a subprefix of z, we get that [ a2 a, du = 0.
Note that the above makes clear that in expression (44), the second sum has
nonzero terms only when y € D]z, z]. This justifies the simplified expression (45).
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With all this in mind, in order to have explicit expressions, the next proposition
deals just with the words y with lengths smaller than or equal to the length of a
given word .

Proposition 7.12. Assume that the length of x is larger or equal to the length of
y. Then we have:

a) fdi aydp =0, if y is not a subprefix of x. This also includes the case where
x # y and length of x is equal to the length of y.

b.0) Assume that [x] = [x1, %2, ...Tk, Tht1, -y Tn] C Y] = [T1, T2, ..., k], where
n >k, and 41 = 0. Note that from (32) we get that |ay| = |ay|. Then,

/ﬁ%wz

1 Py 1 Tz \3/2 1 Tx1  \3/2 1 } =

0P VParo - ToPos Ju(0y)  TiPias /ullly])

L / Ty 3/2 1 . Ty 3/2 1
“8) a3 Plhl{(ﬁopo,ml ) 1([0y0]) (771P1,z1 ) w([1y0]) g

b.1) Assume, that [x] = [x1,22, .0k, Tpt1, -, Tn) C [y] = [x1,22, ..., xk], where
n >k, and x4y = 1. Then,
/didydu =

1 Por0,  Ta 3 1 4 (— Tz y3/2 1 } =
layl® \/Pepn™  Tolow, w(0y]) TP, w([1y])
1 T 1 T 1
(49) 15 VPl —(=5—)*"? + () }
|az|? : 70 P02, w([0yl]) TP, w([1y1])
b.2) Assume, [z] = [x1, T2, ...x0] = [y].
Then,
/ﬁ%wz/@w:
(50)
3/2 3/2 3/2 3/2
1 Ter  \3/2 P Pro Taeyr  \3/2 Pl Pl .

s moPos L\ /u(0y0)  Vu(Oyl)  mPre/u([w0])  V/u((yl)
b3) If x1 =0, then

o 1 m P o W(%POO
( ) (0] K |az|2 |V1|( PO’(] 7TlP1,0 )

(s —1)(1 —2r + 2r?)

T (—2 4+ 9)

>0,
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and
/ azagdp = 0.

When r = 1/2 = s we get that for any word x (with size bigger or equal to 1),
such that, x1 =0

(52) / azafydp = V2.

For the proof of this proposition see sections 8.1 and 8.2.

Remark 7.13.

e We point out that (48) and (49) do not depend on zyya, ..., Tn_1, Zn.

o If y € D[z, z] — {z}, then, the product [aZa,du [ aZa,dp is non negative
for any choice of (r,s) (the product will not depend on x and z). This
follows from the expressions in b.0) and b.1). This shows (46).

e The term [ a2a.dp [ a2a.du may be sometimes negative.

We previously denoted by K the two dimensional manifold of Markov invariant
probabilities (the set of equilibrium probabilities for potentials depending on two
coordinates and parametrized by r, s)

Given the Markov invariant probability u associated to the parameters r, s, the
set of vectors which are tangent to C at this point is the set of functions that depend
on two coordinates (x1,22). The ones that are on the kernel of Loz s are &?m and

~1
a[m.

Theorem 7.14. Given the two-dimensional manifold of Markov invariant proba-
bilities M, for any point in K the sectional curvature for the pair of tangent vectors
to K is always zero.

Proof. Remember that Vi = m1P1 0100y — moFPo,0lpo and Vo = moPo11p1y —
m1P1 1101 determine an orthogonal basis for the tangent space to K at p.

We claim that the curvature K(a, aj) = 0.

Indeed, take X; = a., for some finite word z = (1, z2, ..., k). If we assume that
x1 = 1, then,

Ty 1 Ppa
70 Po,z, 1([02]) Py, 0
2 p2 T2y L P02
— Tl (Wopo,ml 1([02]) Py 1 o
Ty 1 Pya
TP gy M([lz]) Pri0
Ty 1 P
1P ey p([12]) Pyt

Above we use the fact that 1(g14,.. 2,0) Lo = 0, etc.
Therefore, it follows that:

/W%@/W%wzo

Via. = [miP{ ( )21 (020) 1[00]

[021] 1[00]]

)1/2 1[120]1[10]

7TSPOQ,O ( )1/2 l[1z1]l[00]] =0.
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If we assume that 21 = 0, then, in a similar way [ a. V@ dp = 0, and therefore,
[a.VZdu [a.VEdu=0.

Note that V1V, = 0.

Then, for any word y we get [ Vi Vaa, du = 0. In the same way [ V2 Vs dp =0
and [V2Vy du=0.

