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Abstract: In this paper we show the existence of a plateau for the
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0. Introduction

In [C] J.Mather’s Theory about minimizing measures for the action of
time periodic Lagrangians is developed for the autonomous case (time in-
dependent). Further developments were obtained by Contreras, Delgado,
Iturriaga and Mané in [CDI]

In this work we study a special Lagrangian on the two dimensional torus
(two degrees of freedom and periodic on each spatial coordinate). In the
model considered here there exists a non-trivial magnetic potential vector but
there is no eletrostatic potential. This model appears in phenomena related
to the Hall effect.

The objetive is to study the dynamical properties of the Euler Lagrange
flow generated by the Lagrangian associated to a magnetic field. In IR? with
coordinates (1, xs,x3) let us consider a C*° magnetic force F' = & x B,
B =V x A, associated to a Lagrangian on the two Torus 7?2 defined by

2
v
L(./El,xQ,Ul,’UQ) - % + <A<I1,$2),U>

where the metric || | is induced by the euclidean inner product and
A(IE1>$2) = (a1($1,x2)762($1,$2))-

The Euler-Lagrange flow associated with this Lagrangian is generated by
the vector field

X T =0
' @:(azal—alaz)JU:UXB

where

0
_(?QZZ"

(0, 1),

It follows immediately that the scalar velocity is constant along a solution
of X and, by Stokes Theorem and the periodicity of b, that the locus of
inflection points 0yas — Osa; = 0 is non-empty.

This set is relevant to the following problem: describe the minimizing
measures of the action A(u) = [ Ldu, among the probabilities with compact
support invariant under the flow of X with a given rotation vector p(u).

0;
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Let us explain the terms of this statement. First, we observe that the
above Lagrangian is positive definite (that is for all z € T?, L|T,(T?) has
everywhere positive definite second derivative) and superlinear

( lim 7[/(%’”) = oo)
lol—oo |0

uniformly on 72. Therefore the solutions of X are defined for all t €R (is
complete) and L satisfies the hypothesis of Mather’s Theory for autonomous
Lagrangian . According to that theory, for a given invariant measure v with
compact support on the one point compactification of T(7?), we define the
rotation vector or homological position, p(v) = u € Hy(M,R), the first real
homology group of M, as the element p(r) such that for any co-homology
class [w] € Hy(M,R)* = H'(M,R),

< [w], p(v) >= /wdu

In particular, if v is ergodic, then

1T :
< [U)], ,0<V) = 711_120 ﬁ _7 wff(x)dtv
where the trajectory (x(t),2(t)) € R* (solution of the Euler-Lagrange equa-
tion)used on the right hand side integration is generic in the sense of Birkhoff’s
Theorem with respect to v.

In the case of the two torus, T?, p(v) = (a1, ) € R? = H; (M, R), means
that the lifting z(t) = (z1(t), z2(t)) of a generic trajectory to the universal
covering R? is such that x;(¢) has a mean value of inclination ay, that is,

21(t) — 1 (0)

lim ———= = ay,
t—o0 t

and x5 (t) has mean value of inclination s that is

t) —21(0
lim —xl( ) —=(0) = Qy.
t—o0 t
This follows from the fact that dr; and dxo generates H'(M,R).
Whenever the above limits exist we say that the curve has asymptotic

direction (aq, ). For example, if there exists a vector (m,n) € Z? and a

3



number 7" such that z(t + 7)) = z(t) + (m, n) then it is easy to see that the
associated homological position is equal to %(m, n).

For a probability measure v, the action is defined by A(v) = [ Ldv.

Given a homological position u , we denote by [(u) = inf = A(1),
(where p is assumed to be invariant for the flow X), the minimal action
function. A measure v, satisfying A(v,) = f(u) is called a minimizing mea-
sure (or a minimizing measure for u).

The minimal action function is convex and superlinear and many interest-
ing properties of the Euler-Lagrange flow can be derived from its behaviour.
For instance, if u is an extremal point for [, then there exists an ergodic
minimal measure with rotation vector u. However, in general, § may have
non trivial linear domains (”plateau”), which are convex sets such that the
restriction of 3 is an affine function.

