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We will present some of the basic results in Thermodynamic Formalism
in the Bowen-Ruelle-Sinai sense. Our main emphasis will be on the dynamics
of the shift acting in the symbolic space MN, where M is a compact metric
space. In other words, our goal is the understanding of those aspects of
the theory that somehow are most directly connected to the study of the
Statistical Mechanics of one-dimensional spin lattices. We will emphasize
the results related to Hölder potentials and the use of the Ruelle operator.
Among others, we will address the following topics: the Ruelle Theorem and
the existence of equilibrium probabilities, decay of correlations, Topological
Pressure, Central Limit Theorem, the involution kernel and duality, ground
states, zero temperature, and Ergodic Optimization, Large Deviations when
the temperature goes to zero, Large Deviations in time, orthonormal basis,
the MaxEnt Method, Interactions, Pressure as a minimax result, etc. We
will provide several examples to illustrate the theory. We present full proofs
of the main results, but a few times, we refer to other sources for the proof of
some more technical issues. Some of our proofs are for the case MN, where
M is a compact metric space, and for simplification, others will be for the
case of the symbolic space {1, 2, ..., d}N. In section 7 we will present some
results taken from the Master Dissertation of M. Craizer.
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1 Introduction

We will present some of the basic results of the Thermodynamic Formalism
of Bowen-Ruelle-Sinai. Some of the proofs we present follow the reasoning
of [165] and [57].

Our presentation is aimed at understanding those aspects of the theory
that are somehow more directly related to the Statistical Mechanics of one-
dimensional spin lattices. In the case the reader is interested in reading
about the topic of Statistical Mechanics a nice exposition is [71]; but this
is absolutely not necessary for what follows because the analogous concepts
will be introduced along the text.

We are interested in probabilities defined on the set of infinite strings
(x1, x2, .., xn, ..) ∈ {1, 2, ..., d}N. It is natural to consider in Statistical Me-
chanics that the set {1, 2, ..., d} plays the role of the set spins and that a
probability on {1, 2, ..., d}N describes the thermodynamic state of a physical
system on the lattice N.

The symbolic space {1, 2, ..., d}Z is also of great interested and its relation
with {1, 2, ..., d}N will be more closely described in Remark 2 and Appendix
section 9; where we show that Ergodic results for the lattice {1, 2, ..., d}Z
can be deduced from the use of the Ruelle operator acting on the lattice
{1, 2, ..., d}N.

Analyzing a more general problem, consider (M, d̃) a compact metric
space. One of the important cases is when M = {1, 2, ..., d} (which is a case
where M is not connect). When M is not finite we will also assume from now
on that M is a connect set. One interesting case is when M is the unitary
circle. It is natural to call M the set of spins. Our main focus will be the set
MN, which is called the one-dimensional lattice N, where each site n ∈ N is
associated with a set of spins M .
B denotes the Bernoulli space MN of sequences represented by x =

(x0, x1, x2, x3, ....), where xi, i ≥ 0, belongs to the space (alphabet) M . By
Tychonoff’s Theorem of compactness, we know B is a compact metric space

when equipped with the distance given by dc(x, y) =
∑

k≥0
d̃(xk,yk)

ck
, with

c > 1. The topologies generated by dc1 or dc2 are the same. We denote this
new distance by d when we choose c = 2.

When B = {1, 2, ..., d}N is sometimes more suitable to consider the metric

d̄(x, y) = 2−first n, such that, xj=yj ,j<n−1, andxn 6=yn , (1)

x = (x0, x1, x2, ....), y = (y0, y1, y2, ....). If x0 6= y0, then, d̄(x, y) = 20 = 1.
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In the text when we talk about the XY Model we consider M = S1, the
unit circle [11]. Then, da represents Lebesgue measure on the circle, or, on
the interval [0, 1).

For the case of a general M , we will say that we are considering the
generalized XY Model.

The shift σ on B is defined by σ((x0, x1, x2, x3, ....)) = (x1, x2, x3, x4, ....).
It is a continuous function on B. The shift is an expanding map. We present
a definition (proof) for the case the space M is finite, considering the natural
metric d̄ of expression (1) defined above: given x, y ∈ {1, 2, ..., d}N, such that,
x0 = y0,

2 d̄c(x, y) ≤ d̄c(σ(x), σ(y)).

This is a very important property for calculations involving the iterates
of the shift map.

For a discussion about the concept of expanding map, when M is a com-
pact metric space, see [145]. From now on, when M is finite the metric d̄ will
be denoted just by d for simplification.

We refer the reader to [185], [170], [175] or [116] for general results in
Ergodic Theory.

Let A : B → R be an observable or potential defined in the Bernoulli
space B, i.e. a real-valued function defined on B. The potential A describes
an interaction between sites in the one-dimensional lattice MN.

We are interested in the equilibrium probability (over the Borel sigma-
algebra of B) for the interaction of spins described by the potential A. This
concept will be carefully described in the next sections. In Statistical Me-
chanics this corresponds to the main problem: understanding the equilibrium
(here on the one-dimensional lattice B) under the action of a Hamiltonian H
at a positive temperature T . In fact, what we call here A is −H. The same
problem at temperature zero will be considered in section 3. The conformal
probabilities (also called DLR probabilities or eigenprobabilities of the dual
of the Ruelle operator) are not shift invariant (not in equilibrium) but they
are also of interest in Statistical Mechanics (see [43] and [41]).

In order to get good ergodic properties for the equilibrium probability
some regularity of the potential A is required (in general to be Hölder or
Lipschitz). In the case the potential is just continuous one can get in some
cases the phenomena of phase transition.

We briefly elaborate on the above claims.

4



A probability µ on Ω is σ- invariant if for any continuous function f :
Ω→ R we get ∫

(f ◦ σ)dµ =

∫
fdµ.

Equivalently, µ is σ-invariant if for any Borel setE, we get that µ(σ−1(E)) =
µ(E). An invariant probability represents a thermodynamic state in equilib-
rium.

We denoteMσ the set of σ-invariant probabilities. The set of probabilities
on B, as well as the set of σ-invariant probabilities, is a convex compact set
(see [188], [184], or [170]).

A σ-invariant probability µ is ergodic for the shift if: given any Borel set
contained in Ω such that σ−1(E) = E, then, µ(E) is equal to zero or equal to
1. Note that the empty set and the full set Ω are invariant by σ−1. Different
ergodic probabilities are singular to each other (see Appendix 9.3 or [188],
[184] [170]).

A better understanding of the meaning of the concept of entropy seems
appropriate at this point. What is the Shannon-Kolmogorov entropy of a
σ-invariant probability? We will describe the concept for the reader when
the Bernoulii space B is Ω = {1, 2, ...., d}N

Consider the set of strings Ω = {1, 2, ..., d}N.
A cylinder set is a set of the form a1, a2, .., ar ⊂ Ω, which is given by

a1, a2, .., ar = {(a1, a2, .., ar, xr+1, xr+2, ..) |wherexj ∈ {1, 2, .., d}, j ≥ (r+1)}.

The partition of Ω by cylinders of size 1 is 1, 2, ..., d ⊂ Ω.
Given x = (x1, x2, ..) ∈ Ω you want to code x by: given m, where is the

dynamical finite orbit trajectory x, σ(x), σ2(x), ..., σm−1(x) with respect the
partition in cylinders of size 1 ? For example for Ω = {1, 2, 3}N, m = 4, and
x = (1, 3, 2, 1, 1, 2, 3, 2, ...), we get that

x ∈ 1, σ(x) ∈ 3, σ2(x) ∈ 2, σ3(x) ∈ 1. (2)

Other elements z ∈ Ω could share the same property

z ∈ 1, σ(z) ∈ 3, σ2(z) ∈ 2, σ3(z) ∈ 1. (3)

The cylinder set 1, 3, 2, 1 describes the uncertainty (lack of information)
of the specification for such x = (1, 3, 2, 1, 1, 2, 3, 2, ...) when considering three
iterates. The value µ(1, 3, 2, 1) quantifies such lack of information.
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Given m the set of all cilinders of size m in Ω has cardinalty dm.
The partition of Ω at time m is the family of sets

a1, a2, .., am, where (a1, a2, .., am) ∈ {1, 2, ..d}m.

Another way to express the cylinder (in a form of a Stochastic Process
Xn, n ∈ N, taking values on {1, 2.., d})

a1, a2, .., am = {X1 = X1, X2 = a2, .., Xm = am}.

The σ invariance of µ on Ω means that the associated Stochastic Process
Xn, n ∈ N, taking values on {1, 2, ..., d} is stationary.

Given the σ-invariant probability µ the entropy of the dynamical partition
at time m is by definition

−
∑

(a1,a2,..,am)∈{1,2,...,d}m
µ(a1, a2, .., am) log(µ(a1, a2, .., am)). (4)

Definition 1. The Shannon-Kolmogorov entropy of the σ-invariant proba-
bilty µ is given by

h(µ) = − lim
m→∞

1

m

∑

(a1,a2,..,am)∈{1,2,...,d}m
µ(a1, a2, .., am) log(µ(a1, a2, .., am)).

(5)

The proof of the existence of the above limit (5) appears in [188], [184],
[31], [32] or [170]. Another equivalent definition is given by the Brin-Katok
formula as presented in [27] (which will be described here in Theorem 62 and
Definition 14).

When Ω = {1, 2..., d}N, for a better understanding of the meaning of
entropy h(µ) of an ergodic shift invariant probability µ, we mention the
Shannon-McMillan-Breiman Theorem (see [170] for a proof) that claims the
following: for, µ-almost every point x = (a1, a2, ..., ak, ...) ∈ Ω we have

h(µ) = lim
n→∞

− 1

n
log µ(a1, a2, .., am).

That is, in the exponential scale, roughly speaking, the decreasing rate
of the measure of the cylinder

µ(a1, a2, .., am) ∼ e−nh(µ),
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for x = (a1, a2, ..., ak, ...) µ-almost every.
A large entropy h(µ) reflects a fast rate of decreasing of µ(a1, a2, .., am).
What is the relevance of entropy? In Statistical Mechanics it is known

that when observing isolated systems in temporal evolution, when reaching
the state of thermodynamic equilibrium, the entropy is maximum. Remark 1
illustrates the meaning of the principle of maximizing entropy in our setting;
the Second Law of Thermodynamics.

The concept of entropy for the shift acting on the symbolic space, when M
is a compact connect metric space, requires the introduction of the concept
of an a priori probability on M (see (67) or [145]). This wll be discussed
later on the text.

There are some possible definitions of entropy for certain classes of non-
invariant probabilities and one of them is presented in Definition 5. This
approach is related to results in [141] about the Second Law of Thermody-
namics.

Given a continuous function A : B → R (which will be called potential),
in Thermodynamic Formalism (and in the Statistical Mechanics of the one-
dimensional lattice) one is interested in the probability µA which maximizes

P (A) = sup
m∈Mσ

{h(m) +

∫
A(x)dm(x)} = h(m) +

∫
Adm, (6)

where A is the potential and h(m) the entropy of m.
P (A) is called the topological pressure (pressure for short) of A. A prob-

ability µA maximizing P (A) is called an equilibrium state for A. One of
the main purposes of our text is to show that when A is of Holder class the
probability µA is unique; as well as the study of its ergodic properties (see
Theorem 8).

As we are briefly describing in the text the parallel of the results presented
here with similar ones in Statistical Mechanics, it should be noted that the
potential A that we consider here corresponds to -H, in the case where a
given physical system is under the influence of an Hamiltonian H (see [108]
or [43]). Then, µ−H corresponds to the state of equilibrium for a physical
systems which is governed by an Hamiltonian H (see also Remark 6 for more
precise statements).

Remark 1. To determine the equilibrium probability via the topological pres-
sure is equivalent to determine it via the MaxEnt method, and this will be
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described in Section 9.2. An illustration of this method: given a continuous
Hamiltonian H : {1, 2, ..., d}N → R, we say that

∫
Hdµ is the mean energy

of the σ-invariant probability µ. The problem of finding the probability µ
maximizing h(µ), among the σ-invariant probabilities µ with the same mean
energy E, is an example of a MaxEnt problem. Via the use of a Lagrange
multiplier this problem can alternatively be solved by finding the equilibrium
probability for certain topological pressure problem naturally associated (see
[141] or [58]). This describes the Second Law of Thermodynamics in some
of its simplest forms.

Theorem 1. [173] In the case M is finite, for expanding systems the entropy
is upper-semicontinuous at any probability ν ∈M(T ).

It follows that:

Theorem 2. When A is a continuous function there exists at least one in-
variant probability maximizing P (A).

The proof of the above theorem follows the fact that upper-semicontinuous
functions on compact sets attain the supremum.

For the proof of the upper-semicontinuity of the entropy when M is a
compact metric space see Proposition 5 in [145].

The pressure plays the same role in the study of Gibbs states as does
the cumulant generating function in the study of sums of i. i. d. random
variables. P (A) is in some sense the Legendre transform of entropy (see [188]
or our Section 8).

One of the main interests of this text is to derive properties of the equi-
librium state for A. If A is on Hölder class the equilibrium probability is
unique and ergodic.

The approach here is to take advantage of the properties of the Ruelle
operator of an Hölder potential A in order to characterize the correspondent
equilibrium probability for A. This will be described in Theorem 8. Several
important ergodic properties of equilibrium probabilities will follow from the
study of the Ruelle operator. In our reasoning, we will describe first several
properties of the Ruelle operator, and later we will connect them to properties
of equilibrium probabilities.

The Ruelle operator corresponds to the so-called Transfer operator of
Statistical Mechanics.
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Remark 2. We are considering as a model for Statistical Mechanics the one-
dimensional lattice N where the infinite strings of spins are, for instance, on
the set {1, 2, .., d}N. In several papers in Statistical Mechanics the
authors are interested on the one-dimensional lattice Z (and equi-
librium probabilities on the set {1, 2, .., d}Z) and not in the lattice
N. In Appendix 9 we explain how one can derive properties of
equilibrium probabilities on {1, 2, .., d}Z from equilibrium probabil-
ities on {1, 2, .., d}N. The preference for the lattice N is due to the
fact that one can get directly nice ergodic properties derived from
the Ruelle operator. In several papers on Statistical Mechanics
the Hamiltonian is described via interactions and specifications,
which is not exactly the way we will present here the study of
equilibrium probabilities (via Shannon-Kolmogorov entropy and
topological pressure). We briefly describe the relation of our er-
godic setting (in the line of Bowen-Ruelle-Sinai) with this point of
view in Section 9.5.

When M = {1, 2, ..., d} the Ruelle operator LA acts on functions ψ in the
following way

ϕ(x) = LA(ψ)(x) =
d∑

a=1

eA(ax)ψ(ax).

By this we mean LA(ψ) = ϕ.
We will consider below a more general form of this operator.
Given a compact metric space M , a continuous function A : B → R and

an priori probability ν on the Borel sigma-algebra of the space M , then

ψ → LA(ψ) = φ, such that, for all x we have φ(x) =

∫

M

eA(ax)ψ(ax) dν(a),

defines an operator LA = LνA, such that, all of the results of the present
section can be applied (see [145]). This is the Ruelle operator associated
with A for the general XY model.

We assume that the support of ν is M .
For example, for M = S1 consider da the Lebesgue probability on S1,

and take the a priory probability dν(a) = da on M . In this way, we will get
LA(ψ)(x) =

∫
M
eA(ax)ψ(ax) da.

We will be interested in finding a positive eigenfunction for such operator
LA.
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The probability ν has no dynamical meaning.
In the case M = {1, 2, .., d} and the probability ν = 1

d

∑d
j=1 δj, then

LA, takes the form

LA(ψ)(x) =
1

d

d∑

a=1

eA(ax)ψ(ax).

All the proofs work in the same way for LA(ψ)(x) =
∑d

a=1 e
A(ax)ψ(ax).

This corresponds to take ν as the a priori measure ν =
∑d

j=1 δj.
More precisely the main issue in classical Thermodynamic Formalism is

to get an eigenfunction for the Ruelle operator, that is the existence of ϕ and
λ > 0 such that

LA(ϕ)(x) =
d∑

a=1

eA(ax)ϕ(ax) = λϕ(x).

If given B we can get a solution (the a priori probability is 1
d

∑d
j=1 δj)

1

d

d∑

a=1

eB(ax)ϕ(ax) = λϕ(x),

then, such ϕ obtained for B = A− log d we will solve the previous problem.

Examples of potentials where one can find an explicit eigenfunction ap-
pear in Section 1 in [146] and also in [40] [46] and [164]. We will present later
several examples in the text (see Examples 1, 2, and 3).

From now on we consider the compact metric space M and an priori
probability ν with support on M .

In order to simplify the notation we will wrote da instead of dν(a).
In order to avoid technicalities on some moments we will give the proof

of a certain result for the case M = {1, 2, ..., d} and the a priori measure
ν =

∑d
j=1 δj.

For most of the results we consider here, we will require A to be Hölder-
continuous, which means there exist constants 0 < α < 1 and HolA > 0 such
that |A(x) − A(y)| ≤ HolAd(x, y)α. We call α the exponent of A and HolA
the constant for A.
Hα denotes the set of α-Hölder-continuous funtions
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We will be interested here in the Gibbs state µA associated with such A,
which will be a probability measure on B. Note that the set of probabilities
on B is compact for the weak* topology, (which is given by a metric).

For w ∈ Hα, denote |w|α = supx 6=y
|w(x)−w(y)|
d(x,y)α

. It is known that Hα is a
Banach space for the norm

||w||α = |w|α + ||w||,

where ||w|| is the uniform norm of w.
When α = 1 then we are considering the space of Lipschitz functions H1.
For each value β = 1/T , where T is temperature, we will be interested in

the Gibbs state µβA which will be defined later. It represents the ”Statistical
Mechanics” equilibrium probability for the interaction A and it is defined in
the Borel sigma-algebra of B.

Results about the connection of Thermodynamic Formalism with different
problems in Statistical Mechanics for the one-dimensional lattice appear in
[43] and [42]. Questions related to nonequilibrium and the second law of
thermodynamics appear in [141]. Entropy production is a topic analyzed in
[134].

As we said before we will consider an a priori probability ν on M which
will be denoted by simplification as da. If M is a compact differentiable
manifold, then, da can be taken as the volume form (Lebesgue measure).

By a modification of the metric, a potential A which is Hölder can be
considered Lipchitz. We would not bother about this distinction.

We say that a potential A : B → R depends just on k coordinates if

A(x) = A(x0, x1, x2, ..., xn, ..) = A(x0, x1, x2, ..., xk−1).

In the case A depends just on two coordinates and M = {1, 2, ..., d}, that
is,

A(x) = A(x0, x1),

assume that ϕ depends just on one coordinate. Then, in order to solve

LA(ϕ)(x) =
d∑

a=1

eA(ax)ϕ(ax) = λ ϕ(x), (7)

for a positive λ, we can use Perron Theorem for a matrix with all entries
positive. In this case the equilibrium probability for A is a stationary Markov
probability on M = {1, 2, ..., d}N (see Examples 1 and 2).
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In this way, the problem we are interested in here is a generalization of
Perron Theorem for matrices when the potential A does not depend on a
finite number of coordinates. In the appendix Subsection 9.4 we present
a table in order to compare the classical Markov setting with the setting
where it is used an a priori probability for defining entropy (and the Ruelle
operator) which will be discussed in the next sections.

General references on Thermodynamic Formalism are [165], [6], [32] and
[25]. On the relation with Fractals and Multifractal Formalism we refer to
[14], [171], [166], [146] and [89]

2 Gibbs states and the Ruelle Theorem

Let C be the space of continuous functions from B = MN to R. We are
interested in the Ruelle operator on C associated to the Lipschitz observable
A : MN → R, which gets ψ ∈ C, and sends to LA(ψ) ∈ C defined by

LA(ψ)(x) =

∫

M

eA(ax)ψ(ax) d a , (8)

for any x = (x0, x1, x2, ....) ∈ B, where ax represents the sequence

(a, x0, x1, x2, ....) ∈ B,

and d a is the a priory probability on M . Note that σ(ax) = x.
In the case M = {1, 2, ..., d}, then,

LA(ψ)(x) =

∫

M

eA(ax)ψ(ax) da =
d∑

a=1

eA(ax)ψ(ax). (9)

The operator LA will help us to find the Gibbs state for A. First, we will
show the existence of a main eigenfunction for LA, when A is Lipschitz.

More explicitly we want to find ψ = ψA > 0 and λ = λA > 0 such that

d∑

a=1

eA(ax)ψ(ax) = λψ(x), (10)

for all x.
Part of our proof follows the reasoning of section 7 in [22] (which considers

M = {1, 2, ..., d}) adapted to the present more general case.

12



The operator LA acts on the continuous functions (defined on B taking
values on R) and also is well defined when acting on the Lipchitz functions.
It is bounded in both cases. It is not compact.

Explicit examples of eigenfunctions for a certain class of potentials appear
in [46].

We can state the eigenfunction problem in another form: find u and λ > 0
such that

λ eu(x) =

∫

M

eA(ax)eu(ax) d a . (11)

This requires, among other things to find the eigenvalue λ. We will ad-
dress this issue in Theorem 5.

In the discounted approach (to show the existence of eigenfunctions) we
state another associated problem: for 0 < s < 1, find v = vs such that

ev(x) =

∫

M

eA(ax)es v(ax) d a . (12)

For this kind of problem, we do not need to know the eigenvalue. The
idea is that this will help to solve the main problem, that is, in some way
when we consider s→ 1 we will get the eigenfunction solution.

We begin by defining another operator on C. Let 0 < s < 1, and define,
for u ∈ C, Ts,A(u) given by

Ts,A(u)(x) = log

(∫

M

eA(ax)+su(ax) da

)
. (13)

In the case M = {1, 2, ..., d}, then,

Ts,A(u)(x) = log

(
d∑

a=1

eA(ax)+su(ax)

)
. (14)

Our final goal is to show the existence of λ and u such that, for s = 1,
we get

Ts,A(u) = log λ+ u. (15)

In this case for ψ = eu, we obtain:
∑d

a=1 e
A(ax)ψ(ax) = λψ(x), for all x

Proposition 3. If, 0 < s < 1, then Ts,A is a uniform contraction map.
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Proof.:

|Ts,A(u1)(x)− Ts,A(u2)(x)| =
∣∣∣∣∣ log

(∫
M
eA(ax)+su1(ax)

∫
M
eA(ax)+su2(ax)

)∣∣∣∣∣ =

=

∣∣∣∣∣ log

(∫
M
eA(ax)+su2(ax)+su1(ax)−su2(ax)

∫
M
eA(ax)+su2(ax)

)∣∣∣∣∣ ≤

≤ log

(∫
M
eA(ax)+su2(ax)+s‖u1−u2‖
∫
M
eA(ax)+su2(ax)

)
= s‖u1 − u2‖ .

Let us be the unique fixed point for Ts,A. We have

log

(∫

M

eA(ax)+sus(ax) da

)
= us(x) . (16)

Which is equivalent to

eus(x) =

∫

M

eA(ax)es us(ax) d a .

Note that as the above operator is a contraction we can get an approxi-
mate solution by iterating several times the operator on an initial condition.
This is so, but the problem is that when s→ 1 the contraction will become
weaker and weaker.

Proposition 4. The family {us}0<s<1 is an equicontinuous family of func-
tions.

Proof.: Let Hs(x, y) = us(x)− us(y). By (16) we have

eus(x) =

∫

M

eA(ax)+sus(ax)

=

∫

M

eA(ay)+sus(ay)eA(ax)−A(ay)+s[us(ax)−us(ay)]

≤ eus(y) max
a
{eA(ax)−A(ay)+s[us(ax)−us(ay)]}.

Hence
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eus(x)−us(y) ≤ max
a
{eA(ax)−A(ay)+s[us(ax)−us(ay)]},

and this implies

Hs(x, y) = us(x)− us(y) ≤ max
a

[A(ax)− A(ay) + sHs(ax, ay)].

Proceeding by induction we get

Hs(x, y) ≤ max
θ∈B

∞∑

n=0

sn[A(θn....θ0x)− A(θn...θ0y)] ≤

≤ HolA max
θ∈B

∞∑

n=0

snd((θn....θ0x), (θn...θ0y))α ≤

≤ HolA

∞∑

n=0

( s
2α

)n
d(x, y)α ≤ 2α

2α − 1
HolAd(x, y)α .

Remark 1: This shows that us is Lipschitz, and, moreover, that us,
0 ≤ s < 1, is an equicontinuous family. Note the very important point:
the Lipschitz constant of us, is given by 2α

2α−1
HolA, and depends only on the

Hölder constant for A, not depending on s.

Let

Sn(z) = Sn,A(z) =
n−1∑

k=0

A ◦ σk(z) . (17)

Note that iterates of the operator LA can be written with the use of
Sn,A(z).

LnA(w)(x) =

∫

a∈Mn

eSn,A (ax)w(ax) da. (18)

Theorem 5. There exists a strict positive Lipschitz eigenfunction ψA for
LA : C → C associated to a strictly positive eigenvalue λA. The eigenvalue is
simple (when LA acts on the set of Hölder functions) and it is equal to the
spectral radius.
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Proof. It follows from the fixed point equation that for any x

−||A||+ sminus ≤ us(x) ≤ ||A||+ smaxus. (19)

From the second inequality above we get, for instance, that maxus(x) ≤
||A||+ smaxus.

(When we consider the case where us satisfies eus(x) =
∑d

a=1 e
A(ax)+sus(ax),

then, we have eus(x) ≤ d e||A||+s||us||, and taking log on both sides we finally
get us(x) ≤ ||A||+ log d+s maxus, for all x, etc,... and the rest of the below
argument will work).

Therefore, −||A|| ≤ (1 − s) minus ≤ (1 − s) maxus ≤ ||A||, for any s.
Consider a subsequence sn → 1 such that [ (1− sn) maxusn ] → k.

Note that if k 6= 0 (a case which happens in several examples) the maxusn
goes to ∞ when n→∞.

The family {u∗s = us −maxus}0<s<1 is equicontinuous.
Note that as u∗s has a point xs, such that, u∗s(xs) = 0, and for any x we

have |u∗s(x)| = |u∗s(xs)−u∗s(x)| ≤ 2α

2α−1
HolA (diamB)α, we get that the family

u∗(s) is uniformly bounded.
Therefore, by Arzela Ascoli {u∗sn}n≥1 has an accumulation point in C,

which we will call u, where sn was chosen before.
Observe that for any s

eu
∗
s(x) = eus(x)−maxus =

e−(1−s) maxus+us(x)−smaxus =

e−(1−s) maxus

∫
eA(ax)+(sus(ax)−smaxus) da.

Taking limit on n on the sequence sn we get that u satisfies

eu(x) = e−k
∫
eA(ax)+u(ax) da.

In this way we get a positive Lipschitz eigenfunction ψA = eu for LA
associated to the eigenvalue λA = ek.

Remark 2: To prove that u is Lipschitz, we just use the fact that u is the
limit of a sequence of uniformly Lipschitz functions (i.e. Lipschitz functions
with the same Lipschitz constant). Using that u is a bounded function we
have that ψA = eu is also Lipschitz. Note the very important point: the
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Lipschitz constant of u = log(ψA) is given by 2α

2α−1
HolA(see Remark 1 at the

end of the proof of Proposition 4).
The property that the eigenvalue is simple and maximal follows from the

same reasoning as on pages 23 and 24 of [165]. For example, to prove that
the eigenvalue is simple we suppose there are two eigenfunctions ψ1 and ψ2.
Let t = min{ψ1/ψ2}. Then ψ3 = ψ1 − tψ2 is a non-negative eigenfunction
which vanishes at some point z ∈ B. Therefore

0 = λnAψ3(z) =

∫

a∈Mn

eSn,A (az)ψ3(az) da ,

which implies ψ3(az) = 0 ∀ a ∈Mn, ∀n, which makes ψ3 = 0.

We remark that in general, it is not easy to find explicit solutions for the
eigenvalue and eigenfunction problem of the last theorem. However, in [187],
it is shown for a special class of potentials A on {1, 2}N, that the eigenvalue
λ satisfies a simple functional equation (anyway, not easy to solve). Once
you have the λ then you have the explicit expression for the eigenfunction in
this family of examples. Related results to this appear in [132], [40], [164].

Another class of potentials where explicit solutions exist appears is [46].

Note that ∫

M

eA(ax)ψA(ax)

λAψA(x)
da = 1 , ∀x ∈ B . (20)

If a continuous potential B satisfies
∫

M

eB(ax)da = 1 , ∀x ∈ B , (21)

which means LB(1) = 1, we say that B is normalized.
For example, if Ω = {1, 2, .., d}N and ν = 1

d

∑d
J=1 δj, where δj is the

Dirac probability on j, we get that the normalized condition means: for any
x = (x0, x1, ..)

1

d

∑

j

eB(j,x0,x1,..) = 1.

The potential B constant equal to zero is normalized.
Let

Ā = A+ logψA − logψA ◦ σ − log λA,
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where σ : B → B is the usual shift map. Equation (20) shows that Ā is
normalized. It is also Lipschitz (Hölder). In this case, the main eigenvalue
is 1 and the main eigenfunction is constant equal to 1; in fact, we can prove,
using proposition 6, that there is only one strictly positive eigenfunction
ψA (up to multiplication by constant), the one associated to the maximal
eigenvalue λA.

The expression

Ā = A+ logψA − logψA ◦ σ − log λA, (22)

is called the main cohomological equation for A.
We also say that Ā and A−log λA are equal up to the coboundary logψA−

logψA ◦ σ.
Remember that, given x = (x0, x1, x2, ...) ∈ B and a ∈ M , we denote by

ax ∈ B the element ax = (a, x0, x1, x2, ...), i.e., any y ∈ B such that σ(y) = x
is of this form.

We define the Borel sigma-algebra F over B as the σ-algebra generated
by the cylinders. By this, we mean the sigma-algebra generated by sets of
the form B1×B2× ... ×Bn×MN, where n ∈ N, and Bj, j ∈ {1, 2, .., n}, are
open sets in M . Similar definitions can be considered for Bi.

Remember that we say a probability measure µ over F is invariant, if
for any Borel set B, we have that µ(B) = µ(σ−1(B)). This corresponds to
stationary probabilities for the underlying stochastic process Xn, n ∈ N, with
state space M . We denote by Mσ the set of invariant probabilities. Similar
definitions can be considered for Bi.

We present below a generalization of results considered in [165].
We define the dual operator L∗A on the space of the Borel measures on B

as the operator that sends a measure v to the measure L∗A(v) defined by∫

B
ψ dL∗A(v) =

∫

B
LA(ψ) dv . (23)

for any ψ ∈ C.
Now we want to find an eigen-probability ρA for L∗A. This will help us to

find the Gibbs state for the potential A.
Suppose B = {1, 2, ..., d}N. For a given fixed y we have that there exists

exactly dn solutions x of T n(x) = y. We denoted by ynj , j = 1, 2..., dn.
It is easy to see that for given A and n

LnA(ψ)(y) =
dn∑

j=1

eA(ynj )+A(σ(ynj ))+A(σ2(ynj )+...+A(σn−1(ynj ))ψ(ynj ). (24)

18



Now we return to the general case.

Proposition 6. If the observable Ā is normalized, then there exists a unique
fixed point m = mĀ for L∗

Ā
. Such probability measure m is σ-invariant, and

for all Hölder continuous function ω we have that, on the uniform conver-
gence topology,

LnĀω →
∫

B
ωdm . (25)

Here Ln
Ā

denotes the n-th iterate of the operator LĀ : C → C.
Proof.: We begin by proving that the normalization property implies that

the convex and compact set of Borel probability measures on B is preserved
by the operator L∗

Ā
: in order to see that, note that for µ a Borel probability

measure on B, we have

L∗Ā(µ)(B) =

∫

B
1 dL∗Ā(µ) =

∫

B
LĀ(1)dµ =

∫

B
1 dµ = µ(B) = 1

where the third equality is precisely the normalization hypothesis.
By Tychonoff-Schauder theorem let m be a fixed point for the operator

L∗
Ā

.
To prove that m is σ-invariant, we begin by observing that

LĀ(ψ ◦ σ)(x) =

∫

M

eĀ(ax)ψ ◦ σ(ax)da =

∫

M

eĀ(ax)ψ(x)da = ψ(x).

