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Abstract

Consider T(x) = dx (mod 1) acting on S!, a Lipschitz potential
A:S' 5 R,0< A< 1and the unique function by : S — R satisfying
ba(z) = maxpy)—a {Aba(y) + A(y) }.

We will show that, when A — 1, the function by — % converges
uniformly to the calibrated subaction V (z) = max,em [ S(y, z) du(y),
where S is the Mane potential, M is the set of invariant probabilities
with support on the Aubry set and m(A) = sup,e g [ Adp.

For f > 0 and A € (0,1), there exists a unique fixed point uy g :
S' — R for the equation e"rs(® = > 1) L efAWFAuNsw) Tt s

known that as A — 1 the family e[““’ S“p“* B} converges uniformly
to the main eigenfuntion ¢4 for the Ruelle operator associated to SA.
We consider A = A\(8), 5(1 — A(B)) = +oo and A(B) — 1, as f — oo.
Under these hypotheses we will show that %(u A8 — Pl(é ‘;})) converges
uniformly to the above V', as § — oo. The parameter [ represents the
inverse of temperature in Statistical Mechanics and § — oo means
that we are considering that the temperature goes to zero. Under

these conditions we get selection of subaction when g — co.

1 Introduction

Consider T(z) = dz (mod 1) acting on S' and a Lipschitz potential
A:S' - R. We denote by

m(A) = sup {/Ad,u, where p is invariant for T} . (1)



Any invariant p which attains this supremum is called an A-maximizing
probability.

A subaction for A is a continuous function D : S — R such that
for all z € S,

D(T(x)) > A(z) + D(z) — m(A).
It is called a calibrated subaction if for all y € S*,

D(y) = max { A(z) + D(z) — m(A)}.
T(z)=y
We refer the reader to [2, 13, 18, 20] for general results on Ergodic
Optimization and Thermodynamic Formalism.
Maximizing probabilities and calibrated subactions are dual ob-
jects in Ergodic Optimization. On the one hand m(A) satisfies (1),
but on the other hand

m(a) =, int (s (ae) + B - HTG) )
— sup (A(x) + D(x) - D(T(x))

zeSl!

for any calibrated subaction D. Furthermore, it is known that a cal-
ibrated subaction can help to identify the support of the maximizing
probabilities for A (see [6] or [2]).

A natural problem is: how to find subactions? Note that we need
to have at hand the exact value m(A) in order to verify if a specific
candidate D is indeed a calibrated subaction. The discounted method,
which is described below, can be quite useful in order to get a good
approximation (via iteration of a contraction) of a calibrated subaction
without the knowledge of the value m(A).

For each fixed A € (0,1), consider the function b = by : S' — R
satisfying the equation

b(z) = max {Ab(y) + A(y)}- (2)
T(y)=x

This function is unique and we call by the A-calibrated subaction
for A (see for instance Theorem 1 in [4] or [16]).

The solution by can be obtained in the following way: consider
7j, 7 = 1,...,d the inverse branches of 7". For A < 1, consider

S)\,A(x7 a) = Z /\kA( (Tak ©Tap 4 © «v © Tao) (x) )
k=0

where a € {1,2,...,d}" (see expression (6) in [16] or [22]). Then, the
solution of (2) is given by bx(z) = sup,eq1 2, ayy Sx(¥, a) (see section
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3 in [16].). For fixed z, as the function Sy 4(z,.) is continuous in the
second coordinate, there exists some a realizing the supremum,
which is called a by(x) realizer. Denoting a = aga;... we have that
for any k:

bA(Tay, © . 0 Tag®) = AbA(Tayy, © o © Tag) + A(Tay,y © - 0 Tapx) (3)
and

ba(x) = )\kHb)\(Tak 0...0Tg ) + A(Tgp ) + ... + /\kA(Tak 0 ... 0Ty T),

N

while for a general a € {1,2,...,d}" we have that

by(z) > )\k+1b,\(7'ak 0...0T4 ) + A(Tgy ) + ... + )\kA(Tak 0 ...0Tgy T).