In the case of the torus it is easy to see, as [C] for example, that 3 can be
non strictly convex only along closed intervals contained in one dimensional
subspaces. Moreover, if the interval does not contain the origin, the subspace
must have rational slope ( rational homology).

It is well known that by adding a gradient vector field to the magnetic
potential we do not change the Lagrangian, therefore, using the Fourier ex-
pansion and integration by parts, the magnetic potential can be written in
the following form:

Az, 22) = (a1(x2), ag(z1, x2))), with As(z1, 29) = 3 cos(2nmay)Cy(22)+
sin(2nmx1)D,(x2) and n > 1. We can now state our theorem:

Theorem A : Let us suppose that magnetic potential is vertical A(xq, z5) =
(0,b(z1,22)) and satisfies: (i) b(xy,x2) = > cos(2nmxy)Cp(x2) with n odd
and Y sin(2nmz,)Ch(z2) > 0,0 < 21 < 1/2. (ii) 4bmind > bmin” + b, where
Dmin = min b(zy, ) and b = fol b(%,ﬂfg)d%’g.

Then the minimal action function is not strictly convex, and there is a
segment of the form (0,1) C H,(T?R), where I = (b, —b), such that if h
belongs to the interior of I there is no ergodic minimizing measure p such
that p(u) = (0, h).

Moreover, there is a positive number ¢ such thatif ||v]|* = E is a level set
that contains the support of a minimizing measure, then E> (.
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Several examples satisfying the hypothesis of Theorem A are presented
at the end of Theorem 3 in the next section.
In figure 1 we show the graph of 3(0,h) as a function of h.

As it was pointed out in the beginning of this introduction, the set of
inflection points K (defined by 0yas — dra; = 0) is always non-empty. Under
the hypothesis of Theorem A it projects onto two closed curves Ky U K 1.

Therefore any trajectory of X which projects on to a curve with non-zero
asymptotic direction must intersect K transversally (or coincide with K).
Therefore we have naturally associated a first return map 7' : K — K.

Theorem B: Let b(z1,25) be a magnetic potential satisfying the hy-
potesis of Theorem A. Then there is a positive number FE, such that if
E > Ej there is an open annulus A (E) and an area preserving twist map
Bg : AN(E) — A(F) such that the minimizing measure p with supp p con-
tained in the level set F is described by orbits of Bg.

Moreover, there is a number o« = a(F) € IR such that if p is an ergodic
minimizing measure with the slope of the rotation vector p(u) bigger then «,
then supp p is not an invariant torus.

After Theorem 6 in section 2 we show examples where all these results
apply.

In this work, we studied examples with a; constant equal 0. The situation
in general is more complicated, however, we believe that these examples serve
as model cases, in the following sense: the dynamics of the Euler-Lagrange
flow in the level set is divided in two pieces one is described by the orbits of
a twist map (or composition of twist maps) and the other, where invariant
torus cannot exist, is similar to the dynamics near a homoclinic point, giving
rise to horse-shoe type dynamics.

Theorem A will be analised in section 1 and Theorem B in section 2.

1. Existence of plateau for the minimal action function

We recall that the minimal action function 3 is convex in uw and from



Theorem 1 [C], the total energy is constant in the support of any minimizing
measure.

We will show that 3 has a plateau when restricted to vertical line (0, h), h €
R.

We collect some elementary facts about the solutions of the particular L
we consider.

It is easy to see that the total energy L — L,.v is constant on trajectories

of the flow and is equal to
lv]”

5

Symmetry principle: it is also easy to see from the symmetry of the
Lagrangean that if z(¢) is a solution then

is also a solution.

Proposition 1: The minimal-action function 3 associated to L is sym-

metric, B(—u) = B(u) for all u € H(T? IR).

Proof: Suppose that z(t) and () are solutions of the Euler-Lagrange

flow such that 1

Then

— 9B+ % _i —b(z(—t) + (% O))x'g(—t)dt _
R+ % _ib(z(—t))x'g(—t)dt o % / b)) (t)dt

= 9B+ o ib(z(t))jrg(t)dt - %.