Note that the normalization hypothesis is used in the last equality.
Therefore, if ψ ∈ C, then

∫

B
ψ ◦ σdm =

∫

B
ψ ◦ σdL∗Ā(m) =

∫

B
LĀ(ψ ◦ σ)dm =

∫

B
ψdm.

which implies the invariance property of m.

Before finishing the proof of proposition 6, we will need two claims. The
first is a special estimate which will be important in the rest of this section.

Claim: For any Hölder potential A, if ‖w‖ denotes the uniform norm of
the Hölder function w : B → R, we have

|LnA(w)(x)−LnA(w)(y)| ≤
[
CeA‖w‖

(
1

2α
+ ...+

1

2nα

)
+
Cw
2nα

]
d(x, y)α, (26)
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where CeA is the Hölder constant of eA and Cw is the Hölder constant of w.
Proof of the Claim: : We prove the claim by induction. Suppose n = 1.

We have

|LA(w)(x)− LA(w)(y)| ≤

≤
∫

M

|eA(ax) − eA(ay)| · |w(ax)|da+

∫

M

eA(ay)|w(ax)− w(ay)|da ≤

≤ (CeA‖w‖+ Cw)
d(x, y)α

2α
,

where in the last inequality we used the normalization property of A. In
particular we can say that the Hölder constant of LA(w) is given by

CLA(w) =
CeA‖w‖+ Cw

2α
. (27)

Now, suppose the Claim holds for n. We have

|Ln+1
A (w)(x)− Ln+1

A (w)(y)| = |LnA(LA(w))(x)− LnA(LA(w))(y)| ≤

≤
[
CeA‖LA(w)‖

(
1

2α
+ ...+

1

2nα

)
+
CLA(w)

2nα

]
d(x, y)α,

and, therefore it follows the claim

|Ln+1
A (w)(x)−Ln+1

A (w)(y)| ≤
[
CeA‖w‖

(
1

2α
+ ...+

1

2(n+1)α

)
+

Cw
2(n+1)α

]
d(x, y)α

is proved using expression (27) and the fact that ‖LA(w)‖ ≤ ‖w‖ (which is
consequence of the normalization property of A).

As a consequence, the set {Ln
Ā
ω}n≥0 is equicontinuous. In order to prove

that {Ln
Ā
ω}n≥0 is uniformly bounded we use again the normalization condi-

tion which implies ‖Ln
Ā
ω‖ ≤ ‖w‖ ,∀n ≥ 1.

By the Arzela-Ascoli Theorem let ω̄ be an accumulation point for {Ln
Ā
ω}n≥0,

i.e., suppose there exists a subsequence {nk}k≥0 such that

ω̄(x) = lim
k≥0
Lnk
Ā
ω(x) .

Second Claim: : ω̄ is a constant function.
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The proof of this second claim is similar to the reasoning of page 25 [165].
We elaborate on that.
Note first that if Ā is normalized, then

supω ≥ supLĀ(ω) ≥ supL2
Ā(ω) ≥ ... ≥ supLnĀ(ω) ≥ ... (28)

We claim that supLN
Ā

(ω̄) = sup ω̄, for all N .
Taking ω̄ instead of ω in (160) we get that supLN

Ā
(ω̄) ≤ sup ω̄, for all N .

For each value N + nk consider an element nkN of the initial convergent
subsequence, such that, nkN > N + nk.

The new subsequence satisfies limk→∞ Ln
N
k

Ā
(ω)(x) = ω̄(x) for all x.

From the above and (160), we get that for any fixed N > 0 and x

LNĀ (ω̄) = LNĀ lim
k→∞
Lnk
Ā

(ω)(x) = lim
k→∞
LN+nk
Ā

(ω)(x) ≥ lim
k→∞
Ln

N
k

Ā
(ω)(x) = w̄(x).

Therefore, supLN
Ā

(ω̄) ≥ sup ω̄, for all N , and the claim follows.

Suppose x0 attains the supremum of ω̄.
Denote by xN the point such that LN

Ā
(ω̄)(xN) = ω̄(x0).

Then,

LNĀ (ω̄)(xN) =
∑

σN (x)=xN

eĀ(x)+Ā(σ(x))+Ā(σ2(x)+...+Ā(σN−1(x))ω̄(x) = ω̄(x0).

As
∑

σN (x)=xN
eĀ(x)+Ā(σ(x))+Ā(σ2(x)+...+Ā(σN−1(x)) = 1, we get that ω̄(x0) is

a convex combination of the values ω̄(x) where σN(x) = xN . Therefore, each
such ω̄(x) is equal to ω̄(x0).

Using the fact that ω̄ is continuous and the above preimages will become
a dense set (taking N larger and larger) it follows that ω̄ is constantly equal
to ω̄(x0).

Now that ω̄ is a constant function we can prove that

ω̄ =

∫

B
ω̄dm = lim

k

∫

B
Lnk
Ā
ω dm = lim

k

∫

B
ωd(L∗Ā)nk(m) =

∫

B
ωdm,

which shows that ω̄ does not depend on the subsequence chosen.
Indeed if two different subsequences produces ω̄1 and ω̄2 they both have

to be equal to
∫
B ωdm.
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Therefore, for any x ∈ B we have

LnĀω(x)→ ω̄ =

∫

B
ωdm .

The last limit shows that the fixed point m is unique.
As x takes values in a compact set we have that Ln

Ā
ω(x) converges uni-

formly to ω̄.

Proposition 7. Let A be an Hölder, not necessarily normalized potential,
and ψA and λA the eigenfunction and eigenvalue given by theorem 5. To the
potential A we associate the normalized potential

Ā = A+ logψA − logψA ◦ σ − log λA.

Let m = mĀ be the unique probability measure that satisfies L∗
Ā

(mĀ) = mĀ,
given by Proposition 6.

(a) the measure

ρA =
1

ψA
mĀ (29)

satisfies L∗A(ρA) = λAρA. Therefore, ρA is an eigen-probability for L∗A.
(b) for any Hölder φ : B → R, we have that

LnA(φ)

λnA
→ ψA

∫
φ dρA. (30)

(c)

lim
n→∞

1

n
logLnA(1) = log λ(A). (31)

(d) in [43] (section Boundary conditions) it is shown that given any x0

which is a fixed point for the shift σ:

LnA(φ)(x0)

LnA(1)(x0)
→
∫

φ dρA. (32)
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Proof: (a) L∗
Ā

(mĀ) = mĀ = m implies that for any ψ ∈ C, we have

∫
ψdm =

∫
ψdL∗Ā(m)

=

∫
LĀ(ψ)dm

=

∫ (∫
ψ(ax)eĀ(ax)da

)
dm(x)

=

∫ (∫
ψ(ax)

eA(ax)ψA(ax)

λAψA(x)
da

)
dm(x) .

Now, if ϕ ∈ C, making ψ = ϕ
ψA

in the last equation we have

∫
ϕ

ψA
dm =

1

λA

∫ (∫
ϕ(ax)

eA(ax)

ψA(x)
da

)
dm(x) ,

which is equivalent to

λA

∫
ϕdρA =

∫
LA(ϕ)dρA (33)

or
L∗A(ρA) = λAρA .

(b) We have that A = Ā− logψA + logψA ◦ σ + log λA, and therefore

Sn,A(z) ≡
n−1∑

k=0

A ◦ σk(z) = Sn,Ā(z)− logψA + logψA ◦ σn + n log λA ,

which makes
LnA(φ)(x)

λnA
=

1

λnA

∫

a∈Mn

eSn,A(ax)φ(ax)da =

= ψA(x)

∫

a∈Mn

eSn,Ā(ax)

ψA(ax)
φ(ax)da =

= ψA(x)LnĀ
(
φ

ψA

)
→ ψA(x)

∫
φ

ψA
dmĀ, (34)

where the convergence on n in the last line comes from Proposition 6.
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(c) Note that uniformly

LnA(1)

λnA
→ ψA,

and therefore
[logLnA(1)− n log λA]→ logψA.

As ψA is bounded we get that for any given x

lim
n→∞

1

n
logLnA(1)(x) = log λA.

Note that the eigenvalue λĀ for LĀ is equal to 1.

Remark 3: From now on we will call mĀ the eigen-probability for L∗
Ā

.
One can show that the eigen-probability

ρA =
1

ψA
mĀ (35)

is the unique eigen-probability for L∗
Ā

; it is not necessarily invariant for the
shift σ.

The operator L∗
Ā

is a contraction for the 1-Wasserstein metric (see [114])
and from this follows that mĀ is the unique fixed point for L∗

Ā
. In general

the image of an σ-invariant probability by L∗
Ā

is not σ-invariant (see [141]).

Definition 2. Let mĀ be the unique probability measure that satisfies L∗
Ā

(m) =
m. We call this probability the Gibbs state for A, and we denoted it by ei-
ther mA or mĀ. Then, from (35)

mA = ψA ρA, (36)

where ρA is an eigenprobability for the dual of the Ruelle operator L∗A, and
ψA is the main eigenfunction for LA (which is chosen to satisfy the condition∫
ψAdρA = 1).

Remark 3. This probability measure m = mĀ over B is invariant for the
shift. Indeed, Ā is normalized, and then, for any continuous function
∫

(f◦σ)dm =

∫
(f◦σ)dL∗Ā(m) =

∫
LĀ(f◦σ)dm =

∫
f LĀ(1)dm =

∫
fdm,

because LĀ(1) = 1.
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Remark 4. We will show later that mA = µA, when A is of Holder class.
Then, in this case, mA describes the stationary statistics of the interaction
described by A. We will show later that if A and B are cohomologous, then
mA = mB (see Theorem 19).

Remark 5. Given a continuous potential B : {1, 2, ..., d}N → R, there exist
always an eigenprobability ρ for L∗B associated to an eigenvalue λ. However,
may not exist a positive eigenfunction. The positive eigenfunction when exist
it is unique (for more details see [40], [43], [42] and [41]).

In the case, the potential is Hölder and the alphabet is a compact metric
space M (the so-called generalized XY model), the properties of the unique-
ness of the eigenprobability and the fact that its support is the all space
B = MN are proved in the papers [1] and [161]. In [179] and [48] it was s
proved that the Ruelle operator (acting on Hölder functions) has a gap (the
maximal eigenvalue is simple and isolated of the spectrum).

Definition 3. We denote by G the set of all Gibbs probabilities for Hölder
potentials.

The set G ⊂ Mσ is not closed for the weak convergence. However, G is
an analytic infinite dimensional Banach manifold that can be equipped with
a Riemannian metric with variable (may be positive or negative) sectional
Gaussian curvature (see [87], [139] and [140]). The next Section shows that
G is also the set of all equilibrium probabilities for Hölder potentials.

3 Equilibrium states

Theorem 8. If A is Hölder, the probability mA = ψA ρA is the unique equi-
librium state for the pressure

P (A) = sup
m∈Mσ

{h(m) +

∫
A(x)dm(x)} = h(mA) +

∫
AdmA, (37)

where h(m) is the Kolmogorov entropy of m. That is, to say that a prob-
ability is the Gibbs state for A is equivalent to saying that this
probability is the equilibrium state for A. In other words, mA = µA

Moreover,
log λA = P (A). (38)
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Remark: We say that A is coboundary to B is there exists a continuous
function ϕ and c ∈ R such that A = B + ϕ− (ϕ ◦ σ) + c.

If A is coboundary to B, then they have the same equilibrium states, that
is µA = µB. From the last result (and uniqueness of µA) we also get that
mA = mB.

We will provide a proof Theorem 8 when M = {1, 2, ..., d} in Theorem
18, after recalling some results which will be exhibited in Section 7 (see also
[145] for the case of a general M). The uniqueness of the equilibrium state
for the case M = {1, 2, ..., d} is presented in [165]. For the case of a general
compact metric space see [1].

Remark 6. We mentioned before that the potential A that we consider here
corresponds to -H, in the case where a given physical system is under the in-
fluence of an Hamiltonian H. In order to be more precise, when considering
that this physical system is under temperature T , the equilibrium is reached
for the probability which maximizes (in our formalism) the topological pres-
sure P (− 1

T
H).

Theorem 8 in [126] shows that:

Theorem 9. Given a σ-invariant probability ρ on {1, 2, ..., d}N, and δ > 0,
there exist Hölder normalized potentials A : {1, 2, ..., d}N → (0, 1), such that,
mA is arbitrarily weakly close to ρ and

h(mA) ≥ h(ρ)− δ, (39)

where h(mA) is the entropy of a Gibbs probability for A, and h(ρ) is the
entropy of ρ.

For a proof see [126] (where this result was used in the study of large
deviations at level 2).

The above results are sometimes associated with the concept of the abun-
dance of ergodic measures (see [123] and [124]). In the present case the dense
set of ergodic probabilities has very nice properties.

Theorem 10. Suppose the potential B : {1, 2, ..., d}N → R is just continuous,
then any equilibrium probability for B can be approximated above in entropy
by Gibbs probabilities for Hölder normalized potentials A : {1, 2, ..., d}N → R.
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Proof: Indeed, as B is continuous there exist from Theorem 2 at least
one equilibrium probability for B, which will be denoted by ρ. From Theorem
9 there exist a family of Hölder normalized potentials An, such that, mAn

weakly converges to ρ, and moreover

h(mAn) ≥ h(ρ)− 1/n.

Note that from upper-semicontinuity

P (B) = h(ρ) +

∫
Bdρ ≥

lim sup
n→∞

h(mAn) +

∫
BdmAn ≥ h(ρ) +

∫
Bdρ = P (B). (40)

Corollary 11. Given the Hölder potential A : {1, 2, ..., d}N → R, then,

P (A) = sup
µ∈Mσ

{h(µ) +

∫
A(x)dµ(x)} =

sup
m∈G
{h(m) +

∫
A(x)dm(x)} (41)

Proof: First note that P (A) ≥ supm∈G{h(m) +
∫
A(x)dm(x)}.

If P (A)− supµ∈G{h(m)+
∫
A(x)dm(x)} > δ > 0 we reach a contradiction

with Theorems 9 and (42).

The study of the case where there exists more than one equilibrium state
is part of what is called Phase Transition Theory (see [132], [79], [40] [128],
[129], [130], [121], [122] and [29] for general references).

Renormalization techniques are quite common in Phase Transition in Sta-
tistical Mechanics. For an analysis of such kind of problems in the setting of
Thermodynamic Formalism see [13] [29] [30] [146].

Theorem 12. Given a normalized continuous potential B, assume µ is such
that L∗B(µ) = µ, then,

h(µ) = −
∫
Bdµ. (42)
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This result will be proved later in Theorem 17 after several preliminary
results.

Definition 4. Given a probability µ on {1, 2, ..., d}N and the cylinder r, r =
1, 2, ..., d, we denote by Jr, the measurable non-negative function Jr : r → R,
in the case it exists, such that, for any Borel set B ⊂ r

∫

σ(B)

dµ = µ(σ(B)) =

∫

B

J−1
r dµ. (43)

The function J : Ω → R, such that, in each cylinder r, r = 1, 2, ..., d, is
equal to Jr, will be called the Radon-Nikodym derivative in injective
branches (RNDIB for short) of the probability µ.

Another way of expressing the relationship (43) for the RNDIB J of the
probability µ is as follows: for each j ∈ {1, .., d}, denote τj : Ω → j the
inverse of σ : j → Ω. Given a continuous function ϕ : Ω → R which is zero
outside j, then

∫

Ω

ϕ(τj(x))J(τj(x))dµ(x) =

∫

j

ϕ(y)dµ(y) =

∫

Ω

ϕ(y)dµ(y). (44)

Remark 7. If for a continuous function B, it is true L∗B(µ) = µ, then one
can show via expression (44) that B = log J.

If µ is invariant, then, it easily follows that for all x ∈ {1, 2, .., d}N

d∑

j=1

J(τj(x)) =
d∑

j=1

J(j, x) = 1, (45)

where J is the RNDIB of µ. See expressions (176) and (175) in Section 7 for
more elaborate reasoning concerning the case of Gibbs probabilities, which
provides a proof of the following:

Theorem 13. Let ψA be the continuous and strictly positive main eigen-
function of the Ruelle operator for A : Ω = {1, 2, ..., .d}N → R, λA the
corresponding main eigenfunction, ρA the eigenprobability, and mA = ψAρA.
Then, the RNDIB of mA = mlog J is

J =
eAψA

λA (ψA ◦ σ)
. (46)

Moreover, the support of mA is Ω.
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It follows at once (see expression (57) and Remark 7) that:

Corollary 14. If Ā is the normalized potential associated to A, according to
(22), then Ā = log J , where J is the RNDIB of mA (according to Definition
4). Therefore, log J is a positive Hölder function and

P (Ā) = P (log J) = P (A)− log λA.

Remark 8. Note that the approximation of any invariant probability ρ from
Theorem 9 is obtained via Gibbs probabilities for potentials of the form A =
log J , where J is a Holder Jacobian.

From uniqueness on the claim of Theorem 19 we get

Corollary 15. If A and B are cohomologous, then, the corresponding Gibbs
probabilities are the same, and also the corresponding Jacobians J (via Def-
inition 4) are the same.

Theorem 16. The set G of Hölder Gibbs probabilites mA can be parametrized
by the set of positive Hölder functions J : Ω→ (0, 1), such that, Llog J(1) = 1,
via the expression (47). That is, mlog J ←→ J.

It follows from expression (180) in Corollary 63 and Corollary 7 that

Theorem 17. Given any Hölder potential A : Ω = {1, 2, ..., .d}N → R, and
the corresponding Gibbs probability mA = ψAρA, then

h(mA) = −
∫

log JdmA = −
∫
ĀdmA = h(µA), (47)

where J is the Jacobian of mA as defined in Definition 4.

Theorem 18. Given the Hölder potential A : {1, 2, ..., d}N → R, then, the
value

P (A) = sup
µ∈Mσ

{h(µ) +

∫
A(x)dµ(x)} (48)

is attained by the probability mA = ψA ρA of (36).
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Proof: It follows from Corollary 11 and Remark 8 that we just have
to check if the value P (A) is attained by one equilibrium probability mB

where B = log J is Hölder (we will also show that B is cohomologous to A).
A is fixed, and without loss of generality, we consider a generic probability
mB, which is the Gibbs probability for an Hölder normalized potential B =
log JB : {1, 2, ..., d}N → R.

Given the Hölder potential A : {1, 2, ..., d}N → R, consider the associated
potential

Ā = A+ logψA − logψA ◦ σ − log λA.

As we consider just shift invariant probabilities it follows that

P (A)− log λA = P (Ā) = sup
µ∈Mσ

{h(µ) +

∫
Ā(x)dµ(x)} (49)

The probability that attains maximal value for P (A) and P (Ā) are clearly
the same.

We have to show that

P (Ā) = sup
mBwhere B is Gibbs for a Hölder potential

{h(mB) +

∫
Ā(x)dmB(x)} =

h(mĀ) +

∫
ĀdmĀ.

First, note that from (47) we get

0 = h(mĀ) +

∫
ĀdmĀ.

We have to show that for any probability of the form mB, as above,

h(mB) +

∫
ĀdmB ≤ 0. (50)

Note that from Remark 7 and (47)

h(mB) +

∫
ĀdmB = −

∫
log JB dmB +

∫
log JĀmB, (51)

where JĀ is the Jacobian of mĀ and JB the Jacobian of mB.

30



Remember that for any x

∑

j

JB(jx) = 1 =
∑

j

JĀ(jx).

The following inequality is well known (see for instance [165] Lemma 3.3).

−
∑

i

qi log qi +
∑

i

qi log pi ≤ 0,

for any set of positive pi, i = 1, 2, .., d, qi, i = 1, 2, .., d, such that
∑

i pi =
1,
∑
qi = 1. Moreover, if the equality happen, then pi = qi, i = 1, 2, ..., d.

It follows that for all x ∈ Ω

−
∑

j

JB(jx) log JB(jx) +
∑

j

JB(jx) log JĀ(jx) ≤ 0. (52)

In other words, for any x

−Llog JB(log JB)(x) + Llog JB(log JĀ)(x) ≤ 0.

Now, if we integrate with respect to mB we get

−
∫
Llog JB(log JB) dmB +

∫
Llog JB(log JĀ)dmB ≤ 0.

Finally, as L∗log JB
(mB) = mB, we get

−
∫

log JB dmB +

∫
log JĀmB ≤ 0.

Therefore, for any normalized Hölder potential B

h(mB) +

∫
ĀdmB ≤ 0,

showing that the Gibbs probability mA = ψA ρA is an equilibrium probability
for A.

This also shows that P (Ā) = 0, and finally that

P (A) = log λA. (53)
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Theorem 19. Given the Hölder potential A : {1, 2, ..., d}N → R, the value
P (A) is attained by a unique invariant probability in Mσ, which is the Gibbs
probability mA = ψA ρA. That is, P (A) = h(mA) +

∫
AdmA. In other words,

the Gibbs probability mA is equal to the unique equilibrium probability µA.
Therefore, if A and B are cohomologous Holder potentials, we get that mA =
mB

For the proof of uniqueness, we refer the reader to [165].

Now we will present several examples before showing some more proper-
ties of equilibrium probabilities in the next sections.

Example 1. Denote by P the line stochastic matrix

P =

(
P11 P12

P21 P22

)
. (54)

Assume all entries Pij are positive. There exists a unique vector of prob-
ability π = (π1 π2) such that π P = π. The vector π is called the initial
invariant vector for the Markov Chain defined by P . The matrix P acts on
probability vectors p = (p1, p2) on the left side. One should think that P acts
on ”functions” on the right side (this point will be more evident later).

Denote by m the probability on the Borel sigma algebra (generated by the
cylinder sets) such that for each cylinder set j1, ..., jn we set

m(j1, ..., jn ) = πj1 Pj1 j2 Pj2 j3 ... Pjn−1 jn . (55)

This Markov measure m is invariant for the shift. One can show that m
is the equilibrium state for the potential A = log J , where J is constant in
each cylinder i, j and takes the value

πi Pij
πj

= Pij on this cylinder (see [183]

or [10]). One can show that the potential A = log J is normalized and that
L∗A(m) = m.

For example, given the continuous function I1 (the indicator of the cylin-
der 1) we get that

∫
I1 dm =

∫
LA (I1) dm.

Indeed,
∫
LA (I1) dm =

∫
J(1, x1)I1(1, x1)dµ(x1, x2, .., xn, ...) =

∫

1

J(1, x1)dµ(x1, x2, .., xn, ..) +

∫

2

J(1, x1)dµ(x1, x2, .., xn, ..) =
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∫

1

π1 P11

π1

dm+

∫

2

π1 P12

π2

dm =

π1 P11

π1

π1 +
π1 P12

π2

π2 = π1(P11 + P12) = π1 =

∫
I1 dm.

The entropy of the above measure m is

−
2∑

i,j=1

πiPij logPij = −
2∑

i,j=1

πiPij logPji = −
∫

log Jdm.

This is so because the Jacobian J on the cylinder i, j is equal to Pj i.

We point out that the probability measure ρA (and, also m) is positive
on open sets of B. Suppose the metric space M = S1. The projection of
this probability measure on the first two coordinates S1 × S1 is absolutely
continuous with respect to Lebesgue measure on S1×S1. This is so because,
if B is Borel in [0, 1]2, then from (33) we have

∫
I(x0,x1)∈B dρA =

1

λ2
A

∫
L2
Ā (I(x0,x1)∈B) dρA,

and, for any x ∈ B

L2
Ā(I(x0,x1)∈B)(x) =

∫

M

∫

M

eS2,Ā (abx)I(x0,x1)∈B(abx) da db.

Example 2. Consider a potential A : {1, 2}N → R which depends on the two
first coordinates.

We denote A(i, j) = A(j, i, x3, x4, .., xn, ...)., for any xk, k = 3, 4, .., n, ..
Denote by Q the matrix

Q =

(
eA(11) eA(12)

eA(21) eA(22)

)
. (56)

By Perron-Frobenius Theorem for Q denote by λ the main eigenvalue, by
(l1 l2) the left eigenvector and by

(
r1
r2

)
the right eigenvector. That is, Qr = λr

and lQ = λl.
We claim that there exists an eigenfunction h for the Ruelle operator LA

which depends just on one coordinate (see [183]).
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Take h : Ω → R which is constant equal to r1 in the cylinder 1 and
constant equal to r2 in the cylinder 2.

Then, for x ∈ 1

LAh(x) = LA(h)(1, x2, ...) = eA(1,1,x2,..)h(1, 1, x2, ..)+eA(2,1,x2,..)h(2, 1, x2, ..) =

eA(1,1)r1 + eA(1,2)r2 = λr1 = λh(1, x2, ..) = λh(x), (57)

and for x ∈ 2

LAh(x) = LA(h)(2, x2, ...) = eA(1,2,x2,..)h(1, 2, x2, ..)+eA(2,2,x2,..)h(2, 2, x2, ..) =

eA(2,1)r1 + eA(2,2)r2 = λr2 = λh(2, x2, ..) = λh(x). (58)

This is equivalent to

Q

(
r1

r2

)
=

(
eA11 eA12

eA21 eA22

)(
r1

r2

)
= λ

(
r1

r2

)
. (59)

Denote by P the line stochastic matrix

P =

(
P11 P12

P21 P22

)
=

(
eA(11) r1
λ r1

eA(12) r2
λ r1

eA(12) r1
λ r2

eA(22) r2
λ r2

)
. (60)

One can check that the vector

π = (π1 π2) = (l1 r1 l2 r2) (61)

is such that π P = π (in the proof the fact that l is an eigenfunction on the left
side of A is used). We assume, without loss of generality, that l1 r1+l2 r2 = 1.
Therefore, π is the initial invariant vector for the Markov Chain defined by
P .

Expression (61) represents in some sense expression (29) saying that m =
ψA ρA represent an equilibrium probability. One can think that the action of Q
on the left and the right corresponds, respectively, to the action on measures
and functions.

We will present explicit expressions for all of the above in the Appendix
subsection 9.4.

Denote by m the probability on the Borel sigma algebra (generated by the
cylinder sets) such that for each cylinder set j1, ..., jn we set

m(j1, ..., jn ) = πj1 Pj1 j2 Pj2 j3 ... Pjn−1 jn ,
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where the values Pij are defined above.
This Markov measure m is invariant for the shift. From Example 1 one

gets that m is the equilibrium state for the potential A (see [183] or [10]).
Note that the function log J of Example 1 is coboundary to A.

Example 3. Consider Ω = {−1, 1}N and the potential g : Ω → R given by
g(x) =

∑
n≥1(xn/n

γ) with γ > 1. When γ > 1 the potential is well-defined.
We will present an explicit expression for the eigenvalue λ and the con-

tinuous eigenfunction h of Lg, when γ > 2 (see [46]).

Let ζ(γ) = 1 + 2−γ + 3−γ + ..+n−γ + ... be the value of the Riemann Zeta
function evaluated at γ and for each n ∈ N define

αn = ζ(γ)−
n∑

j=1

j−γ. (62)

By using a standard approximation method we can see that αn ∼ n1−γ. There-
fore

∑
n≥1 αn < +∞ when γ > 2. This convergence implies that

h(x) = exp(α1x1 + α2 x2 + α3x3 + ...+ αnxn + ...) (63)

is well defined for any x ∈ Ω. We claim that h = hg, i.e., h is the main
eigenfunction of Lg and the main eigenvalue is given by

λg = 2 cosh(ζ(γ)).

From the definitions of the Ruelle operator, g(x), h(x) and λg and the
identity αn + n−γ = αn−1, we have

Lg(h)(x) = eg(−1x1x2...)h(−1x1x2 . . .) + eg(1x1x2...)h(1x1x2 . . .)

= e−1e(x12−γ+x23−γ+...)h(−1x1x2 . . .) + e1e(x12−γ+x23−γ+...)h(1x1x2 . . .)

= e(x12−γ+x23−γ+...)[e−1h(−1x1x2 . . .) + e1h(1x1x2 . . .)]

= e(x12−γ+x23−γ+...)[e(α2x1+α3x2+...)(e−1e−(ζ(γ)−1) + e1eζ(γ)−1)]

= e(x1(α2+2−γ)+x2(α3+3−γ)+...)2 cosh(ζ(γ))

= 2 cosh(ζ(γ))e(α1x1+α2x2+...)

= λgh(x). (64)

It is simple to prove that x 7→ h(x) is continuous.
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For the eigenprobability see [46].
When 1 < γ < 2 one can get measurable eigenfunctions (see [46]).

In a similar way, one can consider Ω = {−1, 1}N and the Hölder potential
g : Ω→ R given by g(x) =

∑
n≥1 xn 2−n.

Adapting the above reasoning one can get explicit expressions for the
eigenvalue λ and for the eigenfunction h for such Ruelle operator Lg (see
[46])

More generally, given an absolutely convergent series
∑

n an, one can
define a potential g(x) = g(x1, x2, ..., xn, ..) =

∑
n anxn and get similar results

in the case
∑

n |an|nxn <∞ (see [46]).
A relation of the above with the concept of Specification of Statistical

Mechanics is the topic of Appendix 9.5.

4 Differentiability, CLT and the concept of

Entropy

In the case the a priori probability is the counting probability ν =
∑d

j=1 δj
and B is normalized on the sense that for any x = (x0, x1, ..)

1 =
d∑

j=1

eB(j,x0,x1,...) =
d∑

j=1

eB(j,x) =
d∑

j=1

J(j, x),

then according to Theorem 17 the entropy of m is

h(µ) = −
∫

log Jdµ = −
∫
Bdm. (65)

Definition 5. Given a probability µ which has a continuous positive RNDIB
(even if it is not σ-invariant), given the claim of Theorem 17, would be
natural to call entropy of µ the value

h(µ) = −
∫

log Jdµ. (66)

The above concept for the case of non-invariant probabilities is related to
the Second Law of Thermodynamics and it is explored in [141]
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Now, returning to the general case of an a priori probability ν on a com-
pact space M , the entropy of µ satisfies

h(µ) = hν(µ) = −
∫
B(x)dµ(x), (67)

where L∗B(µ) = µ.
The entropy measures how random, how complex and how chaotic is the

dynamical system (σ, µ). Larger the entropy more chaotic is the system.
Note the similarity of the above equation with expression (67). In this

way is quite natural to call J the Jacobian of the invariant probability m.
Later on Section 7 in the text we will call Jacobian Jm = J−1 (where J

is the Jacobian of this section). It is just a question of notation.
This entropy is a real non-positive number. It is zero only for the inde-

pendent probability µ = νN (the more chaotic probability).
There is another way (similar) to define the entropy of a general proba-

bility (not just an equilibrium probability m). This is described on [145].
The entropy of a probability with support on a periodic orbit has entropy

equal to −∞.

In the procedure of looking for another way to get entropy, we would
like to stress the importance of the Ruelle operator when considering lattices
where the fiber M is not finite. When the Bernoulli space is (S1)N each
point x has an uncountable number of preimages. In this way to define
the entropy of an invariant probability via partitions seems a complicated
task. One could imagine that the entropy of an invariant probability could
be +∞ - for example for the equilibrium probabilities m we get above from
a given Hölder potential A. This is not the case: entropy can be defined in
an analytical way from the Ruelle operator for the potential constant equal
0. Indeed, given an a priori probability ν and the equilibrium state m denote

H(m) = inf
v>0, vHölder

∫
log

(L0v(s)

v(s)

)
dm(s). (68)

If M = {1, 2, ..., d} and ν is the probability which gives mass 1/d for each
point in M we get that

H(m) = h(m)− log d ≤ 0,

where h(m) ≥ 0 is the Kolmogorov entropy of m.
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If M = {1, 2, ..., d} and we define the Ruelle operator - using the same
formalism as above - but taking the counting measure (not a probability) as
the a priori ν then we get that the value of the expression (68) is non-negative
and equal to the Kolmogorov entropy h(m).

