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Abstract

We address the analysis of the following problem: given a real
Holder potential f defined on the Bernoulli space and py its equi-
librium state, it is known that this shift-invariant probability can be
weakly approximated by probabilities in periodic orbits associated to
certain zeta functions.

Given a Holder function f > 0 and a value s such that 0 < s < 1,
we can associate a shift-invariant probability vs such that for each
continuous function & we have

o0 sf*(x)—n k,n T
kdvs = 2n=12_zeFizy © (@) P(f)#’
21 DaeFin esf(@)—nP(f)

where P(f) is the pressure of f, Fix,, is the set of solutions of o™ (z) =
z, for any n € N, and f"(z) = f(x) + f(o(z)) + ... + f(o" 1(z)).

We call v a zeta probability for f and s, because it can be ob-
tained in a natural way from the dynamical zeta-functions. From the
work of W. Parry and M. Pollicott it is known that vs — puy, when
s — 1. We consider for each value ¢ the potential ¢ f and the corre-
sponding equilibrium state j.r. What happens with v; when ¢ goes
to infinity and s goes to one? This question is related to the problem
of how to approximate the maximizing probability for f by probabil-
ities on periodic orbits. We study this question and also present here
the deviation function I and Large Deviation Principle for this limit
¢ — 00, 8§ — 1. We will make an assumption: for some fixed L we
have lim. .o, s—1 ¢(1 —s) = L > 0. We do not assume here the max-
imizing probability for f is unique in order to get the L. D. P. The
deviation function described here is different from the one obtained
by A. Baraviera, A. O. Lopes and Ph. Thieullen.



1 Introduction

We denote by X = {1,...,d}" the Bernoulli space with d symbols. This is a
compact metric space when one considers the usual metric

d(x,y) = de(l‘,?/) = HN, 1 =Y,y TN-1 = YN-1,TN 7"é YN,

with # fixed 0 < 0 < 1.

The results we will derive here are also true for shifts of finite type, but
in order to simplify the notation, we will consider here in our proofs just the
case of the full Bernoulli space X.

We consider the Borel o—algebra over X and denote by M the set of
invariant probabilities for the shift. Fj denotes the set of real Lipschitz
functions over X. There is no big difference between Holder and Lipschitz
in this case (see page 16 in [16]).

Here we work with a strictly positive function f in Fy. We denote respec-
tively

B(f) = sup/fdu,

veM
Miyo(f) = {v € M+ /f dv = B(F)},

hy:=sup{h, : v € Mpa.(f)}-

A probability . which f-integral attains the maximum value M. (f)
will be called a f-maximizing probability. We refer the reader to [10] [6] [9]
[11] [2] [3] for general properties of such probabilities.

As usual, given a real continuous function k£ over X, and z € X, the
number k" (z) denotes k(z) + k(o(x)) + k(o*(z)) + ... + k(o™ (x)).

We denote by Fix,, the set of solutions x to the equation ¢"(z) = x and
P(f) is the pressure for f.

We address the reader to [15] [16] for general properties of Thermody-
namic Formalism, zeta functions and the procedure of approximating Gibbs
states by probabilities with support on periodic orbits.

Following [15] [16] (see also the last section) we consider probabilities fi. s
in M such that for any continuous function £ : X — R

o cs f(x)—n P(c f) k™
/k’dlu :Zn:lZJ:EFizne fr(@)—nP( f)%
7 Z?:l ZIEFixn €Csfn(x)*n P(cf) )

where ¢ > 0, s € (0, 1).



The above expression is well defined because P(csf — P(cf)) < 0, and
appear naturally when we work with the zeta function

001 cs f*(x)—n P(c zk™(x
C(S’Z):eXp<Zﬁ Z ecs (@) P(f)Jrk()).

n=1 zeFixy

Following W. Parry and M. Pollicott [16] it is known that when ¢ is fixed
and s — 1, one gets that p,. s weakly converges to the Gibbs state for cf. We
prove this here (see Lemma 16), but we will be really interested in analyzing
[es, when s — 1 and ¢ — oo. Such limit is the maximizing probability fic,
when this is unique in M,,..(f) (see next theorem).

In order to simplify the notation k will also represent the characteristic
function of a general cylinder which will be also called k.

In the present setting, a Large Deviation Principle should be the identifi-
cation of a function I : X — R, which is non-negative, lower semi-continuous
and such that, for any cylinder k C X, we have

1
lim = log(ues(k)) = —inf I(z).

We point out that we will need same care in the way we consider the
limits s — 1 and ¢ — oo. We will assume that in the above limit the values
c and s are related by some constrains (which are in a certain sense natural).

A general reference for Large Deviation properties and theorems is [8].

We point out that

Pef) = cB(f) + e,

where €, decreases to hy when ¢ — oo (which was defined above) [7].

In Thermodynamic Formalism and Statistical Mechanics ¢ = :lp, where T’
is temperature. In this sense, to analyze the limit behavior of Gibbs states
e When ¢ — 00, corresponds to analyze a system under temperature zero
for the potential f (see also [12]).

It is known that there exists certain Lipschitz potentials f such that the
sequence ji. ; does not converge to any probability when ¢ — oo [5]. We will
not assume the maximizing probability is unique for the potential f in order

to get the L. D. P.

Definition 1. We define the function I(x) in the periodic points x € PER

by: o (x)) |

Ny

I(z) = n, (ﬁ(f)

where n, is the minimum period of x, and f > 0 is Lipschitz.



We need some properties of I. We show in section 2

Lemma 2.

inf I(x)=0.

r€PER

The next result is not a surprise:

Theorem 3. Suppose f > 0 is Lipschitz. When ¢ — oo and s — 1, any
accumulation point of pes is i My (f). Moreover, if g : X — R is a
continuous function c; — oo and s; — 1 are such that there exist

llm /’LCj,Sj (9)7

J—00

then this limit is [ gdu for some accumulation point w of p.s in the weak*
topology.