Suppose that z(t) is the projection of a generic solution which is contained
in the support of an ergodic minimizing measure p so that

_ _ o Alz ]
A(p) = Blp(p)) = lim ——.

One can define a new invariant measure i on 7'M by

/f(x,v)dﬂ = Jm % /_if(z(—t) + G,O), —z‘(—t))dt.

Observe that the limit exists since

/if<z(—t) + (;0) —z‘(—t))dt - /T_Tf<z n ; —z(u)) Cdu—
|
f .

where

Considering g(z,v) = w,(v) where w is a 1l-differential form, we can
conclude that p(u) = —p(f).

It also easily follow that A(i) = A(p) implies B(—p(p)) < A(f) =
B(p(w)). Reversing the above construction we obtain the opposite inequality

and we finally obtain 5(p(p)) = B(—p(w)). O

Proposition 2: It follows from the symmetry of 3 that 3(0) = min 8 < 0.
Proof : If f(u) = min 5 then #(—u) = min # and by the convexity of [,

1 1 .
£(0) < §ﬂ(u) + §ﬁ(—u) = min fJ.

Since v = 0, z = x( is a singularity of the Euler-lagrange vector field, and
L(z¢,0) =0, then min 8 < 0. O

In the case of the torus, if S is a supporting domain for the function £,
then S is contained in a subspace of dimension 1 (Proposition 3 [C]).

Theorem A that will be proved bellow shows the existence of nontrivial
support domains for the class of Lagrangians we consider here.

7



Theorem 3: Suppose the b(xy,z5) satisfies the following hypothesis
(equivalent to the ones stated in Theorem A of the Intoduction):

(1) b(_x17$2) = b(l’l,l'Q)

(11) b(l’l + %)71’2) = —b(l'l,xg)

(iii) for each fixed x9, b(x1,xs) is monotone decreasing on the interval
0.3) ) )

(iv) 4bpin > bimin’ + b2 where b,,;, is the minimum of b and 0 > b =
fOl b(%? $2)dl’2,

then, there is a horizontal flat segment for the minimal action function /3
in the level set 371(3(0)).

For (0,h) , h € (b, —b) there is no ergodic minimal measure with rotation
vector (0, h) and outside this set 3(0, h) = ((h) is strictly convex as a function
of h.

Moreover, if 1 is a minimizing measure, then the support of x4 is contained
on a level of Energy E such that £ > %

Proof:
It follows from b(zy + 1/2,29) = —b(x1,x2) and b(—xy,x2) = b(z1,22)
that .
81b(0,m2) =0= 61b<—,$2>.

2
Therefore
z1:t— (0,—\/2Et)
and

1 —

are solutions of the Euler-Lagrange equation with the same mean action

T —V2ET
Alz|T;) =2ET — | b0, —V2Et)V2Edt = 2ET + b(0,t)dt
T T V2ET

and



T /1 V2ET /1
Alz|ty] =2ET + | b =, V2Et)V2Edt = 2ET + b(=,t)dt,
T -7 \2 “V2ET \2
then
V2ET
Alar|Ty) = AlzalTr) = 2BT — [ b(0,1)dt
As 1
Zl<t - \/ﬁ) == (0, —V 2Kt + ].) == Zl(t) + (O, ].)
and

29 (t + \/%> = (0,V2Et +1) = 2(t) 4 (0,1)

p(z1) = —V2E(0,1)

SO

p(z2) = V2E(0,1)
and 1, po probabilities defined by

1 o . 1 .
/f(l‘,U)d,Ui = 5—1/0 fzi(t), %()dt, 6 = ~ 5 = (1,2}, 6 = o5

are invariant under the Euler-Lagrange flow.
We have just seen that

1
A(w) = Alps) = E — V2E /O b(0, z5)d:zs,
and this implies that
2 2
B(0,h) < min{% + hb, e hE},

where b # 0..