The above family by, 0 < A < 1, is equicontinuous. It is known
that any convergent subsequence by, — supby,, A, — 1, determines
in the limit a calibrated subaction for A (see Theorem 1 in [4], [1] or
[22]). This procedure, known as the discounted method, is borrowed
from Control Theory. The function by is obtained as a fixed point of a
contraction (see [16]), which is, of course, computationally convenient
(note that m(A) does not appear on expression (2)).

In this work the constant sup by will be replaced by ”f(f’i). Our

first aim is to describe a certain calibrated subaction as the limit
of by — "f(f’i), as A — 1. In this way the limit will not depend of
the convergent subsequence. Later we will consider eigenfunctions
of the Ruelle operator and selection of subaction via the limit when
temperature goes to zero (see [6] and [2]).

A point z in S! is called A-non-wandering, if for any ¢ > 0,
there exists z € S' and n > 1, such that, d(z,z) < ¢, T"(z) = z, and
]Z}:&(A —m(A)) (T?(2))] < e. The Aubry set for A is the set of
A-non-wandering points in S! and is denoted by Q(A). Any invariant
probability with support inside the Aubry set is A-maximizing (see
[6] or section 3 in [8]). We denote by M the set of A-maximizing
probabilities.

Consider the function S given by Definition 22 in [6] (see also [12]
and [13]):

S(y, ) = limsup{ S, (A—m(A))(y) [n > 1, d(y/,y) < e, T"(y)) =2},

where
n—1

Su(A—m(A))(y) = Y (A —m(A))(T(Y)). (4)

J=0

This function is called the Mane potential.



Remark 1: For y € Q(A) fixed, the function S(y, .) is a calibrated
subaction (see [6], Proposition 5.2 in [13] or [12]) with the same Lips-
chitz constant as A. As S(y,y) = 0 for y € Q(A), we get that for fixed
y € Q(A), the function z — S(y, z) is bounded.

The function S(z,y) is not continuous as a function of (z,y) (see
Proposition 3.5 in [7])
We define, for each = € S!, the subaction

V() = max / S(y. ) du(y).

Our first goal is to prove the following theorem.

Theorem 1. If A is Lipchitz, when A — 1, the function Uy :=

(b>\ — %) converges uniformly to V.

The above theorem assures that the subaction V' is very special
among the possible ones. We will prove that V is calibrated (see
corollary 8).

This first part of the paper follows the ideas in [10] and [11] and
obtains analogous results in the framework of ergodic optimization.

From now on we describe the second part of our paper which con-
siders a limit when temperature goes to zero - this result has a quite
different nature when compared with [10] and [11].

It is known (see for instance section 7 in [4], [18] or [17]) that, for
fixed B > 0 and A € (0,1), there exists a unique fixed point uy g :
S1 — R for the equation

eurs(@) — Z eBAW)FAux 5 ()
T(y)=z

For fixed §, the family uy g is equicontinuous in A € (0,1). More-
over, e ATSUPUNG converges as A — 1. The limit function ¢g is an
eigenfunction associated to the main eigenvalue (spectral radius) of
the Ruelle operator Lga associated to the potential A (see Lemma
10).

The parameter 3 represents the inverse of temperature in Statis-
tical Mechanics

From [6] we get that %log ¢ is equicontinuous and any limit of a

convergent subsequence of 5%1 log ¢g,,, Bn — 00, is a calibrated subac-
tion. The limit when 8 — oo is known as the limit when temperature
goes to zero (see [2]). For the case of locally constant potentials a
precise description is [5]. The most comprehensive result of this kind
of convergence for Lipschitz potentials is Theorem 16 in [14].
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In the standard terminology we say that there exists selection
of subaction at zero temperature if the limit of the function %1og oF
exists, when 8 — oo (see [2] for general results).

For a fixed value 3, the function uy g is obtained as a fixed point
of a contraction. In this way, one can get a computable method (via
iteration of the contraction) for getting good approximations of the
main eigenfunction ¢g (taking A close to 1).

