THE POTENTIAL POINT OF VIEW FOR RENORMALIZATION

ALEXANDRE BARAVIERA, RENAUD LEPLAIDEUR AND ARTUR O. LOPES

ABSTRACT. We study the renormalization for potentials defined by
R(V):=VoToH+VoH,

where T : X O is the dynamics, H : X — X is one-to-one and V : X — R is a
potential. We explain how this operator is obtained from the usual renormalization
operator for maps and why it has a fixed point.

For the Manneville-Pomeau map, f : [0,1] O, close to the fixed and indifferent
point 0 we have, H(x) = § and V*:=log f’ is a fixed point for R. We are interested
in characterizing potentials V' such that R™(V') converges to log f'. We recover
here the importance of the germ close to the fixed indifferent point.

For the shift o in ¥ = {0,1}" we prove that under mild assumptions there
exists a unique kind of H. Consequently, there is a unique kind of fixed potentials
for R. These are the“ Hofbauer-like” potentials.

In the last part, we construct a two-parameters family of potentials defined on
Y related to this renormalization procedure. We show they are less regular than
the class R(X) introduced in [35]. We study the thermodynamic formalism for
these potentials and exhibit phase transitions.

1. INTRODUCTION

1.1. General presentation. Renormalization can have in general different mean-
ings in Mathematics or in Physics. From the mathematical point of view, it is
usually associated to the period doubling renormalization operator as introduced by
M. Feigenbaum and by P. Coullet and C. Tresser (see [6] [10] [11] [30] [31] [14]). We
recall that for f : [0, 1] O, the renormalization of f is defined by

(1) R(f)(x) =h~ o f2oh(x),

where h is an affine map defined on [0,1]. This defines an operator R acting on
dynamical transformations f and the point is to study the hyperbolicity of R at
fixed points. As far as we know, renormalization from the mathematical point
of view essentially studies class of one-dimensional dynamical systems which are
associated to critical points (see [17] [21] [13] [38] [25] [24]). Nevertheless, we point
out here that, what is usually called renormalization in the mathematical setting is
mathematical rigorous (of course), but not related— in our point of view— to the
real physical meaning of the term.
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The Renormalization in the physical world is associated to phase transitions and
polynomial decay of correlation (see [12], [16] [18],[36], [37]). As far as we know,
using the mathematical vocabulary, this is associated to ”indifferent fixed points”
and not to ”critical points”. Moreover, it acts on potentials and not on maps (see
for instance [12], [8] or [15]). Renormalization in Physics is also sometimes presented
as a way to rescale the action of a potential.

We want here to explore this “potential” point of view (and associated to indif-
ferent fixed points) of the renormalization. Our main and first motivation is chapter
5 of the book [26], where the renormalization is associated to transformations with
a weakly expanding fixed point. There, the reasoning of several of the results which
are presented are difficult to be understood from the pure mathematical point of
view.

In a first step (and following [26]) we define the renormalization operator R for
potentials and for a given Manneville-Pomeau-like map f. By construction, if f
satisfies (1), the potential log f’ is a fixed point for R. Then, we are interested in
studying the “stable set” of this fixed point: what are the potentials V' such that
R™(V') converges to log f'.

Our first result (Theorem A) recovers the importance of the germ of these dynam-
ics close to the indifferent fixed points: only the germ of the potential determines if
R™(V) converges or not to the fixed point.

The Mannevile-Pomeau-like maps are (semi)-conjugated to the full 2-shift ¥ :=
{0,1}N. We are thus naturally led to study the renormalization operator for poten-
tials in . This case is closer to the problems which arise in Statistical Mechanics
of the one-dimensional lattice (see [12] [36]): one can see 0 as + (positive spin) and
1 as — (negative spin).

Moreover, we point out that, if we may consider several dynamics (see e.g. the
fi's with different ¢ below) in the interval [0, 1], this is not the case in ¥. This means
that in X, the potential point of view has an even more important place.

Indeed, our second result (Theorem B) explains why the potential of Hofbauer in
the shift is so important for Statistical Mechanics (see [13][21]).

In the last part, we are interested in thermodynamic formalism in ¥ for “less
regular” potentials. Sufficient conditions yielding existence and uniqueness of equi-
librium state in ¥ are well-known: following notations from [35], it is sufficient that
the potential is Holder continue, or satisfies the Walters condition (hence belongs
to W(X,T)) or the Bowen’s condition (hence belongs to Bow(X,T)) to ensure ex-
istence and uniqueness of the equilibrium state (see [33, 34]). Nevertheless, these
conditions are only sufficient conditions, and for several reasons people are now in-
terested in studying the thermodynamic formalism for less regular potentials. One
of these reasons is to exhibit phase transition.

In [35], P. Walters defined a new class of potentials for which mains properties of
the thermodynamic formalism holds. This class contains the Hofbauer potential, and
more generally all the Hofbauer-like potentials that arise from our Theorem B. It is
known that they have phase transition. Nevertheless, potentials defined in [35] must
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satisfy a quite strong condition regarding the dynamics and the renormalization. We
explain better this point later.

With this background, our last result (Theorem C) deals with thermodynamic
formalism for potentials which do not satisfy the strong condition on [35].

1.2. Statement of results. Consider for ¢ > 0,
t
x x
ft(x) = (1 . xt)l/t = (1 _ .Z't
1 1
filz) = (2 - E)l/t, if ot <T =1
For this map the fixed points are x = 0 and = 1. In these points the derivative is
equal to one. For any = # 0,1, f/(x) > 1. These maps are thus weakly expanding.

1
1/t
) ’ 1f0§~r§ﬁu

Definition 1.1. The renormalization operator Ry acts on the set of potentials V' by

means of
x

Ru(V) (@) = V(fl577)) + V(57)-

Our definition of the renormalization operator R; is based on the following obser-
vation. Let us set h(z) = 57%. Then, taking derivative in (1), and keeping in mind
that h is affine, we get

filfio h(z)) f{ o h(z) = fi(x).
Then, taking the logarithm in this last equation and setting V;*(x) := log f/(z), we
finally get
(2) Vi (f(h(x)) + Vi (h(z)) = Vi ().
Definition 1.2. For a given value t > 0 we denote F; the set of non-negative

1
continuous functions V : [0,1] — R such that V(z) = (1 + ¥)$t + o(a").

For this setting, we have the following result on the action of the renormalization
operator:

Theorem A. For any V € F; and for every x in [0, 51| we have

Tim R"(V)(x) = V' (x).

Remark 1. Note that R, is linear, hence for every A, AV,* is also a fixed point.
Moreover, if V(z) = A\a’ + o(x) then R} (V)(x) converges to H% 7 (x) as n goes to
+00. t

The proof of Theorem A is presented in the proof of Theorem 2.1. We remind
that we are doing renormalization close to the fixed point 0. The same could be
done close to the other fixed indifferent point 1.

It is well-known that for each value ¢, the nature of the germ of the dynamics
close to the fixed and weakly hyperbolic point (see [38, 23, 27, 28, 29]) determines,
on one hand, the existence or non-existence of an absolutely continuous invariant
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measure with respect to Lebesgue measure and, on the other hand, the different
power laws of decay of correlation (when the SRB-measure does exist [38]). We
remind that this SRB-measure is the measure associated to the potential — log f;.
We claim that Theorem A recovers the importance of the germ of these dynamics
close to the fixed indifferent points.

Owing to the dynamics we are studying, we are naturally led to study the lifted
equation of (2) in X. We shall (in a first step) set

H((0,...,0,1,...,10,...,0,1,...)) = (0,...,0,1,...,10,...,0,1,...),
— —\— —— —\—

c1 c2 c3 2c1 ca c3

and then consider:
(3) V(e(H(z))) +V(H(z)) =V(z).

In Section 2 we state and prove results similar to Theorem A but for the one-sided
or two-sided shift (see Subsections 2.2 and 2.3). There, we show that the fixed
potential for the renormalization is the Hofbauer potential defined by
n+1
n

V(z) = log

if « belong to [000...001] (and n > 0).

Note that H is defined above only on the cylinder [0]. This corresponds to the
fact that z +— % has [0, 13] for image (ad not the hole interval [0, 1]). Our definition,
for the case of the Bernoulli space, is very much similar to the one described for
the two dimensional lattice in Statistical Mechanics (see for instance [8]), where one
takes a square box, and then consider a new renormalized box such that each side
is scaled by a factor of 2. The old potential is also rescaled in the new box. This
is a local procedure and we believe this is a mathematical way to understand why

physicists consider renormalization on potential as a way integrate (or rescale) it.