In particular, if ps is unique, then for any continuous g : X — R

lim gdpes = / gdfico.

c—00,8—1
The main result of our paper is a Large Deviation Principle for p. :

Theorem 4. Suppose f > 0 is Lipschitz. Then, for any fived L > 0 (it is
allowed L = 00), and for all cylinder k C X

lim 1log(uqs(lf)):— inf  I(x).

c¢(1-s)—L C x€k,xE€Per
The same 1is true if we have:

liminf ¢(1—s)=L > 0.

c—00,s—1

We going to extend I (which was defined just for periodic orbits) to I ,
defined on the all set X, which preserve the infimum of [ in each cylinder,
and, which is also lower semi-continuous and non-negative (see sections 4
and 5).

Finally, we can get the following result:

Corollary 5. Suppose f > 0 is Lipschitz. Then, there is a Large Deviation
Principle with deviation function I: for fired L > 0, and for any cylinder
kCcX

1 ~
lim —log . s(k) = —inf I(z),

c(l—s)—L C ek



where I is lower semi-continuous and non-negative.
The same is true if we have:

liminf ¢(1—s)=L > 0.
c—00,s—1
In [2] it is assumed that the maximizing probability pe is unique. The
equilibrium probabilities . s for the real Lipschitz potential c¢f converge to
loo and it is presented in [2] a L.D.P. for such setting (a different deviation
function). The deviation function g7 in that paper is lower semi-continuous
but can attains the value co in some periodic points. Under the assumption
lim. e s—1 ¢(1 —s) = L > 0, we can show that the deviation rates in
cylinders described here by I are different from the ones in [2] which are
described by Igpr. This is described in section 5 Proposition 15. Finally,
Proposition 17 in section 6 shows that if ¢(1 — s) — 0 with a certain speed,
then p.s have a L.D.P.; but the deviation function is Iprr (not I). We
want to present a sufficient analytic estimate that allows one to find s. as a
function of ¢ in such way this happens.
In the last section we also study the invariant probabilities . x and 7. n
given respectively by

ZN cfr(x)—nP(cf) k" (z
/k’dﬂ' N = n=1 ZwGFixne (=) B( f)#
N T N JrTR——
21 erane fr(z)—nPcf)

Y

and

Zflvzl erFix ec " @)
[ iy = Zm
D onet Dwepiz, €7

where ¢ > 0, N € N.

We show that when N — oo these probabilities converge weakly to fi.r
and when ¢, N — oo they satisfies a result analogous to Theorem 3, with
small modifications on the proof. Also, if N/¢ — 0, then 7.y have a L.D.P.
which the same deviation function I above.

We point out that it follows from the methods we describe in this paper
the following property: given f, f\ € Fy, such that fy — f uniformly when
A — 00, suppose there exist the weak* limit

JILDSO 71-CJ',]Vj,f)\]. - V?
cj, Nj, fx; — 00, then v is a maximizing measure for f. Moreover, if we take
first N — oo and after ¢;,A\; — oo, then we get: any weak® accumulation
point of of ji, ¢, is a maximizing probability for f.



In particular given f one can consider for each m a f,, approximation
which depend just on the first m coordinates as in Proposition 1.3 [16]. We
point out that for each f,, the eigenvalues, eigenvectors, pressure, etc... can
be obtained via the classical Perron Theorem for positive matrices [16] [17].

In the same way, if when ¢;, \; — 00, s; — 1, there exists the limit

JI e g0 =V
then v is maximizing for f.

This work is part of the thesis dissertation of the second author in Prog.
Pos-Grad. Mat. - UFRGS.

2 Proof of Lemma 2

We want to show that
inf I(z) =0.

z€PER
We will need the following lemma ([1] [13]):

Lemma 6. Given a Borel measurable set A, a continuous f : X — R, and
an ergodic probability v, with v(A) > 0, there exists p € A such that for all
€ > 0, there exists an integer N > 0 which satisfies o™ (p) € A and

wa%m—N/Mu

The set of such p € A has full measure.

< €.

Now we will present the proof of Lemma 2

Proof. Mp,..(f) is a compact convex set which contains at least one ergodic
probability v.
Then,

5(6) = [ fav and 1) = |7 (0) = [ fivl
It is enough to show that for any € > 0, there exists z € PER such that
I(z) =|f"(x) — nx/fdl/\ < €.
As f € Fj, there exists a constant C' > 0 such that for any =,y € X:
[f(x) = fy)| < Cd(z,y).

6



We fix j such that
Ce’

2.
1_0<6/

There exists a cylinder k; of size j such that v(k;) > 0. Using the last
lemma with A = k; we are able to get a point p € k; and an integer N > 0
such that oV (p) € k; and

> 5o - N / fdv

It follows that p is of the form p = p;...pnpi1...pj.... Now if we consider
the periodic point x given by repeating successively the word

< €/2.

L = P1---PN;
then we get
Y10 W) - X fe )| < Y15 0) - fo' )]

< C(dg(p, ) + .. + do (0™ (p), o™ (2)))
<COVY 4 L7
<COL+0+..)