Finally, we get,

63 gl @raydn? - 3 @haydn ([ @ra,dw) = o

Y

Remark 7.15. Recall that the expression of the Gauss sectional curvature K (X,Y)
of an isometric immersion (M, gas), submanifold of the Riemannian manifold (N, g),
at the plane generated by two orthogonal vector fields X,Y tangent to I, is given
by

Kn(X,Y) = K(X,Y) + (V3 X, VyY)— || VxY ||

according to Gauss formula (see for instance [8]). Here, the operator V%Y is the
component of the covariant derivative VxY of the Riemannian manifold (N, g)
that is normal to (M, gar).

Notice that the sectional curvature

K(X)Y) =[| Vg X ||? =(VxX,VyY)

includes all the terms of the normal component of the covariant derivative of X, Y.
By Theorem 7.14, all the components of the covariant derivative of a certain pair
of orthogonal vector fields tangent to the surface of Markov probabilities vanish. In
particular, all the terms of the normal covariant derivative of X,Y vanish. There-
fore, Theorem 7.14 yields that the Gaussian curvature of the surface of Markov
probabilities vanishes, its intrinsic curvature as an isometric immersion of the man-
ifold of normalized potentials is zero. This is a remarkable fact, which implies for
instance that the surface would be totally geodesic in the manifold of normalized
potentials provided that geodesics exist. We won’t consider the problem of the
existence of geodesics in this article, we shall study this problem in further papers.

Proposition 7.16. When r = 0.5 and s = 0.5, we get that
(54) K(ay,a,) = -1/2,
for words x,y with size bigger or equal to 1

Proof. Tt follows from the above proposition that due to symmetry, when r = 0.5
and s = 0.5, we get [ a2a,dp [ a2a,dup = 0, for words with size bigger or equal to
1. Moreover, f a2 wdy = 0, for any a,. In this case, if 1 = 0 and 2z is a subprefix
of y, we get that for words with size bigger or equal to 1 (see (52)),

(55) K(ay,a,) = —1/4 /ai&?@]dp /aga?@]du =-1/2.
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Remark 7.17. From the explicit expressions we obtain (for fixed values of the
parameters (7, s)) the curvature K(a.,a,) can be very negative if both words z, z
have large lengths and have common subprefix y with large length. Indeed, for fixed
ay, Gy, as [ didyd,u Ik dzdyd,u is non negative for any common word y, in the calculus
of the curvature K (a,a,), we get a sum of several expressions [ aZa,du [ a2d,dpu.
Note that [ a2a,du [ a%a,dp does depend on y (but not on x and z). Note also
that for fixed = the expression (48) can be very large if the length of y is very large
(and, so p([ayd]), a,b = 0,1, is very small).

Proposition 7.18. The curvature K(d?m,do) =1/2, whenr =1/2 =s.

Proof. Note that (45) can be expressed as

0 o~ 1 2 0 \2 4
K@y, o) = 1 [ adafydn — [[adatydu [ (aty)? afy ).

For any r, s, it is known from (51) that

1 T1 P1 0 F% PO 0

56 a2adydu St =) > 0.
(56) ity =l R T P

Note that

ViV =
(73 P L0 + T P501o)) X (T1Prolj0) — moPoolpe)) =
7T:12'P13,01[00] - WSP(iol[m]-
Then,

/szﬁﬁwmn—ﬁﬁmmu

612

161 6
2 2

which is equal to
Therefore,

1 12 .
5 5 =0, in the case r = 1/2 = s.

R R 1 . 1 2
K (afy, ao) = 4(/ ag agy dp)? = Z\/E =1/2>0.
O

In other examples, we used the software Mathematica for getting explicit com-
putations.

Example 7.19. Consider the case where z = (0,1,0) and z = (0, 1,0,0).
[aZaydp [ a%a,dp = 0, unless a, is such that
Y € D[(Ov 1a 0)7 (07 1a Oa O)] = {(O)a (07 1)7 (Oa 170)}7 or dy = &?([)]
Note that [aZajy dp = [a3aydp=0.
Using Mathematica and the formulas of Proposition 7.12, we made computations

when r = 0.1 and s = 0.3. In this case my = 0.4375 and 7 = 0.5625 and from (25)
we get |ao,1,0) \ = |a(o,1,0,0)| = 3.33.. and [Vi| = 0.086... Finally,
1

erPlay] = TarPlay = 0-027-.