In the shift > the dynamics is fixed and one can ask if other kind of renormalization
operators (with a different H) could be considered (giving similar results). We
address this question now.

Theorem B. Let H be an increasing function on the shift ¥ (for the lexicographic
order), such that

(1) for every x = (1, x9,x3,...), H(x) = (0,...,0,1, 29, x3,...), where a > 1;
——

a terms
(2) H'o0?0 H =0,
(3) H(0™) =0%
Then, for everyz = (0,...,0,1, 2p42...), wehave H(z) = ( 0,...,0 ,1,2p42,...).
ng terms 2no+a terms

In other words, Theorem B shows that there exists a unique type of maps H : ¥ O,
and (as a consequence) a unique type of “good” potential V' which satisfy the fixed
point equation (3). There appears the special importance of the Hofbauer potential.
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We want here to emphasize that the assumptions on H are very natural if we con-
sider the rescaling procedure described above. The lexicographic order is a good way
(and may be the unique one) to consider blocks at different scales. The assumption
“H([1]) = [0%1]” is a good way to send blocks on blocks.

The last part of the paper deals with thermodynamic formalism. We recall that,
given a function ¢, a probability measure p is said to be ¢-conformal if there exists
a positive real number A4 such that every Borel® set A satisfying that o : A — o(A)
is an homeomorphism, then

o) = %o [ e dp
If ¢ is continuous, there necessarily exists a ¢-conformal measure. Indeed the Trans-
fer Operator

y, o(y)=z

acts on continuous functions, hence its adjoint acts on measures. We then use
the Schauder-Tychonoff theorem to get some eigen-measure. This measure is a ¢-
conformal measure. The question is then to study existence (and uniqueness) of
a o-invariant probability measure equivalent to the ¢-conformal measure. Such a
measure is said to be ¢-quasi-conformal. We shall simply say quasi-conformal when
the function ¢ is clearly understandable.

We denote by h,, the Kolmogorov entropy of the invariant probability ;. We recall
that given a function ¢ : ¥ — R, an invariant probability measure p is called an
equilibrium state for the potential ¢ if it satisfies

hu+/¢du:sgp{h,,+/¢du}.

In “good” cases, given a potential ¢, there exists a unique ¢-quasi-conformal invari-
ant probability which is also the unique equilibrium state for ¢. This however does
not hold in any case, in particular the intermittent maps furnish counter-examples.
Our last theorem studies this question for a special two-parameters family of poten-

tials v.¢3.

Potentials in the class R(X) defined in [35] are “good cases”. Nevertheless they
are constant on cylinders of the form [0"1] or [10"1] or [1"0] or [01"0]. This means
they only takes account one fixed indifferent point and then do not distinguish points
in function of the time their orbit spend in the second laminar regime.

More precisely, a typical orbit is an infinite alternation of sequence of 0’s and
sequences of 1’s. We would like to study the thermodynamic formalism for potentials
which take account all these alternations and not only the first string of 0’s or of
1I’s. These potentials cannot be constant on the cylinders of the form [0"1] or [10™1]
or [1™0] or [01™0].

IThe set ¥ is a compact and metric space with d((z,,), (yn)) = 2~ ™R @n#yn)
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The family of potentials we are considering is defined as follows. We consider real
numbers, « in [1,4o00[, § in ]0,1], and a natural number a > 0. We assume that
these parameters satisfy

T (L4 —) =1 (4a)
é = 20 1. (4b)

This system of conditions is referred to as (4). We shall prove in Lemma 4.4 that for
each choice of one parameter, (4) gives a unique value for the two others parameters
(except that a may not be integer). Hence, for each positive integer value of a
we have the corresponding values «, and (3,. In this way, several renormalization
operators, with different values a € N, can be considered as in Theorem B. In the
following, we however prefer to keep (3 as parameter.

Givenz = (0,...,0,1,...,1,0,...,0,1,...) € ¥ = {0, 1}" we define a real number
—— N N —
no ni n2

in the following way:

_ 1
TR i

(no +2)# — (no + 1)# (n1+a)® + 1
(1 +a+1)* = (n1 +a)* nf 1
(2t )7 —nf (n3 )"

2

+
(n3 +a+1)® — (n3 + a)®

With these notations, the potential ¢s is defined by:

op(x) = —2log (%Z—éf?) if x € [0],
F—1—-0g00(x
dp(z) = —2 1og<225_11€‘39ﬁ($())> if z € [1].

Heuristically speaking, the potential ¢3 should be seen as what one should expect

to be the — log of the derivative of a ”global” Manneville-Pomeau map ]/C\g defined for
the Bernoulli space after the ”change of coordinates” 63. We are studying existence
of y-conformal measures for our virtual Manneville-Pomeau maps:

Theorem C. For any v €]0, %] and for any (3 there exist a unique y¢g-conformal

measure and an unique quasi-conformal and o-invariant probability measure.

For ~ E]%, 1], there exists a critical value 5, := [.(y) > 0, which is mazimal with
this property, such that for any B < (3. there exist an unique ypz-conformal measure
and an unique equivalent quasi-conformal o-invariant probability measure.

In both cases the invariant quasi-conformal probability is the unique equilibrium state
assoctated to the potential y¢g.

The definition of the family of potentials results from the next series of observa-
tions: for vy =1 and f=a =1 (and a = 0), ¢, is the usual continuous fraction and
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is also the conjugacy of 3 with the Manneville-Pomeau map f; (see [21]):

y %
0l O 16i(001m0" ) = e —
"1+n2<1&-,..
0,1 - o,1).

In other words the virtual Manneville-Pomeau maps f\l is, in that case, the true
Manneville-Pomeau map f; and the potential is — log f7.

It is noteworthy that ¢; has the same germ than the Hofbauer potential close to
0°°. Moreover, it takes account the two competitive laminar regimes of the map f;
0, seems to be a way to consider for x € ¥ how all the whole orbit approaches the
two fixed and indifferent points.

1 1
Let us set Vp(z) = log P0F 2 if = 0%, with no > 0 and Vi (y) = log M

n n
it y=1"... with ny > 0. Tﬁese are the two Hofbauer potentials associated to %he
two fixed and indifferent points 0°° and 1°°. Note that
n
(n+1)—n’
and that for any § and «, GV, and aV; are also fixed point for the renormalization
operators associated to 0 and 1°°.

Then, the function 63 is just an extension of ¢;, considering, in the one hand,
close to 0°° a potential of the form (1} and a renormalization associated to a = 1
(in Theorem B), and in the other hand, close to 1 a renormalization associated to
a = a and a potential “multiplied by «”. And finally, the relations (4) ensure that
05 is onto the interval [0,2° — 1](this proof is left to the reader and uses properties
of the function g, defined in Subsection 4.1).

It is well known that f; has no absolutely continuous invariant probability (with
respect to the Lebesgue measure). Then, the fact that for v = 1 and for sufficiently
small 3 we again get a finite quasi-conformal measure is thus non-obvious and non-
intuitive. This proves existence of a phase transition when 3 increases.

Regarding to this problem of phase transition, several questions are still unsolved.
This work is a first step to study phase transitions on our setting.

The case § = v = 1 should indicate that for v > %, there exists another crit-
ical value 3. = B.(v) such that for 3 > f3. there exists no y¢s-quasi-conformal
probability.

Similarly and probably consequently, it is expected that for fixed 3, the one family
of potentials v.¢3 presents a phase transition: for - sufficiently big, the pressure of

v.¢p is affine.

1.3. Structure of the paper. This paper can be separated in three parts.

The first part is the entire Section 2. There, we study the renormalization for the
Manneville-Pomeau maps, and also for the full 2-shift. Both studies are restricted
to the basin of backward-attraction of a weakly expanding fixed point. This is what
we call the local point of view.
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In Subsection 2.1 we show the fixed point property for the renormalization op-
erator associated to Manneville-Pomeau transformations and also Theorem A. In
Subsection 2.2 we consider the one-sided shift and we define there the natural renor-
malization operator with respect to the class of dynamics we are considering. As a
by-product we extend the operator to the 2-side case in Subsection 2.3, and then
consider a kind of two dimensional bijective Baker Manneville-Pomeau map in Sub-
section 2.4.

In the second part of the paper (Section 3), we prove Theorem B , that is, there
exits a unique renormalization operator (up to an integer positive parameter a)
for the shift which respects the class of dynamics we are considering (two coupled
laminar regimes with two fixed and weakly repelling points).

The third part is the proof of Theorem C. In section 4, we prove properties on g,
discuss the motivation for the relation of the parameters. Section 5 is devoted to the
strict proof of Theorem C, namely to the existence of Gibbs measures associated to
the potential in function of the values of the parameters.