We now show that the measures i and o associated to the curves z;
and 29 with velocity v2E = —b are minimizing. In order to do that, let us
evaluate

é
/ b([L‘l, [Eg)l'th
0

for a solution of the Euler-Lagrange equation such that x(d§) = x(0) + (0, 1),
with

5= —b [p(x) = p(p1)]-

Partition the curve x(¢) into pieces to =0 < t; < ... < tx = 6 such that

i2|(ti7ti+i) 7& 0
so the above integral becomes

$2(tz+1)

tit1
Z/ ' IQ,Z‘Q Igdt Z/ ZL’Q]dIQ

where f;(z2) is a C! function such that the image of z restrited to [t;, t;11]
is contained in the graph of f;. Of course z5(t;) < xa(tiy1), if ©2 > 0, and
.Tg(t ) > 132( 1+l) if To < 0.

By assumption

1
b(0,z2) > b(x1, x2) > b(2a 952) = —b(0, z2),

z2(tit1) z2(tiv1) /1]
/2 " b(fi(x2)7562)d332>/2 " b<§7$2>d$2,

2(ti) x2(t;)

if xo(t;) < wo(tiy1), otherwise,

SO

x2(tit1) x2(ti)
[ b ) maare = = [ bfilwa), wa)dan >

2(t;) x2(tit1)
x2(t;) w2(ti) 1
- / b(O, $2)d$2 = / b(—, Z’Q)d.fQ.
x2(tiy1) za(tiv1) 2

That is
s z+1
/ b(xq, x9)dodl > Z/ —, x9)dxe (%)
0
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where [xé,xzfl] = [ma(t;), x2(tis1)], if 2 > 0 on (t;,t;41)
and [x}, 25 = [zo(tiy1), 22(t;)], if To < 0 on (s, tig1).

Let
. . 1 - 11
biin = min b(x1, r9) = min b<2,a72) and b= / b(§,$2)dx2.
0

Observe that b < 0.
Since x is a solution of the Fuler-Lagrange equation, it is contained in a
energy level, say E, and from the hypothesis 2(t+0) = z(t) + (0, 1) it follows

that -
) > > (aht —ah) > 1.
0<t<d 1=0

V2E6 = lenght (x

However due to the convexity of x in the strips

1
0<.T1<§

or 1
- < <1
g S

this bound can be improved.

Before doing that, let us suppose that the number of points with horizon-
tal direction is equal to 5 (as in figure 2) .The case with fewer critical points
are treated similarly.

By the above construction the curve x|y is subdivided into 4 pieces
on each of one 5 # 0, with the corresponding points labeled as follows:
Ty < 23 <z} < 23 < 23 and where 5 = 5 + 1 (25 = 25(0) is the smallest
local minimum)

For instance, in the picture: min < max < min < max < min, therefore
alternating minimum and maximum.

The integral in (*) is

/x%b(l \d +/x%b<1 )d +/ng(1 >d +/x§b<1 )d _
o D\ T2)dT2 22 g2 )4t 2 g2 )4tz s o2 )t =

2

xéb(l >d + x§b<1 >d 49 xéb(l >d 49 x%b(l )d _
/zO 5,932 X2 oL 57332 X2 /mg 57332 X2 /mg 573?2 To =

2
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1 1 1
/ b(§,$2)>dl’2+2 b(- fEQ)d.TQ—{—Q b(§,$2>dl'2 2
0

B_'_ 2bmln[ :UQ + $2 - .Z'Q] - _'_ mzn[ :L'Q + xz g — 1]
or 5 ; )
1 20,
g/o biodt > 5+—f§1m[x§—x§+x§—xg— 1] =
b 2bin . 20y
=5 rgun + rgnn[x% — 5 + a5 — 3],
Since .
,0(1]) = 5(07 1) = _b(o’ 1)7
we obtaln = —b.
DenoteM—2[ — )+ 23 — 2.
Then,

1o _ _
; /0 bitadt > —b + 2biyb — by DM,

However, v2E§ =lengh (z[§) > 1+ M, or

62
E > (1+2M + M%),

So we obtain the following estimate for A[x]:
72

b _ _
Alz] > (14 2M + M?) = b + 2byyinb — by bM

that is,
—12 o b2 _
The right hand side of this inequality, as a function of M has minimum

value for

brnin —
M = i
b Y
therefore
—b? T o o (bmin — b)? b
Alr] > —= + 2byyind + blbyyin — b) + L —— = bryin (brpin — ),



that is,

b)? .

