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 PARAMETRIC ESTIMATION AND SPECTRAL ANALYSIS

 OF PIECEWISE LINEAR MAPS OF THE INTERVAL

 ARTUR LOPES* AND

 SILVIA LOPES,* Universidade Federal do Rio Grande do Sul

 Abstract

 We present an estimation procedure and analyse spectral properties of stochastic pro-
 cesses of the kind Zt = Xt + t = ' ((Tt (I)) + 4t, for t E Z, where T is a deterministic
 map, p is a given function and it is a noise process. The examples considered in this
 paper generalize the classical harmonic model Zt = A cos(wo t +4)+4t, for t E Z. Two
 examples are developed at length. In the first one, the spectral measure is discrete and
 in the second it is continuous. In the second example, the time series is obtained from a
 chaotic map. These two examples exhibit the extremal cases of different possibilities
 for the spectral measure of time series and they are both associated with ergodic
 deterministic transformations with noise. We present a method for obtaining explicitly
 the spectral density function (second example) and the autocorrelation coefficients (first
 example). In the first example the rotation number plays an important role. We also
 consider large deviation properties of the estimated parameters of the model.

 Keywords: Spectral analysis; chaotic time series; rotation number

 AMS 1991 Subject Classification: Primary 60G10
 Secondary 58F11

 1. Introduction

 Consider the stationary process

 Zt = Acos(wot + 4) + +t, for t 2Z, (1.1)

 where A > 0 and wo E (-7r, n] are constants, {t}t,E is a Gaussian white noise with mean
 zero and variance 2 and */ is a uniformly distributed random variable in (-7r, nr] independent
 of the noise process.

 The process in (1.1) is the classical harmonic model (see Bloomfield (1976)) for time series
 analysis. Several different procedures to estimate the frequency coo are known. The spectral
 distribution function of the model (1.1) is

 I
 dFz(X) = 2(^ o + 3-) + 2 for X E [-7r,],

 27r

 where 8o0 denotes the probability such that for any Borel set A, ,, (A) = 1, if coo E A and
 8o (A) = 0, otherwise.

 Received 18 April 1995; revision received 7 May 1997.
 * Postal address: Instituto de Matemdtica, Universidade Federal do Rio Grande do Sul, Av. Bento Gonqalves 9500,
 Porto Alegre, RS-91540-000, Brasil.
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 ARTUR LOPES AND SILVIA LOPES

 Consider the map T : (-7r, r) -> (-7r, 7r) given by T(x) = oo + x (mod 27r) and its
 iterates

 Tt = ToTo ... o T (1.2)
 t times

 which satisfy T (x) = oot + x (mod 27r). We remind the reader that for any given number c,
 the value c (mod 2Jr) is the value d where c = 2Jrn + d, 0 < d < 27r and n E Z.
 The process (1.1) can be rewritten as

 Zt = (rTt(x))+t, for t Z, (1.3)

 where G is a uniformly distributed random variable in (-r, 7r] and 0 (x) = cos x.
 Our purpose is to analyse stochastic processes of the type (1.3) where the transformation T

 is a general bijective map from a set K C R (or, more generally, K C In) to itself preserving
 an absolutely continuous invariant measure and 0 is a general continuous function. Formal
 definitions will be given in the next section.

 In this paper we consider two examples where the map T is a piecewise linear transform-
 ation. The map T of the second example defines a dynamical system with chaotic behavior.
 The map T of the first example is not chaotic since it does not involve sensitive dependence on
 the initial conditions. We will use techniques from ergodic theory (see Cornfeld et al. (1982)
 and Walters (1981)) and large deviations (see Dembo and Zeitouni (1993) and Ellis (1989))
 in order to analyse the process (1.3). After the general definitions and properties of processes
 as in (1.3) given in Sections 2 and 3, we present Example 1 and Example 2, respectively, in
 Sections 4 and 5.

 The spectral measure of the first example is singular with respect to the Lebesgue measure
 and for the second example there exists a spectral density function.

 The stochastic process (1.1) is a particular case of Example 1 which will be analysed in
 Section 4. We are able to present an estimation procedure to find the parameters (they play
 the role of the frequency co in model (1.1)) and also to explicitly exhibit the spectral density
 function of Example 2 and all the Fourier coefficients of the spectral distribution function
 of Example 1. A remarkable fact in Example 1 is the appearance of a strong peak in the
 spectral distribution function at the value corresponding to the rotation number of the map
 T. The rotation number of a bijective map T is an important invariant previously analysed
 in dynamical systems (see Devaney (1989)) and it seems also to play an important role in
 the spectral analysis properties of certain time series obtained from bijective one-dimensional
 maps.

 It is well known in the theory of time series analysis that different models require different

 estimation procedures. We do not know a general procedure that works for all models of
 the type (1.3). We propose to use here the sample autocovariance functions at low order to
 estimate the parameters, but each particular model will require a different approach to estimate
 the parameters involved.

 We also carry out a complete analysis of the deviations of the mean estimated values in the
 case with no noise. In fact, Example 1 and Example 2 (in the case where a2 = 0) satisfy a
 large deviations principle, as will be shown below. The large deviations principle for the case
 a2 f 0 will be presented in a forthcoming paper (see Carmona et al. (1998)).

 Only in the large deviations section of this paper have we to assume the existence of no
 noise. The large deviations properties of the model (see Sections 4 and 5) assure that the
 estimation procedure is, in some sense, robust.
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 Parametric estimation ofpiecewise linear maps

 The general techniques presented in Sections 2, 3 and 5 can also be applied to a wide range
 of different examples of the type (1.3) (see Lopes et al. (1997a), Lopes and Lopes (1996)).