We denote by (/) the main eigenvalue which is associated to ¢g.
The pressure P(BA) = log(a(B)) is equal to

s ([ +5 [ adp)

w invariant for 7'

where h(u) is the Kolmogorov entropy of p (see [20]).
Our second goal is to show:

Theorem 2. Suppose A is Lipchitz and there exists a relation between

B and X so that 3(1 — A\(B)) = 400 and \(B) — 1, as  — oo. Then,

when B — oo, %(U)\WB - Pl(éf)) converges uniformly to V.

The above result requires a control of the velocity such that (1 —
A()) goes to zero, vis-a-vis, the growth of 5 to infinity. We will show
on the end of the paper a counterexample proving that %log ¢ does
not always converge to V. This shows that is really necessary some
kind of joint control of the parameters 5 and A (as considered in the
above theorem).

The last theorem shows the existence of selection of subaction when
temperature goes to zero (but in a sense which is not the standard
form).

In the next section we will prove Theorem 1 and in the last section
we will prove Theorem 2.

The results that we get here are also true if one considers T'(x) =
o(x) acting on Bernoulli space {1, ..., d}".

2 The limit of the )\-calibrated subac-
tion, when \ — 1.

We start with the following result:

Lemma 3. V is a subaction for A and also satisfies:

1. [Vdu >0, for any pn € M.

2. If w is a calibrated subaction, such that, [wdp > 0, for any
we M, thenw > V.



Proof. From Remark 1 we get that, for each y € Q(A), the function
S(y,-) is Lipschitz continuous and the Lipschitz constant does not
depend of y. Therefore V is Lipschitz. For any z,y € S' we have
S(y,T(z)) > A(z) — m(A) + S(y,z). Then, for any u € M we get
ISy, T(x)) du(y) > A(x) —m(A) + [ S(y,z) du(y) which proves that
V(T(x)) > A(z) + V(z) — m(A).

Proof of 1.: It is known (Prop. 23 page 1395 [6]) that S(y,z) +
S(z,y) < 0. We say that x and y in Q(A) are in the same static class
if S(y,z) + S(x,y) = 0.

For an ergodic maximizing measure p we claim that for p-almost
every pair x and y these two points are in the same static class.

First note that as A is Lipschitz the function S can be also written
as

S(y,z) =
lim sup{S,(A = m(A)(y) |n 2 1, d(y/,y) < e, d(T"(y),) < e},

Now we will show the claim: given an ergodic probability u, an
integrable function F' and a Borel set B, such that u(B) > 0, denote
by B the set of points p in B, such that, for all e, there exists an
integer N > 0, with the properties:

N-1

TV(p) € B and | Z F(T7)(p) —N/qu] <€
=0

It is known that u(B) = u(B) (see [19]). This results is known as
Atkinson’s Theorem.

Let z,y € supp(u) where z is a Birkhoff point for A and fix p > 0.
As u(B(y, p)) > 0, for some n we have T"(z) € B(y,p). Let p' < p
be such that for any 2’ € B(z,p’) we have d(T7(x),T?(z')) < p, for
all j € {0,...,n}. Consider the set B = B(z,p’). There exists p €
B(z,p'), such that, for all €, there exists an integer N > 0, satisfying
TN(p) € Bz, p') and | YNV A(TY)(p) — N [ Adp| < e. As this is
true for a. e. p € B(z, p’) we can suppose that N > n, replacing p by
TN (p) in the case it is necessary. It follows that S(x,%) + S(y,z) =0
which proves the claim.

As S(z,y) = —S(y,x) for any =,y € supp(p), it follows from
item 1 of Proposition 3.1 in [7] that there exists @ > 0, such that,
—Q < S(z,y) < Q, for any x,y € supp(p).

We have [ [S(z,y) + S(y,z)dp(z)du(y) = 0, for any p € M
which is ergodic, then [ [ S(z,y)du(x)du(y) = 0, using Fubini’s The-
orem (S(z,y) is integrable by last paragraph). It follows that

[v@du) = [ ([ S0 dutw)) dutw) =o.
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for any ergodic probability y € M. The same inequality for a general
u € M follows from the ergodic decomposition theorem.