_52 B (bmin — L9 b
min--

2 2

Therefore, if —b? — b byin” + 4bpminb > 0, then Afz] > Afu].

The same procedure also works if there are more critical points. If z(t) =
[21(t), 22(t)] € R?, 0 <t < 4§, we denote by 29 = z5(0) the smallest local
minimum for ().

Let 29 < x) < ... < 2% be the image of the critical points of my(z(t)),
0 <t <6, where my(x1,29) = x2 is the canonical projection. The lines
Lo = x% determine a partition of x(¢) in the interval 0 > ¢ > §. Observe that

rh = a9 + 1 for some [ < k, then using this partition we obtain

J

Alx] >

(=%}

1 . .
b(x1, o) Todt > /0 b(Z1, 2)dx — 205 + Omin Z(x] —1)(x) — $72_1) =

=b—2byin + bmin > (ny — 1)(z) — 5,
where n; is the number of components of the intersectionn of x(t) with the
strip x% <@y < x%_l. A
However, v/2EJ§ = lenght(z) > 14+ X (n; — 1) (2} — 237")
Therefore, using the above estimate, and denoting by M = Y (n;—1)(x}—
257" we obtain

Ale] = E+ 3 J b1 (1), wa(6) o ()t > Sop 4 b-2msn 4 b,

252
Since % = —b, we get
14+ M2, - - _
Alz] > glﬂ — (b = 2bpyip) — bbyinM
or _ _
b? b? - -
Alz] > ) + M2§ + Mb% + 2b,,inb — bbyyin M.
As before,
_1_72 bmm - l_) 2 I\ 7 7
or _ _
AL R AN A
A > _ min ) 7 o
[I] = 9 + 9 min + 9 + min +

13



+2bbyin — b2+ b bmin

or

2 b2
Alz] > - _ “min
e
R B (b b)? )
4bb, iy — — — — — "+ 2b,inb
+ 2 2 2 +
as before.

Therefore, if —b — by + 4bbpin > 0, then Az] > Afu].

This shows that the vertical solutions (0,bt) and (0, —bt) are minimizers
and 3(0,b) = 3(0, —b) = —%. Therefore, the interval I = {h|b < h < —b}
is a non-trivial linear domain for the minimal action funcion.

This also implies that there are no ergodic minimizing measures with
rotation vector (0,h) with A # 0, inside the interval I. In fact, the graph
property of A(I) (=the closure of the union of the support of all minimizing
measures with rotation vector inside I) implies that any solution contained
in A(I) does not intersect the lines z; = 0, z; = 3. This means that the
projection must be a convex curve (nonzero curvature), but this contradicts
the assumption that the rotation vector is multiple of (0,1).

Also using the above estimate one can prove that the value of the action
on a curve with vertical rotation vector (0, h) with h € I and h # 0 is bigger
that —%. Now from Corollary 2 in [C], the minimum energy level that con-

52

tains a minimizing measure is £ = —=-.

We consider now the case h = 0.

If there is an ergodic minimizing measure p with p(u) = 0, then the lift
of the projection of supp i to R? is a closed convex curve homotopically
trivial. Also using the ideas of [C] we get that such curve is parametrized
with constant speed |b|. By the graph property, if such curve comes from a
minimizing action measure, then it can not intersect the lines 1 = 0,2, =
%, x1 = 1 (that are in the support of minimizing measures).

We can assume without lost of generality the case where the solutions are
on the strip 0 < 7 < %

Suppose that v; and 7, are closed convex curves homotopically trivial

1

contained in the strip 0 < x; < 5 with 7, contained in the interior of the
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region bounded by s, then length v; < length 79, so the respective periods
satisfy 7 < 7.