This part contains very long and perhaps unpleasant computations. They are
however simple and necessary to get complete mathematical proofs. Nevertheless
we indicate to the reader that almost all the computations from the proofs of Section
4 should be omitted in a first reading. In Section 5, the reader is supposed to be
familiar with some basic knowledge of the transfer operator theory, even if we tried
to make the paper as self-contained as possible. We refer the reader to [1] to basic
notions on this theory.

2. THE LOCAL RENORMALIZATION OPERATOR

2.1. The Manneville-Pomeau model. We set

flx) =%, if O<x§%,
flz)y=2-1 1f i<z <1,

Note that one branch above is obtained from the other by the change of coordinate
z— (1—1x).
We remind that we get for ¢t > 0,

x at i

1
ft(x):(l—xt)l/t:(l—xt ’ lfO<x<21/1t7
1

) = (2= )i <<,
Let us set hy(z) = x. Then, for every x in [0, 5[ we have f, = h; ' o fohy. Using
r — 1 — x we get the same kind of result for x > % Therefore, in all this section
we shall only state and prove results for the map f.
Note that fi(x) = ;%= can be considered as a translation by —1 in the variable
s = 1/x. Seeing it as a shift helps to understand the partition and other things that
come later.
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In this way we have a natural partition by fundamental domains for the branch

of fin (0,(1/n)) by (5,3) - (1 ﬁ), ... (see also page 153 in [21]).
Y

For a given y , the two inverse branches by f are x;(y) = ) and zo(y) =
(35)-

The image of x; is in [0, (0.5)] and the image of x5 is [(0.5), 1].
Note that f'(z) = 7= for z € (0,0.5) and f'(z) = & for z € (0.5,1)

(1—x)?
We point out the main property of f:

) FPE) = (Fo ) (5) = 3/@)
One can see by induction that
(6 Fila) =

(z—3)
We remind that we set R(V)(z) := V(f(5)) + V(5). And we consider V' in F1, i.e.
V(z) =x+ o(x).

This is meaningful only close to 0. We also set V*(x) = —log(l — z). Taking
derivative of both sides of (5) one can see that V* is a fixed point for R.

By recurrence and using (5) one can easily see that
x 2 L
R(V) () = [S0(V)] (52) = S V(F(50))
j=0

From (6) this yields

27’L
1
(7) RY(V)(z) = Y Vig—s)
=0 (7 —J)
Our main interest is on universality type properties for the renormalization oper-
ator.

Theorem 2.1. For any V € Fy and for very x in [0, [ we have

lim R™"(V)(z) = V*(x).
1 1
(m+1)"m
T 1 1
Then, — belongs to , .
2 2n(m+1)" 2"m
Hence, the smallest value for (% —7),7=0,1,...,2" is obtained when j = 2",

Proof. Let x be in [ }, with m > 2.

1
and is larger than 2"(2 — 1). Therefore each term 5+ is very close to 0, and it

. T
makes sense to approximate V' ( 1’ (2%)) Hence we have



10 ALEXANDRE BARAVIERA, RENAUD LEPLAIDEUR AND ARTUR O. LOPES

2TL
1 1
=Y G+ o)
2 2
=0 (7 —J) (7 )
2" ALY
1 1 1 1
(9) =Nty .
D A T
2m 1

1
For a fixed =, o jzo (x—n converges to

| o = —loa(y = 1l = —loa(1 =) = V(@)

as n goes to +oo. Hence, (5 Z?io (l_ll)) is in o(1) and then converges to 0 as n
goes to +o0. T
This finishes the proof of the theorem. U

Note that if V(x) = c.z* + o(z") with t # 1, then, assuming ¢ > 0, the same kind
of commutation than above yields that

R"(V) - 4o ift <lor R"(V)—0ift > 1.
Therefore, only potentials V' in F; can converge to the fixed point V*.

Remark 2. Let us now assume that V' belongs to F;. Let us set g : [0,1] <= such
that V' = logg’. Then R"V — V* is the expression that says that g belongs to
the ”stable set” of f for the action of R (this expression, “stable set”, has a clear
meaning but we do not have here the ambition to say something rigorous about the
general set of maps g, satifying R"(g) — f). As we said, this exactly means that g
has the same germ than f.

The bottom line is: the results described in [26] (for maps) are now obtained
for the potential point of view (and, in a rigorous way). The fixed point for R is

Vi(z) = log f.

2.2. The one-side shift X. We consider here the Bernoulli space 3 = {0, 1} and
the shift acting on .
We denote by M,, C ¥, for n > 1, the cylinder set [000...001] and by M, the
——

cylinder set [1]. The ordered collection (M,,)°, is a partition of X.

Definition 2.1. Consider F the set of non-negative continuous functions V : 3 — R

which are constant in the set M, for alln > 1. We denote by a,, the value of V' on

1 1
each M,. We further assume that a, = — + o(—).
n n
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Definition 2.2. We define the renormalization operator in the following way:
Forxz:=(0,...,0,1,...,10,...,0,1,...) we set
———— —— ——

c1 c2 3
R(V)(z) = V((0,...,0,1,...,10,...,0,1,...))+
(V)() = V(( )

2c1 c2 €3
V((0,...,0,1,...,10,...,0,1,...)).
S——
2c1+1 C2 €3

Note that the potential V*, with value log % in Mj, is invariant by R. Indeed

we have
k+1 | 2k+1+1 2k+1+1
=lo og ————
& & ok +1

1
o8 T 2%

Theorem 2.2. Each V € F and for every x in X, R*(V)(x) goes to V*(z) as n
goes to +00.

Proof. An easy computation, by induction, gives the formula

(10) R*"(V)(@) = San(V)(2n)
where x, = (0,...,0,1,...,10,...,0,1,...) and Si(V) is the Birkhoff sum V'(.) +
2ne+2n—1
Cc1 - c2 C3

Voo()+...+Vodor1().
Equation (10) yields for x € M.,

on_1 on_1
1 1
R(V = ney i = —_— —_—
( )(l’) ]go A2ney+j Z (2”61 +]) t+o ((27161 +]))

=0
9n_1 2n—1
1 1 1 1
ol D D e s T Dl sy
=0 (Cl + on =0 c1 + 2n)

The first term in the right hand side is a Riemann sum, and converges, as n — oo,

1
1
to / dr. Again the second term goes to zero.
o (c1+7)

1
1
Note that the integral / <—+dr is the same as —log % Thus, and in the
C1 T

same way as before | if the potential V' satisfies the condition
1 1

ap =2+ O(E)’

we have convergence of R"(V)(z) to V*(x) when n goes to +oc.
0J

2.3. The two-sided shift 3. We denote ¥ = {0,1}? and also denote each point
in this set by < y|z >=< ...ys, y1| ©o, 1, To.. > where z is future and y is past. The
shift & is defined by

5’(< ...yg,y1|x0,x1,x2.. >) =< ...yg,y1,$0| T1,To.. > .
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Definition 2.3. Consider F the set of non-negative continuous functions V : 3 —
R, which are constant in the sets of the form

M| M, ={<y,x > x € M,y € M},
for each pair m,n > 1. We denote by an,,, = V(m,n) the value of V on each

1 1
M,, x M,. We further assume that a,,, = _mEn +ol—)+ol|—].
’ (m—1)n m n

Definition 2.4. We define the renormalization operator in the following way:
For

2:=(0,...,0,1,...,10,...,0)| (0,...,0,1,...,10,...,0,1,...) € M¢ x M,,,
e e e e e e —

ds ds ¢ c1 c2 c3

R(V)(z)=V(0,...,0,1,...,10,...,0)|(0,...,0,1,...,10,...,0,1,...))+
—— Y\ Y Y
ds do 2¢—1 2c1+1 c2 c3
V(0,...,0,1,...,10,...,0)|(0,...,0,1,...,10,...,0,1,...)).
—— Y\ Y= Y=
ds da 2¢ 2cy c2 c3
In order to simplify the notation we write
R(V)(z)=V(2¢ —1,2¢c1 + 1) + V(2(, 2¢1).
One can show that for V € F, and z € M,,|M,,, we have that
n—1

RY(V)(z)=> V(2"¢—2"+1+k2% +2"—1—k).
k=0

It is easy to see that the potential given by: for each z € M;|M,
Jjk+1)

V*(z) =log 5+,

) -1k

defines a fixed point potential for R.

Theorem 2.3. Each V € F 1is attracted, in the pointwise sense, by the renormal-
1zation operator R to the fixed point V*.