:Cejl—ﬁ < €/2.
It follows that
Ng—1 .
1@) = |3 £ (@) - ne / fdv
=0
N—-1
<3 fo'@) - N [ fd
=0 / Y
N-1 N-1 N-—1
< |5 He W) - 3 Fot@)| + |3 Fotw) - N / Jdv
1=0 1=0 1=0
<e



3 Proof of Theorem 3

We begin with an auxiliary lemma:

Lemma 7. Suppose f > 0 is Lipschitz. Then,
lim inf ,UCS(f) > B(f)- (1)

Cc—00, s—1

Proof. We write
P(cf) = cB(f) + &,

where €. decrease to hy when ¢ — oo [7].
Fix € > 0. We define

A, = {z € Fiz, fnff) (f) — e},
Bn—{xean:f"nI) > B(f) — €}

It follows that for ¢ >> 0:

0o
Z Z ecsfnfnP

cesn(B(f) ) —neB(f)—nee

00
00
_ E encs 1)B(f)—ncse—nec
n= CCEATL
00
< E E —TLCSE
n=1 z€A,
00
< § e —ncse+nlog(d)
n=1
e—cse—i—log(d)

1 — e—csetlog(d)’

and, with a similar reasoning,

—cse+log(d)

csf*—nP(c f
Z Z ! en s n 156 cse+log(d) (ﬁ(f) )

n=1x€A,

By the other side, by lemma 2, there exists a periodic point x such that:

I(z) = n, <B(f) f W)) <2

€T



Therefore,

i Z ecsf”*nP(Cf) > ecsf”:c (z)—ng P(cf)

n=1 z€B,
— ecsf"”(a:)—nzcﬁ(f)—nzéc (2)
_ omeme (BT ) be(s—DnaB() —nace (3)
_ e—csl(:c)—l—c(s—1)nxﬁ(f)—nxec (4)

> e—css/2+c(s—1)nmﬁ(f)—nzgc

- ’

and, with a similar reasoning,

- csfm—nP(c fn —cs€e c(s—1)n —Ng€
Zze f P(f)gze /2+e(s=1)naB(f) e (B(f) —e).

n=1 IEBn

It follows that

Pont Dvea, €7D ¢

" —cse+log(d) 1
nL
Zzo:1 erBn 6csf"—nP(cf)an — 1 — e—csetlog(d) p—cse/24c(s—1)naB(f)—naec

e—cse+log(d)+cse/2—c(s—l)nmﬁ(f)—i-nm €c

1— e—cse—i—log(d)
e—c(se/2+(s—1)naB(f))+log(d)+naec s—1,c—00

- 1 — e—csetlog(d) - 0.

Finally, in the same way

ZOO . erA 6csfnfnp(cf)
n= n

I —0.
CHO]OI,ISIHI Zzozl erBn ecsfr—nP(cf)
It follows that
- "—nP(cf) [” 00 n_nP(cf) [
lim inf 2n=1 LacFin, e (Cf)7 = liminf POMED D el (Cf)W
00,51 ZZO:I ZmEFix ecsf"—np(cf) c—00,5—1 Zfzozl erB eCsf"—nP(Cf)
> B(f) —e.

As we consider a general € > 0, then we get

oo_ ' ecsf"—nP(cf)f_"
hmll'lf Zn—l ZxGFm:n n Z B(f)

o csf—nP(c
€—00,5—1 anl Z:ceFixn € f ( f)




Now we can show the proof of Theorem 3.

Proof. Suppose p is an accumulation point of .. Then, p is a o—invariant
probability and by last lemma

u(f) > B(f),
and from this follows that p € M. (f).

Now we fix a continuous function g and sequences ¢; — oo and s; — 1,
such that there exists

hm /J/Cj,Sj (g) *

J—00

By the diagonal Cantor argument, there exists a subsequence {j;}, such
that there exists

(k) = lim i, s, (),

for any cylinder k.
We will show that for any h, there exists the limit

1 i, 1)

Given € > 0, as X is compact, there exists functions k; and ks, that
can be written as linear combinations of characteristic functions of cylinders,
such that for all x € X

k1(z) < h(x) < ko(x) < ky(x) + €.

It follows that
i SUp ficy, o;, (h) < 1 pre; o), (F2) < 1im pre; o, (k1) + €
< h){ﬂ},f}f fe;, 55, (h) + €.
Therefore
lim inf Hej, s, (h) = lim sup Hej, s, (h).

It follows that for any continuous function A there exists the limit
plh) o= lim pie; s, ().
Therefore, ;1 is an accumulation point of the p. . Moreover,
lim pie;,5,(9) = W pie; s, (9) = p(9)-

j—00

10



4 Proof of theorem 4

We will show that: for any fixed L > 0 (it can be that L = o0), and any
cylinder k

lim log(,ucs(k;)) =— inf I(x).

c(1—s)—L C zck,z€PER

Remark: As we point out in the introduction we have to consider ¢ — oo
and s — 1. The hypothesis ¢(1—s) — L can be understood as a constraint on
the speed such that simultaneously ¢ — oo and s — 1: that is, ¢(1 —s) — L.
The proof presented here also covers the case where we assume
liminf1 c(l1—s)=L>0,
and, it is not really necessary that ¢(1 — s) — L.
Now we will present the proof of theorem 4

Proof. Remember that we denote a cylinder k£ and the indicator function of
this set also by k.
It is enough to show that for any fixed cylinder k

lim —logz Z ecs/"W)-nF en* ) (y) — inf  I(z),

c(1-s)—L C z€k, rePER
n=1 yeFiry,

because, by taking £k = X, we will get

hm —10 ecsI"=nPlel) — _ inf I(z) = 0.
) 1Ty,

First we will show the lower (large deviation) inequality

lim inf —logz Z eesf"—nP( cf)k inf  I(x),

c(l S)*)L C (EEk,:EGPER
n=1 yeFizy,

(for this part it is just enough to assume ¢ — oo and s — 1).
Consider a generic point € k which is part of a periodic orbit {x, ..., s~ Dz}
Therefore,

io: Z ecsf"(y)—np(cf) knT(y) Z Z ecsfnz —ng P(cf) ﬁ

n=1 yeFiz, {z,..,0nz=1)z} M
> ecsf”i'? (z)—ng P(cf) R (l’)
S (oI (@) —naPlef)

_ 6—03[($)+ﬂx5(5—1)5(f)_ngfec (by (2>7 (3)7 (4))

11



From this follows that

hlmsuifLE ]Qg Z Z csf"_np cf) k"

n=1 yeFizy,

> liminf 1log( _CSI($)+an(S_1)ﬁ(f)_nac€c)

c(1-s)—L C
Ny €
> liminf —s1(2) + s~ D3(f) - 22
=—I(x).