Hence
1 T2 ) 1 T1 . 1 T2 . T1 )
Apal=Aln] = — [T oGy [T b0i < (b [ b))
| 1 |
— ([ bdes— [ bdrs) = —/ bdwy = —// B1b daydas,
T2 Iy M T2 Jy2—m T2 R

where R is the annulus bounded by v, — ;. Since R is contained in strip
0<x < %, where 0b is negative we obtaion

Alye] < Al

This shows that there are no minimizing curve which is homotopically trivial
because the action can always be decreased for homotopically trivial ex-
tremals.

Finally for (0,h) outside the interval (0,1), estimates analogous to the
one used in the previous case show that the solutions (0, ht) and (3, ht) are
global minimizers.

For h not in the set I, it is easy to see from the above that 5(0, h) = %Q—hl;
for h > —b and (0, h) = = + hb for h < b.

This shows that the graph of 3(0,h) = B(h) as a function of h has the
shape of figure 1.

This is the end of Theorem 3. g

Now we will show some examples:

1) when b = by = cos2mx;(1 + Asin27xy), where A is a constant small
enough: b = —1 and by;;, = —(1 + A), so the condition is —1 — (1 + \)? +
4(1+X) > 0 or: 1—-V2< A< 1—1—\/5, and since we are assuming 0 < A < 1,
we always have Alz] > Alu] = 3.

2) when b(z1, 22) = cos2mr1(1 + Asin7a,), then b= [—1+ %] and b,y =
—[1+ A

3) in general whem b is of the form b(z)c(z5), then b = b(Z,) fy c(xo)day =
b(z)c and byiy, = b(Z1)c(Z2) (if b(Z1) < 0 then by,;, = b(T1) max c(xz)) and

15



the above condition becomes:
—b(71)%¢ — b(z1)%c(T2)? + 4b(z1)%c(T2) > 0
or
—& + ¢(Ta)? + 4e(T2)e > 0

(condition only on the perturbation term).
2. The twist map

In this section we show Theorem B, that is, the existence of a twist map
defined by the first return map associated with a certain tranversal section.
We will need first the following proposition:

Proposition 4: Suppose that z : IR — IR? is a minimizer for a La-
grangian satisfying the hypothesis of Theorem 3 with non-vertical homolog-
ical mean position i.e, p(z) is not a multiple of (0,1).

Then the map ¢ — 7y 0 z(t) = z4(t) is injective.

Proof: If (ty) = 0, since |2(t)| = V2E, we have 2(ty) = (0, £V2E).
By uniqueness of O.D.E.

1

.Tl(to) # 5,0

because we are assuming that the homological mean position of z(t) is non-
vertical.
Let us suppose without lost of generality (otherwise use the symmetry

principle) that
xr .
1\t0 2a

By the convexity of z(t) in the strip
1
n e (3)

16



and non-verticality of the homological position, there exist two points ¢; <

to < t9 such that .
Il(t1> = SL’l(tg) = 5

Without lost of generality suppose the first case happens (otherwise apply
the symmetry principle).

Observe that @5(ty) > 0, otherwise, by convexity of z(t) it will never hit
the side z; = =

Therefore there are two values ¢, d such that ¢ < ty < d with z1(c) =

From this it follows that

Al2|Y] = E(d—c +/ VNia(t)dt > E(d—c) +/ (xl o), $2(t))x2(t)dt

The right hand side is the action of the curve (z1(c), x2(t)) with the same
end point condition. Therefore z is not a global minimizer. O

Now we will show that under appropriate conditions and using certain
variables there exists a twist map induced by the first return on the torus
to z1 = 0. First we will show that under these assumptions a trajectory
beginning in z; = 0 will hit ;1 = 1/2. The same reasoning, after that, will
produce a sucessive hitting in z; = 1.

This procedure will induce a first return map that we will show later is
a twist map. It will be necessary that the solution z(t) has a large value of
energy in order it can cross from z; =0 to x; = 1.

First we will need the next theorem.