 In the examples we consider here, the attractor is the whole set K. Therefore, any initial
 point x E K will be in the basin of attraction of the attractor. Any initial point x (outside
 a set of Lebesgue measure zero on K) will define a sample path w = (x, T(x), T2(x),...,
 Tn (x), ... ) in a set of probability 1 for the associated stochastic stationary process (see Section
 2). This phenomenon occurs for transformations T that leave invariant a measure absolutely
 continuous with respect to the Lebesgue measure. This fact is essential in the theory we
 consider here. The transformation of Example 2 is expanding and for such a class of maps there
 are always invariant probabilities absolutely continuous with respect to the Lebesgue measure
 (see Lasota and Yorke (1973)). The existence of such ergodic measures for Example 1 is
 shown in Coelho et al. (1994). From the ergodicity of the measure, we will be able to estimate
 integrals by using the method of moments.

 As usual, we call {q (Tt (x))}t, the signal process and {1t }tEz the noise process. The value
 ao determines the strength of the noise. The signal to noise ratio is defined by

 (standard noiseignal

 As for other kinds of time series models, if the noise is much stronger than the signal,
 that is, if the signal to noise ratio is strongly negative, the estimation procedure works badly.
 We present, at the end of Sections 4 and 5, tables showing simulations that confirm the
 good performance of the method for estimation purposes when the signal to noise ratio has
 reasonable values.

 There is a basic difference between the model (1.3) considered here and the previous work
 of Tong (1990) and others. In Tong (1990), the model is

 Xt+l = =(Xt, ,t), for t E Z, (1.5)

 where f and Xt are deterministic and 4t is the noise. In this case, for 4 (x) = x, for instance,
 the influence of the noise as time goes on propagates like

 T(T(x) + 1) + ~2. (1.6)

 In the present situation, the noise propagation is like

 T(T(x)) + ~2. (1.7)

 We refer the reader to Takens (1994), Kostelich and Yorke (1990), Ding et al. (1993) and
 Tong (1990) for general properties of time series with chaotic behavior.

 2. Stationary stochastic processes

 The general setting of chaotic time series we want to analyse is the following. Consider K a
 compact subset ofI nR with a given Borel a-algebra Y, an invertible continuous transformation
 T :K - K, an invariant probability P on K (that is, P(T-1(A)) = P(A), for any set
 A e T) and 4 : K --> I a continuous function. We will analyse the stationary stochastic
 process {Zt}tEz given by

 Zt = Xt + ?t = (( o T)(Xt-1) + ?t, for t E Z.
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 The natural measure on Kz is the product measure on Kz and it is invariant for the
 stationary process {Xt}tEz or {Zt}tE. The process { Et}teZ is considered to be a Gaussian
 white noise process (see Brockwell and Davis (1987)) independent of {(? o T)(Xt)}tEz, with
 zero mean and variance a2. Observe that in the model (2.1) the random variables Zt and Zt+l

 are generally not independent.
 We denote the above system by (K, T, P, , F, , r2). Following the terminology of Tong

 (1990) we may call the system (2.1), when a2 = 0, the skeleton of the system.
 For the following definitions we do not consider the noise process {ft }tz in the model (2.1)

 and we denote the system by (K, T, P). We say that two systems (K1, T1, pT) and (K2, T2, P2)
 (where, for the moment, we do not consider any continuous function q) are equivalent in
 the ergodic theory sense if there exists a map v : K1 -> K2 invertible (that is, there exists
 u : K2 K1 such that v o u = id, Pi-almost everywhere and u o v = id, P2-almost
 everywhere) such that

 (i) v*(P2) = Pi, where v*(P2)(A) = P2(v-(A)), for any set A E. (2.2)
 (ii) T2 o v = v o T1, Pl-almost everywhere.

 One observes that v plays the role of a change of variables. When v satisfies property (2.2)
 we say that v is a conjugacy between the systems (K1, T1, Pi) and (K2, 2,, P2). We refer
 the reader to Walters (1981) for precise definitions and general results about equivalence in
 ergodic theory. It is a simple consequence of (ii) in (2.2) that

 T7 o v = v o Tt, for any t E.

 Given a certain measurable function 0 : K --> I the autocovariance function at lag h (see
 Brockwell and Davis (1987)) of the process {Xt}tEz as in (2.1) is given by

 "2

 Rxx(h) = E(XtXt+h)- [E(Xt)]2 = f (x) (Th(x))dP(x) - (x)dP(x) (2.3)

 The autocorrelation function at lag h of the process {Xt}tz (see Brockwell and Davis
 (1987)) is given by

 Rxx (h)
 px(h) = R (0 ) forh E , (2.4) Rxx (0)

 where Rxx(0) = E[(Xt - E(Xt))2] = Var(Xt) is the variance of the process.

 Proposition 2.1. If (K1, T1, p1) and (K2, T2, P2) are equivalent as in (2.2) then, for any qc,
 the autocovariance functions at lag h of the processes Xt = a o v o Tt and Yt = a o T2 are
 the same, that is,

 Rxx(h) = Ryy(h), for any h E Z.

 The proof is left for the reader.
 When Fx satisfies

 rn

 px(h)= eih dFx(X), for any h e Z, (2.5)
 J-r

 Fx is called the spectral distribution function. When
 00

 Ipx(h)I < oo, (2.6)
 h=-oo
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 Parametric estimation ofpiecewise linear maps

 then

 fx(X)= 2 e- px(h) (2.7)
 h=-oo

 is called the spectral density function of the process {Xt }tz.