Proof. Given V € F, we have
2n—1

R'(V)(z) = > V(@'¢(—2"+1+k2"% +2"—1—k)
k=0
2n—1

_ 2" (e1 +¢) 1
B Z ((2ng—2n+k)(2nc1+2n—1—k) +0((2"§—2"+k+1))

k=0
1
to ((2%1 T —1— k:)))
2n—1

_ 1 (c1+4 ) o
= W A D E) (@ W
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1 ! 1 1
h n—-+4+oo —d d n—-+o0o
Wereweuse(2n6_2n+k+1)—> + /0 1tz X an (2n01+2n_1_k>—> +

1
1
/ dz.
0o (1 +—x

Taking n large we get

2" —1

i (1 +¢) :/1 (c1+¢) do —
et 2t A (=D ) ((a+ ) =53 o (C=D+a) ((a+1)-2)

27L

! 1 1 B (—1+2]
@+0 [ e <c1+1—x>d“{10gc1+1—w]o‘
Cla+1), .

O

2.4. The Baker Manneville-Pomeau bijective transformation. Using the no-
tation of the first section, for a fixed value of ¢, consider

F; :]0,1] x [0,1] — [0, 1] x [0, 1],
a bijective transformation such that satisfies for each z and y

Fi(z, fi(y)) = (fi(2),y).

In order to simplify the notation we consider here only the case ¢ = 1. Similar
results will be true for the general case ¢t > 0. We use the notation F; = F.

Definition 2.5. We denote F the set of non-negative continuous functions V :
EO, 1])>< [0,1] = R such that V(x,y) = log(%) + o(x) + o(y) when (x,y) is close to
0,0).

Definition 2.6. The renormalization operator R acts on the set of functions V' on
F by means of

ROV @9) = Vi 52 + V(5. 5)

In the same way as before one can show that

1+«

V(y) = loa({

),

is a fixed point for R.
We leave for the reader the proof of the theorem:

Theorem 2.4. Each V € F 1is attracted, in the pointwise sense, by the renormal-
1zation operator R to the fixed point V*.
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3. PROOF OoF THEOREM B

Bellow we consider X;, X5 metric spaces, 17 : X1 — X1, Ty : Xo — Xy, H; :
Xi — X4, Hy : X5 — X5, are continuous transformations, and V; : X; — R,
V5 1 X1 — R are also continuous. We first state a simple lemma:

Lemma 3.1. Let (X1,T1) and (X3, Ts) be two conjugated dynamical systems. Let
0 : X, — X, be the continuous conjugacy. If Hy satisfies H; ' o T? o Hy = Ty, then
Hy =00 H, 007! satisfies
Hy'oT? o Hy=T,.
Moreover if Vy satisfies Vi(Ty(Hy(z))) + Vi(Hy(x)) = Vi(z), then Vy := V30 071
satisfies
Vo(To(Ha(x))) + Va(Ha(x)) = Va(x).

The proof follows just by taking the compositions.

In view of those results, it’s meaningful to study maps H on the shift which satisfy
the property H! o 0% o H = 0. More assumptions are necessary, if one wants to
respect some other properties of the map = — z/2 in the interval. If 0% in the
shift represents the 0 of the interval, then H(0°°) = 0> needs to hold. Moreover the
map H has to “increase”, which can be translated into “H respect the lexicographic
order in 7.

We can now prove Theorem B.

Let H be an increasing function on the shift 3, (for the lexicographic order), such
that

(1) for every z = (1,29, 23,...), H(x) = (0,...,0,1, 29,23, ...), where a > 1;
——

a terms
(2) H'oo0?0 H =0,
(3) H(0*) =0>
We want to prove that for every x = (0,...,0,1,2,,42...), we have
t
no terms

Hz)=(0,...,0 ,1,z542,...).
2no+a terms

Note that by assumption, this is already proved for every z on the form (1,...).
We first consider the case where a > 2. Note that we took a = 1 in a previous
section where we considered the shift.
Let us pick some x, which necessarily has to be of the form z = (0,...,0,1, 2, 42...).
——
no terms
We assume ng > 1. We point out that o(x) > z, because a “1” appears sooner in
o(z) than in z. Therefore we must have

(11) H(o(2)) > H(z), if & # 0%, 1%,
Now, 0" (z) belongs to the cylinder [1], hence H (o™ (x)) = [az], where a is the finite
word 0,...,0, and [ | is the concatenation of words in the shift. As we said before,

a terms
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in the moment we are considering such a > 2. The constraint H log?oH = o,
yields 02" o H = H o 0™. Therefore
(12) H(z)=(7,...,7,0,...,0, 1, zp12,...),
2ng terms a terms
where the first 2ng digits are unknown.

As H has the increasing property, its image is in the cylinder [0], and the first
digit in (12) is 0. The property H ' o o? o H = o, also means o> o H = H o 0.
Therefore, each odd unknown digit in (12) is 0.

Now, we prove that no even unknown digit can be 1. Let us assume that the
second digit is 1. Doing the same work for o(z) (here we use ng > 1), we have

(13) Hoo(z)=1(0,7,...,0,7,0,...,0,1, 2512, - ),
2ng—2 terms a terms

where each unknown digit at position 2p is the same digit than the digit in position
2p + 2 in (12). To get these equalities, we again used 0 o H = H o 0.

If the second digit in (12) is a “1”, then to respect (11), the second digit in (13)
must be a “1” too. Therefore, the cascade rule yields that each even unknown digit
must be 1, in (12) and in (13). In that case, and as we assume a > 2, there will be
a “1” in H(x) in position 2ng, and a “0” for H o o(z), and the two words coincide
before that position. Hence, H(o(z)) < H(z), which is impossible by (11). This
proves that the assumption is false, and the second unknown digit in (12) must be
a “0”.

Note that this also holds if ng = 1. Indeed, in that case we completely know
H o o(z), by assumption (1) in the proposition. Therefore the above discussion
means that for every & = (0,...), H(§) starts with 3 “0”. Here again, the cascade
rule between (12) and (13) yields that every even unknown digit is “0”.

To complete the proof of Theorem B, we have to deal with the case a = 1. In
that case, the assumption “the second unknown digit in (12) in 1”7 yields to

la
H(gj) = (071,...70,1,0,1/70717xn0+27"')7

L

2ng terms

la
Hoo(z) = (0,1,...,0,1,0,1, 2,42, ..)-
2ng—2 terms

Hence, the unique possibility to respect the increasing property for H would be
to alternate “0” and “1” for the tail of x. But even in that case, this will be in
contradiction with (11). This finishes the proof.
The conclusion is that each renormalization operator has to be of the form: take a
fixed a € N, then given V : {0, 1} — R, for any z:= (0,...,0,1,....,10,...,0,1,...),
—— N N —

c1 co c3
we set
R(V)(z) = V((0,...,0,1,...,10,...,0,1,...)) + V((0,...,0,1,..., 10, ...,0, 1, ...)).
S~ = S~ =

2c1+a co c3 2c14+a—1 co c3
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k
In that case, the potential defined by log k—l—i on My (k > 1) is invariant by
a—

1
R. It is a “Hofbauer-like” potential.

4. PROPERTIES FOR 03, PARAMETERS AND VIRTUAL MANNEVILLE-POMEAU
MAPS

In this section, we state and prove the main properties for the function 63. We
explain where the condition (4) comes from: it yields the compatibility of the two
regimes associated to different local renormalizations.

4.1. Main properties for 0;.

4.1.1. Convergence of the continued fraction expansion defined by 63. Here,
we define a generalization of the continued fraction expansion. We consider real
numbers, « in [1, 400, 3 in ]0, 1], and the natural number a > 0. These parameters
are not supposed to satisfy (4)

Lemma 4.1. Let (ag)ren be a sequence of real numbers such that ag = 0, each
aok+1 18 larger than 1, and all the even terms agx, k > 0, are positive and uniformly
bounded away from zero. Then, the sequence of real numbers (ry) defined by

1
T = 1 s
G2t ——
S
Qg
converges to a real number denoted by [0, ay,as,as, .. .|, and we have
1
[07a17a27a37"‘] = 1
-, _"_ 1

a + —

Proof. Let (ax)ken be as in the assumptions. We define two new sequences (py)ren
and (gx)gen, by induction:

pOZO) p1:17 QOZL g =

Vk €N, prro = akropes1 + Pry Qrr2 = Qrr2qes1 + G-

It’s easy to see, by induction, that for every k > 0, g, > 1. Using agry1 > 1, we
easily get qory1 > k, and then ¢o, > A.k, where A is a positive lower bound for all

the ag;’s. Therefore, g, goes to +00 as k increases to +00.
If V}/?e set U = Pra1Qk — PrQr+1, then ugp 1 = —uy for every k. We claim that
k
dk
converge to the same limit. We leave the reader check that the even sequence (ra)
increases and the odd sequence (rg41) decreases. O

Tk . Then, the two subsequences (rg;) and (rex41) are mutually adjacent and
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Let v > 0 be a real number. We define g : (0,00) — R, given by

1
9y(2) = g(2) = A+p—1
For a fixed v, and when the meaning is clear, we omit the subscribe « in g,, in order

to make the formulas simpler.

v

2+ -0
increasing. Moreover, lim, g g(z) = 0 and lim,_,, g(z) = +00. Therefore, for any
given y € (0, 00), there exists a n, € N, such that

1
We have for every z € (0,400), ¢'(2) = S(1+ =)"~1 hence g is
z

(14) g(ny) <y < g(n, +1).

