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Abstract

We consider (M,d) a connected and compact manifold and we
denote by X the Bernoulli space MY. The shift acting on X is denoted
by o.

We analyze the general XY model, as presented in a recent pa-
per by A. T. Baraviera, L. M. Cioletti, A. O. Lopes, J. Mohr and
R. R. Souza. Denote the Gibbs measure by . := h.v., where h. is
the eigenfunction, and, v, is the eigenmeasure of the Ruelle operator
associated to c¢f. We are going to prove that any measure selected by
ltc, 88 ¢ — +00, is a maximizing measure for f. We also show, when
the maximizing probability measure is unique, that it is true a Large
Deviation Principle, with the deviation function RS =377 R (07),
where Ry := 3(f)+Voo—V — f, and, V is any calibrated subaction.

1 Introduction

We consider (M, d) a connected and compact manifold and we denote by X
the Bernoulli space MY. The shift acting on X is denoted by o.

We point out that the number of preimages by o of each point is not
countable.

Let f: X — R be a fixed Holder potential defined in the Bernoulli space
X. We denote by m the Lebesgue probability on M. We suppose without
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lost of generality that the diameter of the manifold M is smaller than one.
This distance induces another one, in the usual fashion, on MM [4].

We are interested in the Gibbs state (for finite and zero temperature)
associated to the potential f. This model is called the general XY model in
[4]. We refer the reader to such work for a detailed explanation about the
motivation for considering such kind of problems. We point out that in the
literature in Physics what is called the XY model is the case when M = S,
and, the potential depends on a finite number of coordinates. In [4] and here
the hypothesis are more general.

Classical references in the XY model are [15], [24] and [28]. A nice
reference for general results in Statistical Mechanics is [13].

In order to define a transfer operator we need a probability a priori on
M which we will denote by dm. In the case M = S it usually consider the
Lebesgue measure dz [28].

First we will recall some definitions and results from [4].

Definition 1. Let C be the space of continuous functions from X = MY to
R. We define the Ruelle operator on C, associated to the Holder potential
f: MY — R, which is the linear operator that gets w € C, and sends to
Li(w) € C, defined for any x = (z9,x1, 22,....) € X, by

Ly(w)(x) = /ef(“x) w(azx)dm (a),

where ax represents the sequence (a,xo, 1, Tg,....) € X, and dm (a) is the
Lebesgue probability on M.

Following [4], for a real value ¢ we consider f. the eigenvalue, h. the
eigenfunction, and g. = cf + log(h.) — log(h. o o) — log(B.) the normalized
function associated to the Ruelle operator L.; obtained from cf. We also
denote v, the eigenmeasure of L7 ;, and, u. := hcv,, the Gibbs probability of
the potential cf.

As usual, by notation f"(x) = Z;:Ol f(di(x)), forany n € N, z € X.

Remark on notation: the iterated Ruelle Operator Liw(x), n =1,2,3...,
can be written as

/ el "By (g ayx) day...day, or / e!"w(z) dm.
An...a1

olz=x

We denote by M, the compact set of invariant probability measures for



We consider the following problem: for the given f : X — R, we want to
find probability measures that maximize, over M, the value [ f(x) du(x).

Definition 2. We define

B(f) = Inax {/fdu} :

Any of the measures which attains the mazimal value will be called a
maximizing probability measure for f, which is sometimes denoted by fio.

In Section 2 we are going to prove the following

Theorem 3. Any weak*-limit of subsequence of p., (¢ = +00), is a mawi-
mazing probability measure to f.

In this way one can say that any convergent subsequence of Gibbs states
at positive temperature selects maximizing probabilities. In this result we
do not assume uniqueness of the maximizing probability.

The similar result for the Classical Thermodynamical Formalism consid-
ers the shift acting on the Bernoulli space {1,2,.,d} [27]. In this case one
can consider entropy and pressure and the proof is trivial (see [11] [10]). Here
we can not take advantage of this and the proof requires other methods.