In this way, one can get entropy from the Ruelle operator. This point
of view can be adapted for the study of holonomic probabilities in Iterated
Function Systems (see [137]); as well as to discrete-time linear dynamics (see
[152] and [142]).

More precisely, the concept of Kolmogorov entropy can be established
via (68). Note, however, that when M is not finite we need an a priori
probability (not a measure) in order to proceed with our formalism. In this
way - thinking on extensions of the formalism- the entropy should be more
naturally considered as a negative number.

The bottom line is: the entropy can be derived from the Ruelle operator
in a purely analytical way (not using partitions).

We can get P (A) without talking about entropy via a Minimax result
(see [125], [137], [145] and Appendix 9.6) and just using the Ruelle operator:
given an Hölder potential A

P (A) = sup
µ∈Mσ

[
inf
u∈C+

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}]
, (69)

where C+ is the set of continuous positive functions.

Note that entropy is a concept for dynamically invariant probabilities. In
our setting the dynamics is given by the shift σ : MN →MN. We are defining
probabilities for a special kind of dynamics (in which each point has more
than one preimage). This is required in order to define the Ruelle operator.

The next Lemma appeared in [125] (see also [145]) will explain the reason
why is natural to take the above definition of entropy.

Lemma 20. Let us fix a Hölder continuous potential A : {1, 2, .., d}N and a
measure µ associated with the normalized potential B (that is, L∗B(µ) = µ).
We call C+ the space of continuous positive functions on B = {1, 2, .., d}.
Then,

h(µ) +

∫

B
A(x)dµ(x) = inf

u∈C+

{∫

B
log

(LAu(x)

u(x)

)
dµ(x)

}
, (70)

where LA is the operator such that LAφ(x) =
∑d

a=1 e
A(a x)φ(a x).
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Proof: We take M = {1, 2, .., d} and ν =
∑d

j=1 δj.

If we take ũ(x) = e−A(x)+B(x), then

log

(LAũ(x)

ũ(x)

)
= log

(∑d
a=1 e

B(ax)

e−A(x)+B(x)

)
= A(x)−B(x).

Integrating, we get
∫

B
log

(LAũ(x)

ũ(x)

)
dµ(x) =

∫

B
A(x)dµ(x)−

∫

B
B(x)dµ(x)

=

∫

B
A(x)dµ(x) + h(µ).

Remember that from Corollary 12 we have h(µ) = −
∫
Bdµ.

Now, let us consider a general ū ∈ C+. Using the fact that e−A+B is a
positive function, we can write ū(x) = u(x)e−A(x)+B(x). Note that, in this
case,

LAū(x) =
d∑

a=1

eB(ax)u(ax) = LBu(x).

Hence,

log

(LAū(x)

ū(x)

)
= log(LBu(x))− log u(x) + A(x)−B(x),

and therefore, by integration, we get
∫

B
log

(LAū(x)

ū(x)

)
dµ(x) =

∫

B
log(LBu(x))dµ(x)−

∫

B
log u(x)dµ(x)

+

∫

B
A(x)dµ(x)−

∫

B
B(x)dµ(x).

Now, all we need to prove is that
∫

B
log(LBu(x))dµ(x)−

∫

B
log u(x)dµ(x) ≥ 0.

In order to do that, we use Jensen inequality, and we get log(LBu(x)) ≥
LB log u(x), which implies

∫

B
log(LBu(x))dµ(x) ≥

∫

B
LB log u(x)dµ(x) =

∫

B
log u(x)dµ(x),
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where we used above that L∗B(µ) = µ.

Corollary 21. If µ is the equilibrium potential for a Hölder potential, then,

h(µ) = inf
u∈C+

{∫

B
log

(L0u(x)

u(x)

)
dµ(x)

}
, (71)

This formalism is suitable for being extended in a such way one can
define entropy for invariant probabilities which are not equilibrium states for
Hölder potentials (see [145]) - for instance, for probabilities with support on
a periodic orbit.

.
Remark 4: Consider the symbolic space

B = {(..., x−2, x−1 |x0, x1, x2, ...)|xi ∈M, i ∈ Z}, (72)

and the shift σ̂, such that,

σ̂ (..., x−2, x−1 |x0, x1, x2, ...) = (..., x−2, x−1, x0 |x1, x2, ...). (73)

Note that σ̂ is a bijection.
When we consider a dynamical system like the shift σ̂ : MZ →MZ (which

is a bijection), in order to define entropy h(µ) for a σ̂ invariant probability
µ, a different approach have to be used; for instance, via Brin-Katok formula
to be described later in the text (see section 4).

A variational principle of the form: given Hölder potential B : Bi =
MZ → R, take the supremum of

∫
Bdµ+ h(µ) (74)

among all probabilities µ which are σ̂-invariant can be considered. We refer
the reader to [25] for general results on this setting.

Given the Hölder potential B : Bi = MZ → R, we first get via Proposition
1.2 [165] (or, [25]) an associated cohomologous Hölder potential A : MR → R
(the Hölder class can change). Now, we get a dynamical system where each
point has more than one preimage (see Appendix 9 for more details).

40



Then, we can use the Ruelle operator approach. We proceed as above to
get ρA over B. Finally, we consider the natural extension ρ̂A of ρA in Bi (see
[170] [25]). In this way we solve the Statistical Mechanics problem for the
interaction described by B in the lattice Z: it s the probability measure ρ̂A.

More precisely, we were able to find the solution ρ̂A of the variational
problem described by (74).

There are other probabilities - not just equilibrium probabilities - which
are interesting in Statistical Mechanics as DLR probabilities, thermodynamic
limit from fixed boundary conditions, etc... These probabilities are analyzed
from the point of view of Thermodynamic Formalism via the Ruelle operator
in [43] and [42].

Note that if C is a set that depends just on the coordinates x0, x1, then
ρβA(C) = ρ̂βA(C). For sets C ⊂ Bi, of this form, we can use indistinctly
ρβA(C) or ρ̂βA(C).

Proposition 22. Consider the case B = {1, 2, ..., d}N.
Suppose A = Ā is normalized and n, y is fixed, and, denote µnA,y by

µnA,y =
dn∑

j=1

eĀ(ynj )+Ā(σ(ynj ))+Ā(σ2(ynj )+...+Ā(σn−1(ynj ))δynj . (75)

Then, independently of y, we have, as n→∞

µnA,y → mĀ. (76)

Proof: It is easy to see that for the given normalized Ā and n we have
that µnA,y is a probability. It is not invariant.

We also know that for any φ Hölder

LnA(φ)(y) =
dn∑

j=1

eA(ynj )+A(σ(ynj ))+A(σ2(ynj )+...+A(σn−1(ynj ))φ(ynj )→
∫
φdmA.

The result follows immediately. If φ is just continuous, we use the fact
that the Hölder functions are dense in the set continuous functions with the
C0 topology to get the final result.
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Proposition 23. The only Lipschitz continuous eigenfunction ψ of LA which
is totally positive is ψA (the one associated with the maximal eigenvalue λA).

Proof: Suppose ψ : B → R is a Lipschitz continuous eigenfunction of LA
associated to the eigenvalue β.

It follows from the above that
LnA(ψ)

λnA
→ ψA

∫
ψdρA, when n→∞.

Therefore, if ψ > c > 0, then
∫
ψdρA > 0. Moreover, LnA(ψ) = βnψ. This

is only possible if β = λA and ψ = ψA.

It is easy to see that if A is Hölder with exponent α, and, denoting Hα,
the set of real valued functions with Hölder exponent α, then LĀ : Hα → Hα.

The α norm of Hölder functions induce a norm ||H||α on the set of
bounded operators H acting on Hα (see [56]).

The spectral radius of a bounded operator H : Hα → Hα is

inf {||Hn||1/nα , n ≥ 0}.

All elements of the spectra of H have a norm less than the spectral radius
value of H (see [56]).

We note that Kα ≡ {w ∈ Hα , ||w||α ≤ 1} is compact in the uniform norm
as a subset of C. To prove that we just need to observe that the definition
of the norm ||w||α implies that Kα is equicontinuous and uniformly bounded
set, and then we have the result directly by using Arzela-Ascolis theorem.

We can also prove that KAα ≡ {w ∈ Hα ,
∫
w
dmA = 0 , ||w||α ≤ 1} is

compact in the uniform norm. For doing that, let ImA : Hα → R be given
by ImA(w) =

∫
wdmA. We have that ImA is a bounded linear operator,

and therefore I−1
mA
{0} is a closed subset of Hα. Now KAα = Kα ∩ I−1

mA
{0} is

compact.

Proposition 24. Suppose Ā is normalized, then the eigenvalue λĀ = 1 is
maximal. Moreover, the remainder of the spectrum of LĀ : Hα → Hα is
contained in a disk centered at zero with radius strictly smaller than one.

Proof. We will consider here the case where M = {1, 2, .., d}.
Remember that 1 is the eigenfunction associated with the eigenvalue 1.

We will show that LĀ restricted to KĀα has spectral radius strictly smaller
than 1. We know from proposition 6 that Lk

Ā
converges to zero in the compact

set KĀα .
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The normalization hypothesis implies ||Ln+1
Ā

(w)|| ≤ ||Ln
Ā

(w)|| ∀n ≥ 0. We
will now prove that this monotonicity property implies that the convergence
above is uniform. More precisely, we have

Claim: Given a small ε there exists N = Nε ∈ N such that

||LnĀ(w)|| < ε ∀n ≥ N , ∀w ∈ KĀα .
To prove this claim, let Cn ≡ {w ∈ KĀα : ||Lm

Ā
(w)|| < ε, ∀m ≥ n}.

The monotonicity property implies Cn ⊆ Cn+1 and also that Cn is an open
set in the uniform norm, while Lk

Ā
(w) → 0 implies ∪nCn = KĀα . Therefore,

compactness of KĀα implies KĀα = CN for some N ∈ N.
The last claim is easy to prove and can be enunciated as:
Claim: There exists C > 0 such that
∀n ∈ N and w ∈ Hα

|LnĀ(w)|α ≤ C||w||+ |w|α
(2α)n

.

Now, for any given n and k, using the last Claim we have for w ∈ Hα

|Ln+k
Ā

(w)|α ≤ C||LkĀ(w)||+ |L
k
Ā

(w)|α
(2α)n

≤ C||LkĀ(w)||+ C
||w||
(2α)n

+
|w|α

(2α)n+k
.

Therefore, for fixed k, if ε is small enough and n ≥ Nε, we have that for
all w ∈ KĀα

||Ln+k
Ā

(w)||α ≤ ε < 1.

In this case the spectral radius is smaller than ε
1

n+k .

We denote λ1
Ā
< λĀ = 1 the spectral radius of LĀ when restricted to the

set V = {w ∈ Hα :
∫
w dmĀ = 0}.

For the general case of the spectrum of a metric compact space see [179]
and [45] [1].

Now we will show the exponential decay of correlation for Hölder func-
tions.

Proposition 25. If v, w ∈ L2(mĀ) are such that w is Hölder and
∫
w dmĀ =

0, then, there exists C > 0 such that for all n
∫

(v ◦ σn)w dmĀ ≤ C (λ1
Ā)n. (77)

The above means that the correlation decays very fast to zero.
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Proof. First note that

∫
(v ◦ σ)w dmĀ =

∫
vLĀ(w) dmĀ.

Moreover,

∫
(v ◦ σn)w dmĀ =

∫
vLnĀw dmĀ.

Suppose w is such that
∫
wdmĀ = 0.

In order to estimate the decay of correlation
∫

(v ◦ σ)w dmĀ → 0, when
n→∞, we can use the the uniform convergence of Ln

Ā
(x)→ 0.

Indeed, as LĀ(1) = 1 we get that 1 is the main eigenfunction. Consider
the space V = {w | < w, 1 >= 0} ⊂ L2(mĀ).

As, for w ∈ V we have

< LĀ(w), 1 >=< w,K(1) >=< w, 1 >= 0,

we have that LĀ(V ) ⊂ V .
In this way for a Hölder w ∈ V there exist a C > 0 such that for any n

|LnĀ(w)(x)| ≤ C (λ1
Ā)n.

Therefore, given a bounded v and w ∈ V , we have for some c > 0 that

|
∫

(v ◦ σn)w dmĀ| ≤
∫
|vLnĀw| dmĀ ≤ c (λ1

Ā)n.

If
∫
wdmĀ 6= 0, we can consider w −

∫
wdmĀ and proceed in the same

way as before.

A probability µ is strong mixing if for any Borel sets A,B

lim
n→∞

µ(σ−n(A) ∩B) = µ(A)µ(B).

This means that in the long-range (for large iterations) the Stochastic
Process associated with µ , in some sense, looks more and more like an
independent process.

The above Proposition 25 implies (see [170]) that mĀ is strong mixing
(same reasoning as in section 2 of [111] which considers the case of the shift
on {1, 2, .., d}N).
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Remember that a probability µ is ergodic if for any Borel set A such that
σ−1(A) = A we have that µ(A) = 0 or µ(A) = 1.

Proposition 26. The invariant probability measure µĀ is ergodic.

Proof. If a dynamical system is mixing then it is ergodic (see section 2 in
[111]).

The operator w → K(w) = w ◦ σ is called the Koopman operator.

Definition 6. The Koopman operator K acts on function f ∈ L2(m), by
means of

K(f) = (f ◦ σ), (78)

where m satisfies L∗A(m) = m and A is normalized and Hölder.

Proposition 27. If we consider the L2(m) space of real functions defined on
B with respect to the Gibbs probability dmĀ for A, then, the transpose of LĀ
is K, that is, for any v, w we have

< K(v) , w >=< v,LĀ(w) > . (79)

Proof: This follows from

< K(v) , w >=

∫
(v ◦ σ)(x)w(x)dmĀ(x) =

∫
(v ◦ σ)(x)w(x) [L∗ĀdmĀ ] (x) =

∫
LĀ [(v ◦ σ)(x)w(x) ]dmĀ(x) =

∫
v(x)LĀw(x) dmĀ(x) =< v,LĀ(w) > .

Given a probability m over B, a sub-sigma algebra F ⊂ B and measurable
function f : Ω→ R the expected value of f is the g

Em(f |F) = g (80)

such that, g is F -measurable and for all A ∈ F
∫

A

g dm =

∫

A

fdm. (81)
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This is equivalent (see [17] or [78]) to say that g is such that for any
F -measurable function φ is valid

∫
φ g dm =

∫
φ fdm. (82)

Let B denote the Borel sigma-algebra on Ω = {1, 2, ..., d}N and Xn =
σ−n(B).

In this case h is Xn-measurable, if and only if, is of the form h = v ◦ σn
for some B-measurable function v (see [17] or [78]).

Lemma 28. For any continuous function f : Ω→ R we have that

Em(f | Xn)(x) = Lnlog J(f)(σn(x)). (83)

Proof:
Note that for any n we have

Lnlog J(f (φ ◦ σn)) = φLnlog J(f) (84)

Consider a continuous function φ : Ω→ R, then
∫

(φ ◦ σn(x)) f(x)dm(x) =

∫
Lnlog J [ (φ ◦ σn(x)) f(x) ]dm(x) =

∫
φ(x)Lnlog J (f)(x) dm(x) =

∫
φ(σn(x))Lnlog J (f)(σn(x)) dm(x),

where in the last equality we use the fact that m is invariant for σ.

The above kind of result is important in some questions related to C∗-
algebras (see [67] and [68])

Note that the Gibbs state formalism via boundary conditions, as in [90],
does not require, in principle, to talk about entropy.

In Statistical Mechanics, for a fixed interaction A under a certain tem-
perature T > 0, up to a multiplicative constant, the natural potential to be
considered is 1

T
A. We denote β = 1

T
, and, using the results above we can

consider the corresponding eigenfunction ψβA, eigenvalue λβA = λβ, and the
Gibbs state which now will be denoted µβA.

What happens with these two objects when T → 0 (or, β → ∞), is the
purpose of Section 6.
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Proposition 29. Suppose A is not normalized, then eigenvalue λA is maxi-
mal. Moreover, the eigenvalue λA is isolated. Consider a small circle curve
γ : [0, 1] → C, γ(t) = ε (e2πit + λA) around the eigenvalue λA. Then, the
eigenfunction hA can be obtained as the line integral

hA =
1

2π i

∫
[z I − LA]−1dz (1).

From this follows that hA depends analytically on A (see [20] for proof).

Given an Hölder potential A one can be interested in the pressure p(β) =
P (β A), as a function of the parameter β. The function p(β) is convex and
one can show (see Theorem 31) that

p′(β) =
d

dβ
p(β) =

∫
Adµβ, (85)

where µβ is the equilibrium probability for βA.
The differentiability of the pressure β → P (β A) is quite important issue

in the analysis of Large Deviations properties (see section ).
A natural question is to estimate the limits

lim
β→∞

p′(β)

and
lim

β→−∞
p′(β).

These questions are related to the reasoning in the section 6 (see equation
(160)).

Consider the Ruelle operator for an Hölder potential A : MN → R. Ques-
tions related to the differentiability of the pressure (and of the eigenfunction)
with respect to variation of the potential are of extreme importance in the
theory (see [168], [179], [20] or [165] for instance). We will briefly address
this issue now.

A transformation θ : E → F , where E,F are Banach spaces, is called
analytic if θ has derivatives of all orders and moreover,

θ(x+ v) = θ(x) +
∞∑

j=1

1

j!
Djθ(x) (v, v, ..., v︸ ︷︷ ︸

j

). (86)
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In Hα we consider the γ-Hölder norm.
Consider the transformation θ = θϕ : Hα → Hα, given by θ(φ) = ψ,

where, ψ(x) = Lφ(ϕ)(x). Then, θ is analytic (see lemma 1.1 [178], [155],
[179]).

More precisely, consider a fixed ϕ, then

θ(φ+ φ̃) (ϕ)− θ(φ)(ϕ) =
∞∑

j=1

1

j!
θ(φ) (ϕ φ̃ φ̃...φ̃︸ ︷︷ ︸

j

) =

∞∑

j=1

1

j!
Lφ(ϕ φ̃j ) =

∞∑

j=1

1

j!
Djθ(φ) (φ̃, φ̃, ..., φ̃︸ ︷︷ ︸

j

) . (87)

There is a natural way to choose the eigenfunction ψA of the Ruelle op-
erator LA in such way that

A→ θ(A) = ψA

is analytic.
There is a natural way to choose the eigenprobability νA of the dual Ruelle

operator L∗A in such way that

A→ νA ∈ Hα
′

is analytic. Above we consider the strong norm of operators and Hα
′ is the

space of continuous linear functionals with domain Hα. See Note on top page
190 in [118] for an interesting remark.

Using classical results on perturbation of operators (see [165], [110], [155]
and [179]) we have that A→ λA is analytic on A.

In the case Ω = S1 and T : S1 → S1 an expanding transformation a
similar result is true.

In [113] it is considered the differential calculus on the space of equilibrium
probabilities.

It follows from the above that if we fix a certain Hölder potential A and
consider a family βA of potentials, where β ∈ R, then

β → ψβ A,

and
β → λβ A
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are analytic on β.
For the corresponding result for

β → νβ A,

see Note on top page 190 in [118].

Theorem 30. Given f, g Hölder and s ∈ R, assume f is normalized and
denote by m the equilibrium probability for f . Then,

d

ds
λf+sg|s=0 =

d

ds
eP (f+sg))|s=0 =

∫
g dm, (88)

where λf+sg is the eigenvalue for f + sg.
If f is not normalized, then

d

ds
λf+sg|s=0 =

d

ds
eP (f+sg))|s=0 = λ

∫
g dm, (89)

where λ is the eigenvalue for f and m is the equilibrium probability for f ,
and λf+sg is the eigenavalue for f + sg.

Proof. Given f, g Hölder and s ∈ R we get

Lf+sg(ws) = eP (f+sg) ws, (90)

where ws denotes the eigenfunction for the Ruelle operator Lf+sg.
We assumed that f is normalized and m is the equilibrium probability

for f . Therefore, w0 = 1. We will present two proofs.
First proof
Suppose the Jacobian J is associated with m and f = log J < 0.
Given a Lipschitz continuous function g and small s suppose ϕs, cs satisfy

for all x the equation

∑

a

e(f(ax)+sg(ax))+[ϕs(ax)−ϕs(x)]−cs = 1.

As
d

ds
eb(s)|s=0 = eb(s) b′(s), (91)

and

0 =
d

ds

∫
(ϕs(x)− ϕs(σ(x))dµ(x), (92)

49



we get,

0 =
d

ds

∫ ∑

a

e(f(ax)+sg(ax))+[ϕs(ax)−ϕs(x)]−csdm(x)|s=0 =

∫ ∑

a

e(f(ax)+sg(ax))+[ϕs(ax)−ϕs(x)]−cs (g(ax)+[
d

ds
(ϕs(ax)−ϕs(x))]− d

ds
cs)dm(x)|s=0 =

∫ ∑

a

J(ax) (g(ax) + [
d

ds
(ϕs(ax)− ϕs(x))]− d

ds
cs)dm(x)|s=0 =

∫
(g(x)+ [

d

ds
(ϕs(x)−ϕs(σ(x))]|s=0)dm(x)− d

ds
cs =

∫
g(x)dm(x)− d

ds
cs|s=0

(93)
Finally,

d

ds
cs|s=0 =

∫
g dm. (94)

Second proof
From the differentiability of all elements involved in the above expression

we get

d

ds
Lf+sg(ws)|s=0 =

d

ds

d∑

a=1

e(f+sg)(ax)ws(ax)|s=0 =

d∑

a=1

g(ax)e(f+sg)(ax)ws(ax)|s=0 +
d∑

a=1

e(f+sg)(ax) d

ds
ws(ax)|s=0 =

d∑

a=1

e(f+sg)(ax) (ws(ax) g(ax) +
d

ds
ws(ax) )|s=0 =

d∑

a=1

ef(ax)(w0(ax)g(ax) +
d

ds
ws(ax)|s=0 )

d∑

a=1

ef(ax) g(ax) +
d∑

a=1

ef(ax) d

ds
ws(ax)|s=0. (95)

Then,
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∫
d

ds
Lf+sg(ws)|s=0dm(x) =

∫ d∑

a=1

ef(ax) g(ax)dm(x) +

∫ d∑

a=1

ef(ax) d

ds
ws(ax)|s=0dm(x) =

∫
Lf (g)dm+

∫
Lf (

d

ds
ws(.)|s=0) dm =

∫
gdm+

∫
d

ds
ws(.)|s=0dm. (96)

On the other hand,

d

ds
(eP (f+sg) ws(x))|s=0 = (

d

ds
eP (f+sg))|s=0 w0(x) + eP (f+sg) d

ds
ws(x)|s=0 =

d

ds
eP (f+sg)|s=0 + eP (f+sg) d

ds
ws(x)|s=0.

Therefore, ∫
d

ds
(eP (f+sg) ws(x))|s=0dm(x) =

∫
[(
d

ds
eP (f+sg))|s=0 + eP (f+sg) d

ds
ws(x)|s=0] dm(x) =

∫
d

ds
eP (f+sg)|s=0dm(x) +

∫
eP (f+sg) d

ds
ws(x)|s=0dm(x) =

∫
d

ds
eP (f+sg)|s=0dm(x) +

∫
eP (f) d

ds
ws(x)|s=0dm(x) =

d

ds
eP (f+sg)|s=0 +

∫
d

ds
ws(.)|s=0dm. (97)

From (96) and (97) we get that

d

ds
eP (f+sg))|s=0 =

∫
g dm, (98)

where m is the equilibrium probability for f .
The proof of (89) is left for the reader (appears in [20]).
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Theorem 31. Given f, g Hölder and s ∈ R, assume f is normalized and
denote by m the equilibrium probability for f . Then,

d

ds
P (f + sg)|s=0 =

∫
g dm. (99)

If f is not normalized, then

d

ds
P (f + sg) =

∫
g dµf+sg, (100)

where µf+sg is the equilibrium probability for f + sg.

Proof. From (88) we get

d

ds
P (f + sg)|s=0 =

eP (f) d

ds
P (f + sg)|s=0 =

d

ds
eP (f+sg)|s=0 =

∫
g dm. (101)

We leave the proof of (100) for the reader (or see [165])

Remark 9. Given z, f, g, ψ, in Section 6.2 in [64] it was shown that

d

dx
P (xψ − ψ + f + zg)|x=1 =

∫
ψ dµf+zg. (102)

Alternatively,

d

dx
P (x

ψ

hf+zg

− ψ

hf+zg

+ f + zg)|x=1 =

∫
ψ

hf+zg

dµf+zg =

∫
ψ dνf+zg. (103)

The next result appears in Section 6.2 in [64].

Theorem 32. Suppose ψ : {1, 2, ..., d}N → R is Hölder, normalized and
denote by µ the associated equilibrium probability.

We are going to take derivative on the Hölder direction φ : {1, 2, ..., d}N →
R, that we will consider the potential ψ+ tφ, where t is close to zero. Denote
by w(t, x) = wt(x) the normalized eigenfunction for Lψ+tφ associated to the
eigenvalue λt, that is

Lψ+tφ(wt) = λtwt. (104)

Then, wt satisfies for all x

(Lψ − I)(
d

dt
wt|t=0)(x) =

∫
φdµ− Lψ(φ)(x). (105)
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Proof. We will estimate for each t the derivative of the eigenfunction d
dt
wt(x)|t=0.

Taking derivative on t

d

dt
Lψ+tφ(w(t, .))(x) = Lψ+tφ(φ(.)w(t, .))(x) + Lψ+tφ(

d

dt
w(t, .))(x).

On the other hand, for all x

d

dt
[λtw(t, x) ] = w(t, x)

d

dt
λt + λt

d

dt
w(t, x).

Then,

Lψ+tφ(φ(.)w(t, .))(x) + Lψ+tφ(
d

dt
w(t, .))(x) = w(t, x)

d

dt
λt + λt

d

dt
w(t, x).

(106)
Therefore, for all x, when t = 0 we get

d

dt
Lψ+tφ(w(t, .))(x)|t=0 = Lψ(φ(.))(x) + Lψ(

d

dt
w(t, .)|t=0)(x).

Moreover, for t = 0,

d

dt
[λtw(t, x) ]|t=0 = w(0, x)

d

dt
λt|t=0 + λt

d

dt
|t=0w(t, x) =

∫
φdµ+

d

dt
|t=0w(t, x).

Then, for all x

∫
φdµ+

d

dt
|t=0w(t, x) = Lψ(φ(.))(x) + Lψ(

d

dt
w(t, .)|t=0)(x).

Finally,

(Lψ − I)(
d

dt
w(t, .)|t=0)(x) = Lψ(

d

dt
w(t, .)|t=0)(x)− d

dt
|t=0w(t, x) =

∫
φdµ− Lψ(φ(.))(x). (107)
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Note that from above, in the case that for all x we get d
dt
w(t, .)|t=0(x) = 0,

then for all x

Lψ(φ) =

∫
φdµ.

Note also that in the case φ is in the kernel of the Ruelle operator (a
natural assumption in [87] and [139]), then

∫
φdµ = 0, and

Lψ(
d

dt
w(t, .)|t=0)(x) =

d

dt
w(t, .)|t=0)(x).

As ψ is normalized we get that d
dt
wt|t=0(x) = 1, for all x.

Theorem 33. Given A, v Hölder and s ∈ R, assume A is normalized and
denote by µ the equilibrium probability for A. Then,

d2

ds2
cs|s=0 =

∫
( v(x)−

∫
vdµ + [

d

ds
(ϕs(x)− ϕs(σ(x)))|s=0 ] )2 dµ, (108)

where cs is the pressure for A + sv and ws = eϕs is the eigenfunction for
A+ sv.

Proof. We assume that for all s (small and close to 0) and any x

∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−cs = 1,

where ws = eϕs is the eigenfunction for A + sv, and cs is the pressure for
A+ sv.

It is known that
d

ds
cs|s=0 =

∫
vdµ, (109)

and
d2

ds2

∫
(ϕs(x)− ϕs(σ(x))dµ(x) = 0.

Moreover,

0 =
d2

ds2

∫ ∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−csdµ(x) =

d

ds

∫ ∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−cs (v(ax)+[
d

ds
(ϕs(ax)−ϕs(x))]− d

ds
cs)dµ(x) =
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[

∫ ∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−cs (v(ax)+[
d

ds
(ϕs(ax)−ϕs(x))]− d

ds
cs)

2dµ(x)]+

∫ ∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−cs ([
d2

ds2
(ϕs(ax)− ϕs(x))]− d2

ds2
cs)dµ(x).

Then, from the above and (92)

0 =
d2

ds2

∫ ∑

a

e(A(ax)+sv(ax))+[ϕs(ax)−ϕs(x)]−csdµ(x)|s=0 =

[

∫ ∑

a

J(ax) ( v(ax) + [
d

ds
(ϕs(ax)− ϕs(x))|s=0]− d

ds
cs|s=0 )2dµ(x)]+

[

∫ ∑

a

J(ax) ([
d2

ds2
(ϕs(ax)− ϕs(x))|s=0]− d2

ds2
cs|s=0)dµ(x)] =

[

∫
( v(x) + [

d

ds
(ϕs(x)− ϕs(σ(x)))|s=0]− d

ds
cs|s=0 )2dµ(x)]+

[

∫
([
d2

ds2
(ϕs(x)− ϕs(σ(x)))])dµ(x)− d2

ds2
cs] =

[

∫
( v(x) + [

d

ds
(ϕs(x)− ϕs(σ(x)))|s=0]− d

ds
cs|s=0 )2dµ(x)]− d2

ds2
cs|s=0.

Finally,

d2

ds2
cs|s=0 =

∫
( v(x)−

∫
vdµ + [

d

ds
(ϕs(x)− ϕs(σ(x)))|s=0 ])2 dµ,

where ws = eϕs is the eigenfunction for A+ sv.

Theorem 34. Denote β(s) = P (f + sg)− P (f), where f and g are Hölder
functions and s ∈ R. Given c ∈ R, the Central Limit Theorem claims
that

1√
2π β′′ (0)

∫ c

−∞
e
− 1

2
( x
β′′ (0)

)2

dt =

lim
n→∞

µf{x ∈ Ω |n−1/2 (
n−1∑

j=0

g(σj(x))− β′(0)) < c}. (110)

The expression on the first line describes the Gaussian distribution with zero
mean and variance β′′ (0).
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Next, we will present several different formulations of the above claim.
For the specific proof of the above formulation see Theorem 37. We will also
present an alternative formula for (108) .

Theorem 35. Denote β(s) = P (f + sg)− P (f), where f and g are Hölder
functions and s ∈ R. Then,

d2

d2s
P (f + sg) = β′′(s) =

lim
n→∞

1

n

∫
(
n−1∑

j=0

[ g −
∫
gdµf+sg ]σj(x) )2 dµf+sg. (111)

The last expression is known as the asymptotic variance.

Proof. In order to simplify the proof we consider the case where f is normal-
ized. Then, β(s) = P (f + sg). Without loss of generality, we assume that∫
gdm = 0, where m is the equilibrium probability for the normalized poten-

tial f . We point out that the hypothesis
∫
gdm = 0 is satisfied by tangent

vectors to the infinite-dimensional manifold of Hölder Gibbs probabilities,
at the point m, where m is the equilibrium probability for the normalized
potential f (see [113] and [139]).