—1 1
Moreover, g(z) = 27 + 0o(z”) when z is close to 0, and, g(z) = S 77 +0(-),
v z

when 2z is close to +o00.

Lemma 4.2. The map g, is convex for v > 1, and is concave for v < 1.

Proof. To prove this lemma, first note that ¢'(z) = 21 (9(2) + ¢*(2)). This
22+ z
yields
§'(2) = et (92) + () + i (¢(2) + 20/ (g()
(22 + 2)? 22+ z

If we replace in this last expression the value of ¢’(z) in function of z and g(z), we

get
v = (0= (5-77))

Note that % — 77_1 is the asymptote of g close to +00. Then, the convexity of the
map depends on the position of the graph with respect to the asymptote. It’s convex
when the graph is above the asymptote, and it’s concave when the graph is below
the asymptote. Now, recall that a convex map has a non-decreasing derivative, and
a concave map has a non-increasing derivative. Therefore, easy considerations on
the relative position of the graph with respect to the asymptote prove that the graph

cannot cross the asymptote. Hence the map is convex for v > 1, and concave for

v <1 0]

Note that g.(1) = 5z—. Therefore, go(1) < 1, for & > 1, and gg(1) > 1, for
6 < 1.

Given Z = (0,...,0,1,...,1,0,...,0,1,...) € £ = {0,1}", we claim (and let the

—— —— ——
no n1 no

reader check) that the sequence defined by agx = ga(nor—1 + @) and agg1 = gs(nax)
satisfies the properties of Lemma 4.1. Therefore the real number [0, aq,as,...| is

well-defined.
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This allows to define

00,8,a(T) =
,0(%) (0 + )P 1

(no +2)# — (no + 1)# (n1 +a)® 1
« « + B
(n1+a+1)* —(n1+a) n N 1
(ne +1)8 — ng (n3 +a)®
(n3 +a+1)® — (n3 + a)®

We now claim that 6, s,(Z) belongs to [0,2° — 1]. Indeed, the odd subsequence
(rors1) decreases and the even subsequence (rg;) increases. To minimize the value
of 04.5.4(7), it is necessary and sufficient to maximize ng. On the other hand, to
maximize the value of 0, 5,(Z), it is necessary and sufficient to minimize ny and to
maximize n;. Therefore, for every T,

0=0454(0°) < 0np4(T) < 0npa(1°) =27 1.

Remark 3. The number a does not need to be in N to define 6, 54, but in R*. This
restriction is due to the fact we want to see a as a parameter of the renormalization.

4.1.2. Lexicographic order and values for 0g. We now present a technical Lemma
which gives inequalities with respect to the lexicographic order in 3. For this, we
introduce a new notation: from now until the end, the term 0™1™ shall denote the
cylinder

n terms m terms
We shall also extend it in the natural way to describe more complicated cylinders
and in particular use it with n or m equal to 400, and also

Lemma 4.3. We have the following inequalities for ng > 0:
g(ome1™ ... 0" 1,0%°) < Q(0m01m™ ... 0 212t 0, .. .) < G(0me1m L 0" 1)
g(ome1nt . Q1)) < G(Omelm™ L Qe et ()LL) < G(0m01™ L. Qne e () 1),

% and b, = b,(8) := —2log

Then for (00...00 10*°) < w < (00...00 1*°) and n > 0 we have

ga(m+a)+2° —1
d = =

a(m+a)+2(2°—1) o0 o0
—2log T ey Then for (1111 0%°) < w < (11..11 0,1%°) and m > 1

gs(n+1)+ (145 )" -1
gg(n)—i—(l—i— lia )0‘_1 .

Let us set a,, = a,(f3) := —2log

Let us set u,, = up(f) = —2log

m n
we have

Um < dp(w) < Uy,
If m =1 we have

3)0 _ 3\0 _ B _ (30
uy == —2log (1 + 2(52)—T)1ﬁ> < ¢gp(w) < —2log ((2 + 2(;)_ <%)15> (225 _(21) )) =: V.
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Proof. For w satisfying (00...00 10%°) < w < (00...00 1°°) and n > 0, we have

s 0 0(w)
¢s(w) = —2log ———=
’ 0s(w)
1
We set §(w) = —————— and we have foo(w) = ————. Here we use n > 0.
gg(n+1)+r gs(n) +r

We thus have to give bounds for
1
g5 n gs(n+1) —gg(n)
gs(n) +r gs(n) +r
A bound from above is obtained when » = 0 and a bound from below is obtained

forrz(l%—lfa)a—l.

istyi ) < &
For w satisfying (11...11 0°) < w < ({1...11 0,1*°) and m > 1 we first recall
m 1 m
that we have f(w) = — - . Then a simple computation gives
261 + ga(m+a)+r
1 20 —1)2
20 —1-0(w) = — — O(w) = ( ) :
T ga(m+a)+r+2°—-1

4.2. Parameters.

4.2.1. Choices for parameters o, 3 and a. We first check that conditions (4) are
compatible with our assumptions o > 1 and § < 1. Remember that (4) means:

1 1 1
- _— 1. (4
v wo1 - o) (1)
(3)
1
- = 2°_1. (4b
- (4b)

Note that 3 < 1 yields 2° — 1 < 1, and, then, we indeed have a > 1.
We now want to solve a (from the two equations) as a function of 3. For this we
have to consider the map

B—a(B)+1:= !

1 1 2=l
<(3/2)6—1 g T 1) —1
1

1 1 2T —1
W—zz—-l“) -1

Lemma 4.4. The map A:x — — 1 1s a decreasing

bijection from |0, 1[ onto |1, +o0].

Proof. We first prove that the function A is one-to-one.
Let us pick some a > 0, and set C':= 1+ 14+a Note that C' belongs to the interval
11,2].
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We set ¢(x) = Cm1—1-— ﬁ — 52— . Hence we have
Epin
Alr) =a <= ¢(x) =0.
We thus want to prove that there exists a unique z in |0, 1] such that ¢(z) = 0.
Note that (1) = C' — 2 < 0. Moreover =— = %62 4 o(1) close to 0.

271 x z
o log (3) log2 1
Therefore for = close to 0 we have p(z) = elogc(%”(%))—l—ﬁ—f—&—l—o(—).

x x x
This yields that

lim ¢(z) = +o0.

r—0t

As the function is continuous on the interval |0, 1], there exists at least one = such
that ¢(z) = 0. We thus want to prove the uniqueness of this solution.
Claim 1. The function ¢ is either decreasing on |0, 1] or the exists ¢ €]0, 1] such that
¢ 1is decreasing on |0, c[ and increasing on |c, 1[.

We first explain why Claim 1 gives our result: indeed, the variations of ¢ and the
fact that (1) < 0 imply that there can be at most one solution for the equation

o(x) =0.

We now prove Claim 1. Note that ¢ is C*° and we have

3) (3)® z
o (z) = log (3) (3) _ log22 (1 + log CeﬁlogC) _

2 1 2
1 2z _1
(=) 7=1)

We thus want to know where we have

log (5) (2" = 1) (5)°
log2 ((3)" - 1)2296

Claim 2. The function x — 1+ log Cem™1

logC

(15) < 1+10g06ﬁ

06C s decreasing.

Indeed, z — 5 1 is decreasing and x +— €” is increasing and C' is larger than 1.

(2 -1 (5)"

3\F % 0n
((3)7=1)2
We first explain how these two claims proves that Claim 1 is correct. Note that

forz =1
(2" =1 (3)

(@) 1)
log C'log 2

On the other hand note, note that 1+ log Cez-118C logCe = close to 0 and
then

Claim 3. The function x — 1S INcreasing.

