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ABSTRACT. We consider here the discrete time dynamics described by a trans-
formation T': M — M, where T is either the action of shift 7' = o on the sym-
bolic space M = {1,2, ..., d}N, or, T describes the action of a d to 1 expanding
transformation T : ST — ST of class O (for example x — T(z) = dx (mod
1)), where M = S?! is the unit circle. It is known that the infinite-dimensional
manifold NV of equilibrium probabilities for Holder potentials A : M — R is an
analytical manifold and carries a natural Riemannian metric associated with
the asymptotic variance. We show here that under the assumption of the exis-
tence of a Fourier-like Hilbert basis for the kernel of the Ruelle operator there
exists geodesics paths. When T' = ¢ and M = {0, 1}N such basis exists.

In a different direction, we also consider the KL-divergence Dgr (1, 42)
for a pair of equilibrium probabilities. If Dgr, (p1,p2) = 0, then g1 = po. Al-
though Dy, is not a metric in N, it describes the proximity between p; and
2. A natural problem is: for a fixed probability u1 € N consider the proba-
bility pu2 in a certain set of probabilities in A/, which minimizes Dy (11, p2)-
This minimization problem is a dynamical version of the main issues consid-
ered in information projections. We consider this problem in N, a case where
all probabilities are dynamically invariant, getting explicit equations for the
solution sought. Triangle and Pythagorean inequalities will be investigated.

1. INTRODUCTION

Recent developments about the analytic and geometric structure of the set of
normalized potentials for expanding linear maps on the circle and the shift of finite
symbols, reveal a rich, challenging context to explore classical problems of calculus
of variations in infinite dimensional Riemannian manifolds. The metric we consider
does not correspond (as explained in [27]) to the 2-Wasserstein metric on the space
of probabilities (where probabilities have no dynamical content).

In the first part of the paper (Sections 1-4) we consider a time evolution on
the space A of Holder -equilibrium probabilities p, which can be parameterized by
Hoélder Jacobians J,, : M — (0,1) (see [27]). This provides the analytic structure
on . We show the existence of geodesics for a natural Riemannian metric on A
(previously introduced in [27]). Given a probability ¢ € N and a tangent vector (a
function) ¢, the Riemannian norm ||¢|| is described by the asymptotic variance of
o with respect to p. In this sense this metric is naturally dynamically defined. This
Riemannian metric is related (equal up to a constant value) to the one presented
in [41] (also called the pressure metric in [7]).
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This point of view can be understood as a possible mathematical description
of non-equilibrium Statistical Mechanics, where a continuous time evolution is ob-
served in the space of probabilities (the geodesic flow). Given two Holder equilib-
rium states, one can ask about an optimal (in some natural and dynamical sense)
path connecting these two probabilities; in this case, the path minimizing asymp-
totic variance of tangent vectors. A related but different setting appears in [33].

In the second part of the work (about Information Projections) we analyze issues
related to geometry on the space of equilibrium measures. More precisely, the study
of the minimization (or maximization) of the distance of a fixed probability po to
a given compact set K C N (this set is convex when parameterized by Jacobians,
as explained in Section 5); the distance used (is not exactly a metric) is described
by the relative entropy (also known as Kullback-Leibler divergence). We present
analytic expression for critical points. Given a certain compact set K, we are
interested in minimizing (or maximizing) relative entropy p € K — h(uo, ) of p €
K with respect to pug; this can be understood as a problem in Ergodic Optimization
(see [5]) with constraints, where the potential to be minimized (maximized) is the
relative entropy p — h(uo, 1) (see also the analytic expression (13)).

Information projections are important tools in Deep Learning (see [42], [46] or
[25]), in the study of the Fisher Information (see [1] and Section 5 in [38]), in the
understanding of the maximum likelihood estimator and in Information Geometry,
where the probabilities on the associated manifold do not have dynamical content
(see [1]). We quote F. Nielsen in [42]:

Information projections are a core concept of information sciences that are met
whenever minimizing divergences.

We consider such class of problems in a dynamical setting; in particular triangle
and Pythagorean inequalities.

Now, let us be more precise (in mathematical terms) about what we talked
about above. We consider the discrete time dynamics given by a transformation
T : M — M, where T is either the action of shift T" = ¢ on the symbolic space
M ={1,2,...,d}", or, T describes the action of a d to 1 expanding transformation
T : 8t — St of class C1T« (for example  — T'(z) = dz (mod 1)), where M = S*
is the unit circle. For fixed M, it is known that the set A of equilibrium probabilities
for Holder potentials A : M — R is an infinite dimensional, analytic manifold and
carries a natural Riemannian metric (see [27] and [37]). We say that a potential
A is normalized, if 3 7 ,)_, eAW) =1, for all z € M (see [44] and [27]). Points
in N will be denoted indistinctly by normalized potentials A, or by u, which is
the equilibrium probability for the topological pressure P(A) (this notation will
be used in Subsection 2.3). Equilibrium probabilities are sometimes called Gibbs
probabilities (they are the same here).

According to [27], given an equilibrium probability pua € N, for the Holder
potential A : M — R, the set of tangent vectors to N at 4 is the set of Holder
functions on the kernel of the Ruelle operator .£4 (see (5) for definition). The
Riemannian metric g acting on tangent vectors at the base point p,4 is the L?
inner product, ga(X,Y) = fXYd,uA7 where A is a normalized Holder potential,
as defined in [27].

A study of the sectional curvatures of N is made in [37], where it is given a
formula for the sectional curvatures in terms of an orthonormal basis of the tangent
space at each point. Equilibrium probabilities for potentials A : {0,1} — R
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that depend on the first two coordinates on the symbolic space M = {0,1}" are
Markov probabilities on {0,1}". In this case, explicit examples show that there
exist pairs (X,Y) on the tangent space to N/ where the absolute values of the
sectional curvatures may attain arbitrarily large numbers, in contrast with finite
dimensional Riemannian geometry. In [37] it is also shown that in this case the
sectional curvature for pair of tangent vectors in A/ can be positive, zero, or negative.
However, this two dimensional manifold has zero curvature at every point for the
Riemannian structure inherited from g (see [37]).

It is not known in the general case if the infinite-dimensional manifold N endowed
with the Riemannian metric g is complete. These facts strongly suggest that the
study of geodesics in N might be a subtle issue.

The purpose of the article is twofold. First of all, we deal with the problem of
the existence of geodesics in NV equipped with the L? Riemannian metric described
in [27] and [37]. This is the content of the first three sections. The existence of
geodesics in an infinite dimensional manifold is not a simple task.

Definition 1.1. We say that the equilibrium probability p4 € N associated to the
Holder potential A is Fourier-like, if there exists a countable orthonormal Hilbert
basis v, n € N, of the kernel of the Ruelle operator .Z4, and constants a > 0, 5 > 0,
such that,

I) the functions v,, n € N, in the family B have C° and L?(114) norms uniformly
bounded above by the constant 8 > 0,

II) the functions v, n € N, in the family B have C° and L?(p4) norms uniformly
bounded below by the constant a > 0.

We call such a basis a Fourier-like Hilbert basis (Fourier-like basis for short).

The existence of a Fourier-like basis for the kernel of the Ruelle operator plays
an important role and its existence is discussed in the Appendix Subsection 6.3.
One of our main result is:

Theorem 1.2. Given M, T and a Hélder normalized potential A € N, suppose
there exist a Fourier-like Hilbert basis for the kernel of the Ruelle operator L.
Then, there exists an open ball B,(A) around A such that for every Q € B,(A) and
every unit vector X € TgN', there exists a unique geodesic yx : (—¢,€) — B(A)
such that vx(0) = @, v (0) = X, where € > 0 depends on A, Q.

When M = {0,1}} and T = o we show the existence of a Fourier-like Hilbert
basis for the kernel of the Ruelle operator and then it follows that geodesics exist as
described above.

Subsection 6.1 shows the existence of an explicit Fourier-type Hilbert basis for
the kernel of the Ruelle operator in the case of Markov probabilities. The functions
on this basis are constant in cylinder sets. A result of independent interest is
the existence of a Fourier-like basis for the space L?(u4) which is the purpose of
Subsection 6.2.

In Section 4 we give the expression of the geodesic system of differential equation
in some special coordinates (r,s) € (0,1) x (0,1), for the two dimensional surface
of Markov probabilities associated to two by two row stochastic matrices

T 1—7r
P_<1—s s >

We will exhibit two pictures showing geodesics paths on (0,1) x (0,1).
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Secondly, in Section 5 we deal with a different kind of calculus of variations
problem in N: Information Projections for equilibrium probabilities. This problem
is relevant in the context of Fisher information Theory, which holds for probabilities
that may not be invariant by any dynamical system. Our main object of study is the
so-called KL-divergence, which is somehow considered a sort of distance between
probabilities. We consider the KL-divergence for probabilities on N (which are
all dynamically invariant). Let us comment briefly on some basic definitions and
properties of this functional.

The notation in [27] was: pa € N denotes the equilibrium probability associated
with the normalized potential A. The function J, such that J = e4, is called the
Jacobian of the invariant probability p4. Here, in Section 5 it is more natural to use
the notation: given the Jacobian J, we denote by u; the equilibrium probability
for the potential A = log J.

The KL-divergence Dk (1o, p1) (also known as relative entropy h(u, 1)) is
defined for a pair of probabilities pq, f1.

Given two Jacobians Jy and J; and the equilibrium probabilities pg := pj, € N
and p1 := py, € N, its Kullback-Leibler divergence (or relative entropy) is given
by

(1) Dt (o | ) = / (log Jy — log J1) dyio > 0.

Dy, is not a metric in the space of probabilities, however, it provides a measure
of the proximity between py and po. If Dgp(p1, ) = 0, then gy = po. A natural
problem in information theory is the following: given a fixed probability ui, to
find the probability ps in a convex set of probabilities (not containing fq) which
minimizes Dy (u1, p2). This kind of minimization problem is one of the main
issues in information projections.

A detailed study of the KL-divergence for equilibrium probabilities is described
in [38], [39], [17], [18] and [19].

We analyze in Section 5 in the present article the information projection problem
in the dynamical setting introduced in [38] based on Thermodynamics formalism.
In this case, all probabilities are ergodic and they are all singular with respect
to each other. In this setting, the basic tools of the calculus of Thermodynamics
formalism as developed in [27] apply to the study of both the Riemannian geometry
of NV, as shown in [37] for instance, and to the study of the KL-divergence.

Moreover, the distance in A endowed with the L? metric and the calculus of
variations of the KL-divergence, though quite different in nature, seem to be linked
by the so-called Pinsker inequality.

The Pinsker inequality (see [12]) claims that: if p,q are two probabilities on a
measurable space, then

1
5(p7 q)2 < §DKL(p7 Q)7

where §(p, ¢) is the total variation distance.
On the other hand if p and g are probability densities both supported on an
interval [0, 1], then the Gyorfi inequality claims that

Dgr(p,q) < -

2
P —qil2-
1Hfz€[071] q(fE)H ||2



GEODESICS AND INFORMATION ON EQUILIBRIUM PROBABILITIES 5

So the KL-divergence is related with the L? distance between probabilities, and
hence it is somehow related to the distance in . Therefore, it seems natural to us
to try to investigate questions related to the minimization of the Dy divergence
of equilibrium probabilities in parallel to the study of geodesics in A/. The second
part of our paper can be considered as a first attempt to tackle the subject.

Let us describe more precisely the main results concerning KL-divergence.

Denote by Q = {1,2,...,d}" the compact symbolic space with finite symbols.
The Jacobian J = e? : Q — (0,1) has the following properties: .J is a positive
Holder function such that Zog 7(1) = 1, where Hqg s is the Ruelle operator for the
potential log J. To each Jacobian J is associated a unique shift invariant probability
U = Hiog s (denoted by py for simplification, as mentioned before), such that,
Diﬂl’ggJ(,uJ) = pj, where "%ng is the dual of the Ruelle operator Zogs. In our
notation for Section 5 py is the equilibrium probability for log J.

Note that a convex combination of two distinct equilibrium probabilities p;, and
g, is not of the form p s, for some Holder Jacobian J.

Given Holder Jacobians Jy and jl, j1 # Jo, consider the Holder Jacobian Jy,
A € [0,1], such that, Jx = \J; + (1 — X)Jo. In this case J; = Ji.

We denote by g, the equilibrium probability for log Jx. The probability po has
Jacobian Jy = Jo and pg, has Jacobian j1 = J1. Given a fixed J; (corresponding
to w1 = g, ), we are interested in estimating the derivatives of the Kullback-Liebler
divergence (also known as relative entropy)

S DLy ) a=0 = 5[ [log Iadug, — [log Jidug, ][r=o.
and

ADrr(prs 13, Ia=0 = g5 [ [log Jidpy, — [log Indpus, | |rx=o-
This class of problems is related to the Pythagorean inequality

Drr(pg i) 2 Drcr(pg, s tay) + Dicr (i, )
One of our results in Section 5 is the computation:

Proposition 1.3.

d J
(2) aDKL(,Uly,USA)b\:O = /(1 - j(l))dm-

Given a convex set ©, of Jacobians J and J1 ¢ ©1, we consider the related
problem: find J = Jy € O1 s. t. Drr(ij, fby,) = minjc g, Drr (e, pg, ). We also
consider: find J = Jy € ©1 s. t. Dip(ps,,py,) = minjeg, Drcr(po, s 1hf)-

The Second Law of Thermodynamics corresponds to the case (see [38])

d
aDKL(MSMMJl)L\:o > 0.

This means that the relative entropy Dgr (p3,, pts,) is increasing infinitesimally
close to A = 0. Note that we are not really in the realm of Thermodynamics of
gases.

Another issue is the study of the probabilities p* that are equilibrium for the
family of potentials
(3) Mog(J1) + (1 = A) log(Jo),
A € [0,1]. We denote by 3 the Jacobian of the equilibrium probability p* for the
potential Alog(J1) + (1 — X)log(Jo) (Jx is different from J*). The probability u!

has Jacobian J; = J' and the probability ,uo has Jacobian J, = J°.
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We will also compute in Section 5:

Proposition 1.4. Given p1 = p g,

d ~ -
@) SeheoDicnlu ) == [(og Iy ~tog Jo)dys + [ (10g i~ 10g Jo) du.