In this case, we have to show that

β′′(0) = lim
n→∞

1

n

∫
(
n−1∑

j=0

g ◦ σj(x) )2 dµf (112)

In the same way, as in the last result, we assume

Lf+sg(ws) = eP (f+sg) ws, (113)

where ws denotes the eigenfunction for the Ruelle operator Lf+sg. More-
over,

∫
gdm = 0, where m is the equilibrium probability for the normalized

potential f .
From (95), in order to estimate β′′(0), we have first to take the derivative

d2

d2s
Lf+sg(ws)|s=0 =

d

ds
[

d∑

a=1

e(f+sg)(ax) g(ax)ws(ax) +
d∑

a=1

e(f+sg)(ax) d

ds
ws(ax)]|s=0. (114)
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We consider initially the first term of (114)

d

ds
[
d∑

a=1

e(f+sg)(ax) g(ax)ws(ax) ]|s=0 =

d∑

a=1

e(f+sg)(ax) g(ax)2ws(ax)|s=0 +
d∑

a=1

e(f+sg)(ax) g(ax)
d

ds
ws(ax)|s=0 =

d∑

a=1

ef(ax) g(ax)2 +
d∑

a=1

ef(ax) g(ax)
d

ds
ws(ax)|s=0.

Lf (g2)(x) + Lf (g
d

ds
ws(.)|s=0)(x).

Then, ∫
d

ds

d∑

a=1

e(f+sg)(ax) g(ax)ws(ax)|s=0 dm(x) =

∫
Lf (g2)dm +

∫
Lf (g

d

ds
ws(.)|s=0)(x) dm =

∫
g2dm+

∫
g
d

ds
ws|s=0 dm. (115)

Now we estimate the second term of (114)

d

ds

d∑

a=1

e(f+sg)(ax) d

ds
ws(ax)|s=0 =

d∑

a=1

e(f+sg)(ax)|s=0 g(ax)
d

ds
ws(ax)|s=0 +

d∑

a=1

e(f+sg)(ax)|s=0
d2

d2s
ws(ax)|s=0 =

Lf [ g(.)
d

ds
ws(.)|s=0 ](x) + Lf [

d2

d2s
ws(.)|s=0](x).

It follows that

∫
d

ds

d∑

a=1

e(f+sg)(ax) d

ds
ws(ax)|s=0 dm(x) =

∫
Lf [ g(.)

d

ds
ws(.)|s=0 ](x) dm+

∫
Lf [

d2

d2s
ws(.)|s=0](x) dm =
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∫
g
d

ds
ws|s=0 dm+

∫
d2

d2s
ws|s=0 dm. (116)

Therefore, from (115) and (116) we get

d2

d2s
Lf+sg(ws)|s=0 =

∫
g2dm+2

∫
g
d

ds
ws|s=0 dm+

∫
d2

d2s
ws|s=0 dm. (117)

On the other hand, as
∫
gdm = 0

d2

d2s
(eP (f+sg) ws(x))|s=0 =

d

ds
[
d

ds
eP (f+sg) + eP (f+sg) d

ds
ws(x)]|s=0 =

d2

d2s
eP (f+sg)|s=0 +

d

ds
eP (f+sg)|s=0

d

ds
ws(x)|s=0 + eP (f+sg) d

2

d2s
ws(x)|s=0 =

d2

d2s
eP (f+sg)|s=0 +

d

ds
eP (f+sg) d

ds
ws(x)|s=0 +

d2

d2s
ws(x)|s=0 =

d2

d2s
eP (f+sg)|s=0 +

∫
gdm

d

ds
ws(x)|s=0 +

d2

d2s
ws(x)|s=0 =

d2

d2s
eP (f+sg)|s=0 +

d2

d2s
ws(x)|s=0.

Then, ∫
d2

d2s
(eP (f+sg) ws(x))|s=0 dm =

∫
d2

d2s
eP (f+sg)|s=0 dm+

∫
d2

d2s
ws|s=0 dm =

d2

d2s
eP (f+sg)|s=0 +

∫
d2

d2s
ws|s=0 dm. (118)

Now, from (117) and (118) we get that

d2

d2s
eP (f+sg)|s=0 =

∫
g2dm+ 2

∫
g
d

ds
ws|s=0 dm (119)

Given n ∈ N, following the same reasoning as above, but now for the
equation

Lnf+sg(ws) = enP (f+sg) ws,
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we get

n
d2

d2s
eP (f+sg)|s=0 =

∫
( g+g ◦σ+ ...+g ◦σn−1)2dm+2

∫
( g+g ◦σ+ ...+g ◦σn−1)

d

ds
ws|s=0 dm.

(120)
From (120) it follows that for all n

d2

d2s
eP (f+sg)|s=0 =

1

n

∫
(g+g◦σ+...+g◦σn−1)2dm+

1

n
2

∫
(g+g◦σ+...+g◦σn−1)w′(0)dm. (121)

As
∫
gdm = 0 and d

ds
ws|s=0 is a bounded function, it follows from the

Ergodic Theorem that

β′′(0) =
d2

d2s
eP (f+sg)|s=0 = lim

n→∞

1

n

∫
( g + g ◦ σ + ...+ g ◦ σn−1)2dm. (122)

Corollary 36.

β′′(0) = lim
n→∞

1

n

∫
(
n−1∑

j=0

g ◦ σj(x) )2 dµf =

∫
g2dm+ 2

∫
g
d

ds
ws|s=0 dm, (123)

where
Lf+sg(ws) = eP (f+sg) ws, (124)

and
∫
gdm = 0, where m is the equilibrium probability for the normalized

potential f .

From the above, if β(z) = P (f + zg) − P (f), where f and g are Hölder
functions and z ∈ R, we get

β′(z) =
d

dz
β(z) =

∫
g dµf+zg,
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and moreover,

β′′(z) = lim
n→∞

1

n

∫
(
n−1∑

j=0

[g −
∫
gdµf+zg]σ

j(x) )2 dµf+zg (125)

(see [165]).
β′′(z) is called the asymptotic variance for µf+zg in the direction of g.

This value is the one to be used for the variance of the Gaussian distribution
obtained in the CLT theorem for the Gibbs probability µf (see [165], [51] or
[105]). Our proof follows the reasoning used in [117].

Theorem 37. Denote by φa,b the Gaussian density on R with mean a and
variance b. Consider β(z) = P (f + zg)− P (f), b = β′′(0) and the probabil-
ity µf which is the equilibrium probability for the Hölder potential f : Ω =
{1, 2, .., d}N → R.

If u : R→ R is a continuous function with at most polynomial growth (at
infinity) then, for the values a and b above

∫
u(

1√
n

n−1∑

j=0

[ g −
∫
gdµf ]σj(x) ) dµf (x)→

∫ ∞

−∞
u(t) dφ0,b(t) dt. (126)

If u(x) = x we get that (126) is equal to a =
∫
gdµf , and if u(x) = x2

we get that (126) is equal to b = β′′(0). In this last case, we get the classical
Central Limit Theorem. The value β′′(0) is is the asymptotic variance by
(111).

Proof. Consider a family of probabilities ρn, n ∈ N, on the Borel sigma
algebra of R and its moment generation function s → ϕn(s) =

∫
e s xdρn(x).

The continuity theorem (see Theorem 2 page 431 in section XIII in [74]))
claims that if limn→∞ ϕn = ϕ, and ϕ is the moment generation function of
the Gaussian density φa,b on R, then ρn weakly converges, when n → ∞,
to the probability φa,b. The moment generation function of the Gaussian
distribution φ0,b is

ϕ(s) = es
2b/2

(see Section 1.3.3 in [163]).
Denote by ρn the probability on the Borel sigma-algebra of R, such that,

for all interval (α, γ) we get that

ρn(α, γ) = µf ({x ∈ R | 1√
n

n−1∑

j=0

[ g − β′(0) ]σj(x) ∈ (α, γ) } ),
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and ϕn the corresponding moment generation function.
We will show next that limn→∞ ϕn = ϕ, where ϕ is the moment generation

function of the Gaussian density φa,b, with the values a = β′(0) =
∫
gdµf

and b = β′′(0).
It is known from analyticity of the pressure that β(z) = P (f+zg)−P (f)

has the following Taylor expression of order 2 at zero:

β(z) = β′(0) z +
1

2
β′′(0) z2 + high order terms, (127)

where β′(0) =
∫
gdµf and β′′(0) is given by (125) at z = 0.

We denote by λ = λf the main eigenvalue for the Ruelle operator for the
potential f . Moreover, we denote by h = hf the corresponding eigenfunction
and by ν = νf the associated eigenprobabilty.

Then, for fixed z, considering the small increment n1/2 → 0, as β(z) =
P (f + zg)− P (f), we get

ϕn(z) =

∫
e zxdρn(x) =

∫
e
z [ 1√

n
(
∑n−1
j=0 [ g−β′(0) ]σj(x) ) ]

dµf (x) =

∫
e
− z n β′(0) 1√

n e
z 1√

n

∑n−1
j=0 g (σj(x))

hf (x) dνf (x) =

e
− z n β′(0) 1√

n

∫
e
z 1√

n

∑n−1
j=0 g (σj(x))

hf (x) d
1

λnf
(L∗f )n(νf )(x) =

e
− z n β′(0) 1√

n
1

λnf

∫
Lnf ( e

z 1√
n

∑n−1
j=0 g (σj(x))

hf )(x) d νf (x) =

e
− z n β′(0) 1√

n
1

λnf

∫
Ln
f+z 1√

n
g

(hf ) (x) d νf (x) =

e
− z n β′(0) 1√

n
+nβ(z 1√

n
) 1

λn
f+z 1√

n
g

∫
Ln
f+z 1√

n
g

(hf )(x) ) d νf (x) =

e
n[− z β′(0) 1√

n
+β(z 1√

n
) ]

∫ Ln
f+z 1√

n
g

(hf ) (x)

λn
f+z 1√

n
g

d νf (x). (128)

By the continuity of the parameters we consider, we get that

hf+z 1√
n
g → hf and νf+z 1√

n
g → νf , (129)
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when n→∞.
In order to estimate (128), note that from (30) and (129), taking A =

f + z 1√
n
g, it follows from (30) that

lim
n→∞

Ln
f+z 1√

n
g

(hf ) (x)

λn
f+z 1√

n
g

∼ lim
n→∞

hf+z 1√
n
g (x)

∫
hf d νf+z 1√

n
g =

hf (x)

∫
hf d νf = hf (x) . (130)

We will take into account the above reasoning for estimating the limit in
(128). Indeed, first note that when n→∞, we get that β(z 1√

n
)→ β(0) = 0.

Therefore, up to a multiplicative constant, it will follow from (128), (127),
and (134) that

ϕn(z) =

∫
e− zxdρn(x) = e

n[− z β′(0) 1√
n

+β(z 1√
n

) ]

∫ Ln
f+z 1√

n
g

(hf ) (x)

λn
f+z 1√

n
g

d νf (x) ∼

ez
2 1

2
β′′(0)

∫ Ln
f+z 1√

n
g

(hf ) (x)

λn
f+z 1√

n
g

d νf (x) ∼

ez
2 1

2
β′′(0)

∫
[ hf+z 1√

n
g (x)

∫
hf d νf+z 1√

n
g ] d νf (x), (131)

where ez
2 1

2
β′′(0) is, up to a multiplicative constant, the Laplace transform of

the Gaussian probability φ0,β′′(0).
Finally, we get that when n→∞

ϕn(z) ∼ ez
2 1

2
β′′(0).

Concentration inequalities and fluctuations are topics that in some way
are related to the above. We refer the reader to [35], [154], [117] and [169]
for nice papers related to the topic.
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Remark 10. Given the Hölder functions ϕ, ψ1, ψ2, in Section 6.2 in [64] it
was shown that

d2

dt ds
P (ϕ + tψ1 + sψ2)|t=0 =

∞∑

k=0

∫
( ψ1 −

∫
ψ1dµϕ) (ψ2 ◦ σk −

∫
ψ2dµϕ ) dµϕ, (132)

where µϕ is the equilibrium probability for ϕ.

Theorem 38. For any continuous function ψ : Ω = {1, 2, ..., d}N → R

lim
k→∞

∫
ψ(x)

e
∑k−1
j=0 g(σ

j(x))

∫
e
∑k−1
j=0 g(σ

j(y)) dµf (y)
dµf (x) =

∫
ψ dνf+ g, (133)

where νf+g is the eigenprobability probability for the Ruelle operator Lf+g and
µf is the equilibrium probability for f .

Proof. First note that by (30) taking A = f + g, we get

lim
k→∞

Lkf+ g (ψ) (x)

λkf+ g

= hf+g (x)

∫
ψ d νf+g, (134)

where λf+ g, hf+g and νf+g are, respectively, the eigenvalue, the eigenfunction
an the eigenprobability for the Ruelle operator Lf+g.

Note that ∫
ψ(x)

e
∑k−1
j=0 g(σ

j(x))

∫
e
∑k−1
j=0 g(σ

j(y)) dµf (y)
dµf (x) =

∫
ψ(x)

e
∑k−1
j=0 g(σ

j(x))

∫
e
∑k−1
j=0 g(σ

j(y)) d(L∗f )kµf (y)
d(L∗f )k(µf )(x) =

∫
Lkf [ψ(x)

e
∑k−1
j=0 g(σ

j(x))

∫
Lkf [e

∑k−1
j=0 g(σ

j(y)) ] dµf (y)
] dµf (x) =

∫ Lkf [ψ(x) e
∑k−1
j=0 g(σ

j(x))]
∫
Lkf [e

∑k−1
j=0 g(σ

j(y)) ] ]dµf (y)
dµf (x) =

∫ Lkf+g(ψ(x) )∫
Lkf+g(1)(y) dµf (y)

dµf (x) =

∫ Lkf+g(ψ(x) )

λkf+g

∫ Lkf+g(1)(y)

λkf+g
dµf (y)

dµf (x). (135)
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It follows from (135) and (134)

lim
k→∞

∫
ψ(x)

e
∑k−1
j=0 g(σ

j(x))

∫
e
∑k−1
j=0 g(σ

j(y)) dµf (y)
dµf (x) =

lim
k→∞

∫ Lkf+g(ψ(x) )

λkf+g

∫ Lkf+g(1)(y)

λkf+g
dµf (y)

dµf (x) ∼

∫
hf+g (x) [

∫
ψ d νf+g ]∫

hf+g (y) [
∫

1 d νf+g ] dµf (y)
dµf (x) =

1∫
hf+g (y) dµf (y)

∫
hf+g (x) [

∫
ψ d νf+g ]dµf (x) =

∫
ψ d νf+g.

Note that the claim of Theorem 38 on symbolic space Ω = {1, 2, ..., d}N
concerns the eigenprobability νf+g for f + g : {1, 2, ..., d}N → R (not neces-
sarily a σ-invariant probability). On the other hand, we get that Theorem
82, the analogous result on the symbolic space Ω̂ = {1, 2, ..., d}Z, concerns
the equilibrium µ̂f̂+ĝ probability for f̂ + ĝ : {1, 2, ..., d}Z → R (which is a
σ̂-invariant probability).

We state below an interesting property without a proof (see [25] or [98]
for a proof and related properties).

Bowen formula: If µA is the equilibrium probability for the Hölder
potential A : Ω = {1, 2, ..., d}N → R, there exists a constant C independent
of n, such that, for all n and for all finite sequence x1, x2, ..., xn,

C−1 ≤ µA(x1, x2, ..., xn)

exp{−nP (A) + SnA(y)} ≤ C, ∀y ∈ x1, x2, ..., xn, (136)

where SnA(y) = A(y) + A(σ(y)) + A(σ2(y)) + ...+ A(σn−1(y)).

Results about nonequilibrium in Thermodynamic Formalism can be found
in [141].

We will show an application of Bowen formula. Consider a family of real
values indexed by n ∈ N,

ψn(x0, ..., xn−1), (137)
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(x0, ..., xn−1) ∈ {1, 2, ..., d}n.
We will consider the following notation: denote by ψn : Ω = {1, 2, ..., d}N →

R, n ∈ N, the function

x = (x1, x2, ..., xn, ...) ∈ Ω→ ψn(x), (138)

such that is constant in cylinders of size n, and ψn(x1, x2, ...) = ψn(x0, ..., xn−1)
in the cylinder x0, x1, .., xn−1.

An important example is the following:

Example 4. Given z ∈ R and Holder functions f, g : {1, 2, ...d}N → R,
denote by µf+zg the equilibrium probability for f + zg. Take

ψn(x0, ..., xn−1) = µf+zg(x0, x1, .., xn−1), (139)

(x0, ..., xn−1) ∈ {1, 2, ..., d}n.
We are interested (see Theorem 40) in the limit

lim
n→∞

1

n

∫
(
d

dz
log µf+zg(x0, x1, .., xn−1) )2 dµf+zg(x1, x2, .., xn, ...)

Given z ∈ R and Holder functions f, g : {1, 2, ...d}N → R, denote by hf+zg

the eigenfunction of the associated to the Ruelle operator Lf+zg, λf+zg :=
λz the main eigenvalue, µf+zg the equilibrium probability, and νf+zg the
eigenprobability.

Note that for the family ψn described by (137)

∫
ψndµf+zg =

∑

x0,...,xn−1

∫
ψnIx0,...,xn−1dµf+zg =

∑

x0,...,xn−1

ψn(x0, ..., xn−1)µf+zg(x0, ..., xn−1).

Denote β(z) = P (f + zg)−P (f), then it is known that β(0) = 0, β′(z) =∫
gdµf+zg, and β′′(0) > 0 is the classical asymptotic variance for g and µf .

The next result was addapted from a similar claim in [105].

Theorem 39. Given the family ψn, n ∈ N, as described in (137), then

β′′(z0) =
d

dz
|z=z0

∫
gdµf+zg =
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lim
n→∞

1

n

∫
[
d

dz
|z=z0 log(

∫
ψndµf+zg ) ]2dµf+zg =

lim
n→∞

1

n

∫
[
d

dz
|z=z0 log(

∫
ψn(x0, x1, ..., xn, ...) dµf+zg(x0, x1, ..., xn, ...) ) ]2dµf+zg(x)

(140)
and

lim
n→∞

1√
n

∫
[(
d

dz
|z=z0 log(

∫
ψn(x0, x1, ..., xn, ...)dµf+zg(x0, x1, ..., xn, ...) ) ] dµf+zg(x) = 0.

(141)

Proof. For each n and cylinder x0, x1, .., xn−1 we get

∫

x0,x1,..,xn−1

ψn(y0, y1, .., yn−1,n , ...)µf+zg(y) =

∫
Ix0,x1,..,xn−1ψndµf+zg =

∫
hf+zgIx0,x1,..,xn−1ψndνf+zg = λ−nf+zg

∫
Lnf+zg (hf+zgIx0,x1,..,xn−1 ψn)dνf+zg.

Then, as for any y = (y0, y1, ...), ξ = (x0, x1, .., xn−1, y0, y1, ...)

Lnz (Ix0,x1,..,xn−1 ψ
n(x0, x1, .., xn−1))(y)dνf+zg(y) =

eSn(f+zg)(x) eSn(f+zg)(ξ)−Sn(f+zg)(x) hf+zg(ξ)ψ
n(x0, x1, .., xn−1),

we get for each (x0, x1, .., xn−1)

∫

x0,x1,..,xn−1

ψn(x0, x1, .., xn−1)µf+zg =

∫
eSn(f)(x)+z Sn(g)(x)−n log λz+logψn(x0,x1,..,xn−1)eSn(f+zg)(ξ)−Sn(f+zg)(x) hf+zg(ξ) dνf+zg(y) =

eSn(f)(x)+z Sn(g)(x)−n log λz+logψn(x0,x1,..,xn−1)Qn(z),

where

Qn(z) =

∫
eSn(f+zg)(ξ)−Sn(f+zg)(x)hf+zg(ξ)dνf+zg(y) =

e−Sn(f+zg)(x)

∫
Lnf+zg ( Ix0,x1,..,xn−1 hf+zg ) dνf+zg(y) =

µf+zg(x0, x1, .., xn−1)

e−nP (f+zg)+Sn(f+zg)(x)
. (142)
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Finally,
d

dz
log(

∫

x0,x1,..,xn−1

ψn(x0, x1, .., xn−1)µf+zg) =

Sn(g)(x)− nβ′(z) +
d
dz
Qn(z)

Qn(z)
. (143)

As f + zg is Holder and µf+zg satisfies Bowen formula (136), we get from
(142) that there exists a constants C1, C2 > 0, such that for all n ∈ N, and
z in bounded compact neighborhood

0 < C1 < Qn(z) < C2 <∞

Therefore, for each (x0, x1, .., xn−1), we get that z → Qn(z) is a bounded
analytical function, and then by Cauchy Integral formula, d

dz
Qn(z) is also

bounded. In this way, in a similar fashion as in (4.4) and (4.5) in [105], we
get that

lim
n→∞

1√
n

d
dz
Qn(z)

Qn(z)
= 0. (144)

Finally, (140) and (141) follow from (143), (144) and CLT Theorem 37.

For the case mentioned in Example 4, where

ψn(x0, ..., xn−1) = µf+zg(x0, x1, .., xn−1),

we get:

Theorem 40.

lim
n→∞

1

n

∫
(
d

dz
log µf+zg(x0, x1, .., xn−1) )2 dµf+zg(x1, x2, .., xn, ...) =

lim
n→∞

1

n

∫
(Sn(g)(x)− β′(z))2dµf+zg(x) = β′′(z) =

d

dz

∫
gdµf+zg,

and

lim
n→∞

1√
n

∫
(
d

dz
log µf+zg(x0, x1, .., xn−1) ) dµf+zg(x1, x2, .., xn, ...) =

lim
n→∞

1√
n

∫
(Sn(g)(x)− β′(z))dµf+zg(x) = 0.
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Following the terminology introduced by [105] (where the last theorem
was proved):

Definition 7. Given the Holder functions f, g : Ω→ R as above, the value

d

dz

∫
gdµf+zg =

lim
n→∞

1

n

∫
(
d

dz
log µf+zg(x0, x1, .., xn−1) )2 dµf+zg(x1, x2, .., xn, ...)

is called the dynamical asymptotic Fisher Information.

The Fisher information is of great importance in Information Geometry
(see [3] for results under the classical - no dynamics - concept and [141] for
the dynamical asymptotic Fisher Information).

The next result (of independent interest) presents (see [139]) a kind of
Haar basis for equilibrium probabilities (for a Fourier type of basis see [140]):

Proposition 41. Suppose µ is a probability on {0, 1}N with no atoms and
positive in cylinder sets. The family of Hölder functions

ex =

√
µ([x1])

µ([x0])µ([x])
1[x0] −

√
µ([x0])

µ([x1])µ([x])
1[x1], (145)

where x = (x1, x2, ..., xn) ranges in the set of finite words on the symbols
{0, 1}, is an orthonormal basis for L2(µ) (see [109] for a general expression
and also [49]).

Proof. We will just show that the family is orthogonal. In fact on this part
of the proof of the claim we just use the fact that the probability µ is positive
in open sets. Given two words x and y, we assume they are of the form

x = (x1, x2, ..., xn) and y = (x1, x2, ..., xn, yn+1, ..., ym),

with m > n (otherwise, trivially < ex, ey >= 0).
Assume first that yn+1 = 0. Then,

< ex, ey >=<

√
µ([x1])

µ([x0])µ([x])
1[x0] −

√
µ([x0])

µ([x1])µ([x])
1[x1],
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√
µ([y1])

µ([y0])µ([y])
1[y0] −

√
µ([y0])

µ([y1])µ([y])
1[y1] >=

<

√
µ([x1])

µ([x0])µ([x])
1[x0],

√
µ([y1])

µ([y0])µ([y])
1[y0] −

√
µ([y0])

µ([y1])µ([y])
1[y1] >=

√
µ([x1])

µ([x0])µ([x])
[

√
µ([y1])

µ([y0])µ([y])

∫
1[y0]dµ−

√
µ([y0])

µ([y1])µ([y])

∫
1[y1]dµ ] =

√
µ([x1])

µ([x0])µ([x])
[

√
µ([y1])

µ([y0])µ([y])
µ[y0]−

√
µ([y0])

µ([y1])µ([y])
µ[y1] ] =

√
µ([x1])

µ([x0])µ([x])
[

√
µ([y1])

µ([y])

√
µ[y0]−

√
µ([y0])

µ([y])

√
µ[y1] ] = 0.

If we assume that yn+1 = 1, following a similar reasoning we get that
< ex, ey >= 0.

5 The involution kernel and duality

We consider in this section the XY model. This is the case where M is a
compact metric space and we fix an a priori measure ν (with support on M)
on the M . The lattice is MN

We know that in the case where the potential A is Hölder, the eigenfunc-
tion ψA is also Hölder and belongs to the same Hölder class.

Let B∗ = {(..., y2, y1) ∈MN}, and we denote by the pair

(y|x) = (..., y2, y1|x1, x2...),

the general element of B̂ := B∗ × B = MZ, the natural extension of B. Here
we will follow the ideas of [8].

We denote by σ̂ the shift on B̂, i.e.

σ̂(..., y2, y1|x1, x2, ...) = (..., y2, y1, x1|x2, x3, ...).

Definition 8. Let A : B → R be a continuous potential (considered as a
function on B̂). A continuous function W : B̂ → R is called an involution
kernel, if

A∗ := A ◦ σ̂−1 +W ◦ σ̂−1 −W (146)
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depends only on the variable y.
We say that A is symmetric if for some W , we get that A∗, seen as a

function of the variable x, is equal to A.

The involution kernel is not unique.

Given A(x), A∗(y) and W (y|x) as is in Definition (8),we claim that for
all a ∈M , x, y we get (see Lemma 13 i) in [8])

(A∗ +W )(ya|x) = (A+W )(y|ax). (147)

Indeed, denoting y′ = ya ∈ B, consider the vector < ya|x >=< y′, x >∈
B̂, then from (146) we get

A∗(ya) = W (..y3, y2, y1|ax)−W (...y2, y1, a|x) + A(τy′(x)) =

W (y|ax)−W (y, a|x) + A(ax). (148)

Let us fix x′ ∈ B and A a Hölder continuous potential, then we define

W (y|x) =
∑

n≥1

A(yn, ..., y1, x1, x2, ...)− A(yn, ..., y1, x
′
1, x
′
2, ...). (149)

The above expression is well defined when A is Hölder.
For y = (y1, y2, ..., yk, ...) ∈ {1, 2, .., d}N denote

τy|x1, ...xn, ...) = (y1, x1, ...xn, ...).

Moreover, denote

τy,n|x1, ...xn, ...) = | yn, ..., y1, x1, .., xn, ...)

We can also write

W (y|x) =
∑

n≥1

A(τy,n|x1, ..., xn, ...))− A(τy,n|x′1, ..., x′n, ...)). (150)

An easy calculation shows that W (y|x) is a involution kernel (see Propo-
sition 7 in [8] or Proposition 1 in [88]), indeed:

70



Proposition 42. Assume that the potential A is Hölder, then W (y|x) given
by (149) is an involution kernel and A∗ given by

A∗(y) = A∗(y1, y2, ...) =

A(y1, x
′
1, x
′
2, ...) + [A(y2, y1, x

′
1, x
′
2, ...)− A(y2, x

′
1, x
′
2, ...)] + ..

[A(yn, ..., y2, y1, x
′
1, x
′
2, ...)− A(yn, ..., y2, x

′
1, x
′
2, ...)] + ... (151)

is the corresponding dual potential. The above series converges.

Proof: Let W be the involution kernel given by (149) (using the point
x′ ∈ B).

Note that
A(τy(x)) +W ◦ σ̂−1(y|x)−W (y|x) =

A(τy(x)) + [
∞∑

n=1

A ◦ σ̂−n−1(y|x))− A ◦ σ̂−n−1(y|x′)]−

[
∑

n≥1

A(τy,n|x1, ..., xn, ...))− A(τy,n|x′1, ..., x′n, ...))] = A(y1, x1, .., xn, ...)+

[(A(y2, y1, x1, x2, ...)− A(y2, x
′
1, x
′
2, ...)) + ..+

A(yn, ..., y1, x1, x2, ...)− A(yn, ..., y2, x
′
1, x
′
2, ...)) + ...]

−[(A(y1, x1, x2, ...)−A(y1, x
′
1, x
′
2, ...))+(A(y2, y1, x1, x2, ...)−A(y2, y1, x

′
1, x
′
2, ...))+..+

A(yn, ..., y1, x1, x2, ...)− A(yn, ..., y1, x
′
1, x
′
2, ...)) + ...] =

A(y1, x1, x2, .., xn, ...)− (A(y1, x1, x2, ..., xn, ...) + A(y1, x
′
1, x
′
2, ...)+

[A(y2, y1, x
′
1, x
′
2, ...)− A(y2, x

′
1, x
′
2, ...)] + ..

[A(y3, y2, y1.x
′
1, x
′
2, ...)− A(y3, y2, x

′
1, x
′
2, ...)] + ...

+[A(y4, y3, y2, y1, x
′
1, x
′
2, ...)− A(y4, y3, y2, x

′
1, x
′
2, ...)]... =

A∗(y1, y2, y3, ...).

The function y → A∗(y) just depend on y.
This shows that (151) is true.

The next example was taken from [42]:
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Example 5. Let A : B = {−1, 1}N → R be the continuous potential given by
A(x1, x2, x3, ...) = a1 x1 + a2 x2 + ...+ xn an + . . ., where

∑
k

∑
n≥k |an| <∞.

We claim that A∗ = A (for some choice of W ). Indeed, let k =
∑

j≥2 aj.

and define for any (x|y) ∈ B̂ = {−1, 1}Z the the following function

W (y|x) = [ . . .+(k−(a2 +a3 +a4)) y4 +(k−(a2 +a3)) y3 +(k−a2) y2 +k y1 +

k x1 + (k − a2)x2 + (k − (a2 + a3))x3 + (k − (a2 + a3 + a4))x4 + . . . ].

Using the hypothesis placed on the coefficients an’s we can rewrite

W (y|x) =
∑

i≥1

(xi + yi) (ai+1 + ai+2 + . . .). (152)

A simple computation shows that for any a ∈ {−1, 1}, x ∈ B and y ∈ B∗,
we have the following identity

A(a y)+W (y a |x) = (A+W )(y a |x) = (A+W )(y | a x) = A(a x)+W (y |a x),

thus showing that A is symmetric, i.e., A = A∗.

The Ruelle-Perron operator LA gives two important pieces of information:
the eingenmeasure ρA and the eingenfunction ψA. As in [8], we can use the
involution Kernel in order to obtain ψA, if we know the eigenmeasure of the
Ruelle-Perron operator associated to A∗(y) (see proposition 44). We will
prove this property now.

Example 6. In Example 1 it was considered a Markov measure m. The
invariant probability m is the equilibrium state for the normalized potential
A = log J , where J is constant in each cylinder i, j and takes the value

πi Pij
πj

on this cylinder. The matrix P is line stochastic in this example.
In this case an involution kernel for A is the function W : {1, 2}N → R

given by
W (..., y2, y1|x1, x2, ..) = logPy1 x1 − log πx1

and the corresponding A∗ is given by the A∗(i, j, y3, y4..) = Pj i.

The next result is an adaptation to the present setting of a result in [8].
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Lemma 43. Let LA and LA∗ be the Ruelle operators defined on B and B∗,
and W (y|x) an involution kernel.

Then, for any x ∈ B, y ∈ B∗, and any function f : B̂ → R

LA∗
(
f(·|x) eW (·|x)

)
(y) = LA

(
f ◦ σ̂(y|·) eW (y|·)

)
(x). (153)

Proof: Under our notation we write A(y|x) = A(x) and A∗(y|x) = A∗(y).
Consider x ∈ B, y ∈ B∗ fixed, then by the definition of LA and LA∗ , and
equation (147), we obtain

LA∗
(
f(·|x) eW (·|x)

)
(y) =

∫

M

f(ya|x) e

(
A∗(ya)+W (ya|x)

)
dν(a)

=

∫

M

f ◦ σ̂(y|ax) e

(
A(ax)+W (y|ax)

)
dν(a)

= LA
(
f ◦ σ̂(y|·) eW (y|·))(x)

Let ρA and ρA∗ the eigenmeasures for L∗A and L∗A∗ , given in Proposition
7. Suppose c is such that

∫∫
B×B∗ e

W (y|x)−c dρA∗(y)dρA(x) = 1.