We will show that K(a(O,l,O)u d(0717070)) = 35.9142....
We get the following values:

[ax \Q\az\ \az\3 -

. 9. 1
using (50) /aﬁazdu: W/G%O,I,O)G(O,l,O)d/‘: 107,51...,
z
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using (48) /&i&zdu |a|a|/a(0 1.0,0)(0,1,0)dp = 120.949...
(/ aZa.dp)? = (/ af.1.0.0)8(0,1,00dp)? = (16.93...)% = 14628.7...,
using (48) / afy.1.0,0)0(0,1)dp = 38.2473...,
using (48) /&%071)0)&(0,1)d,u = 38.2473...

using (49) / (fy.1.0,0)0(0)dp = —1.34387...

using (49) / afy1.0)00)dp = —1.34387...,

and finally, using (51)

-2 ~0 -2 ~0
a a du:/a argdp = 7/(1 Vidp = 4.13241...
/ (0,1,0)4[0] (0,1,0,0)4[0) a2 V2] ) (OO

Using (51) and (36) (note that z; = 0), we get that the expression (45) can be
written in this case as

K(a@,1,0),40,100) = i(/ @0,1,0,0) @(0,1.0) A1)
- %[/&?o,l,o,m@(o,l,o)du/ 40,1,0)2(0,1,0) 4]
- i[/d%o,m,o)d(o,l) dp /&%0,1,0)‘3‘(071) du
- i[/A%O,l,O 0)@(0) dp /&%0,1,0)d(0) du]

1
- 1/@?0,1,00 ]dﬂ/ (01,0 dp = 35.9142...

(V)

Taking r = 0.8,5 = 0.5 we get K(a,1,0),a(0,1,0,0) = —3.17713... When r =
1/2 = S wWe get K(&(07170), (AI((),LO,())) = *1/2
¢

Example 7.20. Consider the case where z = (0) and « = (0, 0). Then, D[(0), (0,0)] =
{ao, ajy}. Therefore,

F 1, /. .
K(a,a0,0) = Z(/a%o,o) a(0) dp)”
1. /1. . 9 .
- Z[/ CL%o.,o)a(o) dp /a%o)a(o) dp]

1 [ O
_ Z /a%o’o)a([)mdp, /a/%o)a([)md/,l/

In this case, using Mathematica, one can show that K (G, G(o,0)) < 0, for all
values 7,5 € (0,1). For r = 0.1, s = 0.3, we will show that K(a(,a(0,0)) =
—0.205714...
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When, r =0.1,s = 0.3, we get
lag| = 3.333...,
[V1] = 0.086...,
1

~92 ~
a aydp = ——
/ (0.0) 4(0) H \a(o) 3

A2 A
aroy oy dpt = ———=
/ (0) 4 T |a(0)|3

1 1
~92 ~0 2
a2 a duzi/a Vidj= ——— 3.96,
/ (0,0)%4[0) a2 V4| (0) a2 Vil

Finally, when r = 0.1, s = 0.3 we get K (a(o),G(0,0)) = —0.205714...

8. COMPUTATIONS FOR THE INTEGRAL [ X?Y

Our purpose in this section is to evaluate the integral

(57) Z /&3: ay dp /&3 ay dp,
word y
for any given pair of words x, z. This corresponds to the second term in the sum
given by expression (44).
We assume that z is different from z.
From proposition 7.5 if x is not a subprefix of y and y is not a subprefix of =z,
and x # y, then:
aza, = 0.
In the same way, if z is not a subprefix of y and y is not a subprefix of z, and
z # y, then:
aZa, = 0.
If y has the same length as x but y # z, then a2 a, = 0.
In this way, for a fixed pair of words =z, z, several words y do not contribute to
the sum (74).

8.1. The value of (a2,a,) when length of z is larger or equal than the
length of y. We want to compute (a2,a,) = [a2a,dp in the case where the
length of x is larger or equal to the length of y.

Our computation is in fact for (a2,a,) and after that, of course, to get (a2, a,)
it will be necessary to divide by |az|? |ay|.

We assume that [z] = [z1, 22, ...Z%, Tht1, s Tn] C [y] = [21, 22, ..., 2], Where
n > k (otherwise we get zero).

Note that these assumptions include the integral [ a2dpu, that is, the case z =y
(see IIT) below).

I) Case n > k - We will assume first that ;41 = 0 in the word [z].

Given the words z = (v1,...,v:) and v = (V1,V2, ..., Vg, Vpp1, oy U ), ASSUIME
ve41 = 0, then, from (23) and (58)
1 P 1 P
2 Um,, 1 VU, ,0
€ ) €lz] = [777 1 V1,...,0¢,0,0¢ yeens Um0 + 1 V1,...,0¢,0,0¢ 7~~;'Um;1]
P (o)) Poyo rretm O (o)) Prya st
1 R;,,,l 1 PU{,,O

X[ Lvg,.ve,0] — 1y 7...,vt,l]]
Vi)V Poo Vi) | Poa
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1 P, Pvt’l

'U7n71
_ 1
(M 'Um, \/7 Ut o ) ..... 0,v¢42,..., UTVL’O}
1 P 0 1 Py, 1
(58) +( =l ") Lo 0,042 -

N Um, vV MK 'Ut’

Note that in the above reasoning when going from the second to the third line
the term multiplying 1y, ... ., 1] disappear because we assume that viyq = 0.