The inequality 0 < %b\:ODKL(m, u?) is related to the Pythagorean inequality:

Dicr(pn, 1°) + Drr(u®, pz,) < Dcn(pns ug,)-

We also describe what is the dynamical Bregman divergence for two probabilities
in NV (see expression (35)).

2. PRELIMINARIES FOR THE STUDY OF GEODESICS IN N

2.1. Basics of Riemannian Geometry. Let us start by introducing some basic
notions of Riemannian geometry. Given an infinite dimensional C* manifold (90, g)
equipped with a smooth Riemannian metric g, let 791 be the tangent bundle and
T190t be the set of unit norm tangent vectors of (91, g), known as the unit tangent
bundle. Let x(91) be the set of C* vector fields of 9.

Given a smooth function f : N — R, the derivative of f with respect to a
vector field X € x(N) will be denoted by X (f). The Lie bracket of two vector fields
X,Y € x(N) is the vector field whose action on the set of functions f : NV — R is
given by [X,Y](f) = X(V(f)) — Y (X()).

The Levi-Civita connection of (N, g), V : x(N) x x(N) — x(N), with notation
V(X,Y) = VxY, is the affine operator characterized by the following properties:

(1) Compatibility with the metric g:
Xg(Y,2) =9(VxY,Z) +9(Y,VxZ)

for every triple of vector fields X,Y, Z.
(2) Absence of torsion:

VxY - VyX = [X,Y].

(3) For every smooth scalar function f and vector fields X,Y € x(N) we have
o V,xY = fVyY,
e Leibniz rule: Vx(fY) = X(f)Y + fVxY.
The expression of VxY can be obtained explicitly from the expression of the
Riemannian metric, in dual form. Namely, given two vector fields X,Y € y(N),
and Z € x(N) we have

oVxY,Z) = (Xg(Y,Z)+Yg(Z,X) - Zg(X.Y)
- 9([X,Z2],Y) —g([Y, Z], X) — g([X, Y], Z)).

A smooth curve v(t) C N, for ¢ in an interval I C R, is called a geodesic if it

satisfies
VoY () =0

for every t € I. The properties of the Levi-Civita connection imply that geodesics
have constant speed (see Subsection 2.7), so we can restrict ourselves to Ty to
study geodesics. In finite dimensional Riemannian manifolds, geodesics are solu-
tions of a system of second order differential equations in the manifold. This follows
from taking coordinates and writing explicitly the geodesic condition in terms of
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the coordinate vector fields. For infinite dimensional Riemannian manifolds, a
more analytic approach is needed. For Riemannian manifolds which are complete
as metric spaces, the so-called Palais-Smale method is often applied to prove the
existence of geodesics (see [34] for instance). We do not know if the manifold A
is complete when endowed with the L? Riemannian metric. So we shall adopt an
alternative method to deal with the existence of geodesics based strongly on the
analytic properties of N.

2.2. Preliminaries of the analytic structure of the set of normalized po-
tentials. We recall for the reader the basic results that we will need later following
the content of the first sections of [37].

Definition 2.1. Let (X, |.|) and (Y,].|) Banach spaces and V an open subset of
X. Given k € N, a function F' : V — Y is called k-differentiable in x, if for each
j=1,...,k, there exists a j-linear bounded transformation
DIF(z): X x X x..x X =Y,
—_—
J
such that,

Dj_lF(x—i—vj)(vl, e Vj1) — DI7'F(z)(vy, ...y vj-1) = DI F(z)(vy, o 0) F05(v5),
where

0j : X =Y, satisfies, lim M
v—0 |’U|X
By definition F has derivatives of all orders in V, if for any x € V and any k € N,
the function F is k-differentiable in z.

=0

Definition 2.2. Let X,Y be Banach spaces and V' an open subset of X. A function
F :V — X is called analytic on V when F' has derivatives of all orders in V', and
for each x € V there exists an open neighborhood V, of z in V, such that, for all
v € V,, we have that

Flz+v) — F(z) = Z — DIF(z)7,
j=1
where DI F(z)v? = DIF(x)(v,...,v) and D;F(x) is the j-th derivative of F in x.
Above we use the notation of section 3.2 in [40].

N can be expressed locally in coordinates via analytic charts (see [27]).

2.3. Fundamental formulae from Thermodynamic Formalism.

For a fixed a > 0 we denote by Hol the set of a-Holder functions on M. For
a Holder potential B : M — R in Hol we define the Ruelle operator (sometimes
called transfer operator) - which acts on Holder functions f : M — R - by the law

(5) f=Zof@) =Y "W).

T(y)==

Given a potential B € Hol and the associated Ruelle operator £p, consider
the corresponding main eigenvalue Ap and eigenfunction hp (see [44] for the proof
of their existence). As mentioned before, up denotes the equilibrium probability
for the topological pressure P(B). We say that the potential B is normalized if
Zp(1) = 1. When B is normalized the eigenvalue is 1 and the eigenfunction is
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equal to 1. In this case, using the notation of [27] (as mentioned before) we get
Z5(pp) = pp. In the present section is more natural and didactic to use the
notation of [27].

The function

(6) I(B) = B +log(hp) — log(hp(T)) — log(Ap)

describes the projection of the space of potentials B on Hol onto the analytic
manifold of normalized potentials N.

The potential II(B) is normalized.

We identify below T4 with the affine subspace {A + X : X € TaN}.

The function II is analytic on B (see [44] or [27]) and therefore has first and
second derivatives. Given the potential B, then the map DgIl: TN — TyypN
given by
2 (118 + 1)) =0
should be considered as a linear map from Hol to itself (with the Holder norm on
Hol). Moreover, the second derivative D%II should be interpreted as a bilinear form
from Hol x Hol to Hol, and is given by

DpII(X) =

2
D3IN(X,Y) = 8(1?85 (II(B 4+ tX + sY))|4=s—o-

We denote by ||A]|, the a-Holder norm of an a-Hdélder function A.

We would like to study the geometry of the projection II restricted to the tangent
space T4 N into the manifold A/ (namely, to get bounds for its first and second
derivatives with respect to the potential viewed as a variable) for a given normalized
potential A.

For an Holder normalized potential A the space T4N is a linear subspace of
functions (the set of Hélder functions on the kernel of the Ruelle operator .Z4) and
the derivative map DI is analytic when restricted to it.

We denote by Ey = Eé“ the set of Holder functions g, such that fgd,uA = 0.
Note that E3' is contained in TaN.

The claims of the next Lemma are taken from [37] and they are based mainly
on results of [27] (see also [40], [9]).

Lemma 2.3. Let A : Hol — R, H : Hol — Hol be given, respectively, by
A(B) = Ag, H(B) = hp. Then we have

1) The maps A, H, and A — 4 are analytic.

2) For a normalized B we get that D log(A)(v) = [ dug,

3) D%log(A)(n,¢) = [ mpdup, where 1, n are at TpN .

4) For any Hélder potential A we have

DAH(X) =ha [([( = Zralgp) ™ (1= ha) . X) dia.

If A is normalized, we have DoH = 0,
(5) If A is a normalized potential, then for every function X € TaN we have
[ ] fXd/,LA =0.
o DUII(X)=X.

The law that takes an Holder potential B to its normalization A = II(B) is
differentiable according to section 2.2 in [27].
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As a consequence of the analytic properties of the functions A, H we have the
following:

Proposition 2.4. Given a normalized potential A € N and § > 0 there exists
r > 0, such that, for every Hélder continuous function B in the ball B,.(A) of
radius v around A, the norms of DIl and D%II restricted to the functions in TaN
satisfy

| (D) |7un =1 [|<6

I (DEI) [zan +1 [ 6.

In the above for linear operators we use the operator norm (in Hol we consider

the sup norm) and for bilinear forms, we use also the sup norm (see section 2.3 in
[27]).

2.4. On the Calculus of Thermodynamical formalism. The following result
proved in [37] describes a formula to calculate derivatives of integrals of vector fields.
This rule will be important to estimate the coefficients of the first fundamental form
of the Riemannian metric in A/ in order to deal with the problem of the existence
of geodesics.

Lemma 2.5. Let A € N and let v : (—¢,e) — N be a smooth curve such that
v(0) = A. Let X(t) = +'(t), and let Y be a smooth vector field tangent to N defined
in an open neighborhood of A. Denote by Y (t) = Y(v(t)). Then the derivative of
J Y (t)dpy sy with respect to the parameter t is

dy (t
/Y 210 / ()duwﬁ/y QLG

3. THE EXISTENCE OF GEODESICS IN A/

for every t € (—e

Since the manifold of normalized potentials is an infinite dimensional manifold,
the usual way of proving the existence of geodesics via solutions of ordinary dif-
ferential equations with coefficients in the set of Cristoffel symbols does not follow
right away.

When M = {0,1} and T = o we will show the existence of a Fourier-like Hilbert
basis for the kernel of the Ruelle operator and then it follows that geodesics exists
(see subsection 6.3). In the general case, Theorem 1.2 express in more precise terms
the main result we will get.

It is not clear that the Palais-Smale theory works in our case. However, what we
shall show is in some sense a weak Palais-Smale condition for our Riemannian man-
ifold: roughly speaking, we shall construct a sequence of approximated solutions of
the Euler-Lagrange equation having as a limit a true solution of the equation.

We would like to point out that we will not use any of the classical results on
Hilbert manifolds.

We shall develop a strategy to prove the existence of geodesics based on the
fact that there exist a (countable) complete orthogonal set ¢, n € N, on £2(u4)
according to Theorem 3.5 in [35] (see also [16]). Taking an order for the basis,
and subspaces o, generated by the first m vectors of the basis, we shall study the
system of differential equations of geodesics restricted to the submanifolds obtained
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by II-projections of open sets of the subspaces o, in the manifold A". We shall be
more precise in the forthcoming subsections.

3.1. Good Coordinate systems for the manifold of normalized potentials.

Lemma 3.1. Let A be normalized potential, and let B,.(A) is the open neighborhood
of A in N given in Proposition 2.4). Let e, be an orthonormal basis of TaN . Then
we have,
(1) Let Q € II"Y(B,(A)), and let &, be an extension of e, in the plane TaN
as a constant vector field. Then, the functions

Un(H(Q)) = DQH(én)
form a basis for TrgyN and

| (0n (@), v (T(@Q))) — Snm |< 6,

where Opy, s the Kronecker function : 0ppm = 1 if n = m, and 0 otherwise.
(2) There exists b > 0, such that, the map II restricted to the sets

Un(b) = {Ztiei7 | t; |< b}
i=1

is an embedding into a m-dimensional submanifold S,, C N, for every
m € N.

Proof. From Proposition 2.4, we know that DAII |7, 4= I and that DgII |7, 4 is
close to the identity if B = II(Q) € B,(A). Hence, if we chose Q = A+ >"1" | t;w;
in a way that || B — A ||< r then the vectors v, (II(Q)) = DgII(e,) will be almost
perpendicular at T . This yields that the vectors v, (B) are linearly independent
in Tg N and therefore, the map II has constant rank m in U,,. By the local form of
immersions, the image S,, = II(U,;,) is an analytic submanifold of N of dimension
m. (]

3.2. A system of partial differential equations for geodesic vector fields.
A natural way to show that geodesics exist in N is to show that geodesics exist in
each analytic submanifold Sy, ( of dimension m) and then take the limit as m goes
to +00. On each submanifold S,,, a system %, of partial differential equations will
arise from the restriction of the system of differential equations of geodesics. Our
strategy to solve an initial value problem for the geodesic equation is to solve the
initial value problem for ¥,, in each submanifold S,,, then take the limit of the
sequence 7, of solutions as m — 400, and finally, we have to show that the limit
gives rise to a geodesic of N solving the initial value problem.

The existence of a limit solution depends on uniform estimates of the coefficients
of the systems X,,. So the main goal of this subsection is to obtain an explicit
expression of the geodesic systems ¥, in terms of the coordinates in S,,,, and show
that their coefficients have uniformly bounded norms in an open neighborhood of
each normalized potential. Proposition 2.4 will be crucial for this purpose.

To get the expressions of the systems X,,, we apply the ideas of the finite di-
mensional case. So let A € S,,, v € T4S,,, and suppose that the solution of the
system X,,,, vm (t), given by the initial conditions 7,,(0) = A4, 7/,(0) = v exists. We
shall characterize 7, in terms of a differential equation in the submanifold S,,, that
has a unique solution. We would like to point out that the differential equations
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of geodesics in the finite dimensional case are written in terms of the Christoffel
coefficients. However, we shall avoid the use of Christoffel coefficients and obtain a
simpler, equivalent system for the geodesics, of partial differential equations of first
order.

Let X (t) = 7/(t), since it is geodesic, VxX = 0, where V is the Levi-Civita
connection of the Riemannian metric in A/. This implies that
(7) (VxX,Y) =0,

for every Y € T.,(;y V. By the expression of the Levi-Civita connection in terms of
the metric (see the end of Section 2.2), we have

(8) (VxX,Y) = X(X,Y) - %Y(X,X) ~ (XX, YY),

where X (f) means the derivative of a scalar function f with respect to X.
In particular, the energy of geodesics is constant,

(9) %X<X7 X) = (VxX,X)=0.

So let us restrict ourselves to the energy level of vector field X with constant
norm equal to 1. In this case, the equation of geodesics and the expression of the
Levi-Civita connection in terms of the metric gives

0=(VxX,Y)=X(X,Y)— (X,[X,Y]),
or equivalently,
(10) X(X,Y) = (X, [X,Y]),

for every vector field Y.
Let e; for i = 1,2, ..,m be the orthonormal vector fields in T'4.5,, given in Propo-
sition 3.1, let ® : U,;, — S,,, be given by

m
(I)(tl,tg, ..,tm) = H(Z tiei)
i=1

that is a coordinate system defined in an open neighborhood U, of 0 € T4S,,,
whose image is the smooth m-dimensional submanifold S,,.