Proposition 44. Suppose K(y|x) = eW (y|x)−c. Then,

d µ̂A = K(y|x) dρA∗ (y)dρA(x) (154)

is invariant for σ̂ and is the natural extension of the Gibbs measure µA.
The function

ψA(x) =

∫

B∗
K(y|x) dρA∗(y) (155)

is the main eigenfunction for LA, and the function ψA∗(y) =
∫
BK(y|x) dρA(x)

is the main eigenfunction for LA∗ . Furthermore λA = λA∗ .

Proof: We denote by K(y|x) = eW (y|x)−c, and we define a positive func-
tion ψ, by the expression ψ(x) =

∫
B∗K(y|x) dρA∗(y). In order to prove that

ψ is an eigenfunction for LA, we remember that L∗A∗(ρA∗) = λA∗ρA∗ , hence

ψ(x) =

∫

B∗
K(y|x) d

( 1

λA∗
L∗A(ρA∗)

)
(y) =

∫

B∗

1

λA∗
LA∗

(
K(·|x)

)
(y) dρA∗(y)

=

∫

B∗

1

λA∗
LA
(
K(y|·)

)
(x) dρA∗(y) =

1

λA∗
LA(ψ)(x),
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where in the third equality we have used equation (153) with f = 1. This
means that ψ is a positive eigenfunction for LA, now using Proposition 23
we get that ψ = ψA and λA∗ = λA. The proof for the case of ψ∗A is similar.

By the same arguments used above, for any bounded Borel f : B∗×B →
R, we have

∫

B

∫

B∗
f ◦ σ̂(y|x)K(y|x)dρA∗(y)dρA(x)

=

∫

B∗
dρA∗(y)

∫

B

1

λA
LA
(
f ◦ σ̂(y|·)K(y|·)

)
(x) dρA(x)

=

∫

B
dρA(x)

∫

B∗

1

λA∗
LA∗

(
f(·|x)K(·|x)

)
dρA∗(y)

=

∫

B

∫

B∗
f(y|x)K(y|x)dρA∗(y)dρA(x),

hence dµ̂A = K(y|x) dρA∗ (y)dρA(x) is invariant for σ̂.
Finally, let us prove that µ̂A is the natural extension of µA. Given a

function f(x) we get that

∫

B

∫

B∗
f(x)dµ̂A(y, x) =

∫

B

∫

B∗
f(x)K(y|x) dρA∗(y)dρA(x)

=

∫

B
f(x)ψA(x)dρA(x) =

∫

B
f(x)dµA(x).

Therefore, the measure dµ̂A(y, x) = K(y|x) dρA∗(y)dρA(x) projects onto µA
and µA∗ (by the same arguments). The probability µ̂A is therefore the natural
extension of µA.

Remark: Note that, as λβA = λβA∗ , we have that m(A) = lim
β→∞

1

β
log λβA =

m(A∗).

In [88] it was shown that other eigenfunctions (not just the main) can be
obtained via the involution kernel. This was obtained via the study of the du-
ality between Eigenfunctions and Eigendistributions of the Ruelle operator.

In Appendix Section 9.7 we will show the explicit expression for an invo-
lution kernel in the case of Hofbauer’s potential (see [96], [132],[79] or [40]).
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Example 7. For the case of a 2 to 1 expanding C2 transformation T :
[−1, 1]→ [−1, 1] one can show similar results as before. We will be interested
in a Lipschitz potential A : [−1, 1] → R (on the variable x) and the concept
of dual potential A∗ : [−1, 1] → R (on the variable y). A particular case of
interest is the case A(x) = − log T ′(x).

We follow the notation of [26].
Consider an expanding transformation T : [−1, 1]→ R which is differen-

tiable of class C2 and unimodal map (two to one), such that, T (−1) = 0 =
T (1). We denote by x0 the point in (−1, 1) such that T (x0) = 1. Denote by
τ−1 and τ1 the two inverse branches of T . Therefore, τ−1([−1, 1]) = [0, x0]
and τ1([−1, 1]) = [x0, 1].

We assume that T is monotone increasing in [−1, x0] and monotone de-
creasing in [x0, 1]

Given x ∈ [−1, 1] we denote u(x) ∈ [−1, 1] the point such that T (u(x)) =
T (x), where u(x) 6= x. One possibility for u is u(x) = −x which corresponds
to a symmetric T .

We denote R0 ⊂ [0, 1]2 the rectangle 0 < y < x0, and R1 ⊂ [0, 1]2 the
rectangle x0 < y < 1.

We denote by F (y, x) the natural extension of T (x).
Restricted to R0, the inverse F−1(y, x) is given by

F−1(y, x) = (T (y), τ−1(x)).

Restricted to R1, the inverse F−1(y, x) is given by

F−1(y, x) = (T (y), τ1(x)).

Given the Lipschitz potential A(x) and T , we say that A∗ is the dual
potential for A, if there exist a continuous function W : [−1, 1]× [−1, 1]→ R
such that

A(F−1(y, x)) +W (F−1(y, x))−W (y, x) = A∗(y). (156)

If A is of Lipschitz class one can show that there exists Lipschitz functions
A∗ and W satisfying the above equation (156) (see [8] or [143]).

Note that if A∗ is an involution kernel for A and W (y, x), then given
a continuous function b : [−1, 1] → R, we get that W (y, x) + b(y) is also
an involution kernel for A(x). In this case, the new involution kernel is
A∗(y) + b(T (y)) − b(y). One can show that the dual potential is unique up
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to a coboundary equation by adding a certain b(T (y))− b(y). The involution
kernel is unique up to adding a continuous function b(y) (see comments after
Definition 6 in [8]) .

One can show that when A(x) = − log T ′(x), then in equation (156) the
dual potential A∗ can be taken as A∗(y) = − log T ′(x). Indeed, given a candi-
date W (y, x) for being an involution kernel for for − log T ′, that we assume
on the form W (y, x) = logK(y), then K should satisfy

K(T ′(y), τ ′−1(x) ) =
K(y, x)

T ′(y) τ ′−1(x)
.

The above is true for the two-dimensional density K(y, x) (on the square
[0, 1]×[0, 1]) which defines an F invariant probability dµ(y, x) = K(y, x) dy dx.

Example 8. We will show in this example how can you get an eigenfunction
via the use of the involution kernel (in the case of a weakly expanding map).

Consider f : [0, 1]→ [0, 1], where
{
f(x) = x

1−x , if , 0 ≤ x ≤ 1
2
,

f(x) = 2− 1
x
, if , 1

2
< x ≤ 1,

Note that each branch of the above expression can be obtained from the
other by the change of coordinate x→ (1− x).

For a given y, the two inverse branches of f are x1(y) = y
1+y

and x2(y) =
1

2−y .

The image of x1 is (0 , 1/2) and the image of x2 is (1/2 , 1).
Note that f ′(x) = 1

(1−x)2 for x ∈ (0, 1/2) and f ′(x) = 1
x2 for x ∈ (1/2, 1).

The above transformation f is weakly expanding (note that the derivative
of f is strictly bigger than one, up to the points 0 and 1).

Consider the Ruelle operator L for the potential − log f ′, acting on con-
tinuous functions ϕ : (0, 1)→ R, via

ψ(x) = L(ϕ) (x) = (f ′(x1(x)))−1 ϕ(x1(x)) + (f ′(x2(x)))−1ϕ(x2(x)).

The dual operator L∗ acts on finite measures. We get that L∗(dx) = dx,
by the change of variable rule. We call dx the eigenprobability associated with
the eigenvalue 1 for the dual operator L∗.

We claim that the function

ϕ(x) =
1

x (1− x)
,
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is an eigenfunction associated with the eigenvalue 1.
We will derive the analytic expression for this function ϕ via the involu-

tion kernel.
f : [0, 1]→ [0, 1] has the natural extension F : [0, 1]× [0, 1]→ [0, 1]× [0, 1]

which is described by (8).
The involution kernel (see Section 13.2 in [77] for a proof) for − log f ′ is

W (y, x) = −2 log(x+ y − 2xy).

We will prove this claim in Lemma 45.
For the indefinite integral, we get
∫
eW (y,x)dy =

∫
(x+ y − 2xy)−2dy = − 1

(1− 2x)(x+ y − 2xy)
.

It follows that,

x →
∫ 1

0

eW (y,x)dy =
1

x (1− x)
= ϕ(x),

is an eigenfuntion.
We will check that the ϕ we get above is indeed an eigenfunction and this

will corroborate the theory in [53].
Note that,

L(ϕ)(y) = (1− y

1 + y
)2 1

( y
1+y

) (1− y
1+y

)
+

(2− y)−2 1

( 1
2−y ) (1− 1

2−y )
=

(1 + y)−2 1

( y
1+y

) ( 1
1+y

)
+ (2− y)−2 1

( 1
2−y ) (1−y

2−y )
=

1

y
+

1

(1− y)
= ϕ(y). (157)

Now, we will derive the expression for the involution kernel. We consider
F (y, x), the canonical natural extension of f(x). Under such coordinates, the
transformation F : [0, 1]2 → [0, 1]2, satisfies

{
(a, b)→ F (a, b) = ( a

1+a
, b

1−b), if , 0 ≤ a ≤ 1
2
,

(a, b)→ F (a, b) = ( 1
2−a , 2− 1

b
), if , a ≥ 1

2

.
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Lemma 45. The involution kernel W for the dynamics of f and the potential
A = − log f ′ is

W (y, x) = −2 log(x+ y − 2xy).

The potential − log f ′ is symmetric.

Proof. We will show that

A(F−1(y, x)) +W (F−1(y, x))−W (y, x) = A(y).

The above expression is the F -coboundary equation to be considered for
involution kernel in the case the dynamics is given by 2 to 1 continuous
transformation on the interval (see [143]).

Therefore, in the notation of [8], given A(y) = − log f ′(y) we note from
above that A∗(x) = A(x). Therefore, the potential A is symmetric.

We denote R0 ⊂ [0, 1]2 the rectangle 0 < y < 1/2, and R1 ⊂ [0, 1]2 the
rectangle 1/2 < y < 1.

Restricted to R0, the inverse F−1(y, x) is given by

F−1(y, x) = (
y

1− y ,
x

1 + x
).

From this we get, for (y, x) ∈ R0

A(F−1(y, x)) = log(1 + x)−2.

Moreover, in this case, for (y, x) in the cylinder R0

W (F−1(y, x)) = −2 log(
y

1− y +
x

1 + x
− 2

y x

(1− y) (1 + x)
) =

− 2 log(
x+ y − 2x y

(1− y) (1 + x)
).

Therefore, for 0 < y < 1/2, we have

A(F−1(y, x)) +W (F−1(y, x))−W (y, x) =

log( (1 + x)−2 (x+ y − 2x y)−2

(1− y)−2 (1 + x)−2

1

(x+ y − 2x y)−2
) = 2 log(1− y) = A(y).

Now we have to consider the cylinder R1, where 1/2 < y < 1.
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In this case,

F−1(y, x) = (2− 1

y
,

1

2− x).

Therefore,
A(F−1(y, x)) = − 2 log(2− x),

and,

W (F−1(y, x)) = −2 log(
2y − 1

y
+

1

2− x − 2
(2 y − 1)

y (2− x)
) =

−2 log(
(2y − 1) (2− x) + y − 2 (2y − 1)

y (2− x)
) = −2 log(

x+ y − 2x y

y (2− x)
) =

Finally, for 1/2 < y < 1, we have

A(F−1(y, x)) +W (F−1(y, x))−W (y, x) =

log( (2− x)−2 (x+ y − 2x y)−2

y−2 (2− x)−2

1

(x+ y − 2x y)−2
) = 2 log y = A(y).

This shows that

W (y, x) = −2 log(x+ y − 2xy)

is the involution kernel for − log f ′(y).

6 Zero temperature: calibrated subactions,

maximizing probabilities and selection of

probabilities

We consider the following problem: given a Lipschitz (or Holder) function
A : B → R , we want to find measures that maximize, over Mσ, the value

∫
A(x) dµ(x).
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We define

m(A) = max
µ∈Mσ

{∫
Adµ

}
. (158)

Any of these measures will be called a maximizing probability. As Mσ

is compact, there exist always at least one maximizing probability. It is also
true that there exist ergodic maximizing probabilities. Indeed, the set of
maximizing probabilities is convex, compact and the extreme probabilities of
this convex set are ergodic (can not be expressed as a convex combination of
others [111]). Any maximizing probability is a convex combination of ergodic
ones [170].

In this section we will also consider, among other issues, questions involv-
ing selections of probabilities when the temperature goes to zero, maximizing
probabilities for a given potential, and the existence of calibrated subactions.
Among other results (see Theorem 51) we will show that, under some condi-
tions, the sequence {µβA} of Gibbs states for the potential βA converges to a
measure µ∞ which has the property of maximizing the integral

∫
Adµ among

all invariant measures µ for the shift map (see Theorem 50). Sometimes such
convergence will not occur (this is what we call non-selection of probabilities)
as presented in [11] and [18].

When M = {1, 2, .., d} and the potential A depends on finite coordinates
limβ→∞ µβA exists (see [120]). Then, we have a selection of maximizing prob-
ability at temperature zero.

We will also consider calibrated subactions, which is an important tool
that allows one to identify the support of the maximizing measure µ∞ (see
equation (165) below), and can be used to relate the maximal eigenvalues
of the Ruelle operator to the value m(A) =

∫
Adµ∞ (see theorem 52). The

existence of calibrated subactions is also related to the existence of large
deviation principles for the convergence of {µβA} to µ∞.

Some of the problems discussed here are usually called ergodic optimiza-
tion problems (see [10], [86], [101] and [100]).

Consider a fixed Hölder potential A and a real variable β > 0. We denote
by ψβA the eigenfunction for the Ruelle operator associated with βA.

Consider point p0 ∈ B. A possible normalization for the eigenfunction
ψβA is to assume that ψβA(p0) = 1. We will prefer this form. Then, choose
the eigenmeasure νβ (defined up to a multiplicative constant) in such a way
that for this ψβ we get that the equilibrium probability µβ = ψβ νβ is a
probability.
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Remark 5: Given β and A, the Lipschitz constant of uβ, such that
ψβA = euβ , depends on the Hölder constant for β A (see Remarks 1 and
2). More precisely, the Lipschitz constant of uβ = log(ψβA) is given by
β 2α

2α−1
HolA. Therefore, 1

β
log(ψβA), β > 0, is equicontinuous. Note that it

is also uniformly bounded for the reasons described below. Note that given
any x we have that 1

β
| logψβA(p0)− logψβA(x)| ≤ 2α

2α−1
HolA diameter of B.

This reasoning does not use the normalization condition for ψβA such that∫
ψβA dρβA = 1, where ρβA is the eigen-probability for L∗βA (see proposition

7 and remark 3).
This normalization hypothesis also implies that

1/β log(ψβA) , β > 0

is uniformly bounded.
Therefore, there exists a subsequence βn → ∞, and V Lipschitz, such

that on the uniform convergence

V := lim
n→∞

1

βn
log(ψβnA).

Form the hypothesis about ψβnA(p0) = 1 we get that V (p0) = 0.
By selection of a function V , when the temperature goes to zero (or,

β →∞), we mean the existence of the limit (in the uniform norm)

V := lim
β→∞

1

β
log(ψβA).

The existence of the limit when β → ∞ (not just of a subsequence), in
the general case, is not an easy question.

In this section we denote µβA the Gibbs state for the potential βA, i.e.
the eigen-probability of L∗

Ā
, where Ā = A+ logψA − logψA ◦ σ − log λA.

By selection of a measure µ̃∞, when the temperature goes to zero (or,
β →∞), we mean the existence of the limit (in the weak∗ sense)

µ̃∞ := lim
β→∞

µβA.

In some sense, V is what one can get in the limit, in the log-scale, from
the eigenfunction (at non-zero temperature), and µ̃∞ is the Gibbs state at
temperature zero.
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A probability µ which is obtained as the limit of a subsequence

lim
n→∞

µβnA,

βn → ∞, is sometimes called a ground state. One can show that ground
states are maximizing probabilities.

Nice results on selection for the case the potential depends on a finite
number of coordinates are [120] [28] and [18].

Other cases of selection of probability for interesting cases of potentials
is [9].

Results, when the space of symbols is countable and not compact, are
presented for instance in [19].

Even if A is Lipschitz not always the above limit on µβA, β →∞, exists.
In fact, there is an example due to Bissacott, Garibaldi e Thieullen (see [18])
where the limit does not exist (in the case M = {1, 2}).

A. C. D. van Enter and W. M. Ruszel also show in another example that
sometimes there is no limit for µβA, as β →∞ for the XY model.

When M = {1, 2, .., d} other examples of non-selection of probabilities is
presented in [37] [36].

Some theorems in this section are generalizations of corresponding ones in
[144] (which consider only potentials A which depend on two coordinates).
Related results appear in [84] and [85]. Results about selection (or, non-
selection) in the setting of Thermodynamic Formalism appear in [12] [9] [36]
[120] [28] [135].

Some of the proofs and results presented in the present section are similar
to other ones in Ergodic Optimization [100] and Thermodynamics Formalism,
but, the main point is that we have to avoid in the proofs the concept of
entropy and the variational principle of pressure.

On [77] the authors present several examples in Ergodic Optimization
where one can get explicitly the maximizing probability. These examples are
obtained via the information given by an iterative process that can help to
find the subaction associated with the problem.

Remember that we denote byMσ the set of σ invariant Borel probabilities
over B. As Mσ is compact, given A, there always exists a subsequence βn,
such that µβnA converges to an invariant probability measure.

Remember that we defined

m(A) = max
µ∈Mσ

{∫
Adµ

}
. (159)
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Even when A is Hölder the maximizing probability µ does not have to be
unique. For instance, suppose that A is Hölder and has maximum value just
in the union of two different fixed points (for the shift σ) p0 ∈ B and p1 ∈ B.
In this case the set of maximizing probabilities µ∞ is {t δp0 + (1 − t)δp1| t ∈
[0, 1]}.

Note that δp0 and δp1 are ergodic, but the other maximizing probabilities
are not.

Recently G. Contreras proved that generically for potentials on the Hölder
class the maximizing probability has support on a unique periodic orbit [54].
This result is an improvement (related to the class of possible perturbations
which are considered) of the similar one stated in [53].

Similar definitions for a potential A : Bi → R and maximization of
∫
Adµ̂,

over all the µ̂ which are σ̂-invariant probabilities, can also be considered.
Questions about the selection of measure also make sense.

One can show that, given an Hölder potential A, then

lim
β→∞

p′(β) = lim
β→∞

d

dβ
P (βA) = m(A). (160)

Given a potential A, it was introduced n Section 5 the concept of dual
potential A∗. One can show (see [53] or [145]) that

m(A) = m(A∗) = sup
µ isσ−invariant

∫

B
A∗dµ. (161)

This kind of result is quite relevant in Ergodic Transport where the invo-
lution kernel plays the role of a cost function (see [52], [143], [149]).

Definition 9. A continuous function u : B → R is called a subaction for
A : B → R, if, for any x ∈ B, we have

u(σ(x))− u(x)− A(x) +m(A) ≥ 0. (162)

Definition 10. A continuous function u : B → R is called a calibrated
subaction for A : B → R, if, for any y ∈ B, we have

u(y) = max
σ(x)=y

[A(x) + u(x)−m(A)]. (163)

83



This can also be expressed as

m(A) = max
a∈M
{A(ay) + u(ay)− u(y)}.

Note that for any x ∈ B we have

u(σ(x))− u(x)− A(x) +m(A) ≥ 0.

The above equation for u can be seen as a kind of discrete version of a
sub-solution of the Hamilton-Jacobi equation [55] [16] [73]. It can be also
seen as a kind of dynamic additive eigenvalue problem [38] [50] [82]. In
[81] the authors study a discrete time version of Aubry-Mather Theory. The
relation of calibrated subactions for A and A∗ is an important topic in Ergodic
Transport (see [138] and [52]).

There are several ways to show the existence of Hölder calibrated subac-
tions V for an Hölder potential A. We will show a proof of this result later
via the limit β → ∞. A more direct proof was mentioned on Remark 12
page 1385 in [53]. Denote by m(A) the maximum value given by (158) and
by Sk(A)(y) the Birkhof sum for k ∈ N.

One can show that the function

V (x) = lim
n→∞

sup
k>n

sup
σk(y)=x

{Sk(A)(y)− km(A)} (164)

is indeed a calibrated subaction. This point of view of getting subactions re-
sembles the one related to the Lax-Oleinick operator of Aubry-Mather theory
(see [72], [55], [4], [5] and [153])

There examples of continuous functions A (not Hölder) without calibrated
subactions (see [100] and [23]). In [86] it is proved that a generic continuous
potential cannot have (not even) a bounded measurable sub-action.

In the Hölder case several explicit examples for the subaction (see [77])
can be obtained via an iteration process as described by [76] .

If u is a calibrated subaction, then u+c, where c is a constant, is also a cal-
ibrated subaction. An interesting question is when such calibrated subaction
u is unique up to an additive constant.

Remember that if ν is invariant for σ, then for any continuous function
u : B → R we have ∫

[u(σ(x))− u(x)] dν = 0

Suppose µ is maximizing for A and u is a calibrated subaction for A.
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It follows at once (see for instance [53] [100] [180] for a similar result)
that for any x in the support of µ∞ we have

u(σ(x))− u(x)− A(x) +m(A) = 0. (165)

In this way, if we know the value m(A), then a calibrated subaction u
for A helps us to identify the support of maximizing probabilities µ. The
above equation can be eventually true outside the union of the supports of
the maximizing probabilities µ.

An important property (which is easy to show) is the following: if an
invariant probability µ has support inside the set

{x |u(σ(x))− u(x)− A(x) +m(A) = 0}, (166)

then µ is maximizing for A.
For a generic potential A the support of the (unique maximizing proba-

bility) is equal to the set given by (166) according to [83].

Maximizing probabilities µ∞ are natural candidates for being selected by
µβA, as β →∞ (see Theorem 50).

Let’s consider for a moment the more simple case where B = {1, 2..., d}N.
We will show now a result from [11] (see the end of the proof of Theorem

11).

Lemma 46. For a given continuous function A suppose that a continuous
function u and a constant k satisfy

u(x) = max
a
{A(ax) + u(a x)− k}.

Then, k = m(A).

Proof. From the hypothesis, taking y = ax for some a and x, it follows at
once that

−u(σ(y)) + u(y) + A(y) ≤ k.

If ν is any σ-invariant probability measure, then,
∫
A(y)dν(y) =

∫
[u(σ(y))− u(y) + A(y)] dν(y) ≤ k,
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and, this shows that m(A) ≤ k.
b) Now we show that m(A) ≥ k. Note that for any x there exist y = ax x

such that σ(y) = x, and

−u(σ(y)) + u(y) + A(y) = k.

Denote K = {y | − u(σ(y)) + u(y) + A(y) = k}.
Note that K ∩ σ−1(K) 6= ∅. Indeed, if y in K there exists x, such that,

σ(x) = y, and

−u(y) + u(x) + A(x) = −u(σ(x)) + u(x) + A(x) = k.

By induction K ∩ σ−1(K) ∩ ... ∩ σ−n(K) 6= ∅.
Therefore, the compact set K = {y | − u(σ(y)) + u(y) + A(y) = k} is

such that, K ′ = ∩n σ−n(K) is non-empty, compact and σ-invariant. If we
consider an σ-invariant probability measure ν with support on K ′, we have
that

∫
A(y)dν(y) = k. From this follows that m(A) ≥ k.

Proposition 47. For any β, we have −‖A‖ < 1
β

log λβ < ‖A‖.

Proof. Fix β > 0. We choose x̄ the maximum of ψβA in B and x̃ the
minimum of ψβA in B. Now, if ‖A‖ is the uniform norm of A, we have

λβ =
1

ψβA(x̄)

∫
eβA(a x̄)ψβA(a x̄)da ≤

∫
eβA(a x̄)da ≤ eβ‖A‖ and

λβ =
1

ψβA(x̃)

∫
eβA(a x̃)ψβA(a x̃)da ≥

∫
eβA(a x̄)da ≥ e−β‖A‖ ,

which proves the result.

As for any β we have that −‖A‖ < 1
β

log λβ < ‖A‖, then, there ex-

ist sequences βn → ∞, such that, 1
βn

log λβn converges, when n → ∞. We
will show later that such a limit exists for any subsequence and the limit is
independent of the sequence.

From the last section we know that for any given β we have for any y the
expression ∑

i

eβA+logψβA−logψβA◦σ−log λβA (i y) = 1.
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Note that for any y and i

[ βA+ logψβA − logψβA ◦ σ − log λβA ] (i y) < 0 (∗).

Remember that the family 1
β

log(ψβA), β > 0 is equicontinuous.

Lemma 48. Assume, βn n ∈ N, and V are such that on the uniform con-
vergence V := limβn→∞

1
βn

log(ψβnA). Then, V is a calibrated subaction.

Proof. From Lemma 47 taking a subsequence βnk of βn we get the existence
of the limit

lim
k→∞

1

βnk
log λβnk A = k.

In order to simplify the notation we write

lim
n→∞

1

βn
log λβn A = k.

If V := limβn→∞
1
βn

log(ψβnA), as the convergence is uniform we get from

above (*) that for any y and i

A(i y) + V (i y)− V (σ(i y) )− k =

lim
n→∞

1

βn
(βA+ logψβnA(i y)− log[ψβnA ◦ σ](iy)− log λβnA ) ≤ 0 (∗∗).

For fixed y, taking supremum on i we get that

max
i
{A(iy) + V (iy)− V (y)} ≤ k.

Suppose now that for some y we have that

max
i
{A(iy) + V (iy)− V (y)} − k < −ε

for some ε > 0.
This implies from (**) that for this y and any i we have that

e(βA+logψβnA−logψβnA◦σ−log λβnA ) (i y) < e−βnε

for large n.
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Therefore,

lim
n→∞

∑

i

e(βA+logψβnA−logψβnA◦σ−log λβnA ) (i y) = 0.

But, this is in contradiction with
∑

i

eβA+logψβA−logψβA◦σ−log λβA (i y) = 1,

for any β.
This shows that for all y

k = max
i
{A(iy) + V (iy)− V (y)}.

From Lemma 46 we get that k = m(A).
Then, V is a calibrated subaction.

Corollary 49.

lim
β→∞

1

β
log λβ = m(A).

Proof. 1
β

log λβ is bounded above and below. Suppose by contradiction that

there exists a sequence βn, n ∈ N, such that 1
βn

log λβn converges to a value

z 6= m(A), when n→∞ (this will happen if the claim is not true).
Taking a subsequence βnk of βn, there will exist V such that

V = lim
βnk→∞

1

βnk
log(ψβnkA).

Now, following the reasoning of the last Lemma we get that z = m(A)
which is a contradiction.

Theorem 50. Consider an Hölder potential A. Suppose that for some sub-
sequence we have µβnA ⇀ µ∞. Then, µ∞ is a maximizing probability, i.e.,

∫

B
A(x) dµ∞(x) = m(A).

In the case the maximizing probability for A is unique, we have the selec-
tion in the limit of the Gibbs (equilibrium) probability at temperature zero.
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Proof. By definition, µβnA ⇀ µ∞, if and only if,

lim
n→∞

∫

B
wdµβnA =

∫

B
wdµ∞, ∀w ∈ C.

Now using Theorem 8, Corollary 49 and the fact that h(µ) is bounded above
we get

m(A) = lim
β→∞

log λβA
β

= lim
n→∞

(∫

B
AdµβnA +

1

βn
h(µβnA)

)

≤ lim
n→∞

∫

B
AdµβnA =

∫

B
Adµ∞

Hence, m(A) ≤
∫
B Adµ∞. Also, as µ∞ is a σ−invariant measure, we have

that m(A) ≥
∫
B Adµ∞. This implies that m(A) =

∫
B Adµ∞.

Theorem 51. If the maximizing probability is unique, then, limβ→∞ µβA
converges to this probability.

Proof.
If the maximizing probability is unique any convergent subsequence will

converge to this one from Theorem 50. Then, there exists a selection of
probability at temperature zero.

The next theorem is inspired by Theorem 1 in [22] and Theorem 3.3 in
[91] (see also end of Theorem 11 in [11]).

Theorem 52. Given a Lipschitz (or, Hölder) function A there exists u Lip-
schitz which is a calibrated subaction for A.

Proof. We will present the proof when M = {1, 2, .., d}.
Points x in {1, 2, .., d}N will be represented by x = (x1, x2, x3, .., xn, ...).
We will use the discounted method in the proof.
We will use the distance d(x, y) = 2−N , where, x1 = y1, x2 = y2, .., xN−1 =

yN−1, but xN 6= yN .
If x1 6= y1, then d(x, y) = 1/2.
Suppose A : B → R is Lipschitz with respect to this metric.
Given 0 < λ ≤ 1, consider the operator L̂λ : C → C given by,
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L̂λ(u)(x) = sup
a∈M

[A(ax) + λu(ax)].

Given x ∈ B , we denote by ax ∈ M one of the points a where the
supremum is attained.

It is easy to see that for any 0 < λ < 1, the transformation L̂λ is a
contraction on C with the uniform norm. Indeed, given x ∈ B

sup
a∈M

[A(ax) + λu(ax)]− sup
b∈M

[A(bx) + λv(bx)] ≤

[A(ax x) + λu(ax x)]− [A(ax x) + λv(ax x)] ≤
λu(ax x)− λv(ax x) ≤ λ||u− v||.

Denote by uλ the corresponding fixed point in C. We want to show that
uλ is equicontinuous. Consider x0, y0 ∈ B. For the given x0 we take the
corresponding ax0 ∈M , and then the we get x1 = ax0x0.

By induction, given xj, get xj+1 = axjxj. In other words xj = axj−1 ... ax1ax0x0.
We can also can get a sequence yj ∈ B, j ≥ 1, such that, yj = axj−1 ... ax1ax0y0.

Note that for all j we have σj(yj) = y0.
Note that

|A(ix)− A(iy)| ≤ ||A|| d(ix, iy) = ||A|| 1

2
d(x, y).

where ||A|| is the Lipchitz constant.
By induction

|A(axj−1 ... ax1ax0x0)− A(axj−1 ... ax1ax0y0)| ≤ ||A|| 1
2j
d(x0, y0).

As for any j we have uλ(yj) ≥ A(yj+1)− λuλ(yj+1), then

uλ(xj)− uλ(yj) ≤

[A(xj+1)− A(yj+1)] + λ [uλ(xj+1)− uλ(yj+1)].

Therefore, given x0, y0

uλ(x0)− uλ(y0) ≤
∞∑

j=0

λj [A(xj)− A(yj)] ≤
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∞∑

j=0

λj ||A|| 1

2j
d(x0, y0) =

1

1− λ1
2

||A|| d(x0, y0).

This shows that uλ is Lipschitz, and, moreover, that uλ, 0 ≤ λ < 1, is
equicontinuous family. Note the very important point: the Lipschitz constant
of uλ depends linearly on ||A||.

Denote u∗λ = uλ −maxuλ. Using Arzela-Ascoli we get the existence of a
subsequence λn → 1 such that u∗λn → u.

We claim that u is a subaction.
Indeed, given x ∈ B, as |uλ(x)| ≤ λ |uλ(ax x)| + |A(ax x)| ≤ λ ||uλ|| +

||A(x)||, then (1− λ)||uλ|| < C, where C is a constant.
From this follows that there is a constant k, such for some subsequence

(of the previous subsequence λn), which will be also denoted by λn, we have
(1− λn)||uλn|| → k.

Note that for any λn

u∗λn(x) = uλn(x)−maxuλn =

−(1− λn) maxuλn + uλn(x)− λn maxuλn =

−(1− λn) maxuλn + max
a∈S1
{A(ax) + (λnuλn(ax)− λn maxuλn)}.

Taking limit on n on the sequence λn we get

u(x) = −k + max
a∈M
{A(ax) + u(ax)} = max

a∈S1
{A(ax) + u(ax)− k}.

It is known from Lemma 46 that k = m(A).
Therefore, u is a calibrated subaction.