We are going to apply the above when z = [0y|, z = [ly],v = [0z],v = [lz],m =n
and t+1=k.

Then, from (27), (31), (58) and using the fact that

2 —
e[O,wl,zg, 1,0, k42, T ] €(1,21,22,..,7%] = 0,
6[1 T1, T2 @,0,T gt 2, szn] Cl0,@1, T2, mx] = 0,
we get
a2a _ Ty 2 Ty 62 ]
z %y T0Po.z, [0,21,22,..,2k,0,Zx 42, ,Tn] TPy ., [L,z1,22,..,25,0,Tp 42, ,Tn]
Ty Tz,
x| — ]

— ¢ — e
\/ﬂ_—om [0,z1,22,..,7k] \/ﬂ_—lm 1,21,22,..,2]

— Ty 3/2[( 1 Pwn 1 1 ka 1

7"-OP)O,acl ( In, )(\/ Oy wk,

) [020]

1 PTT,,O Pmkl

+ z
(u o ioa) \| Povo ) 1[021] ]

(T 3/2[( 1 Pwml )( 1 thml) L{120]
1Py p([1z Vi([y]) \ Pugo
1 Pzn,o L Pmk,l

D) P gD | P00

Finally, as the matrix P is row stochastic

2 _ Uen 3/2 Pa:n,l Pwk,l Pzn,O Pmk,l
agaydy =
/ va (Wopo,zl) [(\/ ([oy]) ka) V1 ([0y]) xkO)]
_( Uen )3/2[( P.Ln,l Plk,l) P‘Ln, Pwk,l)]
TPz, V() \ Peyo \/ ([1y]) \| Paxo
0 1
= (P, 14 Ps,0)\/Ps Z )32
(Prp + Pay Vo (s |
_ Ty 3/2 1 ]}:
TP, 1([1y0])

Ty 3/2 1 _ Mz, 3/2 #
(59) m{ (7T0P0,a:1 ) 11([0y0]) (771P1,x1 ) p([1y0]) }
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IT) Case n > k - If we assume xxy; = 1 in the word [z], then we get in a similar

way as before

/aiayd,u =

Ty “ 1 Ty 1
(60) P, 0 7( 1 )3/2 + 1 3/2 }
VO o P Vu(Oy)) | P /n(yl])

Indeed, given the words z = (vy, ...,
sume vy1 = 1, then, from (23) and (58)
1 P 1 P
2 _ Vm, 1 Vi ,0
I ) Py Hiremtesneen O GG R
1 Pv 1 Pvt,O
vt,l]]

ts

\/7 Ut 7 ['Ul ----- Vi 10] \/7 vt g
1 P th0

_ _ [( Um,yl )
:u’ 'U Urnv \/7 vt’

1 Pum 0 1 PvtO)

(61) +(M Pos )( i\ Po

) l[vl ..... 1,v¢42,..., Vi, ,0] ]

W1y, 10425030, 1]

We are going to apply the above when z = [0y], z = [1y],v = [0z],v = [lz],m

and t =k + 1.
Then, from (27), (31), (61) and using the fact that
2 —
Clla1,@0,0 sy, 1,y 2,seeszn] E[0,@1,72,. 28] =0,
2 _
6[0,11,mg,...,zk,l,xk+2,..,,zn] €[1l,21,22,..,2k] = 0,
we get
2 Ty 2 Ty 2
aza, = e ) —= ¢ )
x Y [0,21,@2,. @k, 1,Tp 42,0 ,Tn] TPy [17117$2»--~7rk717mk+2»--~7rn]]

T0P0,2,

><[7M1 e VT, ]
\/ﬂ_—om [0,z1,22,..,7k] \/7?1\/?@1 [Lz1,22,..,7k]

_ (= \3/2 1 Pzn,l 1 sz,o .
(7TOPO,x1 ol ( P o ) Vu([0y]) V| Pryn ) [020]
1 PI 0 1 sz 0
+ - —) 10z
( :Cn, ) \/Ty 1]67 ) [0z1] ]
Ty 1 Pz 1 1 Px 0
+ 1 3/2 ns Oy N
(7T1P1,;c1) [ ( ( xn, )(\/ 1y xk, ) [1 O]
1 Px 0 1 Pa:k 0
+ = D) RAIEIE
( P ) ( D\ Po )1(121]]
Finally, as the matrix P is row stochastlc
P;cn 1 ka 0 Pacn,O ka,O

l[”l7~--ﬂ)t717Ut+27---,Um,1]]