Let X,, = D®(e,,) be the coordinate vector fields tangent to S,,. Replacing in
the expression of the geodesic equation above we have

X(X, X)) = (X,[X, X,]).
This set of equations might be used to show the existence of the geodesic vector
field. Let us write down the system explicitly.
Let X = >, 2;X;, and let z; = (X, X;). The differential equation of the
geodesic vector field X is equivalent to

X(X, Xp) = (X, [X, X)) = (X, D> 2:X;, X)),
i=1

and we observe that

[Z 2 Xi, Xn] = Z[%‘Xz‘, Xnl = Z(xi[XiaXn] — Xn(2:)X5),
i=1 i=1 i=1
and since the vector fields X,, commute, we finally get
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m m
D X, Xo] =) =X () X
i=1 i=1
Hence we can write the differential equation for X as
X(Zn) = X(X, X)) = —(X,) Xn(x:)X;)
i=1
= =D (X Xo(w)Xi) ==Y Xo(w:)Z:.
i=1 =1
In terms of %, ﬁ we obtain a system X, of first order partial differential
equations
d " d
(11) Yo = %(‘fﬂ) = _;a(zl)'f17 n= 172a"7m'

The above system of differential equations gives rise to a system of partial dif-
ferential equations for the functions #;. Indeed, let X = (z1,22,..,2m), X =
(Z1,Z2, .., Tm), and let M,, be the matrix of the first fundamental form in the basis
v;, namely,

(Myn)ij = (Xi, Xj)-

Then we have that X = M,,X, and replacing this identity in the initial system
(11) we get a system of first order, quasi-linear partial differential equations (see
chapter 7 in [8] for definition and properties) for the functions z; whose coefficients
depend on the entries of the matrices (M,,)~! and ﬁn((Mm)_l): let (M,,);" be
the i-th row of the matrix (M,,)~!. Then we have

d " d e
ﬁ(xn) __;E(< (M,)7 4 X >)E, n=1,2,..,m,

where < (M,,); !, X > is the Euclidian inner product of the i-th row (M,,); "

(2

and

the vector X.

Remark: Actually, the Christoffel coefficients of the Riemannian metric involve
the derivatives of the entries of the first fundamental form of the metric. So it is
not surprising that such derivatives appear in any formulation of the problem of
the existence of geodesics.

3.3. Uniform bounds for the PDE geodesic systems in a neighborhood of
a Fourier-like probability. In this subsection, we shall estimate the sup norm
of the coefficients of the system of partial differential equations obtained in the
previous section, in a neighborhood of a normalized potential corresponding to a
Fourier-like equilibrium measure for the shift of two symbols. The main result is
the following:

Proposition 3.2. Let A € N be the normalized potential associated to a equilibrium
probability of two symbols. There exists an open neighborhood B,.(A) C N and
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D > 0 such that the coefficients of the quasilinear systems of partial differential
equations

d,_ d 15

are uniformly bounded above by D.

Recall that a quasilinear system of partial differential equations of vector func-
tions x;(t1,ta, .., tm) € R is a system of the form

dl’j
F(ti,xj, dit,t) = 0
where F' is a quadratic function of the variables x;, %. The system in Proposition

3.2 is a particular case, resembling the usual system of differential equations for
geodesics obtained by using the Christoffel coefficients.
A family of probabilities that are Fourier-like is given by the following Lemma:

Lemma 3.3. Let A € N be the normalized Holder potential associated to an equilib-
rium probability p on M = {0,1}. Then, there exist o, 3 > 0, and an orthonormal
basis of TaN given by continuous functions {e,}, such that, the supremum of e,
is CY and L?(u) bounded above by B3, and below by «, for every n.

For the proof see Appendix Section 6.

The estimates for the coefficients of the systems rely in a crucial way on the
following result:

Corollary 3.4. Let A € N be the normalized potential associated to a Fourier-like
equilibrium probability. Denote by e,,, the associated basis satisfying the conditions
I) and II) of Definition 1.1. Let €, be the extension of e, in the plane TaN as a
constant vector field. Then, there exists an open neighborhood U C N containing
A, and p > 0 such that

(1) For every B =1I(s1, s2, .., $m) € I(U), the family of functions
{Xn(B) = D(SI,SZ,..,sm)H(én)}

is a basis for TgN .
(2) The sup norm of each element of the basis X, (B) is bounded above by p.

Proof. The corollary follows from Lemma 3.3 and Proposition 2.4. O
Let us consider the norm for matrices || M ||sup= sup{| M;; |}

Lemma 3.5. Let A € N be the normalized potential associated to a Fourier-like
equilibrium probability pa. Then, there exists C' > 0 such that the norms of the
matrices (M,,) ™', and the coefficients of %((Mm)*l) are uniformly bounded by C
in the neighborhood B,.(A). /

Proof. The coefficients of the first fundamental form M, at a point B € B,.(A) are
(6 (B), X, (B) = [ Xi(B)X(B)du.

By Lemma 3.1 and Lemma 2.4, the matrix M, is a perturbation of the identity
at every point B € B,(A). This yields that the matrix (M,,)~! is close to the
identity and its norm is uniformly (in m) bounded above in B,.(A).
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As for the derivative %ﬂ((Mm)’l) = (M)~ = (M, ) (M) ™, we motice that
at the point A we have M, = I,,, the m x m identity matrix, and the coefficients
of #H(Mm) are the derivatives of the terms (X;, X;). According to Lemma 2.5 we
have

@ Xi, X; :/ LE X-)X-+X-i(X-)+X-X-X )d

dtn< i J> (dtn( i) vdt, I i2jAn)AUB-
Let us estimate the sup norms of each of these terms at a point B € B,.(A). First
observe that B = Il(s1, $2, .., $m) for some vector (s, $2, .., $m) close to (0,0, ..0).
Then we have

d d d?
E(Xi(B)) = E(D(ShsL--,Sm)H(ei)) = dhdt
The sup norm of such a term is bounded above by 1 + ¢ according to Proposition
2.4, therefore, the sup norms of the integrals | %(Xi)deuB and [ Xiﬁ(Xj)duB
are bounded above by 1 + §.

Moreover, the term inXand/,LB satisfies

(H((sla 852, .4y Sm) + tiei + tnen))

| / XX, Xpdpip |<| Xi(B)X;(B)X0(B) |oo,

and by Corollary 3.4, we have that | X;(B)X;(B)X,(B) |x< (p)?, where p is
the upper bound for the elements of the basis in Corollary 3.4. Joining the above
estimates we get that the coefficients of the first fundamental form M, are bounded
above by 2(1+48) +(p)3 for every B € B,.(A). Since the matrices M, are uniformly
close to the identity, the matrices % ((M,,,)~") are uniformly close to %(Mm) in

dtn
B,.(A) thus proving the lemma.
(]

The proof of Proposition 3.2 follows from Corollary 3.4 and Lemma 3.5.

3.4. First order systems of ordinary differential equations equivalent to
first order PDE’s. Let us start this subsection with some standard basic results
of the theory of first order partial differential equations. We follow Chapter 3 in
the book by L. C. Evans [23], but the subject is quite well known and there are
many other classical references.

Let F: R" xR x U :— R be a C? function where U is an open subset of R™
and U is its closure. The system of first order, partial differential equations defined
by F'is given by

F(Du,u,z) =0
where u : U — R is the unknown. Let us write
F(pa 2, fE) = F(plaan cy Pny 2, X1, X2, 4y mn)
and denote by
D,F = (F,,,F,,,..F,), D,F =F,, D,F =(F,,,F,,,..,Dy;,)

the differentials of F' with respect to the variables p,z,xz. The theory of the
characteristics associates a system of first order differential equations to the sys-
tem F(Du,u,xz) = 0 in the following way. We look for smooth curves z(s) =
(x(s),..,2™(s)) for s € T defined in some open interval, and consider the function

2(s) = u(z(s)). Let p(s) = Du(z(s)), where p(s) = (p'(s),..,p"(s)) is given by
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p(s) = uy,(z(s)). Differentiating with respect to s we obtain the characteristic
equations

P'(s) = —DzF(p(s),2(s),2(s)) = DF(P(s), 2(s), x(s))p(s)
#(s) = DpF(p(s), 2(s), x(s))p(s)
#(s) = DpF(p(s), 2(s), x(s))

This setting extends of course to smooth finite dimensional manifolds, by taking
local coordinate systems.

Euler-Lagrange equations in a Riemannian manifold, a system of second order
differential equations, is equivalent to a first order system of partial differential
equations in the tangent bundle of the manifold. The above procedure applied to
this system gives rise to the Hamilton equations in the cotangent bundle, a system
of ordinary first order differential equations.

FEuler-Lagrange equations in the case of Riemannian metrics are expressed in
terms of the Levi-Civita connection by the system

where X is the vector field tangent to a geodesic and X;, ¢ = 1,2, .., n is a coordinate
basis of the tangent space of the n-dimensional manifold. This is exactly what we
did in the previous subsection for each submanifold S,,. The tangent space TN and
the cotangent space T*A of N are analytic manifolds as well, and we are looking
for solutions of Euler-Lagrange equations in finite dimensional submanifolds of TN

Therefore, as a consequence of Lemma 3.5 and Theorem 3.10 in the last section,
we get a result on the existence of solutions for the partial differential equation of
geodesics under the Fourier-like condition.

Lemma 3.6. Let A €¢ N be the normalized Hélder potential associated to the
equilibrium probability p on M = {0,1}. Then there exist p > 0, D > 0, such that
gien a unit vector X (0) € TaN there exists a unique analytic curve vy : (—p, p) —
N such that v(0) = A, and ~'(t) = X (t) is the unique solution of the equation (11)
whose initial condition is X (0). The solution X (t) is defined in an interval | t |< p,
and the norms of X (t), X'(t) are bounded by D for every | t |< p. An analogous
result holds for every Q € B,.(A), where r > 0 is given in Proposition 3.2.

Proof. Let us show the statement for A, the statement for @ € B,.(A) follows from
the same arguments. By the theory of first order partial differential equations, the
system (11) that is a second order, partial differential system in the curve ~(¢) is
equivalent to a system of first order ordinary differential equations %Y = F,Y)
where the function F),, depends on the first fundamental form A and its derivatives
with respect to the coordinates t,,. These functions have uniformly bounded norm in
the neighborhood B(r) and are analytic. Then, Theorem 3.10 implies the existence
and uniqueness of solutions of the ordinary differential equations, namely, there
exists p > 0 such that the solution ~,,(¢) of (1) with initial condition v,,(0) = A,
¥ (0) = X (0), is unique and defined in (—p, p).

d
— Y ||| F|II|Y
SV IR Y |

which yields that
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The uniform bound for the sup norm of F,, in B(r) implies that there exists
p > 0 such that the analytic solutions 7, (t) are defined in (—p, p) and are uniformly
bounded in this interval.

Then Theorem 3.9 implies that there exists a convergent subsequence with limit
~(¢t) analytic in the interval (—p, p). The function ~(¢) is tangent to the curve of
vectors X (t) that s the limit of the convergent subsequence of the curves v/, (t) =

Xm(t) in (=p, p).

Claim: The curve «(t) is a geodesic.

Since X,,(t) converges uniformly to X (¢) in the interval (—p, p) we have that
given € > 0 there exists m, such that for every m > m, we have

| Fon (X0 (8) = Fan(X (1)) oo < K || Xin(t)) = X(2) loo< €

where k is a constant depending on the (uniform) bounds of the first derivatives of
the functions F,,. So we get that X (¢) is an approximate solution of the systems
defined by the functions F,:
|| X' - Fm(X) ||oo < H X' _X7In ||oo + H X7In - Fm(Xm> Hoo + H Fm(Xm _Fm(X) Hoo
2e

IN |

if we choose m, such that || X, — X' ||o< € for every m > m. as well. Now, notice
that the equation £Y = F,,(Y) is equivalent to the system (VyY,v) = 0, for
every 0 < k < 'm, which means that

[(VxX,op) [< e

for every 0 < k < m. Since € may be chosen arbitrarily, we conclude that
(VxX,vm) = 0 for every m, which implies that the vector field Vx X is iden-
tically zero, because the collection of the vectors v,, is a base for the L? inner
product in TA. This yields that the curve ~(¢) is a geodesic as we claimed.

O

3.5. On the existence and uniqueness of solutions of differential equa-
tions in A. Let us now proceed to the proof of Picard’s Theorem in our infinite
dimensional setting. We start with the Arzela-Ascoli theorem. We shall state
the main results for the shift and we claim that for the case of expanding maps
T(x) = 2x(mod.1) in St the results one can get are analogous.

Theorem 3.7. Let (X,d) be a second countable compact metric space (namely,
there exists a countable dense subset). Let F be a family of functions f: X — R
that is uniformly bounded and equicontinuous. Then every sequence in F has a
convergent subsequence in the set of continuous functions.

Proof. The proof follows from the same steps of the usual version of the theorem
for compact subsets of R"™. (I

The above implies:

Lemma 3.8. Let ¥ = {0,1}", endowed with the metric

dfan) (b)) = £ S L0
=0
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Let Holc,(X) be the set of Holder continuous functions f: ¥ — R with constant
C and exponent o endowed with the sup norm. Then, every subset of Holc o of
uniformly bounded functions is precompact.

Proof. First of all, observe that (X, d) is a compact metric space with a countable
dense subset, the set of periodic sequences of 0’s and 1’s. Then Theorem 3.7 holds,
and since the set of functions in Holc  is equicontinuous, every uniformly bounded
subset has a convergent subsequence. O

Next, let us study the precompactness of the set of analytic curves of normalized
potentials v : (a,b) — Holg o(X) endowed with the sup norm. By analytic we
mean that v(¢) depends analytically on the parameter ¢ € (a,b).