Theorem 5: Let ¢(t) be the angle (with the horizontal line) of a tra-
jectory z(t) of the Euler-Lagrange flow on IR?, z(t) = (x1(t), 2(t)). Suppose
that z;(0) = 0, 22(0) = 2. There are positive numbers Ey and 6, such

17



that if the energy E > FE, and the initial condition (z(0), z5(0), 2} (0), 25(0))

,tan g = 22 ; is such that —6y < ¢y < 6y, then Ity such that

1
il (to) = —.
Proof: The proof is by contradiction.
Start with some initial condition

7T< <7T
g SOy

Suppose 1(t) # 0 for ¢ in some interval (0,0), then there is a function
y(x) such that zo(t) = y(z1(t)).
Let

A(t) = /Oxl(t) Ob(zy, y(zy))dry — V2E sin p(t)

for 0 <t <§.

As 2, = V2FEcosp and 91b = ¢, N(t) = Ob(xy(t), y(z1(t)))d1(t) —
V2E cos o(t)p(t) = 0.

Therefore, \ is constant along the trajectory z(t).

Suppose by contradiction that there is no ¢y as asserted and let ¢; be the
first value such that ¢(t;) = Z

Denote z41(t;) = 21 < 1/2.

As A(t) is constant

A(t1) :/0 Oub(a1, y(x1))dar — V2E = —/2E sin o,

or

/0 Ob(x1, y(w1))drr = V2E(1 — sin o).

Since

/0 b(xy,y(x1))dz,

is bounded above by some V' (depending only on b), then

> (1 —sinyyp).

9= 3

If F is large and sin ¢y bounded away from 1 the last expression is not
possible. Therefore, z(t) has to cross x; = 1/2, otherwise the solution is
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always in a region of negative curvature and will bend until ¢(¢) attains the
value /2.
This shows the Theorem. a

Remark 1: After the hiting of the line x; = % the trajectory will hit
the line x; = 1 by the same argument (symetry principle). This shows the
existence of a first return map of trajectories (with large enough value of
energy) on the torus beginning in x; = 0 to itself. The domain of definition
of such map is all 0 < xg < 1 and g on a uniform neighbourhood of 0.

For a better geometrical understanding of the domain of the returning
map we describe the phase space of the Lagrangian flow in the example 1 :
b(xy, x9) = cos 2wy (1 + Asin 27a,).

For A = 0 and F fixed it is easy to see that H(xy,p) = cos(2mxy) +
V2E sin @ is a first integral.

This follows from
@ V2FE cos ¢

dp — —2msin(2mz)’

The critical points of H(x1,¢) are

(0, 7/2) maximum

(0, —7/2) saddle

(1/2,7/2) saddle

and (1/2, —7/2) minimum.

Depending of the level of energy, the separatrix of the saddle points pre-
vent or not the trajectories to cross from x; = 0 to 1 = 1. This property
can be seen in figures 3 (parameter E=0.1 ) and 4 (parameter (E=20 ).

A necessary condition for existing trajectories with non-vertical rotation
vectors is £/ > %

In fact, since the equation for the separatrices are

V2E(1 —siny) = 1 + cos 2wy

and
V2E(1 +sing) = 1 — cos 2wy,
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if £ < 1/2, then both curves intersect the axis ¢ = 0 and therefore the
saddle conection will be among saddle points that are in the same vertical
line (x =0 and z = 1/2).

This property prevents any trajectory of going from x = 0 to z = 1/2.
In the case F > 1/2, the saddle connection will be between saddle points
located in the same horizontal line.

The analysis of the dynamics of the returning map 7" in the case of small
A is obtained by continuity properties of the perturbation of the case A =0
described above. Note that the domain of definition of the perturbed case is
a subset of the domain of definiton of the unperturbed case.

A geometrical picture that may help the reader is shown in figure 5 and
6. In fig 5 we show the unperturbed case A = 0 and fig 6 shows the case of
A # 0 but small enough.

Now we will show that under suitable change of coordinates the map
defined above is a twist map.