 Remark. From Proposition 2.1 we conclude that the spectral distribution functions (see (2.5))
 of the two stochastic processes, Xt = (ko v)(Tt) and Yt = ? (T2), are the same. In conclusion,
 if we are able to analyse the spectral properties of the system (K1, T1, Pl, 4) then we are also
 able to analyse the spectral properties of any equivalent system (K2, T2, P2, ? o v).

 Remark. Expanding maps (see Lopes (1994) for the definition) always have an exponen-
 tial decay of autocorrelations, for any 0 Holder continuous function (see Parry and Pollicott
 (1990)). Therefore, in this case, the spectral density function always exists and the spectrum
 is of continuous type. The function T of Example 2 in Section 5 is an expanding map.

 3. The estimation of the parameters

 We shall consider 4 as a fixed known continuous function, p is also fixed and T is an

 unknown transformation indexed by the parameters (al, a2, ...-, k). One of our main pur-
 poses in this paper is to estimate the map T, or equivalently, to estimate the parameters

 (aOt, 2, .... oak) from a time series {Zt}t=l of size N derived from the stationary stochastic
 process {Zt}tEz given by (2.1). We also would like to estimate the noise parameter a.

 In the example given before where T(x) = wo + x (mod 2rr) and ( (x) = A cos(x), one
 wants to estimate the frequency oo.

 The ergodicity of the system justifies our use of the sample autocovariance function.

 3.1. Birkhoff's ergodic theorem

 In what follows we assume that the system (K, T, P) is ergodic (that is, if T-1(A) = A
 then p(A) = 0 or 'P(A) = 1, for any A E T). Birkhoff's ergodic theorem claims that if 7 is
 ergodic and if 4): K -> IR is 7-integrable then for any y P-almost everywhere

 I N
 lim - E O(Tj(y)) = (x)dP(x). (3.1) Noo N J

 J=1

 Our main tool for estimating the parameters (al, al2 ... . ak) is the ergodic theorem.
 Each particular system (K, T, P, 4, F, a2) requires a particular method for estimating the

 parameters (al, a2..., ak). It is natural to try to estimate these parameters from the sample
 autocovariance function at lag h based on the time series {Zt}t Nl, for small values of h.

 3.2. Large deviations

 The deviations from (al, o2, ..,a k) to (al, 02,..., ak) in the case where ac2 = 0, that is,
 when the model (2.1) has only the signal process, is the content of the theory of large deviations
 as presented by Ellis (1989). The most important property for the large deviations estimates
 to be robust is the exponential convergence property (see Definition 3.1 below). This property
 means that the deviation rate is exponentially decreasing. This is true for Example 2 treated
 in Section 5 since, in that case, the map T is expanding (see Lopes (1994) for the definition
 and general properties). Example 1, presented in Section 4, does not fit in the context of Lopes
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 (1994) since the map T is not an expanding one. It is also true that Example 1 has exponentially
 decreasing deviation rate and this will be proved in Section 4.2. The case cr2 : 0 requires a

 different analysis and is the subject of a forthcoming paper (see Carmona et al. (1998)). In this
 section we consider c2 = 0.

 We now consider a general dynamical system (K, T, 7) and a continuous function
 f: K - IR. We assume that P is an ergodic probability measure.

 In general, there may exist points y such that the equality (3.1) does not hold. Given E > 0,
 consider the set

 Qn(6) = y K; n- 1 f(TJ(y))- f(x)dP(x) > .
 j=1

 From expression (3.1) it follows that, for any E > 0,

 lim JP(Qn ()) = 0. (3.2)
 n- oo

 If the convergence in (3.2) is very slow, even for large n, we have a certain reasonably large
 chance of choosing a bad y such that the mean

 i f(TJ(y))
 j=1

 is distant from f f(x) dP(x) by more than e. This would be a very bad situation for the
 estimation purposes presented in Section 4.1. In Section 4.2 we show that the probability of
 choosing such a bad y is exponentially small with n.

 Definition 3.1. The system (K, T, P, f) has the exponential convergence property if for any
 E > 0, there exists M > 0 such that, for any n > 0,

 P(Qn(E)) < e-

 For the estimation procedure in Section 4.1 to work properly one should prove that, for
 any f, the system (K, T, P, f) satisfies Definition 3.1, where T = Ta,, (see definition in
 expression (4.7)). First, we prove that this property is true when the transformation T is given
 by T(x) = wo + x and then we derive, by the contraction principle (see Theorem 3.2), the
 exponential convergence property for (K, Ta,f,, 7, f). This will be the subject of Section 4.2.

 Remark. When one needs to estimate

 I.r~ i~ ~ N-1
 E(ZfZt+l)= |p(x)()0(T(x))dP(x) = lim - ZtZ,+i N--> oo N

 t=l

 one should consider large deviation properties for the function f(x) = c (x)c (T(x)) (in the
 notation of this section).

 Definition 3.2. For each n E N and t E IR, consider the function

 Cn(t) = fexp {t f(T(x)) d7P(x)
 j=1
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 and the limit

 c(t) = lim -logcn(t).
 n-oo n

 When such a limit exists, for all t, we call c (t) the free energy off or moment generating
 function off.

 When the process is independent the limit in the definition above is superfluous (see Ellis
 (1989)). However, not all examples we consider here are independent.

 Note that, in Definition 3.2, c (0) = 0.

 Definition 3.3. Given the free energy c (t), t E R, of f we define I (z), the Legendre transform
 of c(t), by

 I(z) = sup{tz - c(t)}.
 tER

 We call I (z) the deviation function of f.