The parameter β corresponds in Statistical Mechanics to 1/T , where T
is temperature. A result on Large Deviations in temperature was presented
in [8] (see also [135] and [162]):

Theorem 53. Consider an Hölder potential A : Ω → R and assume that
it admits a unique maximizing measure µmax. For each β, we denote µβ the
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unique equilibrium measure associated to βA. Then, µβ satisfies a Large De-
viation Principle, when the temperature goes to zero, in the following sense:
for any cylinder C of Ω,

lim
β→+∞

1

β
log µβ(C) = − inf

x∈C
I(x)

where

I(x) =
∑

n≥0

(
V ◦ σ − V − (A−m)

)
◦ σn(x), m =

∫
Adµmax

where V (x) is any calibrated subaction for A.

In the proof of the above theorem it was used properties of the involution
kernel.

Now we state a general result assuming just that A is continuous (not
necessarily Lipschitz). We refer the reader to Theorem 1 in [81], Proposition
4 in [144], and Theorem 2.4 in [91] for related results.

Theorem 54. Given a potential A ∈ C, we get the maximal value

m(A) = inf
f∈C

max
(a,x)∈ S1×B

[A(a x) + f(ax)− f(x))]. (167)

Proof: First, consider the convex correspondence F : C → R defined by
F (g) = max(A+ g). Consider also the subset

G = {g ∈ C : there exists f such that ∀a, g(ax) = f(ax)−f(x), f ∈ C} 6= ∅.

Now consider the concave correspondence G : C → R ∪ {−∞} taking
G(g) = 0, if g ∈ Ḡ, and G(g) = −∞ otherwise.

Let S be the set of the signed measures over the Borel sigma-algebra of B.
Remember that the corresponding Fenchel transforms, F ∗ : S → R ∪ {+∞}
and G∗ : S → R ∪ {−∞}, are given by

F ∗(µ̂) = sup
g∈C

[∫
g(ax) dµ̂(ax)− F (g)

]
(168)

and

G∗(µ̂) = inf
g∈C

[∫
g(ax) dµ̂(ax)−G(g)

]
. (169)

92



Denote

S0 =

{
µ̂ ∈ S :

∫
f(ax) dµ̂(ax) =

∫
f(x) dµ̂(x) , ∀ f ∈ C

}
. (170)

We denote by M the set of probabilities over B.
Given F and G as above, we claim that

F ∗(µ̂) =




−
∫

Σ̂

A(y,x) dµ̂(y,x) if µ̂ ∈M
+∞ otherwise

and

G∗(µ̂) =

{
0 if µ̂ ∈ S0

−∞ otherwise
.

We refer the reader to the [81] or [144] for a proof of this claim (which is
basically the same as we need here).

Once the correspondence F is Lipschitz, the theorem of duality of Fenchel-
Rockafellar [172] assures

sup
g∈C

[G(g)− F (g)] = inf
µ̂∈S

[F ∗(µ̂)−G∗(µ̂)] .

sup
g∈G

[
− max

(a,x)∈S1×B
(A+ g)(ax)

]
= inf

µ̂∈Mσ

[
−
∫
A(ax) dµ̂(ax)

]
. (171)

Finally, from the definition of G, the claim of the theorem follows.

7 Entropy and Jacobians - from M. Craizer

Dissertation

In this section M = {1, 2, ..., d} and B = Ω = {1, 2, ...., d}N; we follow the
reasoning of [57] (see also [158]).

Remember our main definitions.
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Definition 11. Given a continuous potential ψ we call pressure of ψ the real
value

P (ψ) = sup
µ∈Mσ

{h(µ) +

∫
ψdµ},

where h(µ) is the Kolmogorov entropy, and, the supremum is among the
invariant probabilities for σ, that is, in the set Mσ.

Definition 12. A probability µ ∈Mσ which realizes the supremum is called
an equilibrium state for ψ.

We want to characterize the equilibrium states and we will do so by
relating this problem to the results of previous sections. We want to relate
the Gibbs probability for ψ with the equilibrium probability for ψ.

In this section we consider in Ω the metric d such that

d(x, y) = 2−first n, such that, xj=yj ,j<n−1, andxn 6=yn , (172)

x = (x0, x1, x2, x3, ....), y = (x0, x1, x2, x3, ....).

Definition 13. Given the compact metric space Ω and σ : Ω → Ω, it is
known that

a) each x ∈ Ω has exactly d preimages, d ∈ N,
b) ∀x, y ∈ Ω, d(σ(x), σ(y)) > ξ0 d(x, y), for a fixed real number ξ0 > 1,
We say that σ is an expanding map and that ξ0 is an expanding constant

for σ.

The shift transformation σ acting on Ω = {1, 2, ..., d}N is not injective.
But, restricted to the cylinder set ī, i = 1, 2, ..., d, is bijective (even a home-
omorphism). Indeed, (x0, x1, ..., xn, ..)←→ (i, x0, x1, ..., xn, ..).

Note that σ expands distances for close points x, y by a uniform constant
multiplicative factor strictly bigger than one.

Given i ∈ {1, .., d}, denote τi : Ω→ i the inverse of σ : i→ Ω. Note that τi
contract distances by a uniform constant multiplicative factor strictly smaller
than one. In this case τi(xi, x2, x3, ...) = (i, x1, x2, x3, ...), i ∈ {1, ..., d}. We
call the main inverse branch of σ associated to i .

94



In the same way, the shift transformation σ2 acting on Ω = {1, 2, ..., d}N
is not injective. But, restricted to the cylinder set i, j, i = 1, 2, ..., d, j =
1, 2, ..., d, is bijective (even a homeomorphism).

For each pair (i, j) we could denote τi,j : Ω → i, j, the inverse of σ2 on
i, j, and we call it the (i, j) main contractive branch of σ2 associated to i, j.
In this case τi,j(xi, x2, x3, ...) = (i, j, x1, x2, x3, ...), i, j ∈ {1, ..., d}.

For each n we can consider main inverse branches g of σn in a similar way.
More precisely, we say that g : Ω→ S ⊂ Ω is a n-inverse contractive branch
of σn, if g ◦ σn : Ω → Ω is the identity. For example, τi,j : Ω → S = i, j, as
above is the main 2-inverse branch of σ2 associated to S.

A positive continuous function F : Ω → R is called the Jacobian of
µ ∈Mσ if

µ(σ(A)) =

∫

A

Fdµ, (173)

for any Borel set A such that σ |A is injective. The Jacobian, if it exists, is
unique a.e. and it is denoted in this section by Jµ. This concept is the same
as the RNDIB of µ of the previous Section 3.

We point out that what we call Jacobian Jµ here is the inverse
of what we called Jacobian J on previous sections, that is Jµ = J−1.

Remember the definition of the Ruelle operator: if A ∈ C◦(Ω) define
LA : C◦(Ω)←↩ by

(LAϕ)(x) =
∑

y∈σ−1(x)

eA(y)ϕ(y)

for any ϕ ∈ C◦(Ω).

We are particularly interested in the case A is of Hölder class.
We say that ψ is normalized if, Lψ(1) = 1. As we assumed that µ is σ-

invariant it is easy to see that L− log Jµ(1) = 1, that is, − log Jµ is normalized.

Lemma 55. Let ψ : Ω→ R and ν ∈M(Ω) satisfying L∗ψν = λν, λ > 0.
Then,

Jν = λe−ψ.

Let h be continuous and strictly positive and µ = hν. Then

Jµ = λe−ψ
h ◦ σ
h

.
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Proof: Let A be a Borel set such that σ |A is injective.
Take a sequence {hn}n≥1 in C◦(Ω) such that hn −→ XA, a.e. ν, and ‖

hn ‖C◦≤ 2, ∀n ≥ 1. Then

Lψ(e−ψhn)(x) =
∑

y∈σ−1x

eψ(y)e−ψ(y)hn(y) =
∑

y∈σ−1(x)

hn(y).

This last expression converges to Xσ(A)(x), a.e.ν, and so, by the dominated
converge Theorem

∫
λe−ψhndν =

∫
Lψ(e−ψhn)dν → ν(σ(A)).

Hence ∫

A

λe−ψdν = ν(σ(A)).

In the same way
∫
λe−ψ

h ◦ σ
h

hndµ =

∫
Lψ(e−ψh ◦ σhn)dν

=

∫
Lψ(e−ψhn)dµ.

Since µ and ν are equivalent, this last expression converges to µ(σ(A))
and so ∫

A

λe−ψ
h ◦ σ
h

dµ = µ(σ(A)).

�
In Lemma 56 it is shown that if Jµ is positive and continuous, then the

support of µ is Ω.
From this follows that given a Hölder potential A and the corresponding

normalized potential Ā (as descibed in previous sections), then JµA = e−Ā,
where µA is the Gibbs state for A

Indeed, Let ψA be the continuous and strictly positive main eigenfunction
of the Ruelle operator for A, λA the corresponding main eigenfunction, and
µA = ψAρA. Then, from the last proposition

JµA = λAe
−AψA ◦ σ

ψA
(174)

and the Gibbs probability µA has support equal to Ω.
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The shift σ is a topologically mixing expanding map. If µ ∈ Mσ, define
the support of µ as

supp(µ) = {x ∈ Ω | any neighborhood V of x, µ(V ) > 0}.

Lemma 56. If µ ∈Mσ admits a continuous Jacobian Jµ, then supp(µ) = Ω.

Proof: Suppose that there exists an open set V with µ(V ) = 0.
Cover V with Borel sets B ⊂ V such that σ |B is injective. Then

µ(σ(B)) =

∫

B

Jµ dµ = 0.

Hence µ(σ(V )) = 0. Inductively, µ(σn(V )) = 0. But since there exists n ∈ N
such that σn(V ) = Ω, this is a contradiction.

�

Assume (as in (176)) that

JµA = λAe
−AψA ◦ σ

ψA
. (175)

This equality is equivalent to the coboundary equation

− log JµA = A− log λA + logψA − log(ψA ◦ σ). (176)

It follows from above that

Ā = − log JµA , (177)

where Ā is the normalized potential associated to A.

Corollary 57. Given a Hölder potential A satisfying (176), then

P (A) = P (− log JµA) + log λA,

where λA is the main eigenvalue of the Ruelle operator for A and JµA was
defined by (173). Moreover,

∫
AdµA +

∫
log JµAdµA = log λA. (178)

When A is normalized Ā = A = − log JµA and log λA = 0. In this case
P (A) = P (− log JµA) = 0.
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We denote

Jµσ
n(x) =

n−1∏

j=o

Jµ(σj(x)).

Lemma 58. If Jµ is strictly positive and Hölder-continuous, there exists
a > 0, such that, ∀n, if g : S → Ω is a n- inverse contractive branch of σn,
then

Jµσ
n(x)

Jµσn(y)
≤ a (179)

for any x, y ∈ g(S).

Proof - Since g is a n-contractive inverse branch, and x, y ∈ g(S)

d(σj(x), σj(y)) ≤ λn−jd(σn(x), σn(y)) ≤ λn−jd

for 0 ≤ j ≤ n, where d=diameter(S). Then

Jµσ
n(x)

Jµσn(y)
=

n−1∏

j=o

Jµ(σjx)

Jµ(σj(y))
≤

n−1∏

j=o

| Jµ(σjx)− Jµ(σjy) |
Jµσ(σjy)

+ 1

≤
n−1∏

j=o

1 +
1

c
| Jµ(σj(x))− Jµ(σj(y)) |

where c = infx∈Ω Jµσ(x) > 0. Hence

Jµσ
n(x)

Jµσn(y)
≤

n−1∏

j=o

1 +
C

c
d(σj(x), σj(y))γ ≤

n−1∏

j=o

1 +
C

c
(λn−j)γd

≤
∞∏

j=o

1 +
C

c
(λγ)jd

def
= a.

�
Given a Hölder potential A, denote

eAσn (x) =
n−1∏

j=o

eA(σj(x)).
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Lemma 59. Given A a Hölder-continuous potential, there exists b > 0 such
that ∀n, if g : S → Ω is a inverse contractive branch of σn, then

eAσn (x)

eAσn (y)
≤ b

for any x, y ∈ g(S).

Proof: It follows from the relation of − log JµA and the potential A via
coboundary equation (ψA is continuous and bounded away form zero).

�
The above property is called the bounded distortion property for an

Hölder potential A.

Lemma 60. (Distortion Lemma) - Suppose that g : S → Ω is a inverse
contractive branch of σn, then, there exists b > 0 such that for any S1,
S2 ⊂ S

1

b

µ(g(S1))

µ(g(S2))
≤ µ(S1)

µ(S2)
≤ b

µ(g(S1))

µ(g(S2))
,

independently of n ∈ N.

Proof: Fix x0 ∈ g(S). Then, from (179)

µ(S1) =

∫

g(S1)

Jµσ
ndµ ≤ aJµσ

n(x0)µ(g(S1))

µ(S2) =

∫

g(S2)

Jµσ
ndµ ≥ 1

a
Jµσ

n(x0)µ(g(S2)).

Then,
1

a2

µ(S1)

µ(S2)
≤ µ(g(S1))

µ(g(S2))
.

Inverting the roles of S1 and S2 we obtain the other inequality.
�

Note that given x = (x0, x1, ..., xn, ...) and k ≥ 0, for the metric d we
consider here, the ball B(x, ξ) = x0, x1, .., xk, when 2−(k+1) < ξ ≤ 2−k.
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By definition, the dynamic ball of center x = (x0, x1, ..., xn, ...) and radius
ξ is

B(n, ξ, x) = {y ∈ Ω | d(σj(x), σj(y)) < ξ, ∀ j , 0 ≤ j ≤ n− 1}.

For example, if ξ = 2−3 and n=5 , then

B(5, 2−3, x) = x0, x1, x2, x3, x4, x5, x6, x7, x8.

Remark: It is easy to see that if ξ > 0 is such that B(x, ξ) = Bξ(x) =
i1, i2, ..., in, where x = (i1, i2, ..., in, in+1, ..), then

σn(Bξ(x)) = Ω.

In this case the a inverse branch g of σn satisfies

g(Ω) = Bξ(x).

Corollary 61. Let ξ0 be an expansivity constant for σ, and 0 < ξ ≤ ξ0.
Then there exists Cξ > 0 such that

1

Cξ
≤ µ(B(n, ξ, x)) · Jµσn(x) ≤ Cξ

∀n ≥ 0, ∀x ∈ Ω.

Proof: From the above remark, B(n, ξ, x) = g(Bξ(f
nx)), where g :

Br(σ
n(x))→ Ω is a n-contractive branch of σn.

Cover Ω with balls B1...Bl of radius ξ/3 and let δξ = min1≤i≤l µ(Bi). δξ is
strictly positive, because by former Lemma, µ is positive on open sets. Also,
if y ∈ Ω,

µ(Bξ(y)) ≥ δξ.

Hence

δξ ≤ µ(Bξ(σ
n(x))) =

∫

g(Bξ(σn(x)))

Jµσ
ndµ ≤ aJµσ

n(x)µ(B(n, ξ, x)).

It follows that

µ(B(n, ξ, x)) · Jµσn(x) ≥ δξ
a

def
=

1

Cξ
.
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Also

1 ≥ µ(Bξ(σ
nx)) ≥ Jµσ

n(x)

a
µ(B(n, ξ, x)) ≥ µ(B(n, ξ, x))Jµσ

n(x)

Cξ
.

Hence
µ(B(n, ξ, x))Jµσ

n(x) ≤ Cξ.

�

Theorem 62. Brin-Katok formula. [27] Given a σ invariant probability
µ on Ω, there exists the limit

lim
ξ↓0

lim sup
n→∞

− 1

n
log µ(B(n, ξ, x)) = r(x)

a.e. x ∈ Ω. This defines a certain integrable measurable r.
If µ is ergodic, then the above limit r is a function which is constant a.

e. µ.

Definition 14. Given µ and g as above we call entropy of µ the nonnegative
value

h(µ) =

∫
r dµ.

In [27] it is shown that the above definition coincides with the one given
previously in Definition 1.

As far as we understood the proof of the Brin-Katok formula [27], it
is used in some moment the Shannon-MacMillan-Breiman theorem which
concerns symbolic spaces with finite (or, countable) alphabets (see [2] for a
more general proof of S.M.B.) Therefore, does not contemplate the case of
an uncountable alphabet.

Corollary 63. Suppose that µ is Gibbs for A. Then

h(µ) =

∫
log Jµdµ. (180)
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Proof: - The Theorem of Brin-Katok claims that

h(µ) = lim
ξ↓0

lim sup
n→∞

− 1

n
log µ(B(n, ξ, x))

a.e. x ∈ Ω. From the above, it follows that

lim sup
n→∞

− 1

n
log µ(B(n, ξ, x)) = lim sup

n→∞

1

n
log Jµσ

n(x)

if 0 < ξ < ξ0. From Birkhoff’s Theorem it results that

1

n
log Jµσ

n(x) =
1

n

n−1∑

j=0

log Jµσ(σjx)→
∫

log Jµdµ

a.e. x ∈ Ω. Hence

h(µ) =

∫
log Jµdµ.

Expression (180) is known as the Rohklin formula.

8 Large Deviations in time

Some of the results presented in this section appeared in some form in [126]
and [131]. General references for Large Deviation are [66], [176] and [60].

In this paragraph we will consider T a continuous map from a compact
metric space (X,d) into itself, µ an ergodic invariant measure on (X,A) and
f a continuous function from X to Rm. Some of the proofs will be done for
m = 1 in order to simplify the notation.

The Large Deviation Principle will be shown for the probability µ which
is the probability of maximal entropy for the shift in d symbols. It is
not difficult to adapt our reasoning to the case where µ is the equilibrium
probability for an Hölder potential A (see also [112]).

In the case X = {1, 2, ..., d}N, the maximal entropy probability is the
independent probability with weights 1/d.

The Ergodic Theorem of Birkhoff claims that for an ergodic measure
µ ∈ M(T ) and a continuous function f from X to R, for µ-almost every
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point z ∈ X,

lim
n→∞

1

n

n−1∑

j=0

f(T j(z)) =

∫
f(x)dµ(x). (181)

The typical example of the application of the Ergodic Theorem, as we
said before, is the situation where we toss a fair coin 1000 times. One can
observe that among these 1000 tossings, more or less 500 times appears a
head and the same happens for tails. The event of obtaining head all the
1000 times is possible and has P-probability (0.5)1000. This number is very
small but is not zero. This event is a deviation from the general behavior of
the typical trajectory. It is very relevant in several problems in Probability,
Mathematics, and in Physics to understand what happens with the trajecto-
ries that deviate from the mean. We will show later mathematical examples
of such phenomena.

For each time n the data 1
n

∑n−1
j=0 I0(σj(z)) are spread around the mean

value 1/2, but when n goes to infinity, the data are more and more concen-
trated (in terms of probability) around the mean value. The main question
is: how to estimate deviating behavior? For the fair coin, the typical trajec-
tory will produce, in the limit as n goes to infinity, the temporal mean 1/2.
Suppose we stipulate that a mistake of ε = 0.01 is tolerable for the distance
of the finite temporal mean to the spatial mean

| 1

n

n−1∑

j=0

I0(σj(z))−
∫
I0(x)dP (x) |,

but not more than that.
For n=1000, there exists a set Bn(ε) with small P=P(1/2,1/2) probability

such that the temporal mean of orbits has a temporal mean outside the
tolerance level. For example the cylinder with the first 1000 elements equal
to 0 is contained in Bn(ε), because

1

n

999∑

j=0

I0(σj(z))− 1

2
= 1− 1

2
=

1

2
≥ 0.01.

for z in the above-mentioned cylinder.
We will be concerned here with the problem of estimating the velocity

with which µ(Bn(ε)) goes to zero when n goes to infinity.
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From a practical point of view, the Ergodic Theorem would not be very
useful, if µ(Bn(ε)) goes to zero too slowly. For a given ε of tolerance and
a fixed n (any practical experiment is finite), we choose at random a point
z in X, according to P (1/2, 1/2). If the velocity of convergence to zero of
the sequence µ(Bn(ε)) is very slow, then there is a very large probability of
choosing the point z in the bad set Bn(ε).

The area of Mathematics where such kinds of problems are tackled is
known as Large Deviation Theory (see [66] for a very nice and general ref-
erence). References for Large Deviations in the setting of Thermodynamic
Formalism are [126], [131], [62] and [63]

Let’s return now to the general case of a measurable map T from X to X,
leaving invariant a measure µ. We will be more precise about what we want
to estimate.

Definition 15. Given ε greater than zero and n ∈ N, then by definition
Qn(ε) is equal to:

Qn(ε) = µ{z | | 1

n

n−1∑

j=0

f(T j(z))−
∫
f(x)dµ(x) |≥ ε}. (182)

Proposition 64. Given ε,

lim
n→∞

Qn(ε) = 0.

Proof: For a given value ε denote

An = {z | | 1

n

n−1∑

j=0

f(T j(z))−
∫
f(x)dµ(x) |≥ ε}.

We will show that limn→∞ µ(An) = 0.
Consider the set Y = ∩∞n=1 ∪∞i≥n Ai. For each z ∈ Y , the sequence

an = 1
n

∑n−1
j=0 f(T j(z)) has a subsequence with distance more than ε from∫

f(x)dµ(x). Therefore, for any z ∈ Y the above-defined sequence an does
not converge to

∫
f(x)dµ(x), and hence Y has measure zero by the Ergodic

Theorem of Birkhoff.
As the sequence Dn = ∪∞i≥nAi is decreasing and µ(Y ) = 0, then

lim
n→∞

µ(An) ≤ lim
n→∞

µ(Dn) = µ(Y ) = 0
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Therefore the proposition is proved.
�

Corollary 65. Given ε > 0

lim
n→∞

µ{z | | 1

n

n−1∑

j=0

f(T j(z))−
∫
f(x)dµ(x) |≤ ε} = 1. (183)

One would like to be sure that the convergence to zero we consider above
(see a future Proposition) is at least exponential, that is: for any ε, there
exists a positive M such that for every n

µ{z | | 1

n

n−1∑

j=0

f(T j(z))−
∫
f(x)dµ(x) |≥ ε} ≤ e−Mn. (184)

Under suitable assumptions, we will show that this property will be true.
It is quite surprising that in the case µ is an equilibrium state this result

can be obtained using properties related to the Pressure. We will return to
this fact later, but first, we need to explain some of the basic properties of
the Large Deviation Theory.

The relevant question here is how fast, on a logarithmic scale the value
Qn(ε) goes to zero, that is, how to find the value

lim
n→∞

1

n
logQn(ε).

The above value is a piece of important information about the asymptotic
value of the µ -measure of the set of trajectories that deviate up to ε of the
behavior of the typical trajectory given by the Theorem of Birkhoff.

More generally speaking, for a certain subset A of R one would like to
know, for a certain fixed value of n, when the values z are such that:

1

n

n−1∑

j=0

f(T j(z)) ∈ A.

In the situation, that we analyze before

A = {y ∈ R | | y −
∫
f(x)dµ(x) |≥ ε} (185)
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Definition 16. Given a subset A of R and n ∈ N we denote

Qn(A) = µ{z | 1

n

n−1∑

j=0

f(T j(z)) ∈ A}. (186)

In the same way as before one would like to know the value

lim
n→∞

1

n
logQn(A). (187)

Remark If the set A is an open interval that contains the mean value∫
f(x)dµ(x), then the above limit is zero because limn→∞Qn(A) = 1.

First, we will try to give a general idea of how the solution to this problem
is obtained, and then later we will show the proofs of the results we will state
now.

In the particular case, we consider here, there exists a magic function
I(v) defined for v ∈ Rm (the set where the function f takes its values) such
the above limit is determined by:

lim
n→∞

1

n
log µ{z | 1

n

n−1∑

j=0

f(T j(z)) ∈ A} = lim
n→∞

1

n
logQn(A) = −Infv∈A{I(v)},

(188)
when A is an interval. In this case, we say that a Large Deviation Prin-
ciple is true for the observable f . We have to be more careful with the
concept of Large Deviation Principle; more precisely, with the last
equality in expression (188). To be more formal, we have to consider
sets A that are either open or closed; and we will get, respectively,
lower bounds and upper bounds (see for instance Theorems 75 and
209).

The function I will be called the deviation function. The shape of I is
basically the shape of | v −

∫
f(x)dµ(x) |2, v ∈ Rm, that is, I(v) is a non-

negative continuous function that attains a minimum equal to zero at the
value

∫
f(x)dµ(x).

The properties we mentioned before are not always true for the general T,
µ and f, but under reasonable assumptions, the above-mentioned properties
will be true. This will be explained very soon.
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The natural question is: how can one obtain such a function I? The
function I(v), v ∈ Rm is obtained as the Legendre Transform (we will present
the general definition later) of the free energy c(t), t ∈ Rm to be defined
below.

Definition 17. Given n ∈ N and t ∈ Rm we denote

cn(t) =
1

n
log

∫
e<t,(f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))>dµ(x). (189)

Definition 18. Suppose that for each t ∈ Rn and n ∈ N, the value cn(t) is
finite, then we define c(t), the free energy , as the limit:

c(t) = lim
n→∞

cn(t), (190)

in the case, the above limit exists.

Remark Note that c(0) = 0.

Remark The function c(t) is a kind of log version of the moment generat-
ing function. For people familiar with Probability Theory and Stochastic Pro-
cesses, we would like to point out that the random variables f(T n(z)), n ∈ N
are not independent in general.

For simplification, we will assume sometimes that t is one-dimensional.

Definition 19. A function g(t) is convex if for any s, t ∈ R and 0 < λ < 1,

g(λs+ (1− λ)t) ≤ λg(s) + (1− λ)g(t)

We say g is strictly convex , if for any 0 < λ < 1 the above expression is true
with < instead of ≤.

It is easy to see that a differentiable function g(t) such that its second
derivative satisfies g”(t) ≥ 0 for all t ∈ R is convex.
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Proposition 66. The function c(t) is convex in t ∈ Rn.

Proof: The Hölder inequality claims that

∫
| hk | dµ(x) ≤ (

∫
| h(x) |p dµ(x))1/p(

∫
| k(x) |q dµ(x))1/q,

where h and k are respectively on Lp(µ) and Lq(µ) and p and q are such that
1/p+ 1/q = 1.

Consider s, t ∈ Rn,

h(x) = e<λs,f(x)+...+f(Tn−1(x))>, k(x) = e<(1−λ)t,f(x)+...+f(Tn−1(x))>,

λ ∈ (0, 1), and then define p=1/λ and q=1/(1- λ). Now, using the Hölder
inequality:

∫
e<λs+(1−λ)t,f(x)+f(T (x))+...+f(T (n−1))(x)>dµ(x) ≤

(

∫
e<s,f(x)+...+f(T (n−1)(x))>dµ(x))λ(

∫
e<t,f(x)+...+f(T (n−1)(x))>dµ(x))1−λ.

Therefore, taking 1
n

log in each side of the above inequality, one obtains
that:

cn(λs+ (1− λ)t) ≤ λcn(s) + (1− λ)cn(t),

and hence c(t) is convex because it is the limit of convex functions.
�

From now on µ is the measure of maximal entropy for the shift
acting on {1, 2, ..., d}N.

Proposition 67. Suppose µ is the measure of maximal entropy. Given a
Hölder function f and t real we have

c(t) = lim
n→∞

cn(t) = lim
n→∞

1

n
log

∫
et (f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))dµ(x) =

P (tf)− log d. (191)
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Proof:
From a previous section for fixed t and y

lim
n→∞

1

n
logLntf (1)(y) = P (tf).

Note that the Jacobian of the maximal entropy measure is constant and
equal to d.

For each n denote the dn domains of injectivity for T n by Kn
j . This is

just the partition of cylinders set of level n.
Given a fixed y denote by ynj the dn preimages of y by T n. There is one

and only one ynj ∈ Kn
j .

The integral
∫
et (f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))dµ(x) =

dn∑

j=1

∫

Kn
j

et (f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))dµ(x)

By the bounded distortion estimate (f is Hölder), up to a multiplicative
constant ∫

Kn
j

et (f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))dµ(x) ∼

et (f(ynj )+f(T (ynj ))+f(T 2(ynj )+...+f(Tn−1(ynj )) d−n.

Note that the above estimate is uniform on n.
As for each n

Lntf (1)(y) =
dn∑

j=1

et (f(ynj )+f(T (ynj ))+f(T 2(ynj )+...+f(Tn−1(ynj )),

the results follow.
�

Remark: The above shows that the pressure P (tA) is convex on t for A
Hölder fixed.

One can show the following:
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Proposition 68. Suppose µ is the equilibrium probability for the Hölder
potential g. Given a Hölder function f and t real we have

c(t) = lim
n→∞

cn(t) = lim
n→∞

1

n
log

∫
et (f(x)+f(T (x))+f(T 2(x)+...+f(Tn−1(x))dµ(x) =

lim
n→∞

1

n
log

∫
et Sn(f)(x)dµ(x) = P (g + tf)− P (g), (192)

where Sn(f)(x) = f(x) + f(T (x)) + f(T 2(x) + ...+ f(T n−1(x)).

See Proposition 3.2 in [112] (Proposition 3.1 in [62] or [176]) for the proof.

One could adapt the reasoning below for any Gibbs equilibrium proba-
bility µ for an Hölder potential g. In order to simplify the notation we will
just consider the maximal entropy case.

Returning to the case where µ is the probability of maximum entropy, we
want to specify the deviation function I. This will be done next.

Define I(v), v ∈ R, as the Legendre transform of the function c(t), t ∈ Rm,
that is

I(v) = Supt∈Rm{< t, v > −c(t)}. (193)

This I will do the job as we will see.

This function I is well defined in the case c(t) is strictly convex.
In order to simplify the argument, let’s consider the one-dimensional case

m=1. When c is differentiable, then it is easy to see that

I(v) = Supt∈R{tv − c(t)} = t0v − c(t0), (194)

where t0 is such that c
′
(t0) = v. Such a t0 is well defined if c is strictly

convex and differentiable. In this case, the deviation function I(v) is also
differentiable in v, as it is easy to see. If c(t) is piecewise differentiable (with
left and right derivatives), then I(z) has also this property.

Remark: Note that from above it follows that c(t) is differentiable on t
because P (tf) is differentiable on t [165]. In (2.4) in [62] it was shown that

d

dt
log

∫
et Sn(f)dµ =

∫
Sn(f)

etSnf∫
etSnfdµ

dµ.
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In more precise mathematical terms one should say that the deviation
function I(v) of c(t), t ∈ Rm, takes values v in the dual of Rm. The dual of
Rm is Rm itself, and therefore, in the finite-dimensional case (m finite) there
is no problem defining the Legendre transform in the way we did above.
If we need to consider Legendre transforms in infinite dimensional vector
this will require some small changes in the definition of Legendre Transform.
Before that, we will consider the main properties that are true in the finite-
dimensional case. The key property is the differentiability of the free energy
c(t). Assuming piecewise differentiability (with the existence of right and left
derivatives for c(t), t ∈ R), most results we will state below will be true. We
need to require that the free energy be differentiable which is true for Hölder
potential.

The main result we want to prove in the next paragraph is:

Theorem 69. Assume the free energy c(t), t ∈ Rm is well defined and also
that c is differentiable, then for an open parallelepiped A contained in Rm

lim
n→∞

1

n
logQn(A) = −Infz∈A{I(v)}, (195)

where I is the Legendre transform of c.

The above result is true for much more general sets A contained in Rm,
but we will state and prove the general result later.

The main results for the finite-dimensional case will be proved for n=1.
The general case is not very much different from the case n=1. The infinite-
dimensional case is however much more difficult than the finite-dimensional
case[66].

We will need to develop some elementary properties of Legendre Trans-
forms in order to prove the Theorem we stated above.

Definition 20. Given a convex piecewise differentiable map g(y), y ∈ R, the
Legendre transform of g, denoted by g∗(p), p ∈ R, is by definition

g∗(p) = supy∈R{< p, y > − g(y)}. (196)
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Proposition 70. Suppose g(y) is defined for all y ∈ R and that the second
derivative is continuous. If there exists α > 0 such that, g”(y) > α > 0, y ∈
R, then g∗(p) = py0 − g(y0) where g

′
(y0) = p.