= 3.

lim 1+ log Cem118C0 — 4o,

r—0t
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We remind that ~ means that the quotient goes to 1. Hence, Claims 2 and 3 yield
that there exists at most one real number ¢ €]0, 1] such that for x = ¢ we have

log (3) (2 = 1)* ()"
1og2((gy3_])22x

Moreover, for z < ¢, (15) holds and it does not hold for any x > c¢. If the real ¢
does not exists, (15) holds for every x €]0,1]. This prove that Claim 1 is correct.

(2 -1 (3)

() -1)

increases. Equivalently, we want to prove that ¢ is positive on |0, 1]. We have

;o 2log22* 2log (%) (%)x §
V() = e 1 (§)ﬁ_1 —log 2 + log 5 )

2

=1+ log Cezo-1'8C

We now prove Claim 3. It is sufficient to prove that ¢ := x +— log

Hence ¢/(x) > 0 is equivalent to

27 +1 3\ (3)"+1
log 2 > log (— 2
T 3\ 8
1 L)y
rlog?2 [e*loe2 41 - zlog (2) erlos(3) 41
2 erlog2 _ 1 2 elos(3) _q
zlog( 3 zlog( 3
xlog 2 em;gg —|—67% - x log (%) e g2(§> +e 5527
2 ewlng2 _ eiwlng2 2 xlog(%) _xlog(%)
e 3 —e P)
log 2 log 2 xlog (2 zlog (2
(16) T98% coth = 02g > 8 (3) coth i(2)

We now let the reader check that the function x +— z cothz is increasing on R,.
Therefore (16) holds and Claim 3 is correct. This finish to prove that the function
A is one-to one.

We let the reader check that, close to 1 we have A(x) = (z—1)(2log2—4log*(2) —
3
6 log 5) +O((x —1)%).

1 1
ogs  log2 1
In the other hand, close to 0 we have A(z) = ;ifg—xl;;[l + K.@] +O0(1).

The function A is one-to-one and the limits on the boundaries yield it is a de-
creasing bijection from ]0, 1[ on its image |0, +o00].
OJ
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From the lemma above we get the property that each positive integer value of a
can be reached. In this way, several renormalization operators, with different values
a € N, can be considered in our future reasoning. For each such value a, we have the
corresponding values «, and (3,. We point out, however, that it also has meaning
to consider real values of a (any positive real is possible) in several of our results
(which are not related to the renormalization operator for the shift).

5. PROOF OF THEOREM C

The proof has 3 main steps. In the first subsection we give an important result on
the control of the variation of the potential on cylinders. In the second subsection
we recall the construction of Gibbs states obtained by induction on a cylinder. We
recall and use the method that was introduced in [19]. In particular, we introduce a
one-family parameter of Transfer Operator, introduced the critical parameter S, and
we show that existence of Gibbs state is dependent of the fact that the operator has
spectral radius larger than 1 or not close to the critical value S.. In the last section
we study the realization of this condition for our family of potentials in function of
the parameters.

5.1. Distortion on cylinders. We recall that the potential ¢z is defined as follows:

pp(x) = —2log (0’619(;—((;(;:)) if z € [0],
F—1—-0fso0(x
¢(r)sg = —2log (2 25ilfﬁeﬁ(m() )> if z € [1].

The theory of equilibrium state has been developed for various type of dynamics
and various potentials. It is however noteworthy that in every case, one of the main
point is to control the distortion of Birkhoff sum of the potential on cylinders.

Proposition 5.1. There exists a positive real number A such that for every k in
N*, for every w and w' in 01" 0™ 1™20"2 ... 1™ 0™ 1 (with 0 < m;,n; < +00) we
have

| Sy (D8) (W) — Sy (dp) (w')| < 2,
where |Mi| + |7i] == >, m; + n,.
Proof. The proof has three steps. In the first step we recall some simple facts on
analysis. In the second step we do explicit computations for & = 2. In particular

we emphasize a general form of the difference of the two Birkhoff sums that can be
used to estimate it by induction. In the last step we give the value for 2.

Some usual analysis arguments. Given Ay > 0, R; and Ry non-negatives, then

1 B 1 <|R2—R1\
Ao+ Ry Ag+Ry| — A?

The repeated use of this fact yields
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1 1 . 1
Ag+— L A+ L | T AAT. A2

1 1
A1+W+T+Rl A1+W+T+RQ

(17) |Ry — Ry

We shall use several times estimates of the form

(18)

A
logg‘—HogA—logB\g |A — B|.

1
min(A, B)

In particular, to get abound from above for (18) we need to get a bound from below

for A and B.

The case k = 2. We set

w=(0,1,...,1,0,...,0,1,...,1,0,...,0,1,W,...).
—— N N
mi ni m2 n2
and
w' =(0,1,...,1,0,...,0,1,...,1,0,...,0,1, W’ ...).
N N e N e N e’
mi ni m2 n2

We want to estimate |y, +ny +motns (08) (W) — Sy 401 +matns (0p)(w')|. For simplicity
we drop the indexes 3. Note that we have

Smstnimatng (D)(W) = d(w) + Sy (6)(0(w)) + S, (8) (6™ (w))
+Smy (9) (6™ (W) + Spg-1(9) (6™ (w)).

Owing to the definition of ¢ we thus get

_ 00 o(w) 20 —1—foo™ ' (w)
Sm1+n1+m2+n2 (¢) (w> = 2 log Q(w) +2 log 28 —-1—0o O'(UJ)
0o 0.m1+n1+1 (w) 2,3 —1—0o O.m1+n1+m2+1 (w)

+2log 7o o (w) + 2log

B _1—0o am1+"1+1(w)
0 o 0m1+n1+m2+n2 (w)

9 o) 0-m1+n1+n2+1(w) ’

+2log

We shall thus get bounds for the 10 terms of the form logfoo ... (w)—logfoo ... (w)
orlog(2® —1—6...(w)) —log(2® —1—0...(w")).

e Estimation for log #(w) — log#(w’). Using (18) we need to get a lower bound
for (w) and f(w’). Lemma 4.3 gives

o(w).0(w) > 6(010%) = — -~ 1 :

i .
95(2) + ga(1+a) G2P 1 T BRI P
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Now, w and w’ coincides for the first 1+ m; + ny + mgy + ny symbols. Then (17)
gives

1 1
|0(w) — O(w)| = - <
952 + e 992+ Gmra
1 1 1 1 1
2 2 2 2 2 R — R,
98(2) ga(m1 + a)? gs(n1)* ga(mz + a)? gs(n2)
1 1 o
Here | R—R'| is of the form — , hence is lower than (1 + —=-)"—
=R P E (- w5a)
1< ﬁ — 55— Therefore we get
2
1 1 2 1 4\"°
log 6() — log #(u)] < ( HE ) ( - ) ((-) - 1)
8 — B 8 _
o1 7))\ 7\
1 1 1 1

(19) go(mi + a)? gs(n1)? ga(ma + a)? gs(na)?

e Estimation for log# o o(w) — logf o o(w'). Note that we have
1

0(o(w)),0(c(w')) = )T —L
ga(mi+a)+...

Copying what we have done just above we get

, 1 1 1 NG\
et efentl = ((%)ﬂ—1><<3)5—1‘26—1) <<5) ‘1>

1 1 1 1
(20) ga(mi + a)? gs(n1)? ga(ma + a)? gs(n2)

o

e Estimation for log(2® — 1 — o o(w)) —log(2° — 1 —foc(w')). Again we have

N 1 B 1
0(o(w)),0(c(w')) = P e e
Note that we get
1 1 1
S = = T
_ 7 _ (@)
ERlEEn A

R+2° -1

and we get a bound from above

Therefore we get 26—1—0oo(w) — (28 — 1)2 ’

for this last expression if we get a bound from above for R.
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Now, R = go(m1 +a) + , therefore we get

g5(n2) + -

R < go(my +a) +2° — 1.
This yields

1 1 [
20— 1—0oo(w) = (26 — 1)

(21) 2027 = 1) + galmi +a)]

This also holds for w’. Now, |10g(25 —1—0oo(w)) - log(25 —1-vo a(w/))| =
0 0 o(w) —foo(w)

26 —1 —min(f o o(w),f o o(w'))

, and we finally get

1
< @17 [2(2° = 1) + ga(ma1 + a)]

(@)ﬂl—f 2ﬂl—1> (G)B”)Q

1 1 1 1
ga(mi + a)? gs(n1)? ga(ms + a)? gs(ng)?

log(2° =1 =6 oa(w)) —log(2” — 1 — o o(w))

(22)

e Estimation for log(2°% — 1 — § o o™ (w)) —log(2® — 1 — f o ™ *1(w')). We copy
what we have just done to get (22). Note however that ™! (w) starts with 0 and
it is thus lower than 01°°. Note also it belongs to 0"11"20™2. We thus get

20 — 1 — m1+l 1 1 1
o] [ )

26 —1—0oomtl(w)| — 25_(%)5 %)6_1_25—1
1 1 1
98(n1)? ga(ma + a)? gg(n2)*

(23)

e Estimation for log(# o o™ ™ (w)) — log(# o ™ 1 (w')). Following (18) we have to
find a bound from below for 6 o 0™ (w) and 6 o 0™ (w’). Note that we have

1
98(m) +

foc™ ™ (w),0 o™ (w) =

We thus have to get a bound from below for g,(ma+a)+.... Hence, we claim that
we have

L gt (1) — 1= gem) [ - 2
900m1+1(w)—gﬁn1 1+CL _gﬁnl (%)5_1 25_1 .
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Applying (17) we get

l 0 oo™ (w)
%% s o (w')

N

1 1 1 1
: (g“m”(%)ﬂ—f?ﬂ—l)((>ﬁ—1_2ﬂ—1)

1 1 1
95(11)% ga(ma + a)? gg(ng)?