Definition 4. A continuous function V : X — R s called a calibrated
subaction for f : X — R, if, for any y € X, we have

V(y) = max [f(z) + V(x) = B(f)]- (1)

o(z)=y

This can be also be expressed as
B(f) = max{f(ay) +V(ay) = V(y)}-

One can show that for any x in the support of the maximizing probability
measure for f we have that

Vio(z)) = V(z) — f(z) + B(f) = 0.

In this way if we know the value 3(A), then a calibrated subaction V' for
f helps to identify the union of the supports of maximizing probabilities fi,
for f. The above equation can be eventually true outside the union of the
supports of the maximizing probabilities .



If the maximizing probability is unique, then the calibrated subaction is
unique up to an additive constant [3] [4] [12].

It is known [4] that L log(h.), ¢ € R, is a equicontinuous family. Any limit
of subsequence V = lim,,_,, % log(he, ), ¢, — o0, is a calibrated subaction
[4].

We denote in the following R = 3772 Ry(07), with R, := B(f) +V o
o —V — f, where V is any calibrated subaction.

We say that the potential A depends on two variables if for any x =
(zo, 1, T2, 3....) € X we have that the value A(xg, z1, %2, x3....) is indepen-
dent of (xq,x3,24,....). This case is also known as the "nearest-neighbour”
interaction”.

The next theorem was shown to be true in the case the potential A
depends on two coordinates in [22].

In section 3 we consider the case where the maximizing measure for f is
unique, and prove that the family p. satisfies the following Large Deviation
Principle:

Theorem 5. Suppose the mazximizing probability for f is unique. Then, for
any closed set F', and any open set A:

1
limsup — log(u.(F)) < — inf R(x),

c—»oo C zeF

1
liminf — log(pc(A)) > — inf RY ().

c—oo ¢ z€EA

The function R is lower semicontinuous, and can attains the value oo in
some points.

The above theorem will be a consequence of a more general result:

Theorem 6. Suppose the mazximizing probability for f is unique. Consider
any point x € X, then, for any closed set F', and any open set A:

limsup ~ log((L2 x)(x)) = — inf (R2(2)),

ce,n—o0 € zeF

.1 n . o
lim inf ~ log((Lg,x4)(2)) = — inf (R (2)).
Theorem 5 is a consequence of the above just by taking first n — oo [27],
and, then, making ¢ — oo
We point out that the reasoning which proves this last result can also be
applied to the Classical Thermodynamic Formalism setting [27], where the



Bernoulli space is {1,2, ...,d}", to get the analogous result. This proof of the
L. D. P. does not use the involution kernel as in [3].

In [21] is presented another kind of Large Deviation Principle: the setting
of zeta measures. In this case the proof do not require that the maximizing
probability is unique.

2 The selection of measure

Lemma 7. Let V' be a calibrated subaction, such that, V = lim,_,, % log(h.),
and, R_ = f+V —V oo — B(f), which is the limit function of the g./c
associated. For each € > 0 there exists a constant 1. such that for any r € X

m({a € M : R_(ax) > —€}) > b > 0.

Proof. Suppose g. converges to R_, and then write g. = ¢R_ + ., where
|0c|0o/c — 0. Using that V' is a calibrated subaction, we have R_ < 0.
We fix € > 0, and we define

Ac:={a: R_(ax) < —¢}

B.:={a: R_(ax) > —¢}.

V' is Holder, so R_ is Holder, then, it is a continuous function on the first
symbol. In this way, A, and B, are mensurable sets. We have:

1= Lgcl(x) = /egc(am)da — /ecR(az)_H;c(am)dw

Therefore,
1= / ecR, (aa:)+§c(aax)da + / ecR, (ax)+dc(ax) da
Ae

€

/ e—ce+5c(aac)da ‘I‘/ 60+5c(ax)da
Ae e

S/ e_“+|6“°°da+/ eOtldclee gq
A. g

— 6—66+‘6c|oom<A€> + 6‘6(-|oom<BE)
< e ecHeloe 1 gloelopy(B,).