Proof: In the case there exists a value y0 such that g
′
(y0) = p, then

clearly g∗(p) = y0p− g(y0). Therefore, all we have to show is that g
′
(y) is a

global diffeomorphism from R to R.
Note that for a positive h, g

′
(x+h)− g′(x) =

∫ x+h

x
g”(y)dy > αh. There-

fore the map g
′

is injective. The map g
′

is open (that is, the image g′(A)
of each open set A is open) because g

′
(x + h) − g

′
(x) > αh. The map g

′

is closed (that is, the image g
′
(K) of each closed set K is closed), because

it is continuous. We claim that g
′

is sobrejective. This is easy to see: the
image by g

′
of the open and closed set R, is an open and closed interval and

therefore equal to R. The conclusion is that g
′

is bijective from R to itself.
�

Proposition 71. Suppose g(y) defined on y ∈ R satisfies g”(y) > α > 0 for
all y ∈ R, then g∗ satifies g∗”(p) > 0 for all p ∈ R.

Proof:
We will use the following notation: for each value p denote y(p) the

only value y such that dg
dy

(y(p)) = p. As we saw in the last proposition

g∗(p) = y(p)p− g(y(p)). Taking derivatives with respect to p,

dg∗

dp
(p) =

dy

dp
(p)p+ y(p)− dg

dy
(y(p))

dy

dp
(p) =

dy

dp
(p)p+ y(p)− pdy

dp
(p) = y(p).

Hence g∗”(p) = y
′
(p)

Now, as for any p, p = dg
dy

(y(p)), taking derivatives in both sides with

respect to p, 1 = g”(y(p))y
′
(p) = g”(y(p))g∗”(p). Thus g∗” is positive, if g” is

positive.
�

Remark We will assume that all maps g to which we apply the Legendre
transform satisfies the condition g”(y) > α > 0, y ∈ R for a certain fixed pos-
itive value α. When we consider piecewise differentiable maps (with left and
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right derivatives), then we will also suppose that the left and right derivatives
satisfy the same condition in α.

Now we will prove a key result in the Theory of Legendre Transforms:

Proposition 72. Suppose f(x) and f ∗(x) are stricly convex and differen-
tiable for every x, then the Legendre Transform is an involution, that is,
f ∗∗ = f .

Proof : We will show that if g denotes f ∗, then g∗ = f .
For a given p ∈ R denote by x(p) the value x such that Supx∈R{px−f(x)}

attains the supremum. Since f ∗ = g, then df
dx

(x(p)) = p and g(p) = px(p)−
f(x(p)).

For a certain fixed value x0 and for each x ∈ R define ∆(x) as the value
∆ obtained by the intersection of the line (y, z(y)) = (y, f(x) + f

′
(x)y) (the

tangent line to the graph of f on (x, f(x))) with the line x = x0. It is easy

to see that f(x)−∆
x−x0

= f
′
(x), and therefore

∆(x) = f(x)− xf ′(x) + f
′
(x)x0.

Given p , g(p) = px(p)− f(x(p)) where x(p) is such that df
dx

(x(p)) = p.
Therefore, if we write ∆ in terms of p, then

∆(p) = ∆(x(p)) = ∆(x) = f(x(p))− x(p)p+ px0 = −g(p) + px0.

From a geometric reasoning it is easy to se that ∆(p) ≤ f(x0) and the
maximum on p is f(x0).

Note that

Supp∈R∆(p) = Supp∈R{px0 − g(p)} = g∗(x0).

One can easily see that Sup∆(p) is attained when p = f
′
(x0) and the

supremum value of ∆ is f(x0). Therefore we conclude that g∗(x0) = f(x0).
�

Definition 21. We say that f is conjugated to g if f ∗ = g.
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The last result claims that if f is conjugated to g, then g is also conjugated
to f.

Definition 22. Suppose g is a convex function on Rm. We say that y ∈ Rm

is a sub-differential of g in the value x, if

g(z) ≥ g(x)+ < y, z − x > (197)

for any z ∈ Rm. We denote the set of all sub-differentials of g in the value x
by δg(x).

This definition allows one to deal with the case c(t), t ∈ R, piecewise
differentiable (it is differentiable up to a finite set of points ti, i ∈ {1, 2, ..., n}).
In the values t where c is differentiable, there is a unique subdifferential
c
′
(t) = δc(t), but in the values ti where c(t) has left and right derivatives (we

assume in the definition that this property is true) respectively equal to ui
and vi, then δc(ti) is the interval [ui, vi].

Characterization of the subdifferential. Suppose ϕ is convex defined
in Rn. Then, for all x, y ∈ Rn,

〈x, y〉 = ϕ(x) + ϕ∗(y)⇐⇒ y ∈ ∂ϕ(x). (198)

Given x, y ∈ Rn any,

〈x, y〉 = ϕ(x) + ϕ∗(y) ⇐⇒ ∀z ∈ Rn, 〈x, y〉 ≥ ϕ(x) + 〈y, z〉 − ϕ(z)

⇐⇒ ∀z ∈ Rn, ϕ(z) ≥ ϕ(x) + 〈y, z − x〉
⇐⇒ y ∈ ∂ϕ(x).

In the first equivalence, we use the fact that ϕ∗∗ = ϕ.

The next result shows a duality between the subdifferentials of conjugated
functions.

Proposition 73. y ∈ δg(x), if and only if, x ∈ δg∗(y).

Proof By definition y∈ δg(x) is equivalent to

g(z) ≥ g(x)+ < y, z − x >
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for all z ∈ R.
The last expression is equivalent to

< y, z > −g(z) ≤< y, x > −g(x)

for all z ∈ R.
Therefore y ∈ δg(x) is equivalent to say that x realizes the supremum of

< y, z > −g(z).
From the above reasoning that y ∈ δg(x) is equivalent to < x, y >=

g∗(y) + g(x).
Applying the same result for g = g∗, and interchanging the role of x

and y, that is, x=y and y=x, we conclude that x ∈ δg∗(y) is equivalent to
< y, x >= g∗∗(x) + g∗(y). The last expression is equivalent to < y, x >=
g(x) + g∗(y), because from the last proposition g∗∗ = g.

Hence y ∈ δg(x) is equivalent to x ∈ δg∗(y)
�

Using this proposition one can show the following result:

Proposition 74. I(v) = 0, if and only if, v ∈ δc(0). The function I is
non-negative and has a minimum equal zero in the set δc(0).

Proof: First note that as I = c∗, then from the last proposition v ∈ δc(0),
if and only if, 0 ∈ δI(v). In this case,

I(z) ≥ I(v)+ < 0, z − v >= I(v) = 0

for any z ∈ R. Therefore, I(z) has an infimum in the set δc(0).
Proposition 73 claims that < t, v >= c(t) + c∗(v) = c(t) + I(v), if and

only if, v ∈ δc(t). Now, using this proposition for the case t = 0, one obtain
I(v) = −c(0) = 0. The final conclusion is that I(z) ≥ I(v) = 0 for v ∈ δc(0)
and z ∈ R.

�

The proof of the main Theorem is done in two separate parts: the upper
large deviation inequality and the lower large deviation inequality. First, we
will show the upper large deviation inequality. This inequality is true in a
quite general context, even without the hypothesis of full differentiability of
c(t) [66]. In the second inequality, we will use the differentiability of the free
energy.
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Proposition 75. (Upper large deviation inequality) Suppose c(t), t ∈ R is a
well defined convex function, then

lim sup
n→∞

1

n
log µ{x | 1

n

n−1∑

j=0

f(T j(x)) ∈ K} =

lim sup
n→∞

1

n
logQn(K) ≤ −Infz∈KI(z) (199)

where K is a closed set in R.

Proof: Let’s first recall Tchebishev’s inequality: let g be a measurable
function from X in R and h from R to R a non-negative, nondecreasing
function such that

∫
h(g(x))dµ(x) is finite. In this case, for any value d such

that h(d) is positive

µ{x | g(x) ≥ d} ≤
∫
h(g(x))dµ(x)

h(d)
.

We refer the reader to [66] for the proof of Tchebishev’s inequality.
Denote δc(0) = [u0, v0] (it is very easy to see that δc(0) is an interval).
We will show first the claim of the theorem for semi intervals [a,∞, )

where a is larger than the right derivative v0 of c at t=0. For such a and any
t > 0, Tchebishev’s inequality for

h(y) = enty, g(x) =
1

n

n−1∑

j=0

f(T j(x)), d = a,

(Remark- we require t > 0 in order h(y) being non-decreasing) implies that

Qn([a,∞)) ≤ e−nta
∫
et

∑n−1
j=0 f(T j(x))dµ(x) = e−n(ta−cn(t)).

Therefore taking limits when n goes to infinity, one concludes that

lim sup
n→∞

1

n
logQn([a,∞)) ≤ − sup

t≥0
{ta− c(t)}. (200)

Now we need the following claim:

Claim supt≥0{at− c(t)} = I(a) = supt∈R{at− c(t)}.
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Proof of the Claim: c(t) is convex, hence u0, the left derivative of c at 0,

satisfies u0 ≤ c(t)
t
, t < 0. Therefore,

ta− c(t) = t(a− c(t)

t
) ≤ t(a− u0).

The last term is negative because a ≥ v0 ≥ u0.
The conclusion, is that I(a) = supt∈R{ta− c(t)} = supt>0{ta− c(t)}.
Hence the claim is proved.

Before we return to the proof of the Theorem, we will need first to prove
another claim.

Claim I(a) = infz≥a I(z).

Proof of the Claim: From Proposition 74, I(z) is equal to 0 on [u0, v0] =
δc(0). We claim that for z > v0 the function I is monotone nondecreasing.
This is so because, if there exist two values z1 and z2 larger than v0, such
that I(z1) = I(z2), then there exists z ∈ [z1, z2] with 0 ∈ δI(z) (this fol-
lows at once from the convexity and the definition 22 but does not require
differentiability).

This means, by proposition 74, that z ∈ δc(0), but this is false because z
is not in [u0, v0]. Therefore I(a) = infz>aI(z), and the second claim is also
proved.

Now, from equation (200) and using the two claims stated above, we
obtain the desired conclusion

lim sup
n→∞

1

n
logQn{K} ≤ − inf

z∈K
I(z) (201)

when K = [a,∞) and a larger than v0, the rigth derivative of c at 0.
The proof for intervals K of the form (−∞, a], a < u0 is similar.
Now we will prove the claim of the theorem for a general closed set K.
First note that if K intersects the set δc(0) = [u0, v0], then the claim is

trivial because Infz∈KI(z) = 0 (remember that v ∈ δc(0), if and only if, I(v)
= 0, by proposition 74).

Hence, we will suppose that K does not intersect the set [u0, v0].
Consider a, b two real values such that (−∞, a] ∪ [b,∞) is the smallest

possible set such that K ⊂ (−∞, a] ∪ [b,∞). As the set K is closed, then
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(a = −∞ or a ∈ K) and (b =∞ or b ∈ K). Suppose for simplification of the
notation that a, b ∈ K (the other case can be easily handled by the reader).
From the first part we know that Infz∈(−∞,a]I(z) = I(a) and Infz∈[b,∞)I(z) =
I(b). Therefore Infz∈KI(z) = min {I(a), I(b)}, because a, b ∈ K.

Finally from the first part:

lim sup
n→∞

1

n
logQn(K) ≤ lim sup

n→∞

1

n
log(Qn(−∞, a] +Qn[b,∞)) ≤

lim sup
n→∞

1

n
(logQn(−∞, a] + logQn[b,∞)) ≤ −I(a)− I(b) ≤

−Inf{I(a), I(b)} = Infz∈KI(z).

Therefore the Proposition is proved.
�

Proposition 76. If c(t) is differentiable at t=0, then c
′
(0) =

∫
f(x)dµ(x).

Proof: We know from the last proposition that I(z) ≥ I(v) = 0 for
z ∈ R and v ∈ δc(0) = {c′(0)}.

Note that if c is differentiable at 0, we have the uniqueness of the z such
that I(z) = 0, and this value is equal to v = c

′
(0).

The proof will be done by contradiction. Suppose c
′
(0) is different from∫

f(x)dµ(x). Given ε =
|c′ (0)−

∫
f(x)dµ(x)|
2

> 0 , consider

K = (−∞, c′(0)− ε] ∪ [c
′
(0) + ε,∞)

and M = Infz∈KI(z) > 0. Proposition 75 assures that for sufficiently large
n ∈ N:

µ({z | | 1

n

n−1∑

j=0

f(T j(z)) ∈ K} =

µ({z | 1

n

n−1∑

j=0

f(T j(z))− c′(0) |≥ ε} ≤ e−nM . (202)

From the last inequality, µ-almost every point z has the property that
its temporal mean converges to c

′
(0), and from the Theorem of Birkhoff,

this value c
′
(0) has to be the spatial mean

∫
f(x)dµ(x). Hence we obtain a

contradiction and the proposition is proved.
�

118



Definition 23. We say that the µ-integrable function f from X to R has the
exponential convergence property , if for any ε > 0, there exist M > 0 such
that:

µ{y | |
n−1∑

j=0

f(T j(y))−
∫
f(x)dµ(x) |≥ ε} ≤ e−nM (203)

for n large enough.

Proposition 77. Suppose c is differentiable at t = 0, then f has the expo-
nential convergence property.

Proof: As we have just shown that c
′
(0) =

∫
f(x)dµ(x) and v = c

′
(0) is

the only value that I(v) = 0, then given ε, there exists

M = Infz∈[
∫
f(x)dµ(x)−ε,

∫
f(x)dµ(x)+ε]I(z),

such that

µ{y | |
n−1∑

j=0

f(T j(y))−
∫
f(x)dµ(x) |≥ ε} ≤ e−nM .

�
We will need the very well-known definition of distribution in order to

simplify the notation in the proof of the next theorem:

Definition 24. Given a µ-integrable function f : W → R, (a random vari-
able) then the measure µf defined on the real line R, such that for any
continuous function g : R→ R

∫
g ◦ fdµ(z) =

∫
g(x)dµf (x) (204)

is called the distribuition function of the µ-integrable function f.

In Statistics is common the notation
∫
g(X)dP =

∫
g(x)dµX(x) where

X : W → R is the Random Variable.

Such a measure µf always exists (using the notation of the first chapter
f : X → Y (or f : X → R), then µf it is the pull-back of the measure µ by
the map f as introduced in Definition 24).

119



Remark Note that for any interval (a, b) contained in R,

µf ((a, b)) = µ{y | f(y) ∈ (a, b)}.

As a practical rule, remember that each time one wants to integrate∫
g(x)dµf (x), one substitutes the variable x by f(z) and integrates with re-

spect to µ, that is:
∫
g(f(z))dµ(z).

The proofs of all results we obtained before are quite general and can be
easily extended (the proofs being absolutely the same) to the following case:

Theorem 78. For each value n ∈ N, let Xn be a µ-integrable function on
W such that Xn(z)

n
∈ R , z ∈ X has νn(x) , x ∈ R as distribution function,

that is, using the notation that we introduced above for distribution function,
νn = µ

Xn
n . Define

c̃(s) = lim
n→∞

1

n

∫
esXn(z)dµ(z) = lim

n→∞

1

n

∫
esnxdνn(x) (205)

the free energy of the sequence Xn
n

.
Suppose c(s) is differentiable at s = 0, then there exists a positive M such

that

µ({z | | Xn

n
(z)− c̃′(0) |≥ ε} ≤ e−nM (206)

for n large enough.
The value M is obtained in the following way:

M = Infl∈(−∞,c̃′ (0)−ε)∪(c̃′ (0)+ε,∞)I(l), (207)

where for each value l, I(l) = supl∈R{sl− c̃(s)}, is the Legendre transform of
c̃(s).

Remark Note that it follows from the above theorem that

lim
n→∞

νn((−∞, c̃′(0)− ε] ∪ [c̃
′
(0) + ε,∞)) = 0

and therefore that
lim
n→∞

νn(B(c̃
′
(0)), ε)) = 1 (208)

120



(see the last remark and the definition of the distribution function).

The last theorem can be seen as a generalization of the results we obtained
before by making the measurable function Xn(z) defined above play the role
of the function

∑n−1
j=0 f(T j(z)) that we previously considered.

Now we will use this last result to prove the lower large deviation inequal-
ity:

Theorem 79. (Lower large deviation inequality) Suppose that the free energy
c(t) is differentiable for every t ∈ R, then for any open set A:

lim inf
n→∞

1

n
logQn(A) ≥ −Infz∈AI(z). (209)

Proof: We will assume that for any real value z ∈ R there exists a value
t such that c

′
(t) = z. If we suppose that c”(t) > α > 0, then this assumption

is satisfied as we saw in Proposition 73.
The above hypothesis is not necessary for the proof of the theorem, but

in order to avoid too many technicalities, we will prove the result under this
assumption.

Consider z in the open set A and r such that B(z, r) = (z − r, z + r) is
contained in A. Denote by t a value such that c

′
(t) = z (there exists such a

t by hypothesis).
Now we will need to use the concept of distribution of a µ-measurable

function that we introduce before.
We will denote by µn the distribuition on R such that µn = µ

1
n

∑n−1
j=0 f(T j(z))

(see the notation introduced after definition 24).
Therefore, given a set (a, b) ⊂ R,

∫

(a,b)

dµn(x) = µn((a, b)) = µ{z | 1

n

n−1∑

j=0

f(T j(z)) ∈ (a, b)} = Qn((a, b)).

Denote Zn(t) =
∫
etnxdµn(x) = encn(t) (see definition 17 and remember

the practical rule mentioned in the remark after the definition 24 of distri-
bution). The reader familiar with Statistical Mechanics will recognize the
Partition function in the definition we introduced.
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For each fixed value t ∈ R and n ∈ N, we will now denote by µnt the
probability on R given by

dµnt (x) =
entx

Zn(t)
dµn(x). (210)

Note that for a fixed t and n,

Zn(t) = encn(t) =

∫
ent

1
n

∑n−1
j=0 f(T j(x))dµ(x) =

∫
etnxdµn(x), (211)

and therefore the term Zn(t) = ecn(t) appears only as a normalization term
in the definition of the probability µnt (it does not depend on x).

For a fixed value t, this one-parameter family of probabilities µnt , t ∈ R,
will play a very important role in the proof of the theorem.

One should think of the measure µnt in the following way: for t=0 the
measure µn = µnt . From the Theorem of Birkhoff, the measure µn = µn0
focalizes on (or has mean value) v =

∫
f(x)dµ(x) = c

′
(0), that is,

lim sup
n→∞

µn((c
′
(0)− ε, c′(0) + ε)) =

lim sup
n→∞

Qn((c
′
(0)− ε, c′(0) + ε)) = 1.

For the given value z ∈ A, we choose THE FIXED VALUE t such that
c
′
(t) = z, and then the measure µnt , will ”focalize” on (or, has mean value)

z = c
′
(t) as will be shown:

Claim Suppose c
′
(t) = z, then for any r:

lim
n→∞

µnt ((z − r, z + r)) = 1 (212)

Proof of the Claim:
For the value t and n ∈ N, let Xn be a measurable function such that

Xn
n

has a distribution function µnt (such measurable functions always exist
by trivial arguments). Now we will use the last theorem and the fact that
z = c

′
(0). Define the new free energy

c̃(s) = ct(s) = lim
n→∞

1

n
log

∫
esXn(z)(z)dµ(z) =
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lim
n→∞

1

n
log

∫
esnxdµnt (x)

as was done in the last theorem.
One can obtain ct(s) from c(s) in the following way:

c̃(s) = ct(s) = lim
n→∞

1

n
log

∫
esnxdµtn(x)

lim
n→∞

1

n
log

∫
enx(s+t)

encn(t)
dµn(x) =

lim
n→∞

1

n
log

∫
enx(s+t)dµn(x)− lim

n→∞

1

n
log ecn(t)n =

c(t+ s)− c(t).
Hence, if c is differentiable on t, then ct(s) is differentiable at s = 0 and

dc
dt

(t) = dct
ds

(0). Now, as the hypothesis of differentiability of the last theorem
is satisfied, the conclusion follows (see remark after theorem 78):

lim
n→∞

µtn(B(c
′

t(0), r)) = 1

Using the fact that we choose t in such manner that c
′
t(0) = c

′
(t) = z, we

conclude that:
lim
n→∞

µtn((B(z, r)) = 1

and the claim is proved.

Note that introducing the fixed parameter t in our problem (defining
the one-parameter family of measures µnt , n ∈ N), has the effect of translating
by t the free energy c(s) (on the parameter s), that is,

ct(s) = c(t+ s)− c(t). (213)

In other words, we adapt the measure µnt in such a way that this new
measure has the mean value z.

Now we will return to the proof of the theorem.
For any point x ∈ B(z, r),−tz− | t | r ≤ −tx. Therefore:

Qn(A) ≥ Qn(B(z, r)) =

∫

B(z,r)

dµn(x) =
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Zn(t)

∫

B(z,r)

e−ntxµnt (x) ≥

en(cn(t)−tz)−rn|t|µnt (B(z, r)).

Hence

lim inf
n→∞

1

n
logQn(A) ≥ c(t)− tz − r | t | + lim inf

n→∞

1

n
log µnt (B(z, r))

From the claim, we know that the last term on the right-hand side of the
above expression is zero. Hence, as c(t)− tz = −I(z), because c

′
(t) = z, then

lim inf
n→∞

1

n
logQn(A) ≥ −I(z)− r | t | .

As r was arbitrary and positive, we conclude finally that

lim inf
n→∞

1

n
logQn(A) ≥ −I(z).

Now as z was arbitrary in the open set A, we obtain that

lim inf
n→∞

1

n
logQn(A) ≥ − inf

z∈A
I(z),

and this is the end of the proof of the theorem.
�

As I(z) is assumed to be continuous (because c(t) is assumed to be dif-
ferentiable), the final conclusion is:

Theorem 80. Suppose c(t) is differentiable in t, then for a given interval C
(open or closed)

lim
n→∞

1

n
logQn(C) = − inf

z∈C
I(z). (214)

That is, the Large Deviation Principle is true.

9 Appendix

9.1 Equilibrium probabilities in the lattice Z
Consider the one-dimensional lattice Z, where in each site of Z we consider a
finite colection of spins which belong to the set {1, 2.., d}, and moreover the
set of strings Ω̂ = {1, 2, .., d}Z.
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Consider a potential Â : {1, 2, .., d}Z → R which describes a certain kind
of interaction among spins in the site. It will be helpful to express the strings
in coordinates.

An element in Ω̂ = {1, 2, .., d}Z (an infinite string) is denoted by

(y|x) = (...yn, ..., y2, y1|x1, x2, .., xj, ..), xj, yk ∈ {1, 2, ..., d}, j, k ∈ N. (215)

The symbol | depicted above was used with the purpose of setting a
determined fixed spot in the lattice (in order we can specify coordinates).
Note that all of the above is of a purely conventional nature.

We could also express (y|x) as

(y|x) = (..x−n, .., x−2, x−1|x1, x2, .., xj, ..), xj, x−k ∈ {1, 2, .., d}, j, k ∈ N,
(216)

and call (x1, x2, .., xj, ..) ∈ {1, 2, .., d}N the future and (x−1, x−2, ..., x−n, ...) ∈
{1, 2, .., d}N the past.

If Ω = {1, 2, .., d}N the above expressions can be regarded in the form
Ω̂ = Ω× Ω.

All results we will explain below will be true if Ω̂ = (S1)Z, which is the
case when the set of spins is the unit circle S1 (can be even a compact metric
space).

The shift σ̂ : Ω̂→ Ω̂ is the transformation such that

σ̂(...yn, ..., y2, y1|x1, x2, .., xj, ..) = (...yn, ..., y2, y1, x1|x2, .., xj, ..).

The shift σ : Ω→ Ω is the transformation such that

σ(x1, x2, .., xj, ..) = (x2, .., xj, ..).

The shift σ̂ can be regarded as one step - to the left - translation in the
lattice {1, 2, .., d}Z. The dynamics is not related to time, but to spatial
translation.

We consider first the class of σ̂ invariant probabilities µ̂ on Ω̂ which are
stationary for the shift σ̂. This will correspond to all equilibrium states
(probabilities) in Statistical Mechanics.

By definition a probability µ̂ on Ω̂ is σ̂ invariant if for any continuous
function f : Ω̂→ R we get

∫
(f ◦ σ̂)dµ̂ =

∫
fdµ̂. (217)
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We denote M̂ the set of σ̂ invariant probabilities.
It is natural to study σ̂ invariant probabilities because God did not tell us

where to put the | that was considered above in (217). The Physics is in the
interaction potential Â : {1, 2, .., d}Z → R, and this is intrinsic. The choice
of coordinates is not intrinsic. There is no meaning for time in all that.

Given Â, the associated equilibrium probability µ̂Â for Â (a concept to

be presented soon in Definition 25) on Ω̂ should not depend of translations
in the lattice Z.

In Statistical Mechanics, for a fixed temperature T , the role of the inter-
action is played by an Hamiltonian H : {1, 2, .., d}Z → R (related to Energy).
From the physical point of view the stationary probabilities (for the trans-
lation on the lattice) on Ω̂ at temperature T are equilibrium probabilities
for the potential Â= − 1

T
H. This form of potential captures in some way

the property, observed in laboratories, showing that high energy levels have
small probability.

In the similar way as before, a probability µ on Ω is σ invariant if for any
continuous function f : Ω→ R we get

∫
(f ◦ σ)dµ =

∫
fdµ.

We denote Mσ the set of σ invariant probabilities.
What is the connection between Mσ and M̂?
Consider a potential Â : Ω̂→ R, which plays the role of Â = − 1

T
H (where

H is an Hamiltonian). The technical assumption that Â is Hölder means that
the decay of interaction along sites decays very fast. There will be no phase
transition in this case. A general continuous potential Â : Ω̂ → R can get
sometimes more than one equilibrium state = phase transition.

Definition 25. Given a Hölder potential Â : Ω̂ → R we denote by µ̂Â the

associated equilibrium state for Â, that is, the invariant probability µ̂Â
which maximizes

P (Â) = sup
µ̂∈M̂
{
∫
Âdµ̂+ h(µ̂)}, (218)

where h(µ̂) is the Shannon-Kolomogorov entropy.

Maximize pressure is equivalent to minimize Helmholtz free energy.
The energy of µ̂ in Ω̂ is

∫
Âdµ̂.

Note that by (217), given a continuous function f : Ω̂→ R the probability
which maximizes P (Â) also maximizes P (B̂), where B̂ = (Â+ f − (f ◦ σ̂)).
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Theorem 81. Given a Hölder function Â : Ω̂ → R there exist a Hölder
function f : Ω̂ → R such B̂ = (Â + f − (f ◦ σ̂)) satisfies for all (y|x) the
property: B̂(y|x) just depends on x. In other words there exists a Hölder
function B : Ω→ R such that B̂(y|x) = B(x) for all (y|x).

For a proof see [165] or [32].
The bottom line is: given Â : Ω̂ → R, find first the probability µB, such

that maximizes

P (B) = sup
µ∈Mσ

{
∫
Bdµ+ h(µ)}, (219)

where B : Ω→ R was defined above.
In this case, the energy of µ in Ω is

∫
Bdµ.

After finding the stationary σ-invariant µB on Ω, there is a unique exten-
sion of µB to a σ̂-invariant probability on Ω̂. Finally, this new probability on
Ω̂ will be the solution µ̂Â of problem (218).

The entropy of µB (using the dynamics σ) and the entropy of the extension
(using the dynamics σ̂) are the same.

Past and future (y|x) are determined by just future x.
What is the advantage of all that? Given a point (y|x) on Ω̂ there exists a

unique inverse image of (y|x) by σ̂ and you can not define the Ruelle operator.
Given x = (x1, x2, ..) ∈ Ω, there exist d preimages of x by σ

{(1, x1, x2, ..), (2, x1, x2, ..), ..., (d, x1, x2, ..)},
and you can define the Ruelle operator LB, where B : {1, .., d}N → R , acting
on continuous (or Hölder) functions ϕ : {1, .., d}N → R, where

ϕ(x)→ ψ(x) = LB(ϕ)(x) =
d∑

a=1

eB(a x)ϕ(a x). (220)

Using the Ruelle operator, in the case B is Hölder, one can show that µB
is mixing, has exponential decay of correlations, satisfies the C.L.T. theorem,
etc... Taking the extension µ̂Â of µB to Ω̂ you inherit the same properties for
µ̂Â.

It is not easy to show these dynamical properties without using the Ruelle
operator.

For each Hölder potential B : {1, .., d}N → R, there exists f : {1, .., d}N →
R and c ∈ R such that

log J = B + f − (f ◦ σ) + c,
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where J is a Jacobian (as previously defined). Given B the Jacobian J is
unique.

Then, the pressure problem for any Hölder potential B : Ω → R can be
analyzed via the pressure problem for the associated potential log J : Ω→ R,
where J is a Jacobian. The maximizing problem of pressure (as in (219)) for
P (B) and P (log J) gives the same answer.

One interesting result on the lattice Z described in [173] is the following
Given two Hölder potentials f, g : {1, ..., d}Z → R denote by µ̂f and µ̂f+g

the two probabilities on {1, ..., d}Z which are equilibrium probabilities (in the
sense of definition 25) for respectively f and f + g.

Then, one can get µ̂f+g from µ̂f (see corollary 7.13 in [173]) using the
following property:

Theorem 82. for any continuous function ψ : {1, ..., d}Z → R

lim
k,m→∞

∫
ψ(x)

e
∑k
j=−m g(σj(x))

∫
e
∑k
j=−m g(σj(y)) dµ̂f (y)

µ̂f (x) =

∫
ψ dµ̂f+g. (221)

Note that µ̂f+g is invariant for the shift σ̂ acting on {1, ..., d}Z.
One should compare the above result with theorem 38 which consider the

case {1, ..., d}N. There, the probability one gets is not necessarily invariant
for the shift.

The cylinder set cylinder z−r, ..., z−2, z−1 | y1, y2, ..., ys ⊂ {1, ..., d}Z, r, s >
0, is the set

{x = (...x−k, x−k+1, ..., x−1 |x1, ..., xm, xm+1, ...) |xj = yj, j = 1, 2, ..., s, and

x−j = z−j, j = 1, 2, ..., r}

Theorem 83. (see Theorem 1.2 in [25]) Suppose Â : Ω → R is of Hölder
class. Then, there is a unique σ̂-invariant probability ρ in {1, ..., d}Z for
which one can find constants C1 > 0, C2 > 0, and P such that, for all
cylinder z−r, ..., z−2, z−1 | y1, y2, ..., ys ⊂ {1, ..., d}Z we have

C1 ≤
ρ(z−r, ..., z−2, z−1 | y1, y2, ..., ys)

exp
(
−P (s+ r) +

∑s−1
k=−r Â(σ̂k(x))

) ≤ C2, (222)
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where

x = (...x−k, x−k+1, ..., x−1 |x1, ..., xm, xm+1, ...) ∈ z−r, ..., z−2, z−1 | y1, y2, ..., ys.

The probability ρ is the equilibrium probability for Â and P is equal to the
pressure of Â of Definition 25.

For more results on the ergodic theory for the action of the shift σ̂ in
{1, ..., d}Z and its relation with Axiom-A diffeomorphism we refer the reader
to [167].

9.2 Pressure and the MaxEnt method

We denote by G the set of all equilibrium probabilities for Hölder potentials.
Given a Lipschitz potential A : Ω→ R, as we know, the Pressure is

P (A) = sup
µ1∈G

[

∫
A(x) dµ1(x) + h(µ1)], (223)

where h(µ1) is the entropy of µ1 ∈ G.
The probability µA attaining the maximal value in (223) is called the

equilibrium probability for the potential A

Definition 26. MaxEnt - Consider constants α1, .., αr, and continuous func-
tions g1, g2, ..., gr, r ∈ N. Denote

F = Fg1,g2,...,gr
α1,..,αr

= {µ ∈ G |
∫
g1 dµ = α1, ...,

∫
gr dµ = αr}. (224)

A probabillity µME realizing the supremum of

sup
µ2∈F

g1,g2,...,gr
α1,..,αr

{h(µ2)}

is called a MaxEnt solution for the data α1, .., αr, g1, g2, ..., gr.