 Remark. When c (t) is differentiable and convex, the deviation function of f is

 I(z) = toz - c(to), where c'(to) = z.

 Note that if c (t) is linear with inclination a, then I (z) = oo for z : a, and I (a) = 0.

 Theorem 3.1. If c (t), the free energy of f, is differentiable on t, then

 1
 lim - logP(Qn()) =- inf I(z).
 n-oo n Iz-f f (x(x) d I(x)>

 According to Theorem 3.1 (see Orey (1986)), one concludes that if I(z) is such that I(z) =
 0 X z = f f(x) dP(x), otherwise it is greater than zero, then the system (K, T, 1p, f) has
 the exponential convergence property. In particular, any system with a linear free energy (as
 presented in the above example) has the exponential convergence property. Systems which
 have a linear free energy present the best possible convergence rate.

 We shall prove in Section 4.2 that for the transformation T given by T (x) = co + x and for
 any continuous function f, the free energy is linear.

 Given a continuous function f, the deviation function If of f can be obtained in the
 following way (see Ellis (1989)):

 1 1 n
 If (z) =-lim lim - log x E K; - E(f o TJ)(x) E [z-, z + ] . (3.3)

 j=1

 The value If (z) is the local rate of deviation of the Birkhoff mean around the value z (see
 Ellis (1989)).

 We now explain the contraction principle for two equivalent systems. Given (K1, TI, pI)
 and (K2, T2, P2), suppose that v is a change of coordinates between two systems in the sense

 of (2.2). Given a function f : K2 -- IR one considers its deviation function If associated to
 T2. Consider the random variable f o v defined on K1. We shall obtain similar properties for
 the deviation function Ifov (r) associated to T1.

 763

This content downloaded from 143.54.226.139 on Fri, 05 May 2017 16:04:33 UTC
All use subject to http://about.jstor.org/terms



 ARTUR LOPES AND SILVIA LOPES

 Theorem 3.2 (contraction principle for equivalent systems) Let f: K2 -> I be afunction
 and let v be a conjugacy between the systems (K1, T1, '1) and (K2, T2, P2). Then If ov = If.

 We refer the reader to Orey (1986) for the proof of this theorem.

 Let us consider now the generalization of the above considerations to a system of equa-
 tions. When one considers a system gl(a, fB) = kl = f fi(x) dP(x) and g2(a, f) = k2 =
 f f2(x)dP(x), where gl, g2 : I2 -- IR, the analogous property is true (see Orey (1986)).
 Therefore, the exponential convergence property of Ifi and If2 implies that a and B have
 corresponding deviation functions I, and I1 with the exponential convergence property, that
 is, given E > 0, there exists M > 0 such that, for all n > 0,

 n P x E K; 1\ - a, I> r, \ - I > , where gI(,B)=- E fl (T i(x))= k
 j=1

 and g2(,, p) = f2(T (x)) = e Mn
 n =

 In conclusion, if If, and If2 have the exponential convergence property and a and B can be

 obtained by solving the equations gl (, /B) = kl and g2(^, B) = k2, then one can use the
 contraction principle to conclude that a and B satisfy the exponential convergence property.

 4. Example 1

 Consider the two-parameter mapping family {Ta,b : [0, 1] - [0, 1]; a, b E R} where Ta,b
 is given by

 1-a
 a+ -- x, ifO_<x<b

 Ta,b(X)= b (4.1)
 -(x - b), ifb < x <l,
 1-b-

 with a and b constants (b # 0, 1). Let a be the derivative of T = Ta,b on [0, b) and / its
 derivative on [b, 1]. Then,

 1-a a
 a= Ta,b(x) - b if0<x<b and = Tab(x)= 1- b' if<x <. (4.2)

 The ergodic properties of the family {Ta,b [0, 1] - [0, 1]; a, b E IR} are analysed in Coelho
 et al. (1994). In particular this transformation is uniquely ergodic, that is, there exists only
 one invariant probability measure for Ta,b. However, the transformation in Example 2 is not
 uniquely ergodic.

 In Example 1 we want to analyse the estimation of the parameters a and b and the spectral
 analysis of the process {Xt}tEz defined in (4.3) below. Notice that when b = 1 - a, the
 transformation Ta,b of Example 1 is T(x) = a + x (mod 1), which corresponds to the
 model (1.1).

 First we examine the system with no noise. The case with noise can be subsequently
 analysed in a simple way.
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 4.1. Estimation

 By using the notation introduced in Section 2, for a given transformation Ta,b and 0 (x) = x
 one considers the signal process {Xt)tE given by

 Xt = Ta,b(Xt-1), for t E Z. (4.3)

 To estimate the unknown constants a and b is the same as to estimate a and 8, since one
 has the following identities:

 1- a a (a - 1)1-
 a = and / = - a = ( ) and b- = . (4.4)

 b 1 -b a-b3 a-

 Therefore, for the sake of simplicity in our analysis we shall estimate the parameters a and /.
 The invariant measure Pa,,B = P (see Coelho et al. (1994)) for the process {Xt}tZ, in
 terms of a and ,, is given by the density

 1 1 1 1
 Pa,t (x) = (p(x) = - =- , (4.5)

 c x + (pl/a)(l -x) c (a - P)x + P

 where

 1 /g3_ 1t/-- c= -ailog ( /a)- 1 log (-. (4.6)

 For a set A C [0, 1] x [0, 1], with Lebesgue measure equal to 1, for all (a, /) E A, the map
 Ta,, is ergodic for Pa,, = P. We will assume (a, /) E A in what follows.