Proof of 2.: We know (see Theorem 10 in [12]) that, for any cali-
brated subaction w and any x,

w(z) = sup {w(y)+ S(y,z)}.
yeN(A)

Therefore, for ;1 € M, such that, [w(y)du(y) > 0, we get

() > w(z) - / w(y) duy) > / S(y,2) du(y).

If [w(y)du(y) >0 for any u € M we obtain w > V.
]

Given A, y and a by (y) realizer a = agay ..., consider the probability

= (1=2) D0 N 8 onomag ) )
n=0

From (6) in [16] we get that by(y) = Sx a(y,a(y)), where a(y) is a
realizer of y, then for any y we have that

baly) = (1_1)\)/A dﬂ?\-

We will show that any limit probability of ,u?f\, as A — 1, belongs to
M.

Lemma 4. For any continuous function w : S' — R, and probability
13 as above, we get

Jwordn~ [waniz) = 1= M) - [wii).  (©)

Proof. Indeed,
JweT —w)au

= (1= N (T ((Tap 0 Tag ) (1)) =D A" w((Ta 00 Tag ) (9)) ]
n=0 n=0

= (1=M)[w(y)+)_ A" w((7a,; 00700 )(y) =Y A" w((7a, 0.0 Tay ) (y))]
n=1 n=0



= (1=N[w®)+>_ X" w((7a, 0 0Tag ) (1))=Y A" w((Ta, © 0 7Tag ) (y))]
n=0 n=0
= (1=N[wy) + A=D1 Nw((7Tap © - © Tag)(y))]
n=0

- <1—A>[w<y>—/wdu§y
]

Lemma 5. Given y € S', any accumulation probability (i, in the
weak™ topology, of a convergent subsequence ,uii, Ai — 1, belongs to

M.

Proof. Tt follows from above lemma that peo is invariant. Moreover,
by (3) and definition of 4§ we have that

[ 0T = A (@) — Ale) dif () =0,

Then,

[0 @) = () dis (@) + [ (1= N, () = AGe) dif () =0,
When, i — oo the left integral converges to zero. Therefore,

lim [ (1= X\)by,(z) — A(x) dul (z) = 0.

1—00 Ai

It is known (see for instance end of Theorem 11 in [3] or [18]) that
(1 — A)inf by — m(A), uniformly with A — 1. Therefore,

/knwA)-A)dumjz lim [ [(1- A inf by, — A(2)] i (x) <

Jim [T = Xi)by, (2) — A(x) ] dps§, () = 0,

proving the claim.

Lemma 6. The family of functions

A
U)\::b)\_rln(_)?

is equicontinuous and uniformly bounded. Furthermore, for any maz-
imizing probability p € M we have

/m@zavmmm,
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and for any subaction w we have

Ux(y) < w(y) — /wdug, YA e (0,1), Yy € St.

Proof. As bx(T(z)) — Abx(z) — A(z) > 0, for any maximizing proba-
bility p# € M we have that

/U,\du:/bA—T(_A/zdu: 1i)\/(1—A)bA—m(A)du20. (7)

In particular this proves that there exists z) € S*, such that, Uy(z)) >
0.

On the other hand, if w is a subaction we have that
A—m(A) <woT —w,

therefore, using (6), for any A and y we have

Ux(y) 1_)\/ ;gli)\[/ondug—/wdﬂg}
= w(y) — /wduA

Therefore, the functions Uy (x) are uniformly bounded above.

As the functions by are equicontinuous in A < 1 (see [16]), the
family of functions U) is equicontinuous. As U, are uniformly bounded
above and Uy(zy) > 0 we conclude that this family is also uniformly
bounded. O

Lemma 7. Any limit of Uy := by — %, as X = 1, is a calibrated

subaction.