Proposition 3.9. Let I'c o ([a,b],X) be the set of curves v : [a,b] — Holg o(X) of
normalized potentials which are analytic in (a,b) and continuous in [a,b], endowed
with the sup norm. Then every family of functions in T'c.o([a,b],X) that is uni-
formly bounded and equicontinuous has a convergent subsequence. Namely, there
exists a continuous function vy : [a,b] — Holc o(X) that is analytic on (a,b) and
a sequence of functions in Tc o ([a,b],X) converging uniformly to Yeo.-

Proof. Let v, € T'ca([a,b],X) be a sequence of uniformly bounded curves. For
simplicity, let us suppose that a = —r,b = r for some 0 < r < 1, and let us center
the series expansion at tg = 0 (for different center of expansion the argument is just
analogous). This implies that we get an expression in power series for each v, (t)

of the form

Ya(t) =D am(p)t™
m=0
where af!, : ¥ — R are functions in Holc (3). Since the functions -, are uni-
formly bounded by a constant L > 0 in (—r,r), we have that || af ||co< L for every
0

n and by Lemma 3.8 there exists a convergent subsequence a,* whose limit is a
function Ag. Since the radius of convergence of all the series is r, we have that
limsup,, (| ™ (p) )= = 1 and therefore

1

[ am le< o

for every m,m. So the family of functions F,,, = {a!,} is uniformly bounded and

we can apply again Lemma 3.8. So there exists a subsequence n?ll_ of the indices n?
J

0
such that the functions an? converge to a function A; € Holc o(X). By induction,

we get a subsequence vy, of the functions v, such that the first k + 1 coefficients
of their series expansions converge to functions Ay, A1, .., Ax in Holg o (X).
Consider the function

o0
Yoo(t) = Z A (t).
m=0
By the choice of the A,,’s, the above series converges with the same convergence
radius of the functions v,. Moreover, it is easy to check that v, (t) is a curve of
functions in Holc o(X), and we have that the sequence vy, converges uniformly on
compact sets to Y in the sup norm. Indeed, let [a,b] C (—r,r), since the functions
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v are uniformly bounded given € > 0 there exists m. > 0 such that for every
n € N, k > m,. we have

o0
D aip)t [<e
k

for every p € 3. The same holds for the series 7. This yields
Me 00
Yoo (®) = (@) oo < D 1 Am = ant [loo ™+ 11 D (A — ap) [loo £
m=0 me+1

Me

D Am = all lloo £ + 26

m=0

IN

Since the functions a)* converge uniformly to the function A,,, we can chose k

large enough such that || (A, — al*) ||< <, and therefore
[ Yoo () = 1 (t) [loo < 36,
for every t € [—r,r], and since € can be chosen arbitrarily we get the lemma. O

Now, we can state Picard’s Theorem for differential equations in N.

Theorem 3.10. Let F : [z,y] x U — Holc o(X) be an analytic function int €
(z,y) and in Holc o(X), where U is an open subset of (Holc,o(X))™. Then, given
(to, f1, f2, -+, [n) € (x,y) XU there exists a unique solution of the differential equation
4 X (t) = F(t,X(t)) defined in a certain interval X : (to — €,tog +€) — U that is
analytic and satisfies X (to) = (f1, foy .y fn)-

Proof. The proof mimics the usual proof of Picard’s theorem applying the idea of
contraction operators. The operator
t

L(g)(t) = (f1, fo, - Jn) + | F(s,9(s))ds

to
is defined in the set of continuous curves g : [z,y] — (Holc,(2))™ that are analytic
on (z,y). According to Lemma 3.9, this set of curves endowed with the sup norm
is co-compact. Now, as in the proof of the usual version of Picard’s theorem, there
exists a small interval (tg — €, o + €), where € > 0 depends on the sup norm of the
first derivatives of the function F, where the above operator restricted to curves
defined in (o — €,tg + €) is a contraction. Therefore, by Lemma 3.9, there exists a
unique fixed point X (¢) that must be the solution of the equation claimed in the
statement. The solution is analytic since the function F' is analytic. O

3.6. Geodesic accessibility of the set of potentials associated to Fourier-
like equilibrium measures on symbolic spaces with two symbols. The
purpose of the subsection is to show:

Theorem 3.11. Let A € N be the potential associated with a equilibrium probability
of the shift of two symbols, and let B € N. Then, there erists a geodesic of N
endowed with the variance Riemannian metric joining the two points.

The idea of the proof is inspired by the Palais-Smale condition: we shall construct
a sequence of analytic curves joining two points whose lengths converge to the
distance d(A, B) in the Riemannian metric. Then, we show that the sequence has
a convergent subsequence, in the set of analytic curves joining the two points, to a
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curve v : [0,1] — N, and by the general theory of geodesics this curve is a critical
point of the length and thus a solution of the equation V. 4v'(t) = 0.

We start by considering the curve ¢(t) = A(1 —t) +tB, ¢:[0,1] — Hol. The
potentials ¢(t) might be not be normalized of course, even though they have nice
regular properties.

(1) The functions ¢(t) are Holder with constants bounded above by the max-
imum of the Holder constants of A and B, say ); and Holder exponents
bounded below by some p > 0 depending on A, B.

(2) The projection &(t) = II(c(t)) is an analytic curve of the variables A, B, 1,
because the eigenfunctions k) and the eigenvalues A.(;) are analytic func-
tions of ¢(t).

(3) The curve of normalized potentials ¢(t) is a curve of Hélder functions with
constants bounded by some Q and exponent bounded below by some 4.

(4) The radius of convergence of the series expansions in terms of ¢ of the
functions ¢(t) around any tg is bounded below by some D > 0 for every
to € [0,1]. This is because the radius of convergence of the series depends
continuously on the parameter ¢y € [0, 1], so the compactness of [0,1] im-
plies that there is a positive lower bound for the radius of convergence.

Let Holc o (2) be the set of Holder normalized potentials in ¥ = {0,1}Y with
Hélder constant C, whose exponents are bounded below by «, and let I'c 4, be the
family of curves v : [0,1] — Hol¢ o(X) depending analytically on ¢ € [0, 1], such
that, the radius of convergence of the series expansion of the curves are bounded
below by v > 0. By Proposition 3.9, we know that the family of functions I'c .,
endowed with the sup norm is pre-compact.

Proof of Theorem 3.11

Given A, B € N, we showed that the set of curves I'c 4, is nonempty for certain
values of C,a,v: the curve ¢(t) = II(c(t)) is in I'cs,,. Therefore, either ¢(t) has
minimal length in I'c 4., and it is the geodesic we look for, or there exists a curve
¢1:]0,1] — Holg o (X) in ¢ o, with strictly smaller length. By induction, either
we find a geodesic ¢, in this process or we find a sequence c; of curves in I'c o,
whose lengths converge to the infimum of the lengths of all curves joining A, B. By
Proposition 3.9 there exists a convergent subsequence whose limit is a continuous
curve Yo : [—r,7] — Holg s , that is analytic in ¢ € (—r,7), whose length attains
the minimum of the lengths of curves joining A, B.

The curve v minimizes length in the family I'c o ...

Claim: 7, is a true geodesic.

To show the Claim we apply the local existence results of the previous sections.

We know that there exists an open ball B,,(A) around A such that every nonzero
tangent vector X € T4 N determines uniquely a geodesic vx : (—p, p) —> N such
that vx(0) = A, v (0) = X. This local geodesic is an analytic curve of Hélder
continuous functions whose Holder constants are bounded above by a certain C and
whose exponents are at least &. So if we replace C' by the maximum of C, C, and «
by the minimum of a, &, we get a precompact family of analytic curves I'cv o, that
contains the curve 7,,. Moreover, since 7y, restricted to the ball B,(A) is a local
minimizer in the family I'c o, ,, Picard’s Theorem 3.10 and hence, the existence and
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uniqueness of local geodesics implies that v, has to be one of the solutions of the
geodesic equation in the open ball B,(A).

This proves the Claim in an interval [0, p) of the domain [0,1] of yoo. If p > 1
then we have shown that the curve is a geodesic as we wished. Otherwise, let us
consider a local coordinate system at P = v, (p) and let us look at the functions

fY(t) = <V7{>o(t)7</>o(t)7y('}’oo(t))>
where Y is an analytic vector field locally defined in the coordinate neighborhood
of P. Since we know that v, (t) is analytic in ¢, as well as the Riemannian metric
and the vector field Y, we have that the function fy (¢) is analytic in ¢. Since v
is a geodesic in the interval ¢t € (0, p), fy () = 0 for every ¢ € (0, p), so we have by
continuity that fy(p) = 0. The analyticity of fy(¢) then yields that there exists
d > 0 such that fy(p+s) = 0 for every | s |< §. This shows that the curve 7.,
must be a geodesic in the whole interval [0,1] as claimed.

4. ON THE SURFACE OF MARKOV PROBABILITIES DEPENDING ON TWO
PARAMETERS

We shall devote this section to the problem of the existence of geodesics on the
surface of Markov probabilities. In the previous article [37], a detailed study of
the Markov surface revealed remarkable geometric properties. Two of them are
that the surface is totally geodesic in A/, and that its Gaussian curvature is zero
everywhere. Let us recall the definition of the Markov surface and some of the main
results about the intrinsic geometry of the surface in N obtained in [37].

Consider M = {0, 1} and denote by K the set of stationary Markov probabilities
taking values in {0, 1}.

Given a finite word z = (21,22, ...,2x) € {0,1}*, k € N, we denote by [z] the
associated cylinder set of size k in Q = {0, 1},

Consider a shift invariant Markov probability p obtained from a row stochas-
tic matrix (Pi’j)i,jzo,l with positive entries and the initial left invariant vector of
probability 7 = (7, 7;) € R2. We denote by A the Hélder potential associated
to such probability p (see Example 6 in [38]). There exists an explicit countable
orthonormal basis, indexed by finite words [z], for the set of Holder functions on
the kernel of the Ruelle operator .Z4 (see [37]).

Given r € (0,1) and s € (0,1) we denote

. PO.,O PO,l o T 1—r
(12) P= ( Pl,O Pl,l o 1—s S ’
In this way (r,s) € (0,1) x (0,1) parameterize all row stochastic matrices we

are interested. The following statement is proved in [38] and describes a special
coordinate system for the surface K of Markov probabilities.

Theorem 4.1. The Markov surface K is totally geodesic in N'. Moreover, there
exists a pair of unit vector fields X1, Xo tangent to K which are orthogonal every-
where and satisfy the following properties: at a point of the stochastic matrix with
coordinates (r,s) we have

(1) Vx, X1 =T} X1 where
2r—-1)(s—-1) 1

1 _
Fllfi
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0.2 0.4 0.6 0.8

FIGURE 1. Numerical simulation - geodesics emanating from the
point (1/2,1/2) on parameter coordinates (r,s) € (0,1) x (0,1)
which describes the set of Markov probabilities.

Vx,Xo = F§2X2 where

2 _ (2s=D(r-1) 1
224 +s) (T

In particular, the vector fields X1 and Xo are geodesic vector fields, namely,
their integral curves are geodesics of N.

Vx,Xo = Vx, X1 =0, in particular, the vector fields X1, Xo commute and
define a isothermal coordinate system for the Markov surface K.

Proof. The Theorem is essentially proved in [38]. The only thing that deserves to
be explained is the fact that the vector fields X; and X, are geodesic. This is a
well known result in the theory of geodesics: if a smooth vector field X satisfies
VxX = fX, for a smooth scalar function f, then the integral orbits of X are
geodesics (see for instance [15] 1979 Edition, Chapter 8, Lemma 3.1). O

FIGURE 2. Numerical simulation - geodesics emanating from the
point (0.35,0.15) on parameter coordinates (r,s) € (0,1) x (0,1)
which describes the set of Markov probabilities.

The existence of an isothermal coordinate system is quite exceptional, and sim-
plifies a great deal the system of differential equations of geodesics in the surface.
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Moreover, it is easy to show that a surface with an isothermal coordinate system
whose integral curves are geodesics is flat. Notice that the coefficients of the covari-
ant derivatives in Theorem 4.1 are just the Christoffel coefficients of the coordinate
system. In particular, item (1) implies that I'?; = 0, item (2) that '}, = 0, and
item (3) that I'l, = I'}; = I'?, = I'3; = 0. The system of differential equations of
geodesics in this coordinate system is then given by (see [15] for instance )

d2u1 1 du1
2 (1) =T (ua (1), u2(6) (- (1)

d2U2 dug

—z (£) = Doy (t), ua (1)) (—~ (1))
where v(t) = (u1(t), u2(t)) is the expression of a geodesic () in the corresponding
coordinates. Note that the geodesics are not straight lines (one exception is the
horizontal line through » = 1/2). In figures 1 and 2, using Mathematica, we were

able to show parts of several geodesic paths with the initial position taken at the
points, respectively, (1/2,1/2) and (0.35,0.15) .

5. KL-DIVERGENCE AND DYNAMICAL INFORMATION PROJECTIONS

Let us start with the second part of the article, focused on information pro-
jections in a dynamical context. First, we shall remind some preliminaries about
KL-divergence and information theory.

5.1. Introduction. Through this section, the set M = Q = {1,2,...,d}", will be
the compact symbolic space equipped with the usual metric d.

Recall that a Jacobian J : Q — (0,1) is a positive Holder function such that
Log (1) =1, where g s is the the Ruelle operator for log J. The potential

x = (21,22, .., Tp,...) = log J(x1, T2, ..o, Ty, -..)

is normalized. Remember that for each Jacobian J is associated a probability
p = g, such that, £, ;(1y) = ps. The set of all possible p,; constitutes the set
N.

A particular more simple example: if p is a Markov shift invariant probabil-
ity measure taking values in {1,2}, associated to a row stochastic matrix P =
(P ;)i,j=1,2, we get that the corresponding Jacobian J satisfies J(x) = P;;, for
each z in the cylinder 4,7 C {1,2}" (see Example 6 in [38]). In this particu-
lar example the Jacobian J depends only on the first two coordinates i,z of
T = (21, T2, T3, ey Tny, ..) € Q= {1,2}N.

The relation J <= u; € N is bijective. It is natural to parameterize the
Holder equilibrium probabilities iy € A by the associated Jacobian J. We will not
distinguish between naming J and p ;.

The probabilities on N are ergodic for the action of the shift in the symbolic
space €2 and hence they are singular with to respect to each other. This property
results, in some cases, in a certain difference when comparing our results and proofs
with the non-dynamical ones (as described in [1], [2], [43] and [46]).