2 _ UER 3/2
/ oyt = — (TR (e [ (el [

Ut) and v = (Ul,'l]Q,..-7Ut7Ut+1,---,'Um), as-

=N
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+( 7T:E1 3/2[( Pw,,,,l P:Ek70) PQZ,L, Pmk,O
1Pl oy \/ b 1y Ppa \/ 1y Ppa
P 0{7( Ty 3/2 Pxn,1+Pzn,0 + Ty 3/2[Pxn,1+szO]}:
7 B, p([0y1]) ™1 P, p([1y1])
0 1 s 1
62 /Pa: _ z1 3/2 + T1 3/2
(62 ol (”OP&xl) p([0y1]) (”1P17x1) M([lyl})}

I1I) Case n = k - We assume [z] = [z1, 22, ...7,] = [y], otherwise [ aZa,du = 0.
Then, one can show that

(63) [ ain = [ ain-
p3/2 3/2

( Tz, 3/2[ Pj,{?l . ngo ] . Ty 3/2 ZTn,l n,0

oPom  a(0m0)) | V0al]) | mPie o J([1e0) | v/a([led])
Indeed, note first that from (58), v = [v1, V2, ..., Uny]

2 1 Pvm,l 1 Pvm,O

€€y = Lyy,om,0] T —F7 %
el = D By g oo 0 L] B
P’U,r“l Pvnuo

\/7 vm, l Vlyeeny ’Um,O] \/7 l ..... ’um,l]]

1 P,

’Um,l)

[Ula-“ﬂ’mml]]

Ly, ;vm ;0]

64 - Um0 .
(64) (u 1l vm)(\/— ,,,,, V1]

Then, from (27), (31), (61)

T T
L e e a1t L ]
[0,z1,22,...,n] TP . 1,z1,22,...,25]
» L1

VI I
1L,z1,x2,..,Tn
VT Pz

2
a.a, =
xrT
T0P0,2,

X [ﬂ e
\/ﬂm [0,21,22,..,@x]

Tz \3/2 1 Pwn,l 1 P:vn,l
= 1 T
(7T0P0,11 [( ( Tm )(\/ 01’ ’I‘n, ) [020]
1 meo 1 leo

_( \/7 ) Oxl]]
Ty \3/2 ’ﬂm /
(7T1P1,ZL’1 ) [( zn, \/ 1.13 :cn, [1m0]

a /’l/ wnm ) ( \/ wn7 l[lxl]]

Therefore,
2 _ Tz \3/2 Py, 1 Py, 1 Py, 0 Pxn,O
asazdy =
/ v e Cht (WOPO,xl Va2 0.17 zn,O \ OJJ zn, ) ]
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_( Ty )3/2[( PI,L,l Pﬂﬂn,l) ( Pﬂim PQJ,L,U _
TP g, v u([1x]) P, o Viu([1z) P, 1
3/2 3/2 3/2 3/2
Txy 3/2 Pmn,l Pzn,() Uen 3/2 Pz ,1 Pmn,O

(7T0P0,a;1) [\/u([OxO])i\/,UJ([Ol‘ID]7(771P1,11) /([1z0]) (w/u([uu)]:
(65)
p3/? p3/2 p3/? p3/2

Ty \3/2 Tn,l x50 Ty \3/2 Tp,l x50

M0Poa  /u([020])  /u(0e]) | mPre’ L /ul([120)  /u(lad])

The above reasoning shows III).

Given the word [z] = [z1, T2, .2k, k41, -, Tn] We get n words y, such that, the
cylinder [z] C [y] = [x1, @2, ..., 2], Where n > k.

Given z and z, with length larger than y, then [a2a,du [ a2 a,dp will be
nonzero only for the subprefixes y which are common to both z and z (see Propo-
sition 7.5). If there are no common subprefixes for « and z, then the contribution
[ a2 aydp [ a? ay,du, for words y of length strictly smaller than the length of x and
z, in the sum (45) is null.

8.2. The values of (a7, af) and (a3, djy) when z is a finite word. Denote
[z] = [z1, %2, ..., xp]. We assume that n > 2.

In fact, we will compute (a2, V;) and (a2, V). In order to compute (a2, &([)@]> and
(a2, d[1®]> it will be necessary to normalize.

I) Case (a2, V1)

We will consider first the case x1 = 0.

Denote y = (y1, Y2, .., yx ). If we assume y; = 0,y = 0, then, from (58)

2 Vi 1 Pya I Pyo

€ —r yn, 0] Ty g1, s tns
[y] Y1 — w(ly)) P, 0.0 Lly1,y25yk,0] /u'([y])Pyk,l [Y1,92,5,Uk 1]]

x[m1 P10 10,00 — T0FPo0 1[1,0]] =

1 Py 1 Py

66 —== 7 P — I P .
OO @D By ™ A0 M ¥ R, T M
If we assume y; = 1, ys = 0, then, from (58)