(24)

From now on, the other bounds are similar to those already computed. We let the
reader check that we have

(25) § (§>5 . 1 B 1 1 1
= \\2 )’ =1 2°=1) ga(ma+a)? gs(n2)?’

obtained similarly than (20). A similar computation than (22)

0 o O.m1+n1+1(w)

0 o O—m1+n1+1 (w/)

log

20 — 1 — @ o gm™mFmtl(y)
26 —1—0ogmtmtl(y)

log

N

1 1

(26) ga(ma + a)? gs(na)*

Copying (23) we get

(27)

2 —1—fogmtmtmtiw)| 1 1 1 1

20 —1— 0 ogmtmtmati(y)| = 95 _ (%)ﬁ (%)ﬁ 1 20—1) gs(na)?

log

Copying (24) we get
(28)

mi+ni+ma+1

Ooo (w)

lo
g e le) o'm1+n1+m2+1 (w/)

And finally we get
(29)
0 o 0m1+n1+’m2+n2 (w)

log

0 o gmitnitmatng (w/)

AN
N
—

[SSIIN
SN—
)
|
—_

_.l_
—

oo
SN—
)
—_
|
[\
»
|
—_
\_/
/N
—~
[N][SY
SN—
=
—_
[\
)
|
—_

2(2% — 1) + go(ms + a) 1 1 3\” i
(20 —1)° (()5—1_25—1) ((5) _1>
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Collecting all inequalities (19), (20), (22), (23), (24), (25), (26), (27), (28) and (29),
we get

|Sm1+n1+m2+n2(¢ﬁ)(w) — Sty tnitmatns (Cbﬁ)(w/) <

|
-1 2‘*1—1> ((%)5—1_ 2ﬂ1—1> (G)B‘l)g*
1

Let us now set :

Fsp(z) := 3 3 3 +x
20—-(3)" (3" -1 -1
Fip(z) = 1+
x
Ganlz) =
onl®) = )
Goml(z) = *
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Then (30) yields
(31> ‘Sm1+n1+m2+n2 (¢B>(w> - Sm1+n1+m2+n2 <¢B)(w/>

|
(( T Er _2ﬂ1—1) ((%)3_1—251_1> (6)6”)2*

1

3

1 1

G 1 Tl Gy © Fup 0 G, 0 Fy g0 Gam, © Fop 0 Gam, © F1,50
2

2
4\ 2 1
Gpm © FupgoGpny 0 Fy50Gam ©Fyp0Gam 0 Flp ((g) - 1) ((3)ﬂ . 28 1)

2

<

Note that all the functions F; g are of the form x — x 4+ A; g with A; 3 > 0. Now gz
and g, are increasing functions thus

1 3\” 1 1 \°
<lz) -1, ——<|(1+ — 1.
gs(n) 2 ga(m +a) 1+a

((3)” = 1)z and () = (ﬁ - ﬁ—ll) v, We finally set

Let us set Gg(x) :

F:=GgoFyg0GgoF330G, 050G, 0F s

1 1 1 1 1 4\’ i
s = (i i) (g ) () )

and X (8) := <((%)5 - 1)2 ((g)ﬁl - 2B—1_1>) Then (31) gives
(32)

|Sm1+n1+m2+n2(¢ﬁ)(w) - Sm1+n1+m2+n2 (¢ﬁ)(w,)| < A(ﬁ)—l—(

1 1

B N —
OISR

) F*(X(8)).

We emphasize that the “2” in F? in (32) exactly is the “2” from the case k = 2.
End of the proof. Existence and value for . From (32) we claim that for general k

we have
1 1

B N —
@ -1 -1

(33)  [9m4a(ds)(w) = Smia(dp) (W) < A(B) + ( ) FH(X()).

The function F' is of the form z +— b(5)x + ¢(5). Computing b(5) we get

38 _1\?
b(B) = (1—%) <1

Therefore, for any initial point X, the sequence (F™ (X)), converges to the unique

fixed point L(f) := 1i<—§()ﬁ)
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For (3 close to 0, e recall that 2 — 1 = Blogx + o(3). We now want to estimate
¢(f). This depends continuously on (3. We shall thus estimate this value for 3 close
to 0 to know if it bounded from below or not when (3 describes ]0, 1].

The following scheme indicates the dominating of the constant iterating the maps
F’iﬂ of G]

2 Go Py Go 1 m 1 Gp Fy Gg
-1 —=1"5-—=-—1—1—70.

—F 33

This means that L(3) is in O(F). Note that X () is also in O(f3). Therefore,
the sequence F"(X(/3)) is bounded from above by some constant of the form Bf,
with B independent of . Note that A(3) of bounded when [ describes ]0, 1], and

1 1
— is in O(%). We can thus find some 2 such that for every k
@ 1 w1 then

and for every [,

AlB) + <(§)ﬁl_ 1 251_ 1) FHX(@) <

2

This achieves the proof of the proposition. O

5.2. Construction of Gibbs states. In this section we recall the method of con-
struction of Gibbs state done in [19] and developed in further later works of R.
Leplaideur. We denote by 5, the Kolmogorov entropy of the invariant probability
L.
First note that the potential y¢g is a continuous function, hence the variational
principle proves that there exists an equilibrium state associated to this potential.
We recall that given a function ¢ : ¥ — R, an invariant probability measure p is
called an equilibrium state for the potential o if it satisfies

h#—l—/god,u:sup{h,,—l—/gody}.

We denote by P(v, ) the associated pressure.

We now consider the first return map ¢ in the cylinder 01. For y in 01, r(y)
denotes the first return time in 01 of y by iterations of o. For a real number Z, for
2 in 01 and for ¥ a continuous function from 01 to R, we define

Lasa(@)w) Y eFwlon-2ry (),

Y, 9(y)=z

This is the usual transfer operator for the map ¢ and associated to the potential
Sr(y(v03)(.) = Zr(.). We study this operator, for fixed v and  and for large enough
7. Namely, we set

1
Z. = Z.(7, ) := limsup — log Z S (195)(y)
n—+oo T
z=g(y), r(y)=n
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Note that for every Z > Z,, the series Lz, (11)(z) converges for every x in 01.
Moreover, for every Z < Z. and for every x Proposition 5.1 proves that the same
series diverge.

Using Proposition 5.1 we get

Z. < P(7,B).

The main problem is to check if we get the strict inequality Z. < P(v, 3) or not. In
the rest of the proof we may omit v and § when they are not necessary.

We claim that for every Z > Z, the spectral radius A\ of the two adjoint operators
Ly and L7, is a simple and dominating eigenvalue. If v, is the associated eigen-
measure and if hz is the associated eigen-function (characterized by [ hydv; = 1),
then the measure iy defined by

d,U,Z = hzdyz,

is the unique equilibrium state associated to S,()(v¢g)(.) — Zr(.) for the dynamical
system (01, g) (see Propositions 4.5, 4.8, 5.7 and 5.9 in [19]). We indicate that the
main argument to get this result is to use the Ionescu-Tulcea and Marinescu theorem
for the operator L£;. The large Banach space is the set of continuous functions on
01 and the small Banach space is the set of functions with the same module of
continuity than the potential (see Subsection 4.3 in [19]).