Remember that we denote by Hol the set of Holder functions f : 2 — R.

Here we are interested in the Kullback-Leibler divergence (KL-divergence for
short) of shift invariant probabilities (see (17) in [39])
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Given two Jacobians Jy and J; and the associated equilibrium probabilities g
and pp in NV, its Kullback-Leibler divergence (or relative entropy) is given by

(13) Dicr (o | 1) = / (log Jo — log J1) dig > 0.

The above value is zero if and only if pgo = p; (which is the same as saying
that Jo = J1). In some way, the relative entropy behaves like a kind of metric in
the space of probabilities but the triangle inequality is not always true (see [42]).
Moreover, the KL-divergence is not symmetric. Dgp, is convex in both variables.

Using the Riemannian structure of [27] and also [32] it was shown in Section 5
in [38] that the Fisher information is equal to the asymptotic variance (see [44] for
the definition). A result taken from [38]:

Proposition 5.1. Assume that £ is a tangent vector to N at us, then, for upy € N
1
(14) Dictlimnpa +d€) == [ el + 5 [ €da + el

where [ &3dps is the Fisher information.

Given Jacobians Jy, J; € ©1, Jy # Ji, consider the Jacobian Jy, A € [0, 1], such
that,
(15) In=Jo+ A1 — Jo).

We denote by pj, the equilibrium probability associated to Jx. In this case
Ji1 =1

The probability ug, corresponds in [42] to the concept of mixture distribution.
In [24] Bayesian Hypothesis Tests are considered for the family described by (15).

Note that in our dynamical setting the problem of considering a convex combi-
nation of probabilities is different from the problem of considering convex combi-
nations of Jacobians like in (15). As a non trivial convex combination of ergodic
probabilities is not ergodic, it is more natural - under the ergodic point of view -
to consider the family of probabilities ug, as described above in expression (15).

It follows from [37] that the function JlJ;OJO corresponds to a tangent vector to
the analytic manifold A at the point uq.

The inequality

d
(16) JDKL(MMM)\A:O >0

implies that the relative entropy of uy, with respect to p; is infinitesimally increas-
ing on o in the direction of J; — Jy. This can be consider a manifestation of the
Second Law of Thermodynamics (see [11] and Section 5 in [38]). Issues related
to the derivative (16) will be analyzed under the domain of what we will call the
Second Problem.

Given p1 with Jacobian Ji, when po = pu 5, puo are such that

d
(17) v Prrgy, p)lamo <0
we say that this triple is under the fluctuation regime. The use of this terminology
is in accordance with section 3.4 in [11]. In the case (16) is true we say that the
triple po, p1, p2 = pj, is under the Second Law regime (a terminology borrowed

from gas dynamics).
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From a Bayesian point of view, the probability p; describes the prior probability
and 3, plays the role of the posterior probability in the inductive inference problem
described by expression Dy, (13, , 1) (see Section 2.10 in [11], [39] and [21]). The
function log J» — log Ji should be considered as the likelihood function (see [24]).

Given po = fijy, 1 = Ly, p2 = p1j,, the inequality
(18) D r(p2, 1) > Dicr(p2, o) + Dicr.(po, 1)

is called the Pythagorean inequality (see Theorem 11.6.1 in [20]).
Given p; with Jacobian Jp, expression (18) is equivalent to

(19) /(log jl —log J1) dus > /(log jl —log Jo) dps + /(log Jo —log Jy) duyp.

Interesting questions related to the Pythagorean inequality and information pro-
jections appear in Game Theory, Statistical Mechanics, Information Theory and
Geometry (see [29] [22], [48], [35], [28] and Section 12 in [46]).

A source of inspiration for our work is the following theorem presented in [20]:
given the probabilities P = (Py, Pa,...,Py) and Q = (Q1,Q2,...,Qq) on the set
{1,2,...,d}, denote the KL divergence of P and @ by

d d
D(P|Q) =) Pylog Py — Y Pilog Qy.

k=1 k=1

Consider the probabilities P/ = (Plj7P2j, ...,P3)7 j=0,1,2, 0on {1,2,...,d}, and
denote Py = P + A\(P? — PY), A € [0,1]. Theorem 11.6.1 in [20] claims that if

d d
d d k k k 1
7d)\D(PA7P1)|>\:0 = 7d/\[kil P)\ IOgP)\ — ];:1 P)\ IOngH)\:(] >0,

then is true the Pythagorean inequality
(20) D(P?||P') = D(P?||P°) + D(P°||P").

In the case “D(Py,Pi)|x=0 < 0 then the triangle inequality D(P?||P') <
D(P?||P°) + D(P°||PY) is true.

Probabilities on {1,2,...,d} have no dynamical content. Analogous results to
the ones obtained in a non dynamical setting, when considered with respect to
the dynamical setting of ergodic probabilities on {1,2, ...,d}", are not always true.
The above probabilities P, j = 0,1, 2 are all absolutely continuous with respect
to each other. The probabilities p;, j = 0,1,2, described above are all singular
with respect to each other. This makes a big difference when we want to demon-
strate in our setting some analogous result which is known for the case of proba-
bilities on {1,2,...,d}. Expression (20) for the probabilities P/ = (P}, P, ..., P})
on {1,2,....,d}, j = 0,1,2, corresponds in the dynamical setting to independent
Bernoulli probabilities on Q = {1,2,...,d}". Example 5.13 in Section 5.3.1 shows
that for a slightly more complex case, that it corresponds to consider Markov prob-
abilities on {1,2,...,d}", the analogous result to Theorem 11.6.1 in [20] is not true.

Given jig = fi1,, 11 = 1, p2 = i 7,, the alternative inequality to (18) is

(21) Dgr(p2, 1) < Dicr(p2, o) + Dr (1o, t1),

which is known as the triangle inequality.
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A natural question to ask is when these inequalities appear when considering
some extremality property regarding a fixed convex set of probabilities (like ex-
pression (23) in the First problem to be defined next).

Consider ©; C Hol a convex compact set of Holder Jacobians J : Q@ — (0,1).
Note that given the Jacobians Jy, Ji, the convex combination

(22) Ao+ (1= \)Jy

is also a Jacobian. From the bijective relation J <= pu; € A one can see ©; as a
subset of .

Note that given the Jacobians Jy, J1, the convex combination Alog(Jyp) + (1 —
A)log(J1) is not of the form log J, for a Jacobian J.

First problem: given the fixed Holder Jacobian J; ¢ ©; (associated to a
probability 1 = uz, ) assume that the Jacobian Jy € ©; minimize Kullback-Leibler
divergence, that is, pj, = po satisfies

(23) Dgp(p1; po) = min Dgep(pa, prj)-
JEO,

A J = Jy minimizing (23) will be called a solution of the minimizing first
problem (Chapter 3 in [26] also investigate similar problems). We analyze here
the information projection problem for equilibrium probabilities.

One can also analyze the related maximizing problem

(24) max Dgr(p1, 7).
JEO,

with similar methods.

A J = Jp maximizing (24) will be called a solution of the maximizing first
problem. ~
Given Jy, J1 € ©1, Jo # J1, we denote by Jx € ©1, A € [0, 1], the function

(25) In =M1+ (1= Ao,

where we denote by p3, the equilibrium probability associated to the Jacobian J.
When Jp € ©1 minimize the Kullback-Leibler divergence in problem (23), and
3 satisfies (25), we get for any J; € ©

d d
26 3 Drclnn)heo = gl [ 1oz hdps  [logdadun)ao 20,
dA dX
When Jy € ©1 maximize (24) we get for any Ji € 0,

d d -
1) S Dicr(u ) oo = | / log Jydju; — / log Iadpi1 | [xzo < 0.

A more useful information is the exact estimate of the value in (26) and (27)
given by (28) (to be obtained in section 5.3.2).

Proposition 5.2.

d J1
28 —|x=0D = | (1——=)du.
(28) T =0DxLli, nyy) /( Jo) i1

_ The above value can be positive or negative in different cases. Note that taking
J1 and Jy more and more close to each other will imply that the derivative at A =0
is closer and closer to zero.
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Remark 5.3. Assume O is a convex simplex generated by J,.,r = 1,2,...,w,
in the maximization problem (24). We can ask how to characterize an optimal
Jo. As Dgy, is convex in both variables, the Jacobian Jy (one of the possibles
Jrym=1,2,...,w ) should be in the boundary of ©,

In this way it is natural to consider

(29) L= Ao+ (1 =N r=1,2,..,w,

and the associated p7, .
From (28) and (24) we get that in the second maximization problem the Jacobian
Jo should satisfy the equations

(30) /(1— %)dul S0, r=1.2. ...

T

In this way we have just a finite number of inequalities to check.

Consider a fixed probability p; with Jacobian pp. It is also natural to analyze
the first type of problem on ©,. In this way one should a consider the probability
p*, X € [0,1], that is the equilibrium probability for the potential

(31) Mog(J1) + (1 = A) log(Jo),

A € [0,1]. We denote by J* the Jacobian of the equilibrium probability
p? for the potential Alog(Jy) + (1 — A)log(Jo) (I is different from J*). The
probability x! has Jacobian J; = J* and the probability x° has Jacobian Jo = J°.

In this case the minimization of Dy (p1, p j) will be considered over the set of
J € 0,.

Note that the Riemannian manifold of Holder equilibrium probabilities A is not
flat (see [27] and [37]). Adapting the terminology of [42] for our dynamical setting,
it is natural to call log J* the linear interpolation of u® an p' at A on the logarithm
scale.

The pressure problem for potentials of the form (31) is considered in expression
(3.27) in [24] (where a different notation is used). More precisely, in the notation
we consider here set

(32) Py(X) = P(Alog J; — log Jo) + log Jo),
where A € [0,1] and P(A) denotes the pressure of the potential A (see [44]). In this
case P;(0) =0 = Py(1), and from expression (3.30) in [24], we get

(33) P/(0) = / (log J1 — log Jo) dp®.

The function A — P; () described by expression (32) corresponds here to the
integral-based Bregman generator (see (156) in [43])

Taking F = 0 in expression (3.36) in [24] we get (in the present notation) the
deviation function (a Legendre transform)

(34) Pi(n) = sup {An — Pi(A)}.
A€0,1]
Following the reasoning of [42] it is natural to call
(35)  Br = Pi()~ P(0) ~ (1= OK(0) = [(logJo ~ log.J1)du > 0

the Bregman divergence for u° an p' (which is this case is equal to Dgr(u° | ut)).
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‘We will show in Section 5.2.1 that

Proposition 5.4. Given 1 = pg,
d - -
(36) alA:ODKL(MhM)\) = —/(log J1 —log Jo)dpy + /(log J1 —log Jo) dp°.

The inequality 0 < %b\:oDKL (p1, ) is equivalent to the Pythagorean inequal-
ity:

Drcr(pu1, 1°) + D, (u°, p?) < Dier (s 1),
1

where o = [

Second problem: given the fixed Holder Jacobian J; ¢ ©; (associated to
a probability g1 = py,) assume that J = Jy € ©; minimize Kullback-Leibler
divergence, that is, pj, = po satisfies

(37) Drr(po, p1) = min Drr(paz, pa)-
JeO,

A Jp minimizing (37) will be called a solution of the minimizing second problem.
A Jy maximizing

(38) Drcr(po, 1) = max Dger, (s, p11)-
JEO,

will be called a solution of the maximizing second problem.
Given p1 = p g, with Jacobian Jp, related to tpe minimizing second problem we
have the following inequality: given a Jacobian J; € ©1 and J, as above

d

d ~
(39 i Duclugmeo = gl [1ogdadug, — [og g, ]lnmo 2 0.

In this case, we are in the Second Law of Thermodynamics regime.
The second problem is harder than the first one. In Section 5.3.1 we estimate
the value in (39):

Proposition 5.5. Given p; = py, with Jacobian Jy
Ji—Jo

d
(40) 4JMMmmmﬂfﬂM%4%M( Yo
d\ Jo

Remember that the function £ = L];OJO corresponds to a tangent vector to the
analytic manifold N at the point ug. ~
Ji—Jo

A natural question is the following: for Jy,J; fixed, is there a direction e

where the derivative %DKL(M3M 11)|x=0 is maximal? This requires explicit ex-
pressions for this derivative.

Via a counterexample in section 5.3.1 we will show that not always the inequality
%DKL (135, #41)|a=0 > 0 implies the Pythagorean inequality

Dk r.(p2; o) + Drcr(po, 1) < Dicr(p2, 1),
when po = pj,

Once more it makes sense to analyze the second type of problem on J € O,
considering the family p*,0 < X < 1, which is the equilibrium probability for the
potential Alog(J1) + (1 — A) log(Jo).
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In Section 5.2.2 we show that

Proposition 5.6. Given py with Jacobian Jy

d -
i Drea (i m)laco = [ log Jo = log 1) (log() = log(Jo)) do
One can also analyze the related problem
(41) max Dgr(p, (1)
JEO,

with similar methods to the ones used below.
When investigating properties related to
(42) A= =M1+ (1= N)Jo,
we say we are considering a J-case.
On the other hand when investigating properties related to
(43) A = Mog(J1) + (1 — \) log(Jo),
we say we are considering a log J-case.

Given the Holder potential A, in this section we denote by a4 and ¢4, respec-
tively, the main eigenvalue and the main eigenfunction of the Ruelle operator Z4.
Using the notation of [27], remember that we denote by II the normalization map

(44) II(A) = A+logpa — (logpaoo) —logaa.

The equilibrium probability p4 for A has Jacobian e™(4). Tt is know that ps =
pricay- We are interested in the perturbed potential A + £ for very small . The
entropy of pa is equal to — [TI(A)dpa (see Corollary 5.3 in [27]).