Proof. Let U be the limit of the subsequence Uy, = b, — # when
n — oo. From (2) we get
m(A m(A
i)~ " = Aaw) - ")+ A - mia),
L=X 7= 1—A
that is

Ux(z) = sup AUx(y) + A(y) —m(A).
T(y)=x

Then, as A\, — 1 we conclude that U is a subaction. Furthermore,
for any point = € S!, there is some point yo € T~!(x) attaining the
supremum of supyp(y)— AnUn, (y) + A(y) — m(A), for infinitely many
values of n. In this way we get

U(z) = A(yo) + U(yo) — m(A).
This proves that U is calibrated. O



Proof of Theorem 1: We denote U any limit of Uy, := by, — %,

when n — co. We know that U is a calibrated subaction and we want
to show that U = V.

From lemma 6, for any maximizing probability up € M, we have
that [Udu > 0. If follows from lemma 3 that U > V.

Now we will show that U < V. From lemma 3 the subaction V'
satisfies [Vdp > 0, for any u € M, and from lemma 6 we get, for
any y and A, the inequality

Uw) < V) - [ V.

If A, is a subsequence of A, such that, ;f)/\n_ — oo, then, from lemma
5 we have that p. € M. Therefore, we finally get that

Uly) = Jim O, () < Vi)~ [ Voo < V().

An;—
O

Corollary 8. V is a calibrated subaction.

Proof. 1t is a consequence of lemma 7 and Theorem 1. 0

3 Selection for the zero temperature
case

Now we will prove Theorem 2.
We consider for each § > 0 (the inverse of the temperature) and
for A < 1 the operator

Gy p(u)(z) = log Z P Aly)+Au(y)
T(y)=x

It is known that &) g is a contraction map (see for instance sections
6 and 7 in [4], [17] or [18]) with a unique fixed point u) g satisfying

etrs(T) — Z P A)+Aux p(y)
T(y)=x

For each fixed 3, the family u) g is equicontinuous on 0 < A < 1 with

uniform constant given by SLip(A). Therefore, for each (3 fixed the

function uy g — Pl(%f) is Lipschitz continuous with Lipschitz constant

BLip(A).
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Lemma 9.

P(BA
infuy g < 1(Lj /\) < supuyg.

Proof. By definition
eurs(T) — Z B AW+ ux 5(y)
T(y)==
Then, it follows that

Z BAWFAux g(Y)—urp(®) — 1
T(y)=z

Therefore,
P(BA—I-)\u,\ﬁ —U)\ﬂOT) =0.

Let g be the equilibrium probability for 8 A+ Auyg —uygoT.
Then,

(1-X) /UA,B dpo = (1-X) /Um d/~t0+/(/3 A+ uy g—uygoT") dpo+h(pio)

= [ 5 A4duo + hipo) < P(5 ).
It follows that
P(BA)
1—X7
On the other hand, if p is the equilibrium probability of 8 A, then

infuy g <

(1—/\)/U)\”3du1 :(1—)\)/U)\’gd,u1—I-P(BA-i-/\U)\,ﬁ—U)\’gOT)

> (1-X) /U)\’B dpy + /(BA +Auyg —urgoT)dur + h(p)

- /BAd,ul + h(p1) = P(BA).

Therefore,
P(BA)
1—X°

supuy g >

O]

Lemma 10. For each fized 3, the functions u’;\ﬁ =upng — Pl(éf) are

Lipschitz functions, with the same Lipschitz constant H = [ Lip(A),
and, moreover, uniformly bounded by —H and H. They also satisfy

eMhsl®) = ~PEA) §T BAW G 50),

T(y)==
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When X — 1, any accumulation function of e“\5 will be an eigenfunc-

tion of the Ruelle Operator Lg 4 associated to the maximal eigenvalue
P(BA)
e .

Proof. As uy g is equicontinuous the same is true for u} - Using the
equicontinuity (with constant H) we have that for any x:

P(BA
—H <uyp(z)—supuyg < upp(z)— 1(5 )\) <uyp(z)—infuy g < H.
Furthermore,
ohs(@) — guns(@) - A

_ pinp(@-2GE —P(8 )

P(BA)

_ e 3 A (urp )= F22)
T(y)==
— o PB4 Z BAWFX (w3 5W)
T(y)=z
If ug is an accumulation function of the family uj 5 (when, A — 1),
then, we have:

eus(@) — —P(BA) Z BAW)+us(y)
T(y)==

Remark 2: It is known (Proposition 29 in [6]) that

lim (P(BA) — pm(A)) = max h(u).