Moreover the pressure of the equilibrium state is log Az (see proposition 5.9 in
[19]). This is a convex and decreasing function on |Z,., +o0o[ (see Theorem 2.1 and
its proof in section 4 in [3]). Furthermore, for every Z > Z., there exists a unique
o-invariant probability measure iz such that its restriction and renormalization to
the cylinder 01 is the measure pz (see Proposition 6.8 in [19]). For this we use the
fact that the expectation of the return time is proportional to Lz(r)(z) (for any =

9Lz (1)(x)

in 01). This last term is equal to — (see Lemma 3.7 in [20]). Now, note

that a power series and its derivative have the same radius of convergence. A simple
computation gives (See Proposition 6.8 in [19])

(34) s (0) + [ 163z = 2+ (0D og Az
Concerning the conformal property, Proposition 5.1 yields that for every k for

every v and (3, for every Z > Z.(v, 3), and for every x in 01™10™ ... 1™(Q™ 1

o vz(01™0m L 1™ ]) 2A
(35) €= eSlil+la| (¥0p) (2)—klog Az 4 s s e

The same holds for uz exchanging 2 with 22 (see Lemma 5.10 in [19]). Therefore,
the measure v, can be y¢g-conformal if and only if log Ay = 0, namely if Ay = 1.
To prove Theorem C, hence to get conformal and quasi-conformal measures, it is
sufficient to prove

(36) lim Az > 1.

AVA

If inequality (36) holds, there exists a unique Z; such that Az, = 1. This furnishes
unique conformal and quasi-conformal measures (note that we have Zy > Z.), and
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it it natural to ask for if the quasi-conformal measure iz, is an equilibrium state for

¢z or not.
Let us denote by dy the Dirac measure at the fixed point 0°°; similarly the Dirac

measure at 1°° is denoted d; . We point out that every ergodic probability measure
different from dy and §; gives positive weight to the cylinder 01. Now, we claim that
(34) yields that Z; is the maximum of the pressures of the potential y¢3 among the
measure different from 0y and d;. To see this, pick any such measure fi, consider its
restriction-renormalization p to 01 and check that we have

(01) <hu<g> + [ Sien) du) < 0120 [ () dp+ OD Yog s, = 2o,

with equalities if and only if ;1 = uz,. Note that ¢3(0>°) = ¢5(1>°) = 0. Therefore,
if we have

(37) Z. >0,

then, we automatically get Zy, > 0. This yields that P(vy, ) = Zp, and that the
unique y¢g-quasi-conformal invariant probability is also the unique equilibrium state
associated to v¢g.

5.3. Conditions hold. In this subsection we prove that the two conditions (37)
and (36) hold. This shall achieve the proof of Theorem C.

Proposition 5.2. For every v and 3 we have Z.(v,3) = 0.

Proof. We recall that the transfer operator is defined by

Lr(Tg)(w) = > So0dW=Z -y e o1,

v, g(v)=w

The point v is of the form v = 01™0" w. In that case we have r(v) =1 +m +n —
14+ 1=m+n+ 1. Therefore we get

n>1 m>1

Now we have

Stmn(95) (01707 w)) = d(01™0" w))+Sim () (170" w)) +5(10"w)+Sn-1(¢5) (0"~ 'w)).
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Using Lemma 4.3 we get for m > 2

—_

S1min(dp) (010" w)) > ar+ Y

1 k=1
ga(m+a)+2° -1
—21 1)) —21
0g(gs(n +1)) og(ga(HaHzﬂ_l

3\ _ 1
(38)  —2log ((25 —1) <2+ ;{W» .

3

T

v

n—1 m
Stmin(99) (0170 w)) < Y b+ vy
k=1 k=1

IN

—2log (gﬂ(n +1)+ (1 + 17 a)@ -~ 1) — 2log (ii((f:s))i;((;;__ll))

(39)  —2log ((;)ﬁ - 1) ~ 9log ((2 + f)_ﬁ (_%)16) (252;_(%1)6» .

Let us set

Then we have

+oo Iéi
1
2 7z
3 B 2y +oo a 2y
(40) 1+ <1 + (5) ) ( m+a+12 _041 ) 6_mZ
20 — 25 i m+a+1) -1
+oo 1 + 1
Lonaltn)() < B |3 | T il =R
n=1 1+ ”;r—(ll)
3\ 5 2y +o00 a 27y
(41) 1+ (2 + L) Z ( (]— + m+a+1) —1 ) e—mZ
26_(%)ﬁ 28— 1+2(1+m+a+1) —2
Now, the four series have a general term equivalent to —=e™"# or —=e ™% when n

or m go to +00. Hence we get Z. = 0 and the proposition is proved. 0
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Proposition 5.3. For any < , for any B <1 and for any w in 01 we have

lim Ay = +o0.
Z10

For any v > %, there exists B, = P.(7) such that for any § < (. and for any w in
01 we have

lim Az > 1.
Z10
Proof. We start with the case v < % Note that for n large we have
B
1 1
<1+—> —1:é+0(—2).
n n n

The series is increasing as Z decreases to 0.
We now deal with the case v > 1. The function z — (14+z)°—1— gx is increasing

on the interval [0, 92715 — 1]. This interval contains [0, 1]. Therefore, for every g < 1
and for every n > 1,
1 B
(1 n _) 1z 2
n 2n’
Therefore, we get
) +00 1 \? 2y 3 2y 1
AT 1 -1 > 2v)—1).
@ | ((1+54) > (325) ( (s)ﬂ_l)h(“ )-1)
2|24 22—

n=1
2-(3)

All the terms from the right hand side are bounded from below away from 0 when

-1
B describe [0, 1]. This also holds for L

20— 3
+o0o
14+
Let us set H(Z) := Z < ( m”“ ) e~™% . Note that H(0) con-
m=1 \ 2°— 1+(1+m+a+1

verges. Therefore we have to show that the term H(0) goes to +00 when 3 goes to
0. Hence, we now analyze for § > 0 the function

< (1 + m+a+1)a — 1 o
S(ﬁ,v)zs(ﬁ,a,%aFZ((;Jr[(1+ )a—1])> :

m=1 281 m+a+1

for fixed values of (3, «

We remind the reader that when 5 — 0 we have that &« — oo and a — oo.
We are interested now in the upper bound.

Note that

o0

1 v
S(B.a) = (1_1+(2B_1)[(1+m)°‘—1]> '

m=1
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Consider
1

m+a+1
As log(z) > 1 — 1, we get that

U(O./,m, a’) = (1 + )a —1= 6& log(l—&—m) — 1.

u(a, m,a) > e* log(1+ 7o) _ 1 > | > e (zFmra) 1.

In this way

1 "
S(B,a) =) (1 14 (28— 1) [ — ] ) |

m=1

From elementary calculus we get that last summation is, up to a multiplicative
constant, of the same order as the integral

2y
°° 1
e : d.
0 14 (20 —1) [e*5rera) — 1]

Consider the change of variable s = e®(zxi7a) — 1. Then

« 1 1
ds = ———¢*Grmal gt = — = 1) log® 1) dt.
s (2—|—t—|—a)2e &(s+ Jlog“(s+ 1)

Note that when ¢ — co, we have s — 0, and when t — 0, we get that s — e7ra —1.

We claim that when 3 — 0, we get that e+ —1 ~ %, for some constant C' (again,
we remind that ~ means that the quotient goes to 1). Indeed, (1 + H%l)a -1 =

1 1 . log(2)—log(3/2) 1 _ 1
@71 — w1 pehaves like m 5 = 51.02361..., when 3 goes to 0.

As alog(l + 135) ~ 1%, when a and « are large, then e™a — 1 ~ %

Finally, from ;% = —%— = = we get the claim.

1
24a ~ Ifl+a  I+a L41°

We return to our main estimation.

After that change of variables we get for some fixed constants 0 < C' < C

C

/Oﬂ (1 B M)M [é (s+1)log®(s + 1)] "t ds >

c
B

/c' (1 B th)sfv % (s + 1) log®(s + 1)] " ds.

It is easy to see that for any fixed 0 < < 1, and any s such that C'/3 < s < C/3,

the expression
1 ! .
1+ (2 -1)s ’

uniformly in (3, is bounded above and is far away from zero.
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Therefore, up to a multiplicative positive constant

7 1 27 ) )
1-— — 1)1 D)™ >
/%/( 1—|—(2/’—1)3) [a(8+ )log“(s 4+ 1) ds >
. 2 ~1
K [a (s+1)log*(s+1)] " ds >
C/
B
1 1 1
_— L, = K 7 - =
a[log(s + 1)]% a[log(% +1)  log(§ + 1)]
(5+1)
log( 7o)
Kol C'1 g . C13 I~
log(=5%) log(=5")
Kl Cg C4
B (A1 —log(B)) (A2 —log(B)) B log?(5)
Therefore, for fixed 7, we have that S(3,7) — oo when 8 — 0. O

Now, Propositions 5.2 and 5.3 prove Theorem C. The quantity (.(7) is chosen
such that for every w in 01, Lo .()(To1)(w) > 1.
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