Given the Hélder potential A the function DII(A)() is the projection of & in
the kernel of .Z4. Moreover,

DII(A)(€) :5—/sduA+u— (woo),

for some continuous function u : @ — R (see (5) section 4.2 in [27])

An important property that we will use here is the following: denote bh; the
entropy of pay.e. From section 7.3.1 in [27] we get that

(@9 Ghdeo =~ [ DI dua— [ 1004) €dua = [ 11(A)Edpa,

Below we summarize the most important relationships that will be used next.
I. In order to show the type-1 Pythagorean inequality, we have to show that
given iy = [iy,; Ho = [L1ys Ho = [

D1 (2, po) + D r(po, p1) = /(log Jo —log Jo)dps + /(log Jo —log J1)dpo <

(46) /(log Jo —log J1)dus = Dxr(p2, p1).

When ps = pj, , this is equivalent to

0< /(log Jo —log Jy)dpz — /(log Jo —log Jy)dpo =
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(47) /(log Jo —log Ji)dpuz, — /(log Jo — log J1)d .

II. In order to show the type-2 Pythagorean inequality, we have to show that

Dxr(p, o) + Drcr(po, p2) = /(log J1 —log Jo)du1 — /(IOg Jo —log J2)dpuo <

(48) /(log Ji —log Ja)dpr = Dicr(p1, p2),

where po has Jacobian Js.
When p2 = pj, , this is equivalent to

(49) 0< /(log Jo — log jl)dul - /(log Jo — log jl)d,uo.
ITI. The type-1 triangle inequality
D r.(p2; o) + Drcr(pto, p1) = Drcr(p2, p11)

is equivalent to

/(log Jo —log J1)duo > /(log Jo — log J1)dps.

IV. The type-2 Pythagorean inequality is

Drr(p, po) + Dr(po, pny,) = /(log Ji —log Jo)du1 — /(log Jo —log Jy)dpo >

(50) /(10g J1 —log Jy)dpy = Dicp(pa, pig,)-

The above is equivalent to
(51) 0< /(log Jo —log Jy)dpuy — /(log Jo — log Ji)dpu.
5.2. The log J case.

5.2.1. First problem. O, denotes the convex set of Holder potentials J that were
defined in Subsection 5.1. Consider an Holder Jacobian J; associated to an Holder
potential Ay € Os, and pg the associated equilibrium probability. Denote A; =
log Jo + t&, where € is a tangent vector at pg and ¢t € R. We assume that £ is such
that A; belongs to ©4, for all t € [0,1]. When & = log Ji — log Jo, the associated
Holder Jacobian is denoted by J* and p! is the associated equilibrium state for A;
(or, for log Jt).

A minimization problem: suppose p; with Jacobian J; is fixed and J; ¢ Oa.
Suppose that Jy is the Jacobian of a certain special potential Ay in ©-.

Here the probability uf, A € [0, 1], is the equilibrium probability for the potential

(52) tlog(J1) + (1 — t)log(Jo),

t € [0,1]. We denote by J' the Jacobian of the equilibrium probability '
for the potential tlog(J1) + (1 —¢) log(Jo).
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We will assume that Jo satisfies an extremality property described in the fol-
lowing way: given any Jacobian Jj, associated to a potential As in ©5, denote
¢g:[0,1] - R by
(53) t — g(t) = Drcp(py, 1),
when £ = log J — log Jo. Under our hypothesis A; belongs to O, for t € [0, 1].

Note that g(0) = Dxr(pu1, p0) and, as p' = pj , g(1) = Dicr(p1, p*)

The extremality property for Jy is that g(¢) has a minimum at 0. This implies
that

d d
(54) %|t:0DKL(M17Mt) = a\t:o(/ log Jidpy — /1og5td/i1) > 0.

The above means that in some sense we are taking as g the Dy -closest prob-
ability to pq in Os.
There exist ¢; and \; € R, such that, the Jacobian J* satisfies

(55) log 3" = log Jo + t £ + log p; — log s () — log ay,

where log oy = P(log Jy + £ &).
It is known (see [44]) that for a continuous function £ : @ — R (not necessarily
satisfying [ &duo = 0)

d d
(56) ahgagﬁozzﬁp@gjb+tohdp:/g¢m

From the invariance of

d
0< —l|;—oD B =
S dt\tfo KL(MhlJ)

il [ 108 Ty — [ 10810 + 06 + 108101~ g (o) o )] =
%\tzo [/ log Jydpy — /(log Jo+t& —logay)du] =
(57) —/wm+/wm
Therefore, taking & = log .J; — log Jy
0< %\t:oDKL(#laut) =
(58) - /(log Jy —log Jo)duy + /(log Ji — log Jo)dpo.

This is equivalent to the type-2 Pythagorean inequality:

Dicr(pi1, o) + Dicp(po, ) = /(log J1 —log Jo)dp + /(log Jo —log J1)dpo <

/(log J1 —log Ji)dpuy = Dgp(pu, pt).

A maximization problem for J € Oy: a similar problem will produce the
triangle inequality. Suppose p1 with Jacobian Jy is fixed and log J; ¢ O5. Now,
we assume that J = Jy satisfies a different extremality property described in the
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following way: in the same way as before take a Jacobian J; associated to a potential
As in ©9, and denote g : [0,1] — R by

9(t) = Drcr(p, p),

when ¢ = log J; — log J.
The new extremality property for Jy is that g(¢) has maximum at 0. This implies
that

d d ~
(59) £|t:0DKL(M1aMt) = @\t:@(/log Jrdu, — /1ogdtdu1) <0.

The above means that in some sense we are taking as pg the more Dk -distant
probability to pq in ©s.
Using (57) one can show the triangle inequality

Drr(p1, t0) + Drcr(pos pr2) > Drer(pa, ph2),

where po = pt.

5.2.2. Second problem. In this section we consider the family
(60) Aog(J1) + (1 — A) log(Jo) = log Jo + A(log(J1) — log(Jo) ),
where X € [0, 1].

Note that

d%[log(Jo) +A(log(J1) —log(Jo) )] = log(J1) — log(Jo).

Remember that J* is the Jacobian of the equilibrium probability for A log(jl) —
(1= \)log(Jo).

We denote by u* = pyx the equilibrium probability for log 3*. The Shannon-
Kolmogorov entropy of p* is — flog Jrdpl.

We want to estimate

d

—|x=0Dxr (1, ).

d)\|/\_o kLW, )
From Theorem 5.1 in [27] we get

Proposition 5.7. Denote by J* the Jacobian of the equilibrium probability for the
potential Aog(J1) — (1 — X)log(Jy). Then,

d ~
(61) a/log Ji dpgaa=0 = / log J1 (log(J1) — log(Jo) ) duo.

From (45) we get

Proposition 5.8. Denote by 3 the Jacobian of the equilibrium probability for
Alog(J1) — (1 — X)log(Jo). Then, the derivative of minus the entropy of pyx is

d N N
(62) a/logw\ dpzx|a=o :/logJo(log(Jl)—log(Jo))duo.

From (62) it follows

Proposition 5.9.

(63) - Dicalp placo = | (log Jo ~ log 1) (log(y) ~ log(Jo) ) do
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In the case dLl)\DKL(,UA, 11)|a=0 > 0 we get that
(64) [ 08 30— 10g 1) (tog(.2) ~ o)) o = 0

5.3. The J case.

5.3.1. Second problem. In this section we consider the family of Jacobians
(65) In =AM+ (1= N)Jo,
A € [0,1]. The probability py, is the one with Jacobian Jx. We use the notation
Ja to distinguish from SA, which was used in last subsection.
We will show that

d
Dtz p)lmo = | (log Jo ~ log 1)

Ji— Jo
Jo

)dio.

Note that for any x €

J1 J1(ax) ~
(66)  Log.,(1— 70)(36) =1- ;JO(ax) Totar) ~ 1-— ;Jl(a:v) =1-1=0
Then, the function 1 — % is in the kernel of the operator Z, j,, and
J
(67) Ja= =0
0
Therefore, the function 1 — % is a tangent vector to the manifold N at the point
o (see [27]).
Note that _
d Ji—Jo
—logJy = .
ax 0g 3

The type-1 Pythagorean inequality
D1 (p2, o) — (Drcr(p2, o) + Drcr(po, 1)) > 0

is equivalent to

(68) /(log J1 —log Jo)duo + /(log Jo — log J1)dps > 0.
The type-2 Pythagorean inequality is equivalent to
(69) 0< /(log Jo —log Jy)dpy — /(log Jo — log Jy)dpuq.

From Theorem 5.1 in [27] we get
Proposition 5.10. Denote by Jx the Jacobian J\ = )\jl — (1 =X)Jo. Then,

d (J1 — Jo)
(70) 5 log Jl d/L3A|)\:0 = / log Jl T duo
and

d (Ji — Jo)
(71) Y log J1 dpg, [a=1 = / log J; 7 dp g,

From (45) we get
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Proposition 5.11. Denote by Jx the Jacobian Iy = A\J, — (1 — X\)Jy. Then, the
derivative of minus the entropy of pog 3,

Jy—J
(72) o5 [1o8x gyl = [ 10 I dig
and
Ji — Ji
(73) o Joendug s = [1og (M=,
From (70) and (72) it follows at once
Proposition 5.12.
d Ji—J
(1) Dinun)laca = [ (og s~ log ) (“P)duy
and
d . Ji—J
(75) PrLlkas, m)lh-1 = /(10g Ji —log J1) (5—=—"")duj,
1

From convexity we get that & Dy (113, #1)|a=0 < 2k Dicr (113, 1) |r=1-

In the case <% Dxr (13, p1)|r=0 > 0 we get that

Ji — Ji
(76) [ o800 = tog 1) () = 0.

Note that from the inequality % —1 < —logx we get from above that

d Jy—J J—J,
o Prrlngs, )la=o =/logJo Oduo—/logJ1 1J0 Sdpo <

(77) /log Jo Ji = Jo dpg — /1og Ji 1og % duo.
Jo Jy

Example 5.13. We will present an example where the analogous result to Theorem
11.6.1 in [20] is not true.

Consider the shift invariant Markov probabilities p17, = u;,j = 0,1, 2, associated
to the line stochastic matrices

Pll P12
(78) Pj = J = b1 ho :
PP
Using the notation we considered before the P; is associated to J;, when j = 0,1,
and P is associated to Ji. (and therefore puo = ujl).

Remark 5.14. Given a fixed j, when P/' = P?' and P;* = P}?, we get the i.i.d
Bernoulli process with probabilities (P!, P}?).

In this case the Jacobian J; is constant in the cylinder 75,7, s = 1,2, and takes
the value P;". The initial vector of probability is

1.2 _1+Pj22 _1+Pj11
(7'(']77'(']) (_2 +Pj11 _|_Pj227 ) +P]11 +Pj22)

T =
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The entropy of p;,j =0,1,2 is
— Z m; Pj*log P/° = — Z m; P*log P7" = — / log Jjdp;.
For different choices of P}, P32, Pt P2 Pit, P32 the value
d
D PrL(pas, p)la-o

can be positive or negative. In this way the Second Law regime and the fluctuation
regime can occur for these triples.

Taking Pgt = 0.2, P32 = 0.2, P}t = 0.15, P22 = 0.92, P31 = 0.9, P?? = 0.12, we
get that <& Dyer(ug,, p1)|amo = 0.362455 > 0, but

d
D PrLkas, n)lamo = 02750 > 0

and
/(log J1 — log Jo)dpo + /(log Jo —log Ji)dpj = —0.3578 < 0.

There are values of Pj!, P32, P{, P22, P31, P3? such that % Dgcr,(pg,, t1)|a=0 >
0 and [(logJi —log Jo)duo + [(log Jo —log Ji)dp > 0.

If we assume that all three probabilities are i.i.d Bernoulli (see Remark 5.14) we
get that

d
Dty )amo = [ 1oy ~1og Joydpo + [ log Sy — log )z, =

Drcr(p2, o) = (Drr(p g, po) + Drcr(po, 1)) =

(79) (Po' = Py")(log[1 — Py'] — log[Py'] —log[1 — '] + log[P{]).

The above expression shows why Theorem 16.6.1 in [20] is true but the analogous
results are not true in the dynamical setting.

5.3.2. First problem. Assume that J; ¢ ©; (associated to u1) and pg (associated
to J = Jp € O4) satisfy

(80) D (p1, po) = min Drer (1, p17)-

JEO,

Consider the Jy € ©, A € [0,1] such that
In= A1+ (1= A) o,

where jl 75 Jo.
We denote by g, the equilibrium probability associated to the Jacobian Jy

Proposition 5.15.

d S
210D )= 1= Dydp.
d}\h_o rr(p1, 13,) /( Jo)dﬂl
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Proof. Denote Dy = Dk, (11, i3, ). Then,

dD d R 4. -
T/\Ab\:o Y /logd,\dﬂl\A:O = *[/ P3N log(JiA + (1 — A)Jo)dpi|a=o] =

jl—J() / jl
_ d _g = 1— —=)du;.
/ N 1| a=o0 ( Jo) 11

Proposition 5.16. Suppose the type-2 Pythagorean inequality is true

Dgr(p1,p5,) > Drr(p, po) + D r(po, 17, )-
Then,

d
ab\:ODKL(,UhNJA) > Drer(po, pg,) > 0.

Proof. As'1— % > log x, we get from Proposition 5.15

dD J .
d/\/\|)‘:0 = /(1 - J—;)dul > /(log Jo — log J1)du1 =

/(log Jy —log Ji)dpy — /(log Ji —log Jo)dp1 =

Drcr(pa, pg,) — Drr(pa, o) > Drr(po, p17,) > 0.

Proposition 5.17. Suppose

d
=0k (ks pay) <0,
then is true the type-2 triangle inequality
(81) Drr(p, pg,) < Drr(pa, o) + Drr(po, 27, )-
Proof. Note that
Drr(p1,pg,) — Drr(p, po) =

S
Jo

(82) /(log Jo —log J1)duy < /(1 -

Then

d
Ydpa = EL\:ODKL(MhMﬁA) <0,

Drr(p1,p5,) < Drr(p, po) < Drr(p1, o) + D (po, pg,)-

The above is equivalent to

DKL(/Llaﬂjl) *DKL(,LLl’MO) > DKL(MO"U'L) >0,

which is a contradiction to (82).