B—o0 neM
Therefore,
. P(BA)
lim —————= =m(A),
Jim —3 (A)
and moreover
P(BA)  m(4)

Ga-n 1-a "

when A — 1, § — oo and (1 — \) — oo.
This Remark will be used on the proof of Lemmas 11 and 12.

Lemma 11. Consider a fized \. Then, when 8 — oo, the unique pos-
sible accumulation point of the family %u,\”g is the function by defined
in (2). Moreover, we get that the unique accumulation point of %u’j\ﬂ

is the function by — %
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Proof. As u} 4 has Lipschitz constant 3 Lip(A) and is bounded by
—pB Lip(A) and S Lip(A), the family %uj 5 is equicontinuous and uni-
formly bounded by Lip(A). From the limit [1;((1’3_ i‘\)) — ”f(f’i) (as B — o)
we conclude that (for fixed \) the family %u A8 1s equicontinuous (with

a constant Lip(A)) and uniformly bounded. As

;UA’B(IE) = ;log (eu)\,ﬁ(x)) — l log Z eﬁA(y)+/\u>\75(y)
T(y)==

there is a unique accumulation point b of %u »,8 Which satisfies

b(x) = T?l)g [A(y) + Ab(y)],

that is b = b). ]

In the previous section we study the limit of by — "f(f’i). Now, we

are interested in the limit of %(u,\wg - Pl([jf) ), when 8 — oo and A — 1.

Lemma 12. When 8 — oo and A — 1, % converges uniformly

to m(A). If U is a limit of some subsequence of the family %(uAﬁ —

Pl(ff)), as B — oo and A — 1, then U is a calibrated subaction.
Proof. As , P(BA)

= — < Lip(A

s = 52D < L)
we get

‘ (1=Nuns  P(BA)
B B

As 8 — oo and A — 1, we obtain

O—?Wﬁﬁ

uniformly, proving the first claim.

] < (1= \)Lip(A).
m(A)

In order to prove the second claim we fix a point € S*. Let

. 1 P(pn A)
= 1 — _ APty
U )\n_)]-l’%i_)oo /Bn (u)\nyﬁn 1 _ )\n )

)

Z B Almog ) +Aux g (o 2)—ur p(2) — 1
bo
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we get, for any by € {1, ...,d},
0 <y, g, (®) — Anun, 8, (ThT) — BnA(To,7)

= (rn ~ S @) — (un, 5, — 2 ()

(1= An)un,, g, (Too%) = B ATy, @)
Dividing the right side by 3,,, taking 8, — oo and A\,, — 1, we get

0 <U(x)—U(mpyx) + m(A) — A(mp,x).

This shows that U is a subaction.
In order to show that U is calibrated, we fix for each A and 3 a
point a = ay g maximizing SA(7qx) + Auy g(Tax) — up g(x). As

ZeﬁA(TbOx)+)\u)‘16(TbOx)_u/\ﬁ(x) — 1’
bo

we conclude that
0 < wuy, g, () — Apun, 8, (Tax) — BnA(Tex) < log(d).

When 3, — oo and A\, — 1, some a = ay, g, Will be chosen infinitely
many times. When (5, — oo and A, — 1, this a will satisfy

U(z) — U(rqz) + m(A) — A(1,x) = 0.

O
In the last section we proved that the function
V(z) = S(y,x)d
() = max / (y, ) dp(y)
is the unique limit of the family by — %. In the present setting,

in order to get a similar result, we will assume a certain condition:
B — oo faster than A — 1, in the sense that 5(1 — \) — oo.
First we need a Lemma.