Let co > 0 be such that e+l < 1/2. Then, it follows that

IN

1/2 < ePeol~m(B,),



S0,

m(Be) Z 26‘560_|00 .

Then, we just take ¥, = and the result follows. m

_
3eldcqloo

Proof of Theorem 3

Proof. Let v be an accumulation point of y. given by a certain subsequence

c; — 00. Let ¢; be a subsequence of this one such that there exists the limit

V of the sequence +log he,. Let R_ := f+V —V oo — 3(f) be the function

associated to such hmlt Then ge;/ci = R_. Define a := lim,, o0 fie; (R-) =

lime, o0 pte;(R-). Then, it follows that a < 0. We are going to show that

a > 0. More precisely we are going to show that for any fixed = € X:
liminf Ly (R_)(x) > 0.

’L n—oo ¢

We write log h., = ¢;V + §;, where

C;

— 0.

We also write

I (R)(z) = / (DR (0 0V day...da,
Qn...a1

Ge;

fan,,,al ecifn(an...a1$)+log(hci (an...a1$))—log(hci($))R ( alx)dal...dan

fa o ecifn(an..‘alz)—s—log(hci (an...a1x))—log(hc, (x dal dan
n

fan...al ecif"(an...al$)+10g(hci(an...a1$))R7 (an...alx)dal...dan

f eCif™(an...a1z)+log(he, (a""'alz))dal ..da,
an...a1

fan o ecl-fn(an...alx)—i-ciV(an...ach‘)—i—(Si(an..,alr)—ciV(x)—ci,B(f)R_ (an...alm)dal...dan

f ecif"(an...alax)—l—ciV(an...alx)—i—&(an...alax)—ciV(:B)—ciﬁ(f)dal . ”dan
an...a1

fan...m eCifit(anaiw)tdi(an-ai)p_(q, . aix)day...da,
f eciRE (an...a17)+6;(an...a1x) da da
a1 1...A04p

For a fixed € > 0, we define the sets:

A, ={ay...a1 : R_(ay...a1x) < —¢},
B, :={ay...a1 : R_(ay...a;x) > —¢€},

Cy :={ay...a; : R_(ay...a1) > —5}



Clearly, we have that C,, C B,.

As V is a calibrated subaction, then C, is not empty. We remark that
A,UB, =[0,1]", and, by the Lemma above, for each a,,_;...a;, we have that
m{ay, : ay...aqx € Cp} > 1 > 0.

Then:
o . ) . .pn—1
/ eclR—MldaL..dan:/ eCift=HoigeiRE 00 d,  day,
An An
e ) . pn—1
S/ e Cz€+|§z|ooeC-LR, Oo—da,l...dan
An
. ) . pn—1
—e Cl€+|5zoo/ eclR— Ogdal...dan
An
o ] .pn—1
S e Cz€+|(5zoo/ eclR* Oo—dal...dan
n
‘ ) . pn—1
2676154"51'00 eclR— dal...dan,
Mn—1
and,

R 45, ) . o Rpni
/ eCZR—Mldal...dan:/ eCift-Toigel 00 da,  day,
By, Bn

. . .pn—1
>/ elifi-toigait oo qa.  da,,

n

i€ |5 pn—1
2/ e il g 00 g0 da,

€IS pn—1
> %2 51'“’/ e“ R’ °%day .. da,
c

n
—c: 15 . pn—1
>e “2 |‘5“’°/ / e °%a, .. day,
Mn=1 J{ap:an...a1€ Cp}

€15 pn—1
=e “2 5Z|°°/ ecift= / day...day,
Mn—1 {an:an...a1€ Cn}

=iy [T oy,
Mnfl
It follows that

€CiR*+6

iday...da,
0 < lim inf 24 -

ay...da
i,n—00 fB @ciRz""&i "
n
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eCiR’l +0;

< lim sup An day...da,

1,n—00 an eciR* +s

e_cig"l‘l(si ‘ oo
< lim sup

1,n—>00 6/26

< lim sup e~ /2200, |oo¢€—/;
2,M—>00

—¢i5—|diloo

16, loo

ci (—e/2+2 < )1/}71:0
€/2 .