35
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6. APPENDIX - ON FOURIER-LIKE HILBERT BASIS

Consider M = {0,1}" and a equilibrium probability pa = piegs on {0, 1}
(notation of [27]), associated to a Holder potential A = log J, where J is a Jacobian.

Given a finite word = = (x1,%2,...,7x) € {0,1}*¥, k € N, we denote by [z] =
[z1, %2, ..., 2] the associated cylinder set in = {0, 1}".

For each n denote by €, the set of all cylinders [z] of length n which is a partition
of M. The lexicographic order < on M = {0, 1} makes it a totally ordered set.

Denote by & : M — M a function such that for any = € M, we get é(l,x) =
(0, ), and moreover, &(0, ) = (1,z). We denote by & = é|[1]-

Note that a function ¢ in the kernel of the Ruelle operator u; is determined by
its values on the cylinder [0]. Indeed, if ¢ is in the kernel, we get that for all

J(0,x) gp((),x).

1 =—
SD( 7‘2:) (](]-7 x)
This is equivalent to say that ¢ can be expressed as
Jo& o8
(83) =10 — % 1]

Initially, we will present a simple example of Fourier-like basis which will help
to understand more general cases which will be addressed later.

Example 6.1. In this example p is the probability of maximal entropy which is
associated to the potential —log 2. In this case the functions ¢ in the kernel of the
Ruelle operator can be expressed as

(84) p=p 19— (po&) 1y

First, we will present a natural Fourier-like basis for L?(x) (and later for the
kernel of the Ruelle operator).

We order the cylinder sets in €, using this order. For example, when n = 2 we
get

(0,0),(0,1), (1,0), (1, 1),

and n = 3 we get
(85) (0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1).

By abuse of language we can say that (0,1,1) < (1,0,0) and also that (0,1,1) <
(1,1,0).

Given €,,, we say that the cylinder [z] € &, is odd (respectively, even) if occupies
an odd (respectively, even) position in the above defined order of cylinders. For
example, in (85) the cylinders (0,0, 0) and (0,1,0) are odd and (0,0, 1) and (0, 1,1)
are even.

We say that the cylinder [x] € &, has the cylinder [y] € €, as its next neigh-
borhood at the right side if [z] < [y], and there is no cylinder [z] € €, such that,
[z] < [2] < [y]. In this case we say that [z], [y] is a neighborhood pair of cylinders.

We will define an orthonormal family § = {a,, Bn,m > 2,n > 1} of linear
independent continuous functions in L?(y), which is uniformly bounded on L?(u)
(all elements have L? norm equal to 1) and also on C°.

For a given n > 2 we consider the function «,, which is constant in each cylinder
[z] = (21,22, ...,x,) of &,, taking the value 1, if in the ordering of cylinders in €,
the cylinder [z] it occupies an even position, and taking the value —1, if in the
ordering of cylinders in €, it occupies an odd position.
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For example, ag = 1(0,0) — L(0,1) T 1(1,0) — L(1,1)-

The functions «,, have L? norm equal to 1. It is easy to see that < a,, a,, >= 0,
n # m, myn > 2. It follows from (84) that the functions «,, with n > 2, are
orthogonal to the kernel of .Z4.

In a little different procedure, for a given n > 2 we consider the function g,
which is constant in cylinders [z] in €, in the following way: in the cylinder [0] we
define B, = o, for all n. For y on the cylinder [1] we define 8, (y) = —an(S(y)).

For example, 82 = 1(9,0) — 1(0,1) — 1(1,0) + 1(1,1) and

B3 = 1(0,0,0) — 1(0,0,1) + 1(0,1,0) — 1(0,1,1) — 1(1,0,0) + L(1,0,1) — L(1,1,0) T L(1,1,1)-

We define ﬁl = 1) — 1(1)-

The functions 3, are in the kernel of the Ruelle operator for the potential — log 2.

The functions 3,, have L? norm equal to 1. One can show that < 3, Bm >= 0,
n#m,m > 2 n>1. Moreover, < ay, 8, >= 0, for all m,n.

The functions «,, and S,, m > 2,n > 1, are Holder continuous for the usual
metric on M = {0,1}". The family § is the union of all functions «,, and f3,,
m>2,n>1.

Remark 6.2. One can show that the sigma algebra generated by the functions in
T is the Borel sigma-algebra in M. Indeed, one can get any cylinder set on {0, 1}
as intersection of preimages of open sets for a finite number of functions in F. In
order to illustrate this fact note that the cylinder [0,0,0] can be obtained as

[0,0,0] = a3 '(0,2) N B31(0,2) Ny (0,2).

It follows that § = {@m, Bn,n > 2,m > 1} is an orthonormal basis for L?(u),
where g is the measure of maximal entropy.

Remark 6.3. Using a similar reasoning one can show that the family o =
{Bm,m > 1} is an orthonormal basis for the kernel of the Ruelle operator Z_ o4 2.
The family §y is a Fourier-like family.

<

6.1. A Fourier-like basis for the kernel in the case of Markov probabilities.
Consider M = {0,1}" and denote by K the set of stationary Markov probabilities
taking values in {0,1}. In this section, we will present explicit expressions for a
Fourier-like basis of the kernel of the associated Ruelle operator. The functions on
the basis are constant in cylinders.

Consider a shift invariant Markov probability u obtained from a row stochas-
tic matrix (P; ;); j=0,1 with positive entries and the initial left invariant vector of
probability 7 = (m,m1) € R2. We denote by A the Hélder potential associated
to such probability 1 (see Example 6 in [38]). There exists an explicit countable
orthonormal basis d,, indexed by finite words [z], for the set of Holder functions
in the kernel of the Ruelle operator .Z4 (see [37] or the paragraph after expression
(89)).

Given r € (0,1) and s € (0,1) we denote

_ Poo FPoa . r 1—r
(86) P= ( Pl,O Pl,l B 1—s S ’
In this way (r,s) € (0,1) x (0,1) parameterize all row stochastic matrices we
are interested.
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The explicit expression for p is

(87) M[$1,$2, "7xn] = Mgy PILI'Z PZ2,13 Pzn—lamn'

Recall that in the Markov case the family of Holder functions

Pxn,l Pa:n,O
B Leo] P, .

1 1
W= @) | Prao i) | Poa E

where x is a finite word is an orthonormal (Haar) Hilbert basis for £2(u) (see [35]
for a general expression and [16] for the above one). The integral of the functions
e, is equal to zero. To be more precise we need to add to this family the functions
1j] and 1p;7 in order to have a basis.

(83)

Theorem 6.4. For any two by two stochastic matriz P there exists an orthogonal
basis of the kernel of the Ruelle operator ZL4, denoted by B = {v,,n € N}, and
constants o > 0,8 > 0, such that

I) the functions v,, n € N, in the family B have C° and L*(p4) norms uniformly
bounded above by the constant 5 > 0,

II) the functions y,, n € N, in the family B have C° and L?(114) norms uniformly
bounded below by the constant o > 0,

Proof. From [38] it is known that for each finite word (z1,x2, .., ), the function

VT B _ VT B
\/Fom [0,:131,:172,..7In] \/ﬂm [1,£1,ZE2,..7I"]

_ AVAUE 1 [ Pzn,,lloo o Pz"’olo n
Vor/Poar /u((02]) \| Pewo O\ Poy T

(89) V 7-‘-371 1 [ PIn,l 1 Pwn,O 1 ]
T/ Pra. i)\ Poo [120] B,y Ml

is Holder and in the kernel of the Ruelle operator. When x ranges in the set of finite
words we get that a, = @—" is an orthonormal Haar basis for the Holder functions

Qg -

on the kernel of the Ruelle operator £, associated to u (see [37]). In order to be
more precise we need to add two more functions to the family to get a basis (see
37)).

The L? norm of a, does not depend on the finite word x. Note that this family
is not Fourier-like because the C° norm of a, is not uniformly bounded when z
ranges in the set of all finite words.

VT j

Note that the values VR VR VP
above by a constant 5 > 0 and below by a constant o > 0.

We denote by V the subspace of L?(u1) generated by the span of the functions
ag, where x is a finite word. If ¢ in V, then the extension of £4 to V is such that
Za(p) = 0.

Denote by €, the set of all cylinders of length n which is a partition of M. The
sets of the form [0z0], [0x1], [1z0], [Lz1], where x ranges in €, is also a partition of
M (defines the set €, 42).

, 1,7,m,n = 0,1, are bounded
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Note that for a fixed n and a fixed cylinder x = (21, 22, .., zp) € €,

\/,U(-TO) _ \/ﬂ'acl le,xz ---Pxn,l,xn,Pxn,O _ \/Pacn,O
\/,M(.’L‘l) \/71-1;1 Pwl,arg ---Pwn,l,wnPJ;n,l \/Pwn,l

and, for fixed pu, this value is bounded above and below by a bound which is
independent of n and the cylinder x.

Given x set b, as
vV i(x0)ay, = by.

The function b, is continuous and uniformly bounded in the C° norm. The L?
norm and also the C° norm of b, are uniformly bounded above by a constant 3 > 0,
when z ranges in the set of all cylinders. Note also that the values of the norm
|b:(y)|, y € M, are uniformly bounded below by a constant «, independent of the
finite word .

In a more explicit form: for x = (21,2, ..,2,), we get

Ty Ty

— € - ———2c¢
\/%\/m [0,ml,x2,..,zn} \/ﬂm [1,zl,m2,..,mn]

_ 1/7Tm1 [ Pmn,l 1 . P$n70 1 ]
Vo Pows \ Pono TN B 0P
VAU Vi Pr o0 P,
(90) - 2 nl 1{120] — l[1x1]
VTIN/Pra, v/ Peoa  \ Prao

Given z, the possible values attained by b, in the cyhnderb [020], [0z1], [1x0], [121]
are in a finite set, when [z] ranges in the set of all possible cyhnders with different
sizes. Note that for a general stochastic matrix P some of these possible values can
coincide (but not for a generic - on the parameters (r,s) € (0,1) x (0,1) - matrix
P). But his will not be a problem.

Given n, note that the support of the functions b, are all disjoint when [z] ranges
in the set €,. The union of the supports is the set M. Remember that for a fixed
n, when x ranges in the set of all words of length n, the cylinders [¢, z, j], i,5 = 0,1,
determine the partition €, o of M.

For each n we are going to define a function ~, of the form ~, = Zzeen Sz by
where all s, > 0 are close to 1 in such way that the function Zwe% Sy by has C°
and L? norm smaller than 8 > 0, and L? norm larger than o > 0. Moreover, we
get that |s,;b,| > a, for all word x of any length.

For each n, we set v, as the continuous function ~, = Ezecn Sz by. The family
Yn, 1 € N, is orthogonal, C° and L?(j4) uniformly bounded, but not orthonormal.
Dividing by the norm we get an orthonormal family §o (and for simplification we
will also denote its elements by ;)

We claim that the sigma algebra generated by +,, n € N, contains all cylinders
of all sizes. This claim can be obtained from a tedious procedure following the
reasoning of Remark 6.3 of Example 6.1 and is left for the reader.

As the sigma-algebra generated by all v,, n € N, is the Borel sigma algebra,
the span of the family of all v,,, n € N, contains the set of Holder functions on the
kernel of the Ruelle operator. From this follows that §g is an orthonormal basis
of the kernel of the Ruelle operator in the case of Markov probabilities. §g is a
Fourier-like basis. (]

by =
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6.2. A Fourier-like basis for the space L?(u) in the general case of equilib-
rium probabilities on {0,1}. We point out that a similar (but more complex)
procedure as in Theorem 6.4 allows one to get a family p,,,n € N, which is a Fourier-
like basis of the space L?(j), where y is a equilibrium probability on {0, 1} for a
Holder potential A = log J.

It follows from [16] (using results from [35]) that the family of Hélder functions
(called Haar family)

plet) | ple0)
u([@0]) () 0\ ]y (fa]) Y

when z ranges in the set of all finite words with letters in {0, 1}, is an orthonormal
basis of L?(u). But this basis is not Fourier-like (it is not C° uniformly bounded).

We will produce a Fourier-like basis from this Haar basis.

Bowen formula for a equilibrium probability x4 with Jacobian J (see Definition
1.1 in [30] o in [6]) claims that there exists K;, K > 0, such that for all n, all
cylinder x = [x1, x9, .., x,] and any y € [x1, X2, .., Ty,

/u‘([l.l? T2, .. .Tn])
1125 J (o7 (y)
Given n, when x ranges in €(n), the cylinders [z,0] and [z,1] determine the

partition €(n + 1).
We claim that the quotients

(91) €y =

(92) K, < < K.

1([0])
p([z1])’

when x ranges in €(n), are bounded above and below by positive constants which
are independent of n.

For the proof of the claim, for a fixed x € €(n), take initially y[, ) € [21,22, .., T, 7],
r =0, 1, and it follows from (92) that

(93)

,U/([.'L']_,.'L'Q, ..,J?nﬂ"])

(94) Ky < — , < K.
Hj:OJ(JJ (y[w,f]))
Note that y, , € [z], for r =0, 1.
There exists Cy,Cs > 0, such that
J(07 (Ypa0)))
95 Cy < o Sy
%) 0 T )

Indeed, from (92) applied for the case [z] = [21, X2, .., 2,]), and 7 = 0,1, we get
pu([z1, 22, -, Tn))
H?;&J(Uj (y[x,r] ))

Note also that Hn OJ( (y[x,r])) = H;L;()lj(aj (y[x,r])) J(Un(y[x,r]))a for r=0,1.
Therefore,

(96) K < < Ks.

7 J (07 (Ye,01) <

_ j 01 (O'j(y[wp])) ( n(y[wO))
7o J (09 (ypen))) 20T (07 (Y1) J (07 (Y1)
K (21,22, -, 20]) J(0"(Ye0) _ Ko J(0"(Ype0))
(y[ 1] )

Kl /‘([xhx?v' T ]) ( 71 J(a”(y[%l])) ’

x
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and this shows the existence of Cy > 0 in the last inequality in (95). The proof of
the other inequality in (95) is similar. Then, (95) is true.
Finally, from (92) and (95)

p([21, Ty .y 20, 0]) K1 Ko T J (07 (Y[a,0]))
[L([Il,xg,..,In,l]) H?:OJ(Uj(y[x,l]))
The proof for the lower bound in (93) is similar showing that (93) is true.