1 P ,1 1 P V7O
= G Py ) G By Mot
k> k>

x[m1P1o 10,00 — T0FPo0 1[1,0]] =

"U

1 P, 1 1 0
67) — Yk Pyo1 — ¥l o Py 1 )
(67) [M([?JD Pyeo 70 £°0,0 Liy1,y2,...,yx,0] w(y]) P » o £0,0 [y17y27»--7yk71]]
As we assume that z; = 0, then, from (27), (31), (61) we get
2v, 1 Tay 2 Txy 2
a’x‘/l - [WOPO 2 6[07x1,22,..,1’k,0,$k+2,...,3}n] + 771P1 2 6[1,x1,xz,...,xk,O,kaFz,.“,a:n]]

x[m1 P10 10,00 — T0Fo,0 1[1,0]] =
Ty 1 Pac 1 1 Pt 0
= =1 P 10,21,z ey +7#
T0Po.ay p([02]) Pro -0 et U ((0a]) P,

TLPLO 10,2122, 0,1] ] F
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7r."£1 1 szl P 1 + 1 Px,,,,O
- 1
mPy g, p((z]) Py, o 00 00 e 0T (Y By

70 Po,0 11,0105, 201]] -

Therefore,
/aiVld,u:
Ty 1 P:I: 1 1 PZI? 0
== 11 P1o p]0,2,0] + oy P, 0,2,1| |+
moPo, (o)) By o b0 10 O ¥ gy o ™ P 0]
Tyq 1 ch 1 1 Pa: 0
= 1o B 1, 2,00+ == o P, 1,2,1]] =
TPy (L)) Prng "0 T00 L0 O iy, o oo il 1]
m m
L [P, 1m Pio +Ps, omPio] + "L [Py, 1m0 Poo + Pr,omoPoo] =
00,2, TP e,
Lz 1 PI,O + Tz, o P070.
700 2, TP e,

As we assumed that x1 = 0 we get

o 1 m Pio 73 Poo
68 2afydp = SR
( ) /ama[@] /‘l‘ ‘a$|2|‘/1|( PO,O 7T1P170)

IT) (a2, V2)
Now we will compute [ a2Vadp.
Denote y = (y1, Y2, .., Y ). If we assume y; = 0,y = 0, then, from (58)

6[2 V2:[ 1 Pyk,l 1 Pyk70

1 Uk 4+ —
2 u([y]) Pypo vz () Py

l[yl’y2v~ayk71]]

x[moPo,1 11,1 — T P11 10,17 = 0.
If we assume y; = 1,y3 = 0, then, from (58)
1 1 P

Py 1 0
WY = L) Py Mo ¥ ) By ]
k> k>

x[moPo,1 11,1 — T P11 10,17 = 0.

As we assumed that x; = 0, then, from (27), (31), (61) we get

Ty T
2 _ 1 2 x1 2
a’wVQ = [WOPO,ml [0,21,22,...,T5] 7]_1]3171;1 6[17Z17$2,~~7"Dn]]

x[moPo,1 11,1 — T P11 10,17 = 0.

Therefore, if 1 = 0 we get

(69) / azajy dp = 0.

The case z1 = 1 is left for the reader.
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8.3. The value of (a?,a,) when length of y is strictly larger than the length
of z. Now we want to estimate (a?,a,) = [ a2 a,du in the case that the length of
y is strictly larger than the length of z. We will show that [ a? aydp = 0.

We assume that [y] = [x1, %2, ...Tk, Tht1, ..y Tn] C [2] = [21, T2, ..., xk], Where
n > k (otherwise we get that [ a2 a,du is zero from Proposition 7.5).

In fact, we will show that [ a2 a,du = 0.

I) If we assume 241 = 0 in the word [y], then, from (58)

]. szl ]- sz,O

e, = [MK [@1,..0m0,0] T —77 9y () m Yy ,.oozn,1])
x| ! @l[asl,...,wk,O7wk+2,...,x",0] 1 Px” 01 Ly ooz, 0s2rszseesn 1]
u(y) V Lrao Vi Py, ’
—( 1 ka 1 1 Pzn 1 )1
WD) Prvo " TiGD \| Proo [21seees 21 ,0sZ e 25eens@ 0]
1 sz 1 1 Py o

(70) _(M I,ﬁ )(\/7 wm )l[;cl,.4.,95;9,O,xk+2,.4.,xn,1]'

Note that above, from the second to the third line, we use the fact that

Lzy,.ozp,1] e, 2r,0,2042,00,20,0] = 0

and
l[:cl,.4.,wk,l]l[xl,...,xk,O,wk+2,...,w",1] =0.
Then, from (27), (70) and (31)
Ty T
agay = [ - 6[20,11,12,..,xk] : [21 T1,T2,. zk]]