= limsupe
1,N—>00

In the same way

o[y e TR day.day,
0 <liminf =
i,n—00 an e Hida, . da,(—¢)
<1 oy TR day. day,
111 su —
- i,n—)oop B, ec"R*M"dal...dan(—g)
<1 €T day  day, (—|R-|)
11 su =
N i,n%oop an eciR*Jr‘sidal...dan(—g)
7Ci€+|6i‘oo _ R
< limsup ¢ (=R |o) —0.
i,n—o00 ¢€/2(—8)€_Ci €/2— 1600

From the above, and writing an day...da, = fAn dal...dan+an day...day,
we have:

. n .
o o fa . eC’R—(“""‘“”H‘Sl(“”'““l’”)R_(an...alz)dal...dan
liminf Lj (R_)(r) = lim inf —=== o =
C;,N—00 i C3,N—>00 fa u ec " (an...a17)+ Z(an"-alm)dal”.dan
n---a1
oSy e TR day.day, + [, e Tday . day(—¢)
> liminf == P e
Ci, 300 [ e day . day, + [, 9 Tday . day,

e oida, .. da,(—€)

= lim inf 222 P
ci;n—+00 ane =T day ... day,
> —c.
Taking € — 0, we get our claim. O]

This ends the proof of our first main result.

The bottom line is: a convergent subsequence of Gibbs states at positive
temperature selects maximizing probabilities (eventually, different limits of
subsequences can localize different probabilities).
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3 On the Large Deviation Principle

On this section we are going to prove Theorem 5. The proof will follow from
some lemmas.

We suppose that the maximizing measure for f is unique, and we denote
llso the maximal one.

Under this assumption, two calibrated subactions differ by a constant.
This follows from proposition 5 in [3]. In particular the function R, :=
B(f) + Voo —V — fis well defined. The function R_ := —R, is the
unique accumulation point of g./c, on the uniform topology, so g./c — R_
uniformly.

Given a double indexed sequence z.,, ¢ € R, n € N, we say that
limg 00 2, = w, in for any given € > 0, there exists an M > 0, such
that, if ¢,n > M, then |z.,, —w| <e.

We are going to prove a stronger result than Theorem 5.

Theorem 8. Fized any point x € X, for any closed set F' and open set A:

limsup - log((Lf, vr)(2) < sup R*(2) = — inf (R¥(2)).

cn—oo C z€F zeF
1
E - n > 00 — 00
lim inf —log((Ly, x4)(2)) 2 sup [t (2) = — inf (R (2)).

The function R is lower semi-continuous.

Theorem 5 is a consequence of taking n — oo, and, then taking ¢ — oo
Lemma 9. The function R is lower semi-continuous.
Proof. We take z, z; € X, with z; — 2. We are going to show that

liminf RZ°(2;) > RY(2).

j—o0
In the case RY(z) = 0 the result is true.

First case: RY(z) = oo.
Given M > 0, let n be such that R%(z) > 2M. We fix ny, such that,
(1—&# < 1. Let ng be such that for j > ng, we have d(z;, z) < (1—9)|;+M@".
Then, for j > ng:

R} (z) = R1(2) — |Rlo(d(z), 2) + .. + d(0" 7} (2)), 0" "2))
o M

> 2M — |R|9( |R|9

) > M.