As we take = as a generic periodic point in k we finally get

n k"
lim inf —lo Z Z ecs!" Pl Cf) — inf  I(z).

c¢(l1-s)—L C x€k,xePER
n=1 yeFizy

Now we will show the upper (large deviation) inequality

n k™
limsup — logz Z ecs/" —nP( Cf) —mekiilefPERI(x).

C
c(1—s)—L n=1 yeFizy,

We will denote the value inf, ek eprr I(2) by I.

Consider a fixed 6 > 0. As f > 0 and f is continuous, there exists
a constant |f|_ > 0 such that f > |f|-. As ¢(l —s) — L > 0 (or just
considering liminfe(l — s) = L) there exists ¢ > 0 such that for ¢ big
enough ¢(1 —s) > 2¢p. As e. = P(cf) — c¢f(f) decrease to hy, we can also

suppose that ¢ is such that e.5 < hy +1|f|_. Therefore, there exists ¢y such
that for ¢ > ¢y

(1 = 8)|fl-+hy > hy +20[f]- > €cos + DI f]-

12



The conclusion is that for such ¢ > ¢q:

cesf"—nP(c _ cf™(y)+c(s— n —neckn_<y)
ZZ f P(f _Zzef )+c(s=1) " (y)—en(B(f)) -

n=1 yeFizy, n=1 yeFixy,

Mg

EE: Jen(B) =LY —e(1-synir|- iy K" ()

n=1y "

> —cn —L2W)) (1-8)+6)—c(1—s)n| |- —nhy k" (y)
DIPIE ) o

n=1 yeFix

= —cI(1-8)— B(f)—fn# o—c(l=s)n|f|-—nhg k" (y)
SIPIE ) .

n=1 yeFix

< 6—01(1—5)2 Z e (BN =52 ) —necos—nul f]-

n=1 yeFixy
& M (u)

< eel(1-9) Z Z o —eos (8(1) ) =necqs—nilfl-
n=1 yeFixy

< e=cl1-9) Z Z oC00F ™ (y)=nP(cod f)—ni|f|-
n=1 yeFixy

As
P(codf — P(cod f) — 9| f]-) = =¢[f]- <0,
the series

f: § oot )mnPleod))=nvlf|-

n=1 yeFizy,

converges to a constant 7" < oo ([16] cap 5). It follows that

hmsup< logz Z Csf"—nP(cf)k )

(1-s)—L n=1 yeFizy,

1
< limsup —log (e_d(l_‘s)T)
c(1—-s)—L C

— —1(1-4).

Now taking  — 0, we get the upper bound inequality.

13



5 The function I and its extension [

For a periodic point x we denote n, its minimum period.
Remember that for x € PER the function I(z) is given by

I(z) =, (ﬁ(f) . "““’)) — neB(f) — 1™ (@),

Ny

We will show that I can be extended in a finite way to a function I defined
the all Bernoulli space X. This I is non-negative, lower semi-continuous and
such that the infimum of I and I are the same in each cylinder set. This
function I will be a deviation function for the family s s and will be different
from the deviation function described in [2] (which did not consider zeta
measures).

By definition I:X —>RU {0} is lower semi-continuous if for any x € X
and sequence x,, — x we have

liminf I(z,,) > I(x).

m—0o0

Definition 8. We define I : X — R U {oo} by

I(z) = lim (inf{I(y) : d(y,z) < €}).
As T >0, and
a1 < e = inf{I(y) : d(y,z) < er} > inf{I(y) : d(y,z) < €2},
we have that I is well defined.
Lemma 9. Suppose v € PER and I(x) # 0. Then
li_r% (inf{I(y) : 0 < d(y,z) < €}) = +00.
As a consequence we have:
I(z)=1(z), =€ PER.
Proof. Suppose © € PER and I(z) # 0. Let
Y;:={y€ PER:y#x and d(x,y) < ¢}
We only need to show that

lim inf I(y) = :
g oy, ) = oo

14



Let
Vi ={yeY;:n,<j} and Y, :={y€Y;:n, > j}.

We are going to show that

lim inf I(y) = lim inf I(y) = oo.

=0 yey i—00 yey

Suppose first that y € Y;”. By hypothesis f € Fp, then there exists ¢’ > 0
such that

) = fy) + fle@) + f@* () + .. + fo™ (1))
< (f(2) +CON+ (flo(x)) +CO N 4+ ...+ (f(o™ H(z)) + CH vt

0
< frw —_—.
< @) + 07

We write n, = a(y)n, +b(y), 0 <b(y) < n,. Then

Iy) = m,B7) = I™(5) 2 () - () = Cp

= (aly)n, + b)B(f) = [0 () - C—

= aly) (nB() — (@) + DB [0 ) ~ O

a()1(z) — nl floe — C——

1—0
a(y)I(z) = Cy,

v

where C not change with y and j. Then

lim inf I(y) > lim inf a(y)l(z) — C; = oo,

Jj—00 yGY]-_ j—00 yGYj_

because

im inf{n, :y € Y } = oc.
j—00

Now suppose that y € Yj+. Then n, = 74+, >0, and we write

Y =Y1---YjYj41---Yj+is

and define
2= Yi41- Y-

15



Then,

Fi(o’(y)) = £’ () + f(@ () + .. + f(0 7 ()
(f(2) +CO) + (f(o(2)) + COT) + ..+ (f(0"(2) + CO)
0