Fix a value E of energy such that there exist minimal solutions

(21(t), 22(t), 1 (1), Z2(t)) = (21(2), 22(t), v1 (1), va2(t))

with 21 (¢) coming from 0 to 1.
Consider tan ¢ = o The Euler Lagrange equation can be written

T =v = \/ﬁcosgo

To = Uy = \/ﬁsingo

Uy = —V2Esing ¢

Uy = V2F cos p

gb == K(.Thl'g) == 81b<I1, l’g),
because v} + v = 2F.

Expressing the last two equations in terms of x1(¢), and z2(p) we obtain
dr1 __ \/ﬁcosgo

dp — K(z1,m2)’
dra __ V2Esing
dp — K(z1,x2)’

Let the variable w be v2FE sin ¢.
The last two equations in terms of w can be read as (remember that xo
is a function of z1)

du — V2E cosp 3£ = \/ﬁ\(;(;s_épgs(fahu) = K(21,22) = 01b(21, 72).
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J— w _ w
dry tanw T V2Ecose  V2E—w?’
The transformation 7" should be seen as a first hitting map in the variable

(z1,79) of the trajectory beginning in the line (xq,29) = (0,29) to the line
(w1, 25) = (1,23).

The domain of definition of T is the set of (2, w") obtained in Theorem 5
and remark 1. Note that in this case, the solution z(¢) of the Euler-Lagrange
equation , z(t) = (x1(t), z2(t)), with initial condition (0, z9, w?®) should satisfy
the condition v, (t) = 2 (t) # 0 for all ¢.

The map T'(z2,w) is formally defined by taking the time one of the flow
¥, generated by this (time-dependent) vector-field.

If b is a function of x; only, as in the above example, the vector-field is
integrated explicitly and the return map becomes

/ b(O) w
\/ZE — b(0) + w)?

T(zq,w T, Ww).

In this case we call T" integrable.

Such T is clearly a twist map and therefore, for small A, the map T" = T
is also a twist map defined on an open annulus.

This is also valid in the general case but the region where T is twist will
depend of the particular form of b.

Now we will show Theorem B.

Theorem 6: Lef b(x1, x2) be a magnetic potential satisfying the hypotesis
of Theorem A. Then there is a positive number Ey such that if £ > F there is
an open annulus A (E) and an area preserving twist map Bg : A(E) — A(E)
such that the minimizing measure p with supp p contained in the level set
E' is described by orbits of Bg.

Moreover, there is a number a@ = «a(F) € IR such that if x4 is an ergodic
minimizing measure with the slope of the rotation vector p(u) bigger then «,
then supp p is not an invariant torus.

Proof:
First we observe that the local maximum of the slope of any solution

occurs at ; = 0 and the minimum at z; = % and by the graph property, if
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there is an invariant torus in the tangent bundle contained in some energy
level £ and foliated by minimizers, then it is a Lipschitz graph of the form
© = p(z1, T2).
Let A(E) be the domain of the twist map as described in Theorem 5, then
there are two C'' functions 1, @9 such that A(E) = {¢1(z2) < w < @a(22)}.
If T: A(E) — Y denotes the return map, then N;czT?(A(E)) is an
annulus bounded by the graph of two Lipchitz functions o (x5), o (2).

Let 3, (E) = sup a¥(z) and f_(F) = inf o’ (x5) and

() - ()
J2E — B, (B)?
and
() = O

V2E — B_(E)?

If S,/ is an invariant torus contained in the level set £/ and with the
associated rotation vector a multiple of p/q, then there is a point (z9,z9)
belonging to the projection of S/, on the torus 7% such that tan ¢(z?, z9) =
p/q.

It follows from the invariance of Sy, that a_(E) < p/q < ay(E).

On the other hand if S, is an invariant torus with associated rotation
vector with irrational slope, then there is a sequence of rational numbers
Pn/@n converging to « and a sequence of points (z7,x%) in T? such that

tan p(z7, 2%) = pn/qn . Therefore, from the invariance of S, we obtain
a_(B) <a<ai(F)

We conclude that if ﬁ—f > o (F) then there is not an invariant torus with

rotation vector p = (p1, pa)- O
To obtain the twist property we use the fact that minimizers with non-
vertical homological positions are graphs (x1,y(z1)) and proceed as in [B].
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