 From the expressions (4.1) and (4.4) the transformation Ta,, is given by

 fi(a-i) , - ax, if <x< 1x

 7a)=3 ^/' -^ ^^ "^(4.7) Ta,t~(x) (4.7)
 (x- ), if p< x < l.

 a-/;' a-/- -

 The following integrals are useful in understanding the estimation and the spectral analysis
 presented below.

 E(Zt) = E(Xt) = f X0(x) dx= 1( )- = kl. (4.8b)

 (4.8c)

 f1?=log(((a - 2)y + 2/ -a/ 43)
 E(ZtZtl) = E(XtXt+) = r xT(x)(x()dx = ( - + 2(a - ) log(a/f3) = k2.

 (4.8d)

 Some of these integrals are obtained only after long calculations.
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 TABLE 1: Parameters of Example 1 and their respective estimates.

 a f at SNRa t a
 0.63049 3.31683 0.000 oo 0.63383 3.26947 0.00031

 0.99566 1.03169 0.100 9.208 1.00230 0.98326 0.10487

 1.21035 0.44972 0.100 9.138 1.21481 0.44430 0.08482

 1.21035 0.44972 0.295 -0.258 1.21481 0.44298 0.08601

 1.19998 0.80002 0.000 oo 1.19983 0.79988 0.00000

 2.32675 0.19141 0.100 8.796 2.40095 0.19690 0.09674

 2.32675 0.19141 0.430 -3.874 6.47962 0.03473 0.30758

 a SNR, signal-to-noise ratio.

 For estimation purposes, in the case where 0 (x) = x, one needs integrals (4.8b) and (4.8d).
 We are able to estimate kl and k2 using

 N N Zt= ki E(Zt)=ki
 t=l

 I N-l

 N E ZtZt+l = k12 E(ZtZt+l) = k2 (4.9)
 t=l

 Then, the estimates of a and B are obtained as the solutions of the system of equations
 given by (4.8b) and (4.8d).

 After we find & and 8, the value a2 can be easily estimated from integral (4.8c) and from the

 value N-1 N=lI Z2 X E(Z2) obtained from a time series derived from the process {Zt}t E.
 In this way we find all the parameters of our model.

 Remark. Notice that from the above equations one obtain two pairs of solutions. One pair is
 the value (a, fB). The other pair is (a, B) such that

 T - T .

 The stationary processes as in (1.3) generated by Ta,f and Ta,&, respectively, have the same
 spectral distribution. This indeterminacy is analogous to the one observed in the harmonic

 model (1.1) where coo and -oo determine the same spectral measure (o,, + -o0).

 Using the large deviations results of Section 4.2 the conclusion is that with very high
 probability (with infinite exponential velocity) the values kl and k2 will be respectively close
 to kl and k2.

 In the simulations, where the sample size is N = 5000 whenever a2 is equal to zero and
 N = 2000 otherwise, we obtained the results shown in Table 1.

 4.2. Large deviations

 In this section we analyse the large deviations associated with the mean

 1N
 lim - y(fo TJ)(x) (4.10)

 N-> oo N j= j=1
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 Parametric estimation of piecewise linear maps

 where f is a continuous function on [0, 1] and T = Ta,p is the map defined by (4.7).
 In Coelho et al. (1994) it is shown that the function

 uv(y^) f,Y = log([(a - )y + ,]/,8) (4.1 v(y) = p(x) dx = (4.11)
 Jo log(a/fi)

 is a change of coordinates in the sense of (2.2) between the systems ([0, 1], Ta,,, dx) and
 ([0, 1], T,0, dx), where Tco(x) = wo + x with wo = log /log(a/fl). The value coo is called
 the rotation number of Ta,t, (see Devaney (1989) for definitions). We first analyse the large
 deviations properties of Tc,,(x) = oo + x and then, after that, we derive by a contraction
 principle argument (see Theorem 3.2) the exponential decreasing property for the system
 ([0, 1], Ta,Bf, dx) by using the change of coordinates v.
 Consider a rotation T(x) = coo +x, where wo is an irrational number. It is well known that,

 in this case, the Lebesgue measure dx is ergodic for T (see Devaney (1989)) where P (A) is the
 length of A, for any interval A. We first analyse the deviation properties for the transformation
 T(x) = oo + x and a continuous function f : [0, 1] -I 5R.
 We now present several results for a continuous function f : [-1, 1] -- R such that

 f(-1) = f(1). The result is also true for any continuous function f, by using an approxima-
 tion argument in L1 (dx).

 Proposition 4.1. Given E > O, there exists M > 0 such that, for all x E S1 and all N > M,

 I N N r
 1 f (Tj (x)) E f f (z) dz, z) .
 j=l -

 We refer the reader to Lopes and Lopes (1996) for the proof.

 Remark. We consider the function f (x) = xT(x) to estimate large deviations of the autoco-
 variance at lag 1 of the process {Xt}tez = {T(Xt-1)}z.

 Now we show that the free energy c (t) is linear.

 Theorem 4.1. The free energy c (t) is linear and, therefore, the deviation function I satisfies
 I(z) = oo for z ; f f(x) dP(x), otherwise it is zero.

 Proof One needs to show that

 c(t) = t f f(x) dP(x).