It is a classical result that one can transform the problem of finding Max-
Ent solutions in the problem of finding equilibrium probabilities for pressure.
Basically, we have to apply the method of transforming a maximization prob-
lem with constrains in a maximization problem without constrains. Entropy
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and pressure are dual concepts which are obtained one from the other via
Legendre transform.

Given g1, g2, ..., gr consider the q-pressure problem

(z1, z2, ..., zr) ∈ Rr → P (z1g1 + z2g2 + ...+ grzr) =

sup
µ1∈G
{

r∑

j=1

zj

∫
gj dµ1 + h(µ1)} := P(z1, z2, ..., zr).

It is known from Theorem 30 that

∂P

∂zj
=

∫
gjdµ̂, (225)

j = 1, 2, .., r, where µ̂ maximizes P (z1g1 + z2g2 + ...+ grzr).
Now, consider the Legendre transform

x = (x1, x2, .., xr)→ γ(x1, x2, ..., xr) =

= sup
(z1,z2,...,zr)∈Rr

{x1 z1 + x2 z2 + ...+ xr zr − P(z1, z2, ..., zr)}, (226)

which is the Legendre Transform of P(z1, z2, ..., zr).
Given x = (x1, x2, .., , xr) there exists a vector z = (z1, z2, ..., zr) = z(x)

realizing the supremum in (226). In this case

∇P(z1, z2, ..., zr) = (x1, x2, ..., xr). (227)

Therefore, from (225) we get ∂P
∂zj

=
∫
gjdµ̂ = xj, j = 1, 2, .., r.

We say that z is the dual pair of x: x⇔ z. In this case

γ(x1, x2, ..., xr) = x1 z1 + x2 z2 + ...+ xr zr −P(z1, z2, ..., zr).

The next result is known in great generality but we will present a formal
proof in our case for completeness.

Theorem 84. The Pressure problem and the MaxEnt method are dual prob-
lems of each other.

Proof. Given α1, .., αr, g1, g2, ..., gr consider the MaxEnt problem for these
data and the probability µME attaining the maximal value. First, take
(z1, z2, ..., zr) as the dual pair of (α1, .., αr).
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Consider the equilibrium probability µ̂ ∈ G for P(z1, z2, ..., zr). We want
to show that µ̂ maximizes MaxEnt.

Then, for any µ1
r∑

j=1

zj

∫
gj dµ1 + h(µ1) ≤

r∑

j=1

zj

∫
gjdµ̂+ h(µ̂). (228)

From (227) and (225) we get that µ̂ satisfies
∫
gjdµ̂ = αj, j = 1, 2, .., r. If

h(µ1) > h(µ̂), and
∫
gjdµ1 = αj, j = 1, 2, .., r, we reach a contradiction with

(228). Then, µ̂ solves the MaxEnt problem for the data α1, .., αr, g1, g2, ..., gr.
Therefore, if µ̂ ∈ G maximizes P(z1, z2, ..., zr), then, µ̂ solves the MaxEnt

problem for the data α1 =
∫
g1dµ̂, .., αr =

∫
gjdµ̂, g1, g2, ..., gr.

Now we consider the other implication. Given α1, .., αr, g1, g2, ..., gr con-
sider the MaxEnt problem for these data and the probability µME attaining
the maximal value.

Assume (z1, z2, ..., zr) is the dual pair of (α1, .., αr).
Assume that µ̂ ∈ G maximizes P(z1, z2, ..., zr) and we want to show that

µ̂ maximizes MaxEnt for the data αj, gj, j = 1, .., r.
From (227) and (225) we get that αj =

∫
gj dµ̂, j = 1, .., r.

Assume, µ ∈ G satisfies αj =
∫
gj dµ, j = 1, .., r.

Then, as µ̂ maximizes pressure, we get:

P(z1, z2, ..., zr) =
r∑

j=1

zj

∫
gj dµ̂+ h(µ̂) =

r∑

j=1

zj αj + h(µ̂) ≥

r∑

j=1

zj

∫
gj dµ+ h(µ) =

r∑

j=1

zj αj + h(µ). (229)

Then, from (229) we get that h(µ̂) ≥ h(µ), and therefore µ̂ is the MaxEnt
probability for the given data.

For the issue of uniqueness we refer to [118] (see also [58]) for details.
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9.3 Gibbs states are singular to each other

Suppose µ1, µ2 ∈ G are ergodic. Then, they are singular with respect to each
other: there exists a set K ⊂ Ω such that µ1(K) = 1 and µ2(K) = 0 (see
[188]).

As example take µ1 the independent probability (1/3, 2/3) on Ω = {1, 2}N
which is invariant for the shift and ergodic.

For example µ1(1, 2, 1, 1, 2) = 1
3

3 2
3

2
.

By Birkhoff Theorem, given a continuous function f : {1, 2}N, there exist
a set K1 ⊂ {1, 2}N, such that µ1(K1) = 1, and for all x ∈ K1,

∫
fdµ1 = lim

n→∞

1

n

n−1∑

j=0

f(σj(x)).

Note that the set K1 is not a cylinder. The set K1 depends of infinite
coordinates (it is in the sigma-algebra generated by all the finite cylinder
sets).

Denote 1 ⊂ Ω the cylinder {1, x2, x3, ..., xn, ...) |, xj ∈ {1, 2}, j ≥ 2}
Consider f the indicator of the cylinder 1, that is f = I1

In this case any point x in K1 satisfy

∫
I1dµ1 = 1/3 = lim

n→∞

1

n

n−1∑

j=0

I1(σj(x)).

That is, the symbol 1 has frequency 1/3 for strings x ∈ K1, that is for µ1

almost everywhere x,
Denote µ2 the independent probability (1/2, 1/2) on Ω = {1, 2}N which

is invariant for the shift and ergodic. Once more consider f = I1.
Then, there exist a set K2 such that µ2(K2) = 1, and for x ∈ K2,

∫
I1dµ2 = 1/2 = lim

n→∞

1

n

n−1∑

j=0

I1(σj(x)).

Then, µ1(K2) = 0.

9.4 Potentials that depends on the first two symbols

Consider on Ω = {1, 2}N a potential A : {1, 2}N → R of the form

A(i, j, x3, .., xn, ..) = log(Cij), (230)
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i, j = 1, 2.
In this section we consider column stochastic matrix and not line stochas-

tic matrix as in Example 1. This is just a question of convenience.
We want to find the explicit expression for the eigenfunction ϕ which is

of the form
ϕ(i, j, x3, .., xn, ..) = vi,

i = 1, 2
In other words, we assume that ϕ is constant equal to v1 in the cylinder

1 and constant equal to v2 in the cylinder 2.
The matrix

C =

(
C11 C12

C21 C22

)

acts on the left on functions v = (v1, v2) and the right on probabilities p =
(p1, p2).

The Ruelle operator acting on ϕ can be written (see (57) and (58)) in an
equivalent way as

(v1 v2) → (v1 v2)

(
C11 C12

C21 C22

)
= (u1, u2).

We want to find v = (v1, v2) and λ such that

(v1 v2)

(
C11 C12

C21 C22

)
= λ (v1 v2).

The associated normalized potential B : {1, 2}N → R will be of the form

B(i, j, x3, .., xn, ..) = log(Qij),

i, j = 1, 2, where

Q =

(
Q11 Q12

Q21 Q22

)

is a column stochastic matrix.
The matrix Q wil be obtained in the same way as the matrix P in (60).
We want also to specify the right invariant vector of probability π =

(π1, π2) satisfying

(
Q11 Q12

Q21 Q22

) (
π1

π2

)
=

(
π1

π2

)
.
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Dictionary - classical ⇔ a priori

Therm. Form. for Markov probabilities Therm. Form. with symbols on comp. met. space K

state space S is S = {1, 2, . . . , d} state space S = K is a compact metric space

consider a fixed a priori measure µ̃ =
∑d
a=1 δa

consider a fixed a priori probability µ on Borel K;

Special case K = {1, 2, .., d}, µ = 1
d

∑d
a=1 δa = 1

d µ̃

shift σ : Ω = {1, 2, . . . , d}N 	 shift σ : Ω = KN 	

function f : {1, 2, . . . , d} → R, f = (f1, f2, . . . , fd),

f =
∑d
j=1 fj1j depends on the first variable x1

Continuous function f : KN → R (observable)

f(x) = f(x1, x2, x3, . . .), xj ∈ K, j ∈ N
Potential Ã : {1, 2, . . . , d}N → R depen. on first 2 var.,

Ã(x1, x2, x3, . . .) = Ã(x1, x2) constant in cylinders x1, x2.

Such Ã : {1, 2, . . . , d}N → R is of Holder class.

Continuous Potential A : KN → R; A(x) =

A(x1, x2, x3, . . .), xj ∈ K; interaction in the lattice N

Duality: line vector l ⇔ column vetor r Duality: functions ⇔ mesures

Matrix Operation Ã on line vector f = (f1, .., fd) ∈ Rd,
left vectors are functions. Action on the left: f → g = f Ã,

g(j) = Llog Ã(f)(j) =
∑d
i=1 e

log Ã(ij)f(i) =
∑d
i=1 Ãijf(i) ∈ Rd

Ruelle for A : KN → R Holder: acts on continuous

functions f : KN → R, via g(x) = LµA(f)(x) =

LA(f)(x) =
∫
eA(ax)f(ax)dµ(a)

matrix Ã = (Ãi,j)
d
i,j=1 acts on right vectors in Rd,

right vectors are measures π on {1, 2..., d},
π1 → Ã π1 = π2, action on the right .

A : Ω→ R will induce an operation on measures:

take L∗
A Riesz dual of LA,

L∗
A(µ1) = µ2, if

∫
gdµ2 =

∫
LA(f)dµ1, ∀ cont. g,

Duality: line vector l ⇔ column vetor r Duality: functions ⇔ mesures

column stochastic matrix P = (Pi,j)
d
i,j=1 = transition kernel,

action: π1 → π2 = Pπ1, P preserves prob. on {1, .., d}
A = logP is called normalized if Lµlog J(1) = Llog J(1) = 1,

if µ1 probability on Ω, then L∗(µ1) = µ2 is a probability on Ω

Given Jm(i, j, . . .) = Pij , then, Llog Jm(1) = 1,

µ1 prob on Ω, then m2 = L∗
log J(m1) prob. on Ω

If log J is normalized: Llog J(1) = 1 ⇒
if µ1 prob. on Ω, then µ2 = L∗

log J(µ1) is prob. on Ω

(*) initial prob. π on {1, 2.., d}, s. t. P π = π, defines

σ-inv prob. m, s.t. m(a1, . . . , an) = πa1Pa1,a2 · · ·Pan,an−1

If log J is normal., m is Gibbs for J = Jm, called Jacobian of m,

if L∗
log J(m) = m. Prob. m is σ-inv. There is a bijection m⇔ Jm.

P column stoc., log J = logPij , all Pij > 0, Llog J(1) = 1,

⇔ (1 , 1 , ..., 1)P = (1, 1 , ..., 1)

Stoch. Proces Xn, transition Pij const. on cylinders ij,

Jacobian J > 0, J : Ω→ R, Llog J(1) = 1,

Stoch. Proces Xn, n ∈ N, with transition J(x1, x2, .., xn, . . .)

m on Ω of Definition (*) is σ-invar. Shannon-Kolmogorov

entropy h(m) = −
∫

log Jmdm = −∑d
i,j=1 πjPij log(Pij) > 0

entropy −∞ < H(m) = Hµ(m) = −
∫

log Jmdm ≤ 0,

in case M = {1, .., d}, µ = 1
d µ̃, Hµ(m) = h(m)− log d ≤ 0

lÃ is left eigenvalue: if lÃ ∈ Rd, λÃ > 0, s. t. lÃÃ = λÃlÃ.

If Ã = P , then λÃ = 1 and lÃ = (1, 1, .., 1).

fA : Ω→ R eigenfunction for LA if LA(fA) = λAfA.

If A = log J , then fA = 1, λA = 1.

rÃ is right eigenvalue: if rÃ ∈ Rd, λÃ > 0, s.t. ÃrÃ = λÃrÃ

If Ã = P there exists π such that Pπ = π, λ = 1

qA on Ω is eigenprobability for L∗
A, if L∗

A(qA) = λAqA.

In case of normalized A = log J , then, λ = 1, L∗
log Jm

(m) = m;

Bijection relation log Jm ⇔ m

Perron Theorem: given the matrix Ã with positive entries

there exist λÃ > 0, positive lÃ, rÃ ∈ Rd, such that,

lÃ Ã = λÃlÃ, Ã rÃ = λÃ rÃ

Ruelle Theorem: for A : Ω→ R Holder there exists

λA > 0, probability qA on Ω, and function fA > 0, s. t.

LA(fA) = λAfA and L∗
A(qA) = λAqA

Ã matrix; x = (x1, x2, x3, ..)→ log Ã(x) = log Ãx1x2
∈ R x = (x1, x2, x3, ...)→ A(x) ∈ R

Pressure for log Ã is P(log Ã) = supσ−inv m{h(m) +
∫

log Ãdm} Pressure of A is P(A) = supσ−inv m{H(m) +
∫
Adm}

Ã(x) = Ã(x1, x2), Ruelle Theorem: P(log Ã) = log λÃ A : Ω→ R, Holder, Ruelle Theorem P(A) = log λA

mÃ on Ω is called equilibrium probability for log Ã if

P(log Ã) = h(mÃ) +
∫

log ÃdmÃ.

mÃ is unique because Ã is Holder.

mA on Ω is called equilibrium probability for A if

P(A) = H(mA) +
∫
AdmA.

A Holder ⇒ mA unique. If A just continuous maybe not unique.

init. vec. of prob. πÃ in {1, 2, . . . , d} s. t. πÃ = lÃ rÃ,

that is πÃj = lÃj r
Ã
j , j = 1, 2, .., d, then mÃ(j) = lÃj r

Ã
j

mA equi. for A : then,

∀j ∈ {1, .., d}, mA(j) =
∫
j
dmA

mÃ(a1, . . . , an) = πÃa1Pa1,a2 · · ·Pan,an−1
; where

P depends on Ã: logPij = Ãij + log lÃi − log lÃj − log λÃ,

or, in an equivalent form Pij =
eÃij lÃi
lÃj λ

Ã
.

mA equil. for A ⇒ mA = fA qA. Moreover, mA = mlog JA .

mA ⇔ log JA = A+ log fA − (log fA ◦ σ)− log λA,

or, in an equivalent form J = eA fA

(fA◦σ)λA .

Pπ = π, all entries P positive, then, m = mP .

m of Definition (*) is σ invariant and L∗
logP (m) = m

L∗
log Jm

(m) = m and a natural association m⇔ log Jm.

m is σ invariant.

m is ergodic for σ ⇔ the Process Xn is ergodic ⇔
given Borel B, if σ−1(B) = B ⇒ m(B) = 0 or m(B) = 1

m is ergodic for σ ⇔
given Borel B, if σ−1(B) = B ⇒ m(B) = 0 or m(B) = 1

generically all Pij > 0 ⇒ a unique π s. t, Pπ = π C0-generically on A the equilibrium probability mA is ergodic

Figure 1: Table 1
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From this will follow the expression for the equilibrium probability µA for
A. In this case

µA(j1, ..., jn ) = Qjn jn−1 ... Qj3 j2 ... Qj2 j1 πj1 .

This can be obtained in an explicit form from the Ci,j as we will see.
The eigenvalue λ for the Ruelle operator LA is

λ =
1

2
(C11 + C22 +

√
C2

11 + C2
22 + 4C12C21 − 2C11C2 )

and one possible eigenvector for C is

v = (v1, v2) =

( 1,
−C11 + C22 +

√
C2

11 + C2
22 + 4C12C21 − 2C11C2

2C12

).

The normalized matrix Q satisfies

Q11 =
2C11

C11 + C22 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22

,

Q21 =
−C11 + C22 +

√
C2

11 + C2
22 + 4C12C21 − 2C11C22

C11 + C22 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22

,

Q12 =
2C12C21

2C12C21 + C22(−C11 + C22 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22)

and

Q22 =
2C22

C11 + C22 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22

.

The probability vector π = (π1, π2) satisfies

π1 =
4C12C21

4C12C21 + (C22 − C11 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22)2

and

π2 =
(C22 − C11 +

√
C2

11 + C2
22 + 4C12C21 − 2C11C2)2

4C12C21 + (C22 − C11 +
√
C2

11 + C2
22 + 4C12C21 − 2C11C22)2

.

The equilibrium probability µA for the potential (230) above is the the
stationary Markov probability for the column stochastic matrix Q and the
initial vector of probability π = (π1, π2). For example µA(122) = Q12Q22π2.

The Jacobian for the probability µA satisfies: for x in the cylinder ij we
get that J(x) =

πiQi j
πj

= Qji
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9.5 Interactions, Gibbs measures and disorder systems

Part of this section was taken from [42].

We will give here a short description for the simpler case without disorder
where the formalism applies to a space Ω only, so the ”disorder space” X is
trivial (see [43] for a more detailed description of interactions and its relation
with the Ruelle operator in thermodynamic fomalism).
For didactic reasons we will denote by H a Hamiltonian described by a
specification (which is the classical setting of Statistical Mechanics) and by
A : Ω = {−1, 1}N → R a Hölder potential (which is traditionally the setting
of Thermodynamic Formalism). Our purpose is the relate the main concepts
of both settings.
In Example 3 we denote such an A by H : {−1, 1}N → R and here we want
to clarify this point.
We will use the following notation: for each n ≥ 1, x, y ∈ Ω = {−1, 1}N
denote

[x|y]n ≡ (x1, . . . , xn, yn+1, yn+2, . . .)

Let hhh = (hi)i∈N ∈ `∞(N) and let JJJ ≡ {Jij ∈ R : i, j ∈ N and i 6= j} be a
collection of real numbers belonging to the set

R(N) =
{
JJJ : sup

i∈N

∑

j∈N\{i}

|Jij| < +∞
}
. (231)

Given x, y ∈ Ω = {−1, 1}N, for each n ∈ N we define a real function Hn :
Ω× Ω×R(N)× `∞(N)→ R by the following expression

Hn(x, y,JJJ,hhh) =
∑

1≤i<j≤n

Jijxixj +
∑

1≤i≤n

hixi +
∑

1≤i≤n
j≥n

Jijxiyj. (232)

Note that the summability condition in (231) ensures that the series appear-
ing in (232) is absolutely convergent and therefore Hn is well defined.
We denote by H the family of expressions Hn, n ∈ N, and will call (by abuse
of terminology) H sometimes the Hamiltonian (if we think of the sum of the
potential and all its shifts) and sometimes, more accurately the Interaction
associated to the Hn, n ∈ N.
Let’s fix a certain point y ∈ Ω, this is a configuration which will be called
the boundary condition.
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For each n ≥ 1, y ∈ Ω and (JJJ,hhh) ∈ R(N) × `∞(N), we define a probability
measure by the following expression

µy,JJJ,hhhn =
1

Zy,JJJ,hhh
n

∑

x1,...,xn=±1

exp(Hn(x, y,JJJ,hhh))δ([x|y]n), (233)

where Zy,JJJ,hhh
n is the partition function.

Popular choices of y are 1∞ or (−1)∞.
For a fixed y we denote the limit probability µ̃ as

∫
fdµ̃ = lim

n→∞

1

Zy,JJJ,hhh
n

∑

x1,...,xn=±1

exp(Hn(x, y,JJJ,hhh))f(([x|y]n)).

In Statistical Mechanics this probability µ̃ is the DLR probability for the
interaction described by H.
We will show next that for some suitable choices of JJJ and hhh the expression
(233) can be rewritten in terms of a Ruelle operator.
Consider the Ruelle operator for the potential A:

LA(f)(x) ≡
∑

a∈{−1,1}

eA(ax)f(ax), where ax ≡ (a, x1, x2, . . .).

From [40] one can show that

Proposition 85. Suppose A is a Hölder potential. Given a certain point
y ∈ Ω (for example y = (1, 1, 1, 1, ..., 1..) = 1∞), the limit

lim
n→∞

LnA(f)(σny)

LnA(1)(σny)
=

∫

Ω

f dµ

does not depend on y, and thus a limit probability measure µ is well defined.
This probability measure µ is an eigenprobability for L∗A, which is the trans-
pose of the Ruelle operator LA.

The following proposition was proved in [42].

Proposition 86. Let n ≥ 1 and JJJ ∈ R(N) such that Jij = a|i−j| ≥ 0,
for some sequence (an)n≥1 and hhh ∈ `∞(N) such that hi = h, for all i ∈ N.
Consider the potential A : Ω → R given by A(x) = hx1 + x1

∑
n≥2 anxn.

Then for all x, y ∈ Ω we have Hn(x, y,JJJ,hhh) = Sn(A)([x|y]n) and therefore
for all continuous f : X → R we have

LnA(f)(σny)

LA(1)(σny)
=

∫

X

f dµyn =

∫

X

f dµy,JJJ,hhhn .
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Corollary 87. If A is Hölder and of the form A(x) = hx1 + x1

∑
n≥2 anxn,

then
µ̃ = µ.

Proof. The result follows from the above propositions just by taking limits.

9.6 Entropy, Pressure and Saddle node

Given A : Ω = {1, 2, ..., d}N → R, denote the Ruelle operator by

LA(ϕ)(x) =
∑

a∈{1,2,...,d}

eA(ax)ϕ(ax).

LA is a bounded operator.
We say that A is normalized if LA(1) = 1.
If A is Hölder there exists λ = λA, and a Hölder positive function ϕ = ϕA,

such that LA(ϕ) = λϕ. If A is normalized λ = 1 = ϕ.
If B = A+ logϕ− log(ϕ ◦ σ)− log λ, then, B is normalized. Indeed, for

all x ∈ Ω

LB(1)(x) =
∑

a∈{1,2,...,d}

eA(ax) ϕ(ax)

ϕ(x)λ
= 1.

We say that B is the normalized potential associated to A.

Definition 27. Given a Hölder potential A we call the pressure of A the
value

P (A) = sup
µ∈Mσ

{
h(µ) +

∫
A(x)dµ(x)

}
.

A probability µA which attains such maximum value is called equilibrium
state for A. the equilibrium state for a Hölder potential A.

In the case A is Hölder µA is unique.
We call G the set of probabilities which are equilibrium states for a Hölder

potential A.
Given a Hölder potential A
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P (A) = sup
µ∈G

{
h(µ) +

∫
A(x)dµ(x)

}
= h(µA) +

∫
A(x)dµA(x) = log λA.

Note that P (A) = P (B) + log λ and µA = µB.
Remark: Let µ be the equilibrium state for a Hölder potential A, and B

the normalized potential associated to µ, if we denote J = eB, the entropy
of µ is given by

h(µ) = −
∫

log(J(x))dµ(x).

J = JA is called the Jacobian of the measure µ = µA (which is the
equilibrium state for a Hölder potential A).

If A is normalized we get that P (A) = 0.

Lemma 88. Let us fix a Hölder continuous potential A and a measure µ =
µB ∈ G with associated normalized potential B. We call C+ the space of
continuous positive functions on Ω. We have

h(µ) +

∫
A(x)dµ(x) = inf

u∈C+

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}
.

The proof was presented before.

Theorem 89 (Pressure as Minimax). Given a Hölder potential A

P (A) = sup
µ∈Mσ

[
inf
u∈C+

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}]
=

sup
µ∈G

[
inf
u∈C+

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}]
.

Proof: This follows at once from Lemma 88.

Proposition 90. For a fixed Hölder potential A the following saddle node
expression is true:

inf
u∈C+

[
sup
µ∈Mσ

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}]
=

sup
µ∈Mσ

[
inf
u∈C+

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}]
. (234)
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Proof
The right hand side of (234) is log λ. Given a Hölder potential A there

exist and eigenfunction ϕ for the Ruelle operator for A which is associated
to the eigenvalue λ.

Then, there exist a Jacobian J (in this case log J is normalized) such that

A = log J − logϕ+ log(ϕ ◦ σ) + log λ.

Therefore, for any positive continuous function u, we get by Jensen in-
equality

log(LAu(x))− log(u(x)) = log(Llog J
(ϕ ◦ σ)λ

ϕ
u(x))− log(u(x)) =

log(
∑

a

J(ax)
ϕ(x)λ

ϕ(ax)
u(ax))− log(u(x)) =

log λ+ logϕ(x) + log(
∑

a

J(ax)
u(ax)

ϕ(ax)
)− log(u(x)) ≥

log λ+ logϕ(x) +
∑

a

J(ax) log(
u(ax)

ϕ(ax)
)− log(u(x)).

If µlog J is the equilibrium probability for log J (it is also the equilibrium
probability for A), then as µlog J is fixed point for L∗log J

∫
log

(LAu(x)

u(x)

)
dµlog J(x) =

∫
[ log(LAu(x))− log(u(x)) ] dµlog J(x) ≥

∫
[ log λ+ logϕ(x) +

∑

a

J(ax) log(
u(ax)

ϕ(ax)
)− log(u(x)) ]dµlog J(x) =

log λ+

∫
logϕ(x)dµlog J(x)+

∫
Llog J(log(

u(x)

ϕ(x)
)dµlog J(x)−

∫
log(u(x)) dµlog J(x) =

log λ+

∫
logϕ(x)dµlog J(x)+

∫
log(

u(x)

ϕ(x)
)dµlog J(x)−

∫
log(u(x)) dµlog J(x) = log λ.

Then, for any positive continuous function u we get that

sup
µ∈Mσ

{∫
log

(LAu(x)

u(x)

)
dµ(x)

}
≥ log λ.
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Take u = ϕ, then, LAu(x)
u(x)

≡ λ, then, for any probability µ we get

∫
log

(LAu(x)

u(x)

)
dµ(x) = log λ.

It follows that the saddle node equality (234) is true.

9.7 The Hofbauer’s potential and the involution kernel

We exhibit an involution kernel for the subfamily of Hofbauer’s potentials
(see [132]) defined on {0, 1}N.

Following [132], given γ > 1, define the potential Aγ : N→ R by

Aγ(x) = −γ log

(
k + 1

k

)
if x ∈Mk, k 6= 0

Aγ(x) = − log(ζ(γ)) if x ∈M0

Aγ(11...)) = 0.

The function Aγ is not of Hölder class and it is one of the simplest exam-
ples where phase transition, in the sense of more than one equilibrium state,
can happen (see [96], [132],[79] or [40]).

We claim that the potential is symmetric, that is A∗ = A (see Examples
in Section 5 in [10]).

The eigenprobability ν is such that ν(Mk) = (k+1)−γ

ζ(γ)
, k = 0, 1, 2... (see

[132]).
On can show directly that the eigenfunction h is constant equal to hk in

each set Mk, k = 0, 1, 2...

hk = (k + 1)γ
(
(k + 1)−γ + (k + 2)−γ + · · ·

)

and h(11 · · · ) = +∞ (see [132]). The corresponding eigenvalue is equal to 1.
Note that h0 = ζ(γ).
Let’s pretend we do not know the expression for h and we will try to

guess it via the use of the involution kernel.
Points in Ω× Ω are denoted by

(y|x) = (. . . , y3 y2 y1 |x1 x2 . . . ),

141



where x = (x1 x2 . . . ) ∈ Ω and y = (y1 y2 . . . ) ∈ Ω. The transformation σ̂
denotes the shift acting on Ω× Ω and σ denotes the shift acting on Ω

We claim that an involution kernel W : Ω×Ω→ R can be defined in the
following way: take W (y|x) constant and equal to W (k, j), for y ∈ Mk, and
x ∈Mj, and defined in such way that

eW (k,j) =
(j + 1 + k)−γ

(j + 1)−γ(k + 1)−γ
ζ(γ).

Note that eW (k,0) = ζ(γ) = eW (0,j).
Before proving the claim, let’s show that it is indeed useful.
We will show that for all x ∈Mj, j = 1, 2..., we get that

h(x) = eW (y|x)dν(y) =
∞∑

k=0

eW (k,j) (k + 1)−γ

ζ(γ)
.

Indeed,

∞∑

k=0

eW (k,j) (k + 1)−γ

ζ(γ)
=
∞∑

k=0

(j + 1 + k)−γ

(j + 1)−γ(k + 1)−γ
ζ(γ)

(k + 1)−γ

ζ(γ)
=

∞∑

k=0

(j + 1 + k)−γ

(j + 1)−γ
= (j + 1)γ

∞∑

k=1

(j + k)−γ = hj.

When x ∈M0 we get

h(x) = h0 = ζ(γ) =
∞∑

k=0

ζ(γ)
(k + 1)−γ

ζ(γ)

∞∑

k=0

eW (k,0) (k + 1)−γ

ζ(γ)
.

In this way we get the eigenfunction h.

Now we will prove the claim.
Notice that

W (k, j) = W (j, k).

We shall next check that

A ◦ σ̂−1(y, x) +W ◦ σ̂−1(y, x)−W (y, x)

depends only on the y variable.
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Given y = (y1, y2, ...), we denote by τy the function such that

τy(x1, x2, ...) = (y1, x1, x2, ..).

Note that if
(y|x) = (. . . , y3 y2 y1 |x1 x2 . . . )

then
σ̂−1(y|x) = (σ(y)|τy(x)) = (. . . , y3 y2 | y1 x1 x2 . . . ).

Suppose first that x ∈Mj and y ∈Mk, with k ≥ 1, j ≥ 1.
Then,

σ̂−1(y|x) = (...0 11 . . . 1︸ ︷︷ ︸
k−1

|1 1 . . . 1︸ ︷︷ ︸
j

00 . . . )

implying that

A ◦ σ̂−1(y|x) +W ◦ σ̂−1(y, x)−W (y, x) = A(k − 1, j + 1) +W (k − 1, j + 1)−W (k, j)

= log
(j + 2)−γ

(j + 1)−γ
+ log[

(j + k + 1)−γ

(j + 2)−γk−γ
ζ(γ)]− log[

(j + 1 + k)−γ

(j + 1)−γ(k + 1)−γ
ζ(γ)]

= log
(j + 2)−γ(j + k + 1)−γ(j + 1)−γ(k + 1)−γ

(j + 1)−γk−γ(j + 2)−γk−γ(j + 1 + k)−γ

= log
(k + 1)−γ

k−γ
= A(y|x) = A(y).

We have also to consider the cases where x ∈M0 or y ∈M0.

Suppose now that y = (0 y2 y3...) and x = (x1 x2 x3...).
Then,

(y|x) = (...y3 y2 0 |x1 x2 x3...)

and
σ̂−1(y, x) = (...y3 y2 | 0x1 x2 x3...).

Therefore,

A◦σ̂−1(y, x)+W ◦σ̂−1(y, x)−W (y, x) = A(0x1 x2 x3...)+W (r, 0)−W (0, s) =

− log ζ(γ) + log ζ(γ)− log ζ(γ) = − log ζ(γ) = A(0 y2 y3...) = A(y).
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Finally, suppose now that y = (y1 y2 y3...) = (11 . . . 1︸ ︷︷ ︸
k

yk+1...), k ≥ 1, and

x = (0x2...), then we get

σ̂−1(y, x) = (...yk+1 11 . . . 1︸ ︷︷ ︸
k−1

| 1 0x2 x3...).

From this follows

A◦σ̂−1(y, x)+W◦σ̂−1(y, x)−W (y, x) = A(1 0x2 x3...)+W (k−1, 1)−W (k, 0) =

−γ log 2 + [−γ log

(
k + 1

2 k

)
+ log ζ(γ)]− log ζ(γ) =

−γ log

(
k + 1

k

)
= A(11 . . . 1︸ ︷︷ ︸

k

yk+1...) = A(y).

This shows that such W is in fact an involution kernel for the potential
A and A∗ = A.
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