00,2,
& 6[0 0 1~ & 6[1 0 ]}
WL1,E25- 3Tk 0,T k425, YE1,E250 8k, 0,8 k425, Tn

/700, 2, V1P g,
_ Ty 3/2[( 1 Pﬂ% 1 1 Pﬂcml )
= 0’[]0

7T()P0,z1 rk 0 \/Ty :En7 ]

- 1 ka . P,

Prro )(\/7 P ) Loy ]

X

Ty \3/2 1 sz 1 1 Pmn,l

_(71'1P1,m1) [</~L P, 0 \ b ly Hiyo)
1 ka 1 1 PIT,,O

— )ll 1 ]
([ Py, 0 \/ Pron e

/aiaydu

_ ( Ty 3/2 mk 1 / Oy() /7zn a:k 1 / Oy /7957,,

T 0,2,

(T s xkv \/W a1 ([?;0]) p([1y1]) /P, 0 ]

7T1P1,£L’1

Finally,
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T, P 1Pe, P, 0 \/Pw 00,2, Pr, 1
_Px 1 3/2 \/ n sT1 noY n sL1 ny
AV ST(CED p:0] )

00,2,

(71) +P 1( Ty 3/2 [_ Pzn,1P1,a:1Pxn,0 Pxn,O-Pl,xl-Pzn,l } —0.
T Py, p([120]) p([120])
IT) If we assume zj4+1 = 1 in the word [y], then, from (58)
1 P 1 P
2 T, x,0
e, e, = Lizy,..,zn, + —
= D By Mo O L P

[xl,...,xk,l]]

1 Py 1 1 Pz,, 0
X[ M([Z‘JD Py, 0 Lz, zp,,@pq2,e,20,0] — \/7 Py 1 1 1'1a<~~7-'L'k71775k+2a~-71’n71ﬂ
_ 1 PIImO 1 Pzn 1
- (/1* :c (\/7 a: )l[ml,...,a:k,l,karg,...,a:n,O]
kH n.)

1 Plk,o ( 1 PIE7“0)1
,LL Tk 1 \/ xn?

Then, from (27), (72) and (3 )

LyooosThs LT g 2,00y T, 1]

(72) —(

Ty 2 UET 2

2 _
ayy = [WOPO,ml €(0,@1,29,..,21] + 771P1,m1 e[l,zl,zz,u,wz‘-,]]
7Tx1 7Tz1
X[m €[0,x1,22,.,T%,0,Tpt25esTn] m 6[175317I27'~~;93k70;a7k+27~~~>33nﬂ

= ) Pl B e 52 o

7T0P0,$1 xk 1 \/Ty Im Y

( 1 ka 0 P, ]]
- Oyl
ajlm \/ wn

—( Ty )3/2[( 1 Prho) 1 Pﬂﬂml L{140]

7TIPLzl /’L wk 1 vV H ly wm Y

1 ka 0 1 P’E-,,,O

7(M ZL’kl \/7 a:", ) lyl]]

/agaydu

— (T O P - VAT P

7T0POa;1

TP e,
_p \/7{ T, 3/2[\/Pz,L,1P0@1Pxn,o B \/Pzn,oPo,zlPxn,l ]
el p([0z1]) p((01]

7T0P0 1

Ty 3/2 V rn,lpl T a:n + Pxn,OPLrlen,l ] } —0.

(73) +Pmk,1(mplm 1([121]) p([121])

Finally,
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9. COMPUTATIONS FOR THE INTEGRAL fXYZ

Our purpose on this section is: given x and z we want to compute for all y

(74) > ([ asdea ey’
word y
which corresponds to the first term in the sum given by expression (44).
Remember that from Corollary 7.12 if x is not a subprefix of z and z is not a
subprefix of x, we get that for any y

/@@%wzu

Without loss of generality, we assume that z is a subprefix of = (see Proposition
7.4). The only possible nonzero value for (74) is [ a2 a, du. This justify the first
term in the sum (45).

We assume first that:

[y] = [1‘1,332,-~-xk,$k+17---,$n7$n+1,..,,]}j} C [33] = [1‘1,33‘2,...l‘k,xk+1,...,$n] C
[2] = [z1, 22, ..., xk], where j > n > k.

We will show in all cases that f Qg Gy a dpp = 0. This includes the case

(75) /ai a; dp = 0.