Lemma 13.

log(d)

1
b)\(a?) < BuAﬁ < b>\($) + m

14



P(BA)

Proof. From Lemma 10 the function u} 5 = uy g — =5~ satisfies

) = ~PEA) §T AW 0),

T(y)==

Then, for any a = (agaias...) € {1, ...,d}",

1 1
Bp(ﬁ A) + A Eui 5(Tag)
> A(Tag) + MA(ra, 700 (1)) — 1;)\P(B )+ 0 56,1y ).

By induction, as u} 4 is uniformly bounded and A <1, we obtain

1, P(BA)
Bu/\ﬂ(x) > Sy alz,a) — a3

1
B“i,ﬁ(ﬂﬂ) > A(TaT) —

Taking the supremum in a we get

. P(BA)
E“A,ﬁ(ﬁf) > bx(r) — TSy

that is, %u,\,g > by(x).
On the other hand

1 1 L !
Euiﬁ(x) < 5 log(d) + Sclzlop[A(Taox) - BP(B A)+ A Bui,ﬁ(%x)]
<! ; 4 log(d) + sup [ A(7ag) + AA(Tay Tay (7))
Now, we get
1 g(d A
Euf\ﬂ(x) < a (/\))5 + sup Sxa(z,a) — i (_B)\))ﬁ
log(d) P(BA)
@) =T

C(1-Np
log(d
that is, Bu,\g < by(x) + 6(()1g( /\))
Proof of Theorem 2: It follows from the above lemma that
m(4) _1 P(BA), |, P(BA)  m(A)
B Sl g _ _

m(4)  log(d)
W@ - T3 5a -
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Assuming that A — 1, 8 — oo, B(1 — ) — oo, and applying Theorem
1 we obtain that %(u AB— Pl(ﬁ f\‘) )+ ( BP((lﬁ_ fi\)) - T(j\)) converges uniformly
to V. As P(BA) = pm(A) + eg, where eg > 0 decreases (see [9]), we

get that ﬂp((lg_ fi\)) — ”fﬁﬁ) = ﬂ(fﬂ_ N) converges to zero. This concludes the

proof. O

We finish this section introducing an example (on the symbolic
space) where it is studied the limit of %logwg) in a particular case.
This limit is not V' and this shows that some joint control of 5 and A
is really necessary.

Example 14. We consider X = {0,1} with the shift map and a
potential A depending on two coordinates. More precisely we suppose
A(1,1) = A(2,2) =0, A(1,2) = =5 and A(2,1) = —3.

Consider the matriz

L eBA(LL)  BA(1,2) B 1 e
BT\ eBARL) BAR2) ) T\ 38 q

that defines the Ruelle Operator associated to SA. We note that the
main eigenvalue is given by

ag = PB4 — 1 —|—e_4'3.

Furthermore, the eigenfunction ¢g associated to the Ruelle operator
of BA depends on the first coordinate and satisfies

ds(1) =1+ and ¢5(2) =1+¢"

(it can be directly checked that ¢pglg = agpg ). Any multiple of ¢g is
also an eigenfunction. When  — +oo, we get U = limg_, %log(gtg)
which satisfies

U(l)=1, U@2)=0.

Now we will prove that V # U. Indeed any maximizing measure for
A is of the form pi, := 1100 + (1 — r)d2. Consider the functions

S(y,x) = lim s%p{SH(A)(y’) Hd(yy) <&, T"(y') = x}

and

Viz) = sup/S(y,x) dpr(y).

Mr

As A depends only on two coordinates we conclude that S(y,x) depends
only on the first coordinate of x. From the analysis of S(y,x) we get

5(2%°,1) = =3, S(1%°,1) =0, S(1°,2) = —5, §(2,2) =0
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(for instance, when considered S(2°°,1) the point y' in (4) will contain
the word 21, and each word 21 will decrease the value of Sp(A)(Y)).
Then,

sup / Sy, 1) dpip(y) = suplr - 0+ (1 — r)(=3)] = 0
Hr T

and
sup [ 5(0,2)diy () = suplr(=5) + (1 = 7)(0)] =0,
Hr r

This shows that V # U.
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