 One observes that

 r n

 n-1 log expt f(Tj (x)) dP(x) -t f (x)dP(x)
 j=1

 = n log( f (exp{t f(TJ(x))} -exp{nt f (x)dP(x)} dP(x))
 j=1l

 = n- log Jexp{nt(n-1 E f (Tj(x)) - f (x) dP(x) }dTP(x)
 /=1
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 ARTUR LOPES AND SILVIA LOPES

 From Proposition 4.1, given e > 0, there exists M > 0 such that, for any x E S1 and all
 n > M,

 j=

 Therefore, for all n > M,

 n- log f expt E f(T (x)) dP(x) - t f(x)dP(x)
 j=1

 < n-'log f expntn- f(Ti (x)) - f (x)dP(x)) dP(x)
 - I ? j=

 < n- log exp{nt(?e)}dP(x) = n-1 logexp{i?nt} = ?t.

 As t is fixed, by taking C -* 0 one concludes that c (t) = t f f(x) dP(x).

 Since for T(x) = wo + x and for any continuous function f the deviation function If has
 the exponential convergence property and since v(y) = foY po(x) dx defines an equivalence
 between the systems (K, T, dx) and (K, Ta,B, (Pa,,) then, from Theorem 3.2, one concludes
 that, for a given continuous function g, the deviation function Ig associated with the system
 (K, Ta,p, pa,p, g) also has the exponential convergence property. This follows from the fact
 that v is a continuous function and by considering, in Theorem 3.2, g = f ov, with f = gov1.

 4.3. Spectral analysis

 For a given T = Ta,p and the corresponding invariant density qp = p,t we consider the
 signal process {Xt}tZ = {(( o Ta,,)(Xt-i)}tZ.
 From the expressions (4.5) and (4.6) one observes that the density function cPa,p (x) depends

 only on the quotient A = a//l. Consider now the transformation Th, for any h E Z, where
 T = Ta,p is given by the expression (4.7). From Coelho et al. (1994) it is known that

 bh ah
 Th(x) = Toh,jh(X) where ah = and ah (4.12) 1 - ah - bh

 with ah = Th(0) and bh = T-h (0) and also that

 ah a
 -h= h for any h E N,

 Ph p

 and hence

 (90xh,ph = 0,P for any h E N.

 Remark. The above property (4.12) is essential for the rest of our argument. This property
 makes the computation of the autocorrelation coefficients possible. The conclusion is that, for
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 4

 FIGURE 1: The spectral distribution function fx () for Example 1, as in (4.17)
 when c2 = 0, a = 2.41809 and , = 0.22052.

 any continuous function 0 and h E N,

 E(XtXt+h) = J 4(x))(T h(x)) (x) dx

 = f ?(x)?(Tah h (X))(, (X) dx

 = f (x)? (Th ,h (X))oth ,^h (X) dx.

 As we know f C(x)4(Ta,((x))yoa,l(x)dx (see integral (4.8d)), for any a and /B, one can
 calculate f ((x)( (Th, Bh (X))ah ,P (x) dx, for any h E N.

 Notice that E(XtXt+h) = E(XtXt-h), for all h E i. Therefore, we are able to obtain the
 exact values of Rxx (h), for all h E Z, from the positive and negative orbit of zero by T (since
 ah and fh depend only on ah and bh).

 We now consider 5 (x) = x. In this case the spectral measure is not a function as one can
 see from numerical experiments (see Figure 1).

 First one observes that the process {Xt }tEZ = {Ta, (Xtr-1))te has mathematical expecta-
 tion given by integral (4.8b). That is,

 1 P
 E(Xt) = - , forall t Z.

 log(a/6) a -

 We want to derive the spectral distribution function of the process {Zt}tE2. We first consider
 the autocorrelation px(h) at lag h of the process {Xt}t, = {To,,(Xt-1)}tEZ and then use
 Herglotz's theorem for the process {Xt}tE.

 Remark. The Fourier coefficients of the spectral distribution function in the case where
 T(x) = wo + x are given by px(h) = cos(hwo) = cos(Th(0)), for h E Z, that is, they
 are determined by the iterates Th of zero. The next theorem obtains a similar property for the
 transformation Ta,t, and ((x) = x.
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 Theorem 4.2. The spectral distribution function of the process

 Zt = Tt = T,fl(Xt1)+ t, fort E2Z,

 is given by

 1 ~ ih1 diF( )= e-i ,h px (h)+-, forXE[-7r,w] (4.13)
 2rh=-o 20

 where px (h) is given by Rxx (h)/Rxx (0) with

 R x(h)= I? cxhfh (4.14)
 2(ah - 1h)0log(cOh/h) N [10g(ah/h h)]2

 and

 Rxx(0) + (4.1f5)
 2(a - N) log(ajN) [log(a/N)]2'(

 a and 8 being given by the expression (4.2) and

 ah -ah P ah ah Th(0), bh T-h(0).
 bh I - bh'

 Now we consider 4(x) = cos(2wx). One wants to calculate the spectral distribution of the
 process

 Zt =Xt+t =cos(2wrT,,,(Xt-1))? t, fort EZL

 For this purpose we need the following integral:

 I ~~~~~~~~~~~~~1

 E(XtXt+l)= cos(2wx)cos(27T(x))o(x)dx 2 log(a/fi x k (4.16)
 where, after long calculations,

 k = cos(2dNM ci(d(a ?t 1)) + ci(da(N + 1)) - ci(do (at + 1)) - ci(d(f3 + 1))]

 ? sin(2dN)[si(d(a ? 1)) ? si(da(N + 1)) - si(dN(a + 1)) - si(d(8 + 1))]

 + ci(d(a - 1)) + ci(da(N - 1)) - ci(d(N - 1)) - ci(dN(a - 1)),

 with d = 2ir/(a - N), ci(x) is the cosine integral and si(x) is the sine integral (see Gradshteyn
 and Ryzhik (1965), p. 928).