Fits) + 0,

IA I

| A

and, also

)= f@) + flo®) + f(o* ) + .. + f(0 " (y)

< (f(2) +CON+ (flo(@))+CO )+ ...+ (f(o? Hx)) + C0)
0

()+Cm

| N

So

PPy =P+ £ y) < F)+ f(z) +2C %

We write j = a(j)n, +06(j), 0<0b(j) < n,. Then
I(y) = (5 +9)B(f) = [ (y)
> (4 )8() ~ P a) - 1'(z) 200
0

> iB(f) = f1(2) + iB(f) — f(2) —207—
0

> I1(2) + (a(f)ne + b())B(f) — f2Om+0)(2) — 2C —9

> a(j)n.B(f) + b()Bf) — a(j) [ (x) — f*9(z) - QCm

a() () — ol floe — 200

1-0
()1 () = Cy,

v

Il
o

where C not change with y and j. Then, finally

lim inf I(y) > lim a(t)I(z) — C, = oc.

Jj—00 yey+ Jj—00
[

Corollary 10. Given x € PER, then there is a cylinder k such that x € k
and infyeperni I(y) = I(z).

16



Proof. 1f I(x) = 0 there is nothing to prove.
If I(x) # 0, then we can use the lemma. O

Corollary 11. Let x € PER. Then, the following are equivalent:
i) [(z)=0

ii) 1o given by p1,(g) = L s in Mg (f)

iii) © € supp(fise), for some fioe € Mymas(f).

Proof. 1t is easy that i) < 1), and i7) — 4ii). We are going to prove that:

not true i) — not true iii).

Suppose I(x) # 0. By the corollary above there is a cylinder k, such that

z € k and inf cpeni I(y) = I(x) # 0. We are going to prove that if jo €

Moz, then pioo(k) = 0 (this show that © ¢ supp(ue)). We remark that we

can suppose oo € M,q. is ergodic.

To prove that pe (k) = 0, we have to prove that if p. (k) # 0, then
jell, 1) = 1(@) = 0.

But, this is false.

We remark that if (k) # 0, then the same ideas in proof of lemma 2,
that is inf,cppgr [ () = 0, can be used to prove that inf cpe,rr I(y) = I(x) =
0.

O

Corollary 12. Let f € Fp. Suppose there is a unique fiso i Mypar(f). Then
lhoo has support in a periodic orbit, or there are no periodic points in the

support of po-

Proof. If there is a x € PER such that x € supp(uo), then ( iii) — ii) )
Mz € Mma:c(f)7 SO oo = Hg- [

Lemma 13. The function I:X —>RU {o0} is non-negative, lower semi-
continuous and for all cylinder k

inf / = inf [I.
kNX ENPER

Proof. 1t is trivial that I>0. Suppose = and {z,,} in X are such that

Ty — x. If I(xl: 0 there is nothing to prove. Suppose I(x) > 0. Take
d > 0 such that I(z) > . By definition of I(z), there exists € > 0 such that
for all y € PER with d(z,y) < €, we have that I(y) > 0. If m is large enough

d(zm, z) < €/2. It follows that for large m

inf{I(y) : d(y, v,) < €/2} > inf{I(y) : d(y,z) < e} > 0.
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Therefore, I(z,,) > d, and finally

liminf I(x,,) > 4.

m—0o0

As we take any 6 < I(z), we have that

liminf I(z,,) > I(x),

m—00

and this shows that I is lower semi-continuous. Now, for a fixed cylinder k,
we will show that:

inf I = inf I.
kNX kNPER
We know that for any y € kN PER
I(y) = 1(y),

then

inffg inf = inf I.
kNX kNPER kNPER

We have to show that

inf T > inf 1.
kNX kNPER

Consider z,, a sequence of elements in £ N X such that I () — infyax I.
Denote by = € kN X an accumulation point of {x,,}. Then, as I is lower
semi-continuous

f(x) < liminf I(x,,),

m—00

that is,

o) = ot T

From the definition I(z), there exists {y,,} in k NPER such that y,, — «

e I(ym) — I(x). It follows that

inf I =1I(x)> inf I.
kX kNPER

From this lemma and theorem 4 it follows that

Corollary 14. The probabilities ji. s satisfies a Large Deviation Principle
with deviation function I: for fivred L > 0, and for any cylinder k C X

1 ~
lim —log . s(k) = —inf I(z),

c(l—s)—L C ek

18



where 1 is lower semi-continuous and non-negative. The same is true if we
have:
CE@ isn_f)1 c(1—s)=L>0.

The equilibrium measures . s for ¢ f converge to jioo (When fio € Mynau(f)
is unique). According to [2] they satisfy a L. D. P. with deviation function
Iprr:

That is, when fioo € M. (f) is unique, for any cylinder £ € X = {0, 1}

lim ~log(jie s (k) = — inf Tnpo(z).
c—o0 C z€k
The deviation function Ig;r is non-negative, lower semi-continuous but
is finite only in the pre-images of points in the support of the maximizing
probability.
We will show that:

Proposition 15. Suppose [, is the unique mazimizing probability for f as
above. Then, there exists a cylinder k such that

infj}#ianBLT.

z€k z€k

Proof. We fix a periodic point x such that Igpr(z) = 0o, and for each m we
consider the cylinder k,,, = [z1...x,,]. We know that

I(x)=1(z) <oo and Igpr(z) = occ.

As, for each m

inf I <I(x),
fern X
we just have to show that: N
Claim: there exists m such that infy ~x Iprr > I(x).