It follows that
oo, ) >
hjniglfRJr (z;) > M.
Taking M — +oc:
lljlglogf RY(zj) = +o0.
Second case: R¥°(z) = M > 0.
Fixed ¢ > 0, there exist n, such that, R} (z) > M —¢/2. Let ng be such that

for j > ng, we have d(z;, z) < (12_@'6:6. Then, for j > ng:
5
R (z;) > (M —¢€/2) — |R|y (—) =M —¢.
2| Rl

So, we have that
liminf R (2;) > M —e.

Jj—oo
Taking ¢ — 0, we get:
liminf R (z;) > M.

J—00

Remark: Note that R:=R_ = —R,.

We note that in [4] it is proved that %log(8.) — B(f). We denote e, =
log(8:) — ¢B(f). Then, we have € — 0.

Lemma 10.

c,n—00 C

i ($1os((ZE0)0) - ") 0,

wn particular, for a fized k:
3 1 n 1 n
Tim—log((Lf1)(x)) —  log((E*1)(x)) = 0.

n.Ec
c )

Proof. Let a an accumulation point of £ log((L%;1)(z))— when ¢, n — 0.

Then, there exists ¢j, n; — oo, such that,

) 1 n; n;j.Ec;
Jim (- log((Z01) () = "2 ) =

1
Following [4] we can take a subsequence {j;} such that — log(h,, ) con-

Ji
verges uniformly to a calibrated subaction V. So there exist sequences
¢;,m; — oo such that:

1 e 1
lim <—1og((LQ;R1)(x)) - E) —a, and , lim — log(h,) = V.

=00 \ C; C; i—00 Cj

10



Denoting log(h.,) = ¢;V + d., where |d,|/c;i — 0, we have:

0 = Tim — log((L 1)(x))

1—00 Ci

1—00 Ci

~ lim L log( / 1S (2)HoB ey () o, () 0B Be) gy
omi(z)=x

— lim l log(/ eCil " (2)reV(z) =iV (@) —niciB(f)+be; (2)—bc; (x) —nice, dm)
omi(z)=x

= lim 1 10g(/ eCift" i (2)+oe; (2)=bc; (z)—niee; dm)
1— 00 CZ O'ni(Z)IZ'
1— 00 CZ

1 g iCc;
= lim <—10g(/ cCiR"(2) dm) — n;e z) —a
=00 \ C; omi(z)=x G

This shows that any accumulation point have to be equal to zero.

1 o
== llnl — log(/ eciR 'L(Z)*TLiECi dm)
o"i(z)=x

The first inequality of Theorem §:

Proposition 11. For any closed set F' C X

. 1 n ~
lim sup - log((Ly xr)(w)) < sup R®(z).

c,n—00 zeF

Proof. For a fixed k, we have that

1 1. (Lithxp)(x)

li = log((L™** =1 ~log(~—fe 2

im sup og((Ly " xr)(z)) imsup - og( (L) (@) )
n+k

. 1 Jpringoyme @ O xi(2) dm

= lim sup — log( —

cn—oo C fg"'”“(z):q: GCR* (2) dm

cR"HE(

Z)XF(Z) dm

1 fa"*’“(z):ac €
= limsup — lo —
c,n—)oop C g< fo’"(y):m BCRf (y) dm

n k
1 " ﬂv(eCR—(y) ()= =Gy p(2) dm) dm
= limsup — log(f W)= J He)=y

emoo C fgn(y):z B W) dm

).
Note, however that
/ ecR'ﬁ (z)XF(Z> dm < eCSUPeF Rk (z:)7
ok (2)=y

11



then,

1
lim sup - log((Ly xr)(x)) < limsup (sup R]i(z)) = sup R" (2).

€,nN—00 c,n—00 zeF zeF
For each k fixed, we have that R* is a continuous function, and F C X is
a compact set, then, there exist y;, € F, such that, sup,.p R* (2) = R* (y).
Define )
Y, ={yeF: limsupzlog((LZCXF