 In order to calculate the spectral distribution function, one should obtain the autocorrelation
 coefficients of order k, E(XtXt+k), of such distribution (the Fourier coefficients of the spectral
 measure) by substituting in (4.16) the values of a and N by aO and Ph (see expression (4.12)).

 Another example is considered in the next theorem.

 Theorem 4.3. The spectral distributionfunction of the process

 z, = /(T,f,p(.)) + ~t = cos(27r Ta fj(Xi)) + ~ t, fort e
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 is given by

 1 o 1
 dFz(X) = 2r e-iXh px(h) + --, forXL E [-7r, jr], (4.17)

 h=--oo

 where px (h) is given by Rxx (h)/Rxx (O) with

 1 1

 Rxx(h)= 2 log(h/h ) X kh - [log(ah/h)]2 X h

 where

 kh = Cos(2dhtSh)[ci(dh(ah + l))+-ci(dhah (P6h + 1)) -ci(dhPh(h + 1))--ci(dh (Ph + 1))]

 + sin(2dhflh)[si(dh(ah + l))+-si(dhah(fh + 1))-si(dhfPh(ah + 1))-si(dh (Ph + 1))]

 + Ci(dh (ah -- 1))+ci(dhah((3h - 1))-Ci(dh (h - l))-Ci(dhAfh (h - 1)),

 and

 lh = {Cos(dhiPh)[ci(dhaoh) - ci(dh Ph)] + sin(dhlh)[si(dhah) - si(dh Ph )]

 with

 2r 1 -ah ah
 dh = , h = , 1h =

 ath - 3h bh 1 - bh

 ah - Th (O) and bh = T-h (). The variance Var(Xt) is given by

 1
 Rxx () = ({cos(2dP)[ci(2da) - ci(2d/B)] + sin(2d,f)[si(2da) - si(2df/)]}

 2 log(a/1)
 1 1

 2 [log(a/fi)]2 X

 where

 I = {cos(dfB)[ci(da) - ci(df,)] + sin(d,f)[si(da) - si(dfi)]}2

 with

 27r 1-a a
 d= a, = bfl a = ot-, fib ' 1-b

 In Figure 1 we plot the graph of the Fourier series (1/2l) h? loo e-iXhpx(h) when
 a = 2.41809 and P = 0.22052. We consider here an approximation of the generalized spectral
 density function fx (X) up to an order of 100.

 Remark. The rotation number of Ta,t is

 log(a)

 log(a/p)
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 and the rotation number of T , = TI is

 log(p)

 log(B/a)

 One observes that 01 + 02 = 1. We denote by 5 the smaller of 01 and 02. Therefore, r 5 0.5.
 We call ' the rotation number of the stochastic process.

 It is extremely interesting that, for any a and ,, the spectral measure is not a Dirac delta
 function concentrated on the rotation number of Ta,,6 (we checked the coefficients Px (h)) but
 it has a very strong peak on the value 27r r where r is the rotation number of the process. In
 other words, the spectral distribution is very close to

 2 (82T + 3-27 t) = 1 (27T l + -2 7r1),

 where 01 < 0.5 < 02 were defined above.

 In conclusion, if one applies the Fourier transform to the data a strong peak appears at the
 rotation number of the process. This property requires a deeper analysis in order to understand
 the spectral distribution function given by (4.17). Notice in Figure 1 the strong peak at the
 value 2ir = 2.31671, where ' is the rotation number of the process when a = 2.41809 and
 / = 0.22052 (corresponding to the values a = 0.1423 and b = 0.3547).

 We remind the reader that if a = 1 - b then the rotation number of Ta,i is equal to a and,

 in fact, in this case, the spectral distribution function is a Dirac delta function ? (38a + 6--a),
 when ?(x) = cos(27rx).

 Notice that for Ta,, (x) = a+x (mod 1), the inverse map Ta1 = Ta, is such that Ta,(x) =
 x - a (mod 1). In this case, 7 = Iral.

 5. Example 2

 Sakai and Tokumaru (1980) introduce the following model of chaotic time series. For a
 given constant a E (0, 1) consider the transformation Ta : [0, 1] -> [0, 1] given by

 ifO < x < a

 Ta(x)= -x (5.1)
 , if a <x < 1.

 The Lebesgue measure dx is invariant and ergodic for the transformation Ta (see Lasota and
 Yorke (1973)). In the notation of section 2, P(A) is the length of A, for any interval A.

 We now consider the stochastic process

 Zt = Xt + 4t = Ta(Xt-1) + ~t, for t e Z, (5.2)

 where 5 (x) = x.
 The autocovariance function at lag h of the process {Xt}t2z in (5.2) (see Sakai and Toku-

 maru (1980)) is given by

 Rxx(h) = xTh(x)dx -[E(Xt)]2 = ?(2a - 1)h forh > 0, (5.3)
 Jo

 where E(Xt) = - and Rxx(0) = Var(Xt) = 1.
 One can use the above integral to estimate a from the system (K, T, 7, 0, T, cr2) where

 4 (x) = x. This will be done in Section 5.1. After that, we shall analyse the spectral properties
 of the process in (5.2). The result presented here is generalized in Lopes et al. (1997a,b).
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 TABLE 2: Parameters of Example 2 and their estimates.

 a at SNRa a a

 0.273001011 0.100 9.208 0.27249 0.11406

 0.273001011 0.295 -0.188 0.25564 0.29990

 0.273001011 3.000 -20.334 2.33035 3.08462

 0.273001011 0.000 oo 0.27551 0.01262

 0.400010101 0.100 9.208 0.38870 0.08430

 0.400010101 0.000 oo 0.39978 0.00852

 0.400010101 0.000 oo 0.40707 0.02615

 0.500010111 0.000 oo 0.49147 0.01856

 0.783000101 0.000 oo 0.77875 0.06136

 a SNR, signal-to-noise ratio.