The proof will be by contradiction. Suppose that for any m, we have that
infy, ~x Iprr < I(z). Then, for each m denote z,, € (k,, N X) a point which
realizes infy, ~x Iprr. Therefore, we get a sequence x,, — z, such that

lhn'anBLT(an S;]($)<:]BLT($%

m—

and this is in contradiction with the fact that Ig;7 is lower semi-continuous

2]. O
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6 the case ¢(1 —s)—0

In the previous sections, under the condition ¢(1 — s) — L > 0, we get a L.
D. P. with deviation function I # Igp7.

This raises the question: what happens if ¢(1 — s) — 07 We will show
here that the final conclusion is quite different in this case. We have that:

Lemma 16. For each continuous function k: X — R
lim e, (k) = pres (),
where fic5 15 the invariant equilibrium state for cf
From this lemma, it is not surprise that:
Proposition 17. Suppose that e € Myae(f) is unique and X = {0, 1}".
If ¢(1 — s) — 0 fast enough, then for all cylinder k

. 1 .1 .
lim —log(e,s(k)) = lim —log(pey(k)) = —inf Ippr(z),

c(1-s)—0 ¢ c—oo C
where 05 15 the invariant equilibrium state for cf.
We will need some results presented in [16].

Lemma 18. Consider gy a real Lipschitz potential in Fj.
a)If P(go) <0, then, for g close by go (in the Lipschitz norm)

i%|269n(z)|<oo.

n=1 Fixy,

b) If P(go) = 0 then, for g close by go (in the Lipschitz norm)

Zl T W P < oo,
n=1 n x€ Fixy,

Proof. For a) see page 80, Theo. 5.4 [16] and for b) see page 81 Theo. 5.5
(ii) [16]. Note that for a real g we have the spectral radius p(L,) = P9, O

Note that for s € (0,1) we have P(esf — P(cf)) < 0, therefore, for any

k € Fy fixed
=1
- csf+zk™—P(cf)n
-3 ,

Fix,
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is analytic for s € (0,1) and |z| small (in a small neighborhood that depends
of s and ¢). When convenient z will be real.
From this the function

(s, 2) = exp (Z Z csfrak" = Cf)n) :
n=1 Fixy,

is not zero at z = 0, and is analytic for s € (0,1) and |z| small (in this small
neighborhood that depends on s and c¢). Therefore:

Proposition 19. If we denote the partial derivative of  in the variable z by

(o, then
7 Z Z csf”—nP cf) k

n=1 z€Fix,

is analytic for s € (0,1).
Moreover:

Proposition 20. For each real value c:
i) the function

- 1 —
04(573) = exp (Z E [(Z ecsf +zk P(cf)n) . enP(cstrsz(cf))]) :
n=1 Fizn,

is analytic for s € (0,1] and z in a small neighborhood that depends on s and
c.
ii) For s € (0,1) and z in a small neighborhood that depends on s and c

a(s,2) = (s, 2)(1 — ePles k=P
Proof. For ii) we just have to use

>

n=1

2" =—log(l—2),|z| <1

S|

Therefore, for s € (0,1) we have P(csf + zk — P(cf)) < 0, for z in a small
neighborhood that depends on s and ¢. In particular, ef(csf+2k=P(f) ~ 1
and we can write

o0

log(l _ 6P(csf—l—zlc—P(cf))) _ Z lenP(csf—i—zk—P(cf))'
n

n=1

21



It follows that:

Z l [( Z ecsf”+zk"P(cf)n> . enP(csf+sz(cf))]>
n

FIXy,

= exp (f:% Z csfrzk™— P(Cf)n> exp ( f:/:l/ nP(csf+zk— P(cf)))

n=1 Fixy, n=1
log(l—eP(CSf+Zk7P(cf))

e
(1 . 6P(csf+zk’—P(cf)))‘

Now we prove i).

When s € (0,1), we just have to use ii) and the fact that P is analytic.

When s = 1 we have to use the previous lemma (b) and the fact that exp is

analytic. O]
As a(s,0) # 0, we can calculate <2 (( 0)) Then we get:

Lemma 21. The function C;{"((SS’OO)) is analytic for s € (0,1] and z in a small

neighborhood that depends on s and c.
For s € (0,1)

0(5,0)  Ga(s,0) PN P
- - kdljlcsf
a(s,0)  ((s,0)  1_ ePlesh—Peh

Proof. We remark that W‘ = [ kdpesy (see [16] page 60).
z=0
For s € (0,1) we have

04(3, Z) — C(Sa Z)(l _ eP(CSfJFZk*P(Cf)))’

esj)—Hie (es cf) OP(csf+zk
as(s, 0) Ca(s,0)(1 — ePlesN=PENY — ¢(s,0)ePlesH=Pleh) (aj;+ )

a(s,0) ((s,0)(1 — ePlesN=P(e)) ;
_ (a(s,0) ePleshH=Pef)  gP(csf + zk)
((s,0) 1 — ePlesH=Plef) 0z 0
 Gls,0)  ePen-ren y
T ((5,0) 1 eP@n-P / Hesf-
0
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Now we will show the proof of Lemma 16

Proof. Fix a cylinder k. We know that

e n_ k™ CQ(S,O)
csfr—nP(cf)™V
IPIR n o ((5,0)

n=1 x€Fixy
o 3, O eP(Csf)fp(Cf)
a(s,0) 1 — ePles)=P(cf)

This means
1 — ePlesh)= k” 1 — eP(esH=Pf) ay(s,0)
csf"fnP cf) 22,
eP(esf)— Z Z eP(csf)—P(cf) (s, 0) "‘/kdﬂcsﬂ

n=1 xzeFix,

We can also consider the same reasoning for k£ = 1. Now, taking the quotient
we get

1—eP(esf)—P(cf) a2 s 0)
1) — _TEDE o + [ kdptesy -
NC,S( ) - 1—eP(csf)— P(cf) 52(8 0) +1 ’ ( )
ePlesf)=P(cf)  B3(s,0)

where (3 represents the function a@ when £ = 1.