(97) < K K2 Cy

Now we are going to define for each n a function p,, whose support is the set M.
For fixed n and each finite word € €(n) take

(98) C[x \va L

When z ranges in the set of all words of length n, the cylinders [z, j], j = 0,1,
determine the partition €,; of M.
For each n, set p, as the continuous function

(99) pn=>_ C

JL’ECn

acO] [xl]a

xl

From the above and (93) is easy to see that the family p,, n € N, is an orthogonal
family for L2(u), which is uniformly C° and L? bounded above and bounded away
from zero.

In order to show that is a basis it is necessary to show that the family p,, n € N,
generate the Borel sigma-algebra on M. This can be achieved following the same
line of the reasoning of Remark 6.2 in Example 6.1.

Therefore, the family p,,, n € N, is a Fourier-like basis for the space L?(u), where
1 is the equilibrium state for the Holder potential A = logJ.

6.3. A Fourier-like basis for the kernel of the Ruelle operator in the
general case of equilibrium probabilities on {0,1}". In this section we will
exhibit a family p,, which is a Fourier-like basis for the kernel of the Ruelle operator
K-

For the general case, a typical function 1) on the kernel of £, where A = log J,
can be obtained in the following way: take a Holder continuous function ¢ and
consider first ¢ defined on the cylinder [0], where we set (0, 2) = ¢(0, ), which
therefore it is well defined for all z € M. On the other hand, on the cylinder [1] we
define ¢ : [1] = R in such way that for y = (1, ) € [1]

(Jo6)(y) (po6)(y)

Y(y) = — 70) 1y (y)-

It is easy to see that v is on the kernel of Z4. Indeed, given = we get
La()(x) = J(0,2)9(0, ) + J(1,2)p(1, z) =
J(6(1,2)) p(6(1, z)) _
I(L2) Hut ) =
J(0,2)¢(0,z) — J(0,2) ¢(0,z) =0.
The function 7 taking ¢ : M — R to ¢ : M — R in the kernel is defined by

¢:T(¢):¢l[o]*m]wl

J(O’I)w(ovx) - J(l,ﬂ?)
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We claim that 7 is a linear projection onto the kernel, that is 7 () = ¢, for all
0 on the kernel. Moreover, if ¢ is on the kernel, we get that for all x

©(0,2)J(0, x)
J(1,z)

(JoB) (¢06)
J

(P(l’x) =

Remark 6.5. Note that the function
on ¢ (a function defined just on [0]).

(which is defined on [1]) is linear

We consider the family a, : [0] — R (see(98)) where

p([0x1]) p((020})

1 Az = x| — ——1 z0] — —1 1]y
(100) o 3= CQos) = (0z0]) 107 T\ (o)) Moo

where x ranges in the set of all finite words z. For fixed n, the pair of cylinders [0z0],
[0z1], where x ranges in &, describes a partition of cylinder [0] by the cylinders in
€42 (using just the ones contained in the cylinder [0]).

Any given Hélder function f with support on [0] can be written as an infinite
sum f = ) 7,0, Indeed, taking f1jo) + 01jy}, and expressing it in the basis (98),
we will just need to take elements of the form cpgy).

For any finite word x consider the function a, (defined on M) which in the
cylinder [0] coincides with a,, and in the cylinder 1 the function a, is given by

JOG ([021))
(101) ay = O o) 1120 — \/ L1z

Each function a, is in the kernel of p ;. It follows from (97) that the functions
a,, where x is a finite word, are uniformly bounded below and above in the C° and
L? norm.

Note that ) r,d, restricted to the cylinder [0] coincides with the f given above.

It follows from the above and Remark 6.5 that any function on the kernel can
be written as a infinite sum Zz T20g.

We denote by 79 : M — [0] the inverse of o) and 71 : M — [0] the inverse of
0|[1]. The functions 7y and 7; are called the inverse branches of o.

Lemma 6.6. Given a function ¢ : [0] = R we get that

(102) / pdp = / ©(70) J (7o) dp.
(0] M

In a similar way, function ¢ : [1] - R we get that

(103) sdu= [ 9(r) Jr)dn.
(1] M

The above Lemma which characterizes the Jacobian J as a Radon-Nykodin de-
rivative is a classical result in Thermodynamic formalism (see (5) in [38] or [49]).

Lemma 6.7. Given a continuous function f :[0] = R, then

[
[ JoS)w) (fo8)
(104) /[0] fdu = /m - dy

Y)
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Proof. First note that @ =190 T.
In (103) take

5= (Jo&)(fo8) J((r0oT)(y)) f((1o°T)(y))
J(y) J(y) '

Then, from (103) and (102) we get
sdp= [ (@0m) (7o m)dn =
(1] M

/ J((r0 0 T)(71(y))) f((r0 0 T)(1(y)))
M J(11(y))

[ s s = [ fan
M o

(Jor)du =

Lemma 6.8. Given different words © and y we get that
(105) /az az dp = 0.

Proof. First note that it follows from orthogonality of the family of functions of the
form ejo,) (where z is a finite word) that

/ azamdu:/ Ay G, dp = 0.
[0] (0]

Now, on Lemma 6.7 take f = a, a,. Then, it follows that

/ az a, dp = 0.
(1]

/amazdﬂz/ azaxdu—k/ Az 0 di
[0] (1]
the claim follows.

For each fixed n € N we get that the support of each function a,, where z € &,
is [020] U [021] U [120] U [121]. When x ranges in x € &, this defines a partition of
Q:n+2.

In a similar way as in the other cases we have considered before, we can produce
a Fourier-like basis from the Haar basis a,, where x is a finite word. Indeed, for
each n € N take

Pn = Z ag.

zed,

As

From Lemma 6.8 this family is orthogonal. Dividing each element by its L? norm
we can get an orthonormal family which will be also denoted by p,, n € N. Now,
collecting all the claims we proved before we get that the family p,, is a Fourier-like
basis for the kernel of the Ruelle operator p ;.

|

We thank the referee of this work for the valuable suggestions for several changes
on the text and for the careful reading.



44

(1
(2]
(3]
(4]

(5]

(30]
(31]
(32]

(33]

ARTUR O. LOPES AND RAFAEL O. RUGGIERO

REFERENCES

Shun-ichi Amari, Information Geometry and Its Applications, Springer (2016)

N. Ay, J. Jost, H. Van Le and L. Schwachhfer, Information Geometry (Springer Verlag)

F. Abramovich and Y. Ritov, Statistical Theory A Concise Introduction, CRC Press (2013)
V. Baladi, Positive Transfer Operators and Decay of Correlations, World Sci., River Edge,
NJ (2000)

A. Baraviera, R. Leplaideur and A. O. Lopes, Ergodic Optimization, zero temperature and
the Max-Plus algebra, 23° Coloquio Brasileiro de Matematica, IMPA, Rio de Janeiro, (2013)
R. Bowen, equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Lecture
notes in Math., volume 470, Springer-Verlag (1975)

M. Bridgeman, R. Canary and A. Sambarino, An introduction to pressure metrics on higher
Teichmiiller spaces, Ergodic Theory and Dynam. Systems 38 , no. 6, 2001-2035 (2018)

L. Bers, F. John and M. Schechter, Partial Differential Equations, AMS (1971)

T. Bomfim, A. Castro and P. Varandas, Differentiability of thermodynamical quantities in
non-uniformly expanding dynamics, Adv. Math. 292, 478-528 (2016)

H. Callen, An introduction to thermostatistics, second edition , John Wiley (1985)

A. Caticha, Entropic Physics: Lectures on Probability, Entropy and Statistical Physics,
version (2021)

N. Cesa-Bianchi and G. Lugosi, Prediction, Learning, and Games, Cambridge Press (2006)
S. B. Chae, Holomorphy and Calculus in Normed Spaces, New York (1985)

M. do Carmo, Differential Geometry of Curves and Surfaces, Ed. Pearson (1976)

M. Do Carmo, Riemannian Geometry, Birkhausser Verlag, ISBN-10: 3764334908.

L. Cioletti, L. Hataishi. A. O. Lopes and M. Stadlbauer, Spectral Triples on Thermody-
namic Formalism and Dixmier Trace Representations of equilibrium Measures: theory and
examples, Nonlinearity, Volume 37, Number 10, 105010 (56pp) (2024)

J-R. Chazottes, R. Floriani and R. Lima, Relative entropy and identification of equilibrium
measures in dynamical systems, J. Statist. Phys. 90 (1998) no. 3-4, 697-725.

J-R. Chazottes and E. Olivier, Relative entropy, dimensions and large deviations for g -
measures, J. Phys. A: Math. Gen. 33 675 (2000)

J-R Chazottes and D. Gabrielli, Large deviations for empirical entropies of g-measures,
Nonlinearity 18 (2005) 2545-2563

T. Cover and J. Thomas. Elements of information theory. 2 ed. Wiley-Interscience (2006)
A. C. D. van Enter, A. O. Lopes, S. R. C. Lopes and J. K. Mengue, How to get the Bayesian
a posteriori probability from an a priori probability via Thermodynamic Formalism for
plans; the connection to Disordered Systems, preprint UFRGS (2022)

T. van Erven and P. Harremoes, Renyi divergence and Kullback-Leibler divergence, IEEE
Trans. on Information Theory, vol. 60, no. 7, pp. 3797-3820, July (2014)

L. Evans, Partial Differential Equations, AMS (2010)

H. H. Ferreira, A. O. Lopes and S. R. C. Lopes, Decision Theory and Large Deviations for
Dynamical hypotheses tests: the Neyman-Pearson Lemma, Min-Max and Bayesian Tests,
Journal of Dynamics and Games, Volume 9, Number 2, April 2022 - pp 125-150

1. Goodfellow, Y. Bengio and A. Courville, Deep Learning, MIT Press (2016)

S. Thara, Information Theory for continuous systems, World Scientific (1993)

P. Giulietti, B. Kloeckner, A. O. Lopes and D. Marcon, The calculus of thermodynamical
formalism, Journ. of the European Math Society, Vol 20, Issue 10, pages 2357-2412 (2018)
A. Kristaly and D. Repovs, Metric projections versus non-positive curvature, Differential
Geometry and its Applications, Volume 31, Issue 5, Pages 602-610 (2013)

P. D. Grunwald and A. P. Dawid, Game Theory, maximum entropy, minimal discrepancy
and robust Bayesian decision theory, The Annals of Statistics, Vol. 32, No. 4, 1367-1433
(2004)

G. ITommi and Y. Yayama, Weak equilibrium measures as equilibrium measure for assymp-
totic additive sequences, Proc. Amer. Math. Soc. 145 (2017), no. 4, 1599-1614.

Da-quan Jiang, Min Qian and Min-ping Qian. Entropy Production and Information Gain
in Axiom-A Systems. Commun. Math. Phys., 214, 389 - 409 (2000).

C. Ji, Estimating Functionals of One-Dimensional equilibrium States, Probab. Th. Rel.
Fields 82, 155-175 (1989)

M. Jiang, Gradient Flow of the Sinai-Ruelle-Bowen Entropy, arXiv



GEODESICS AND INFORMATION ON EQUILIBRIUM PROBABILITIES 45

[34] W. Klingenberg, Lectures on Closed Geodesics, Springer Verlag (1978)

[35] M. Kessebohmer and T. Samuel, Spectral metric spaces for equilibrium measures, Journal
of Functional Analysis, 265, 1801-1828 (2013)

[36] M. Kumar and I. Sason, Projection Theorems for the Renyi Divergence on a-Convex Sets.
IEEE Trans. Inf. Theory 62(9): 4924-4935 (2016)

[37] A. O. Lopes and R. Ruggiero, The sectional curvature of the infinite dimensional manifold
of Hélder equilibrium probabilities, to appear in Proc. of the Edinburg Matematical Soc.

[38] A. O. Lopes and R. Ruggiero, Nonequilibrium in Thermodynamic Formalism: the Second
Law, gases and Information Geometry, Qualitative Theory of Dynamical Systems 21: 21 p
1-44 (2022)

[39] A. O. Lopes and J. K. Mengue, On information gain, Kullback-Leibler divergence, entropy
production and the involution kernel, Disc. and Cont. Dyn. Syst. Series A, Vol. 42, No. 7,
3593-3627 (2022)

[40] E. A. da Silva, R. R. da Silva and R. R. Souza, The analyticity of a generalized Ruelles
operator, Bull. Brazil. Math. Soc. (N.S.) 45, 53-72 (2014)

[41] C. T. McMullen, Thermodynamics, dimension and the Weil-Petersson metric, Invent. Math.
173, 365-425 (2008)

[42] F. Nielsen, What is an Information Projection? AMS Notices, (65) 3, pp. 321324, 2018

[43] F. Nielsen, An Elementary Introduction to Information Geometry, Entropy, 22, 1100 (2020)

[44] W. Parry and M. Pollicott. Zeta functions and the periodic orbit structure of hyperbolic
dynamics, Astérisque Vol 187-188 (1990)

[45] M. Pollicott and R. Sharp, A Weil-Petersson type metric on spaces of metric graphs. Geom.
Dedicata 172, 229-244 (2014)

[46] Y. Polyanskiy and Y. Wu, Lecture Notes in Information Theory, MIT

[47] D. Ruelle, Thermodynamic Formalism, Addsion Wesley (2010)

[48] F. Topsoe, Paradigms of Cognition, Entropy, 19, 143, pp1-70 (2017)

[49] M. Viana and K. Oliveira, Foundations of Ergodic Theory, Cambrige University Press (2016)

[50] E. F. Whittlesey, Analytic functions in Banach spaces, Proc. Amer. Math. Soc. 16 (1965),

p- 1077-1083.

INST. DE MATEMATICA E ESTATISTICA - UFRGS - PORTO ALEGRE - BRAZIL
E-mail address: arturoscar.lopes@gmail.com

DEPT. DE MATEMATICA - PUC - RIO DE JANEIRO - BRAZIL
E-mail address: rafael.o.ruggiero@gmail.com