I) First we assume that xp+1 =0 = 2,41.
Then,
Ay Gy Ay =

=L e - = e 1
\/Fo\/m sT1,T2,-,Tk \/ﬂ_—lm yL1,T2,-5 Tk

X[ T, N AL ]
\/ﬂ_»o\/m [0,.”61,?62,..,1j] \/ﬁm [1,2?1,.%27..,1]']
vy

- |

(YT o
\/Fom [0,21,22,..,25] Wlm [1,21,22,..,25]
Tz, \3/2 1 Py, 1Py 1P 1 Loy
™0 Fo.z, V(0] u([02])p([0y]) "\ Prn0PryoPrjo ™

Pzn,1ka,1ij,0 1 ]
- [0y1]
Patn,Oka,OPrj,l

Ty 3/2 1 Pxn,lpzrk,lpa:j,l 11,0
™ Pz, Vi) u([Lz)p(y]) \ Pe.oPeoPeo "

Pxn,lpmg,lpa;j,o 1 ]
(1y1] -
P:vaPmk,OPa;j,l

Note that for all j

1) 000D =\ Pry s Peyo l(00]) = [ 2 (0],
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and

Pz a:,
(77) P” = /P, 1 Peyop([ly]) = = u([1y1])
wj,

xj,

Finally, from (76) and (77)

Qg Gy O dpp =

Ty

1 Py 1Po1Po 1
> 3/2 55— #([0y0])
700,11 v 1([02]) 1([02]) ([0y]) 20,00 2y,00725,0

Px 1F):c;c 1Pz- 0
— = u([0y1
ProPoyoPr 1 w([0y1])]

Ty

1 Pxn,lpw~,1pm-7
)2 5 ([1y0])
T2, V(e p([1z])p([1y]) 2,08 21,0F25,0

Py, 1 Poy 1 P 0
s ()] =
Pxn,OPﬁk,Oij

Ty 3/2 1 afnalpx Px]f O
([oy0])
7050,2, \/u([Ox})u([Oz])u([Oy]) Py, 0Py0 \| Pu;, 0
Pxn,lpm ,1 Px ,0
- - == u([0y1])]
PZDn,OPIk,O Pav],l
_ Ty 3/2 1 \/ wn 1 Ly 1 1y0
TPy )] | PenoPero
_ Pxn,lpxk.,l Pac], ([lyl
Pzn,OPz;“U PxJ,I

IT) Now we assume that 511 =1 = z,41. In a similar way as before

/aw ay a; dp

1 Pr,,,,OPm ,OP.’I:',l
7)Y 55 p o #(0y0])
T0Pow: "~ /u((02]) u([02]) u((0y]) Y P 1Py 2P0

Pa: Osz OPCE'O
— = u([0y1
Py PapaPos ([0y1]) ]

)]=0-0=0

Tz

Ty

1 Pmn,OPw ,Opwn,l
)2 5 u([1y0])
T2 Vi) p([LD)u([y])  Pea1Po1Pe;0

Pm OP:c;C Opm 0
———= 7 y([1yl
Py 1P Pyt n([1y1])]

— ( My )3/ ([OyO]) PLEJ, ﬂ?n Oka 0 \/

Ty, OPark 0
zn,lpx

T0Po,2, ([02])p([02]) "\ Pron,1Pay 1
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Moy a2 VYD) Poji [ Po0Prio | ProPryo ]=0-0=0.
TP, Vi(la)u(12]) "\ Pen1Pei Py, 1Py 1

IIT) Now if we assume that zx+1 = 0 and z,+; = 1 or that z441 = 1 and
Tp4+1 = 0, we get that in a similar way that

/%%@@:&

After all these computations, for fixed a, and a,, we want to compute K (a,, d,).
In this direction we have to consider (74) which is the first sum in expression (44)

We wonder for which y we have that ([ ay a. a, du)? # 0. We assumed without
loss of generality that z is a subprefix of z. In this case, the length of z is strictly
larger than the length of z.

Considering first the case where the length of y is larger than z and =z, it follows

from the above that
> {/am@ameQ:o.

word y with length larger than z and z

Now we consider the case where the length of y is strictly smaller than the length
of z and .

For the case where the length of y is strictly smaller than z and x we need to
assume that y is a subprefix of 2 (otherwise a,a, = 0 and we get ([ ay G, a, du)? =
0). If y is a strict subprefix of z and z is a strict subprefix of s we get from the
above that ([ a, a. a, dp)? = 0.

Finally, we assume that the length of y is strictly smaller than x and strictly
larger than z. In this case we have to assume that x is a subprefix of y and y is a
subprefix of z (otherwise by Proposition 7.4 we have [ a, a, a, du? = 0). It follows
from the above that also in this case ([ ay a. a, du)? = 0.

Therefore, in the estimation of expression (74) it follows from our reasoning that
all elements in this sum are zero up to expressions ( [ a2 a. du)? and ([ a2 a, dp)?,
that is, the cases where y = = or y = z. From Proposition 7.5 we have to assume
that z is a subprefix of z or vice versa. The explicit expressions for these two cases
were analyzed in sections 8.1 and 8.3.

If the length of z is larger than the length of z, then, from (73) we get ([ a2 G, du)?
0.

The final conclusion is that

1) Y (favaadn? = ([ @a.aw+ ([

word y

w N
Q>
8
U
=
~—
(™)
I
.
Q>
8N
Q>
33
U
=
~—
[\S]
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