It is known that for fixed ¢, the value f kdp.sy depends in a continuous
way on s (it’s the derivative in z = 0 of P(cs f + z k). Then when we take
s — 1 on (5) we have

}91—1}} N6,5<k) = /ch(k?)‘

Now, when ¢g : X — R is continuous, we approximate by functions that can
be written as linear combinations of characteristic functions of cylinders and
repeat the argument on proof of Theorem 3. So

g— }91—1}} fie,s(9)
is a measure and have the same value that u.; on cylinders. Then

£1£I% ,uc,s(g) = Ucf(g)'

Now we will show the proof of Proposition 17

Proof. We just have to investigate cylinders k such that (k) = 0. Consider
a enumeration kq, ko, ... of all cylinders such that p.(k) = 0. We begin with
a fixed k; with this property and denote this by k.
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For fixed ¢, the value [ kdu.s; depends in a continuous way on s. In
particular, as p.sy are Gibbs states and therefore positive in open sets, then
[ kdpes s > 0 for each s. It follows that

A, = inf kdpis r > 0.

s€[1/2,1]

As for each fixed ¢, (with the notation of the proof above)

Ba(s,0)

and 042(5, O)

B(s,0) a(s,0)
are analytic on s = 1, and, as for each fixed ¢

1 — ePlesH=P(eh)
oPles)—Pleh)

then, we can find for each ¢, a value s’ (remark that i is the index of the
cylinder k = k; fixed) such that ¢(1 —s’) — 0, and if s’ < s < 1:

1 — ePles=PEl) G, (s,0)

a)—1/2 < PEN—PED 3(s,0) <1/2;
f kdpics 1 — ePlesf)=P(ef) as(s,0) f kdpes
b) — s = —Ac/2 < ePesD=PED  afs,0) <A/2< -
It follows from (5) above that for each ¢ and s’ < s < 1:
—HEY o [ Ry DGt [ hdpie
< fres(k) < :
3/2 ’ 1/2
This means .
% S /vLc,s(k) S 3/k5d,ucsf‘
The conclusion is
I Slog(ueo(k) = lim  —log(ua(k))
1m —lo c.s = m — 10 c,s
(c—00,st<s<1) C &lMe, (c—00, st<s<1) SC &lMe,

. 1
= lim — log(ftesr(k))

(c—00, st<s<1) SC

-~ T (o),
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We remember that in this argument k is fixed. For each k; we have a asso-
ciation ¢ — s’ described above. Consider now the association ¢ — s., where
for each integer n > 0:

ce€nn+1)=s.= supie{l,“_,n}si < 1.

Then for each cylinder k; we have that ¢ > i = si < S¢, so has above

1 1
lim - 1Og(:uc,s(k)) = lim - log(uc,s(k)) = —inf IBLT<1')-

c—00, 8c<s<1 ¢ c—00,sh<s<1 C z€k

7  About the measures 7.y and 7.y

There are other ways to approximate p.; and p: we can use, for example,
the measures 7,y and 7.5, c € R and N € N, given by

N () Ple ) k™ (x
N pTT——
En:l erFizn ect (z)—nP(cf)

WC,N(I{:) =

and
25:1 erFia: ec /" @)

N n
En:l ZxEF@'zn GCf ()

nc,N(k) =

We will prove:

Lemma 22. For fixed ¢ and continuous g : X — R:

lim 7o (g) = lim nen(g) = pes(9),

N—oo

where p. ¢ is the Gibbs state for cf.

After that we will analyze what happens when ¢ — oo, simultaneously,
with N — oo. We prove that:

Theorem 23. When ¢, N — 0o any accumulation point of m.n (or nen) is
in Myar(f). Moreover, if g : X — R is a continuous function, ¢; — oo and
N; — oo, are such that there exist

lim ﬂ-Cj,Nj (g)7

Jj—00

then, this limit is [ gdp for some accumulation point pu of T n in the weak*
topology. (the same happens for n.n ).
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In particular, if pioo 1s unique in Mpa.(f), then for any continuous g : X — R

c¢,N—o0 c,N—o0

lim mn(g) = lim n.n(g) = / 9dfico-

We also study this result for 7. 5 in order to get a L.D.P..

Theorem 24. Suppose [ is Lipschitz. Then for all cylinder k C X

lim 1log(7rcj\[(k)) —— inf I(z)=—infI(z).

—>O C r€k, x€Per z€k
We point out that we take ¢, N — oo.

We start with the proof of Lemma 22:

Proof. By Lemma 21 the function

_ Z [(Z 6csf"—nP(cf)ﬁ> _ enP(csf)—nP(cf) /kd,ucsf]
n

Fix,

is analytic on s = 1.

Then:
—00 < = i [(Z ecfnnp(cf)ﬁ> — /kd,ucf] < 0
- n
n=1 Fixy
So
n kn /]’L*)OO
<Z e ‘"”Cf’—) [ s (6)
Fixy n
Then,
ZF' Cf Pl n—>oo
> iz, € TEED / Kper
and

ecfm k"
Zi”“” n "0 / kdpucy.
Fz:r;n

Now we use the following well known result:
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“Let a,, and b,, sequences of real numbers > 0. Suppose that ‘;—: — L, and
thereise>OsuChthatan>eandb > €, n>>0.