 5.1. Estimation

 Let us consider now the case with noise. We want to estimate the parameters a E (0, 1) and
 2a. From the ergodic theorem, one observes that a+

 lim N-1 E ZtZt+ = x Ta (x) dx = (5.4)
 N-*oo J 6

 t=l

 since {Xt}tZ and {1t}teZ are independent processes and since

 2 ifh =0
 E(t) = 0 and E(tt+h) = if h 0,

 for all t E Z. The last equality in expression (5.4) comes from (5.3) when h = 1 and from the
 fact that E(Xt) = 4. From the ergodic theorem and the independence, one has

 N N N

 lim N-1 1Z2 -X lim N-1 2 + lim N- 2 dx - 1 2
 N-^-oo oc L N->oo : t N--oo = +

 t=l t=l t=l

 (5.5)

 Therefore, by using a time series {Zt}tN of size N derived from the stochastic process

 {Zt }tEZ given by (5.2), the estimators a and a2 of a and a can be obtained implicitly from
 expressions (5.4) and (5.5) and, thus, are given by

 N-1EZ2 3 dx
 t=l

 In the simulations, where the sample size is N = 5000 whenever a2 is equal to zero and
 N = 2000 otherwise, we obtained the results shown in Table 2.
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 5.2. Large deviations

 The map T is an expanding one and the function 0 (x) = x is Holder continuous. Therefore,
 from the differentiability of the free energy (see Lopes (1994)), the exponential convergence
 property is true. The conclusion is that, with very high probability the sample autocovariances
 at lags 1 and 0 estimate with high accuracy the autocovariance of lag 1 and the variance of the
 process, respectively.

 Finally, by the contraction principle (see the end of Section 3.2) the estimates a and a2 also
 satisfy the exponential convergence property.

 The central limit theorem holds for expanding systems (see Parry and Pollicott (1990)) and
 therefore, for Example 2.

 5.3. Spectral analysis

 The main obstacle to the spectral analysis of Example 2 is that the map Ta is not in-
 vertible. Therefore, the autocovariance function Rxx(h) of the process {Xt}tz, given by
 expression (5.2), for negative lag h does not have a precise meaning. For the estimation of the
 parameters there is no problem, since we just need the positive lag h. In fact, h = 0 and h = 1
 are enough.

 We propose analysing the natural extension F of Ta, instead of Ta itself. The natural
 extension is a canonical way of embedding a non-invertible dynamical system in an invertible
 one. We refer the reader to Pollicott (1986) and Bogomolny and Carioli (1993) (see Section 3)
 for general considerations on the natural extension map.

 In Example 2, the natural extension of Ta is the map F: [0, 1] x [0, 1] - [0, 1] x [0, 1]
 such that

 F(x, y) = (T(x), G(x, y)), for any (x, y) E [0, 1] x [0, 1],

 where

 G(x = ya, if0<x<a
 G(a- l)y +1, ifa <x< 1.

 The map F is invertible and it is easy to see that the Lebesgue measure dx dy is invariant and
 ergodic for F.

 As a particular example, we mention that the Baker map is the natural extension of the
 tent map (with inclination 2). Therefore, we consider the dynamical system (K, F, P) where
 K = [0, ] x [0, 1] and P is the Lebesgue measure dx dy on [, 1] x [0, 1]. Instead of 0 (x) = x,
 one can consider ? (x, y) = l (x, y) = x for any (x, y) E [0, 1] x [0, 1] as a random variable.
 In the setting of Section 2, we analyse in this section the system (K, F, P, Fl, T, a2). Now, if
 h > 0 then

 xTh(x)dx= f xTl(Fh(x, y))dx dy= -f f (x, y) (Fh(x, y))dx dy

 and we obtain, from the expression (5.3), Rxx(h) for positive h when Xt = n o Ft. As the
 map F is invertible, it makes sense to estimate, for h > 0, the integral

 fjjl I1 (x, y ) (F-h(xy))dxdy.
 o Jo
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 As the measure dx dy is invariant for F, then

 Aj ln (x, y) l(F-h(x, y))dx dy= l n( Fh(x y)) (x, y)dx dy = xTh(x)dx.

 After these results one can obtain the spectral density function associated to the stochastic
 process {Xt}ltz. The last term in the above equalities has already been calculated (see (5.3)).

 Theorem 5.1. The spectral density function of the stochastic process

 Zt = Xt +-t = (n o F)(Xt_i) + t, fort E Z,

 is given by

 2a(1 - a) 1
 fz () 2+ (2a- 1)2] + forX E [-7r, r]. (5.6) 7t[I - 2(2a - 1) cos(X) + (2a - 1)2] 2r '

 Proof Since Rxx (h) is given by the expression (5.3) and goes to zero exponentially when
 h - +oo, the spectral density function (see (2.7)) does exist and it is given after some algebra
 by

 -_ (X)2a(1 -a)
 7r[1 - 2(2a - 1)cos(X) + (2a - 1)2]'

 for all X E [-7r, r]. The spectral density function of the process {Zt}tez follows from this.
 In Lopes et al. (1997a,b) we also analyse the spectral density function of other chaotic time

 series.

 The spectrum of the signal process {Xt}tEz is continuous. Notice that if a is small then the
 spectral density is larger around zr and if a is larger the spectral density is larger around zero.
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