Then Z” ! b” goes to L when N — o0.’
n=1%Yn

We have then (using (6) in order to get the > e property) that for & > 0
(or, cylinder sets):

lim 7. n(k) = lim

N el —nP(cf) k"
Zn IZszn n :/kdﬂcf;

N—oo N=eo Zn 1 ZF'L:L" eCfninP(Cf)
and N ek
C 7L_TL
lim 7. n(k) = lim Ln=1 Lrin, © o = /kd,ucf.
N=eo N=eo Zn 1 ZFZ.Z‘ eCf
When ¢ : X — R is continuous, we use aproximation arguments. Il

Now we prove the Theorem 23:

Proof. We start with 7, . Using the same arguments that we used in The-
orem 3 we only need prove that

liminf 7. 5 (f) > B(f).

c¢,N—o0

We will use the same notations and ideas that Lemma 7, so for fixed ¢ > 0
we only need prove that:

Zn 12906 An cf”—nP(cf) N—>oo
Zn IZJ:EB ecf"—nP(cf)

0.

Now:

i\f: Z 6cf"—nP

n=1x€A,

Z —e)—ncB(f)—nec
€A,

—nce—nec

e
1 x€A,

N
< E e neetn log(d)
n=1

efce+log(d)

3

M= 1 Mz

< 1 — e—cetlog(d)”
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On the other hand, by lemma 2, there exists a periodic point x such that:

I(z) =n, (B(f) - f—“’)) s

T

Therefore,

i Z ecfn,nP(cf) > ecf"a:(z)—nzp(cf)

n=1 z€B,
— e—c[(ac)—nggeC

> 6706/2771,166

It follows that

SN S, e TECH  ectlon@)
ZN ) Z - ecfr—nP(cf) — e—ce/2—ngec | _ p—cetlog(d)
n= xE€Bn

— 0.

Now we consider 7. n:

In the same way as above, using the same notations and ideas of Lemma 7,
we only need prove that for € > 0 fixed:

N

Zn:l erAn ecf” C,Z\Soo
N

Zn:l ZmEBn ecf”

0.

We have

N
n=1z€A,

I/\

LA

ecn(B(f)—€)+nlog(d)

&M’z ||M2

eN(B(f)—€)+Nlog(d) _ |

— oelB() =) +log(d) €
ec(B(f)—e)+log(d) _ 1

By the other side, there exists a periodic point z such that:

fr(x)

Ny

> B(f) —¢€/2.
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Therefore,

N [N/ng]
SPILED SR
n=1 zeB,

N/nx

> Z ec;nz )—€/2)

> e ecna(B(f)—€/2) — 1

It follows that

N n c(B(f)—e)+log(d) eNB(FH)—e)+Nlog(d) _1
Do Dgen, €7 € (BN Fog(d 1

N cfn — - 2 eC[N/nz]”z(5<f) €/2) _ 1
D on=12wen, € ecna(BU)=/2)

ceN(B(N =)+ Nlog(d) _ 1 pe(B(f)—oHog(d)  pena(B(F)—e/2) _ 3
= edN/ndne (BN —e/2) — 1 ecB(H)—e)tloa(d) — | gena(B(1)—</2)

Now, we have:

ena(B(f)—€/2) _ 1 ec(B(f)—e)+log(d)

AL ey L and e 1

By the other side,

 eeN(B() -9+ N log(d) _ N madna () —e/2) _q
c}\}goo ecN(,@(f)—e) - 1 and c,]l\/ll—r}oo eCN(,@(f)—E/2) - 1
Then
ecN(B(f)—e)+Nlog(d) _ | ecN(B(f)—e)
lim = lim ———=0.

e,N—oo eClN/nalnz(B(f)=€/2) — 1 ¢ N—ooo ecN(B(f)—€/2)

So we have

N
Zn:l ZajeAn GCfn C,N—)OO
ﬁ

N n 0.
Zn:l ZzGBn eCf

Now, given g, ¢; — oo and N; — oo, such that exist lim; ... 7., n,(g), We
repeat the proof for p. s and obtain an accumulation point 7, such that
llm 7TC]1N]<g) = 7TOO(g)

Jj—oo

The same is true for 7. .
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Now we prove the Theorem 24

Proof. We just repeat the ideas used in the proof of Theorem 4. We only
need to prove that

k"
- § § : cfnfnP (ef) . :
NI/ICIEO c 10g (n « G > xekl,lalcgperl(x)'
First we will show the lower inequality:

liminf - 1 Cf”-"PCf> > — inf  I(z).
g s (> -t 1

n=1 z€Fizy

Consider a generic point o € k which is part of a periodic orbit {z, ..., "= "'z }.
For N >> 1 we use that:

N km k=
D " nPEN > 3 ecf”“”zp(cﬂn—x

n=1 x€Fizy, {z,...,0(ne=Dg}

_ ecf”f(w)—nxP(cf)knx(x)
> el (@) —naP(cf)

_ e—cI(x)—nzec‘
From this follows that

cf"—nP(cf > _
lclIAI[l_lgof Clog (Z Z ) > —1I(z).

n=1 z€Fix,

Now we will show the upper inequality

lim sup — log (Z Z ecl"—nplef) ) _xekialclefPERI(x)'

C
N/c—0 n=1 zeFix,
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We

will denote the value inf, ey seprr I(z) by 1. Then:

n N

N
cf"—nP(c )k_ —cn ﬁ(f)_% —”ECE
Z Z e f P(cf - S Z e < ) n

n=1 z€Fix, n=1 x€Fixy

67N56+N10g(d) -1

_ ,—cl ,—ec+log(d)
€ € €_€c+10g(d) - 1

It follows that

N
1 n k™ —Ne. + Nlog(d
limsup—log(E g ecf" —nP(ef) ) < -] - €. + N log(d) = 7.

N/e—0 C

- n C
n=1 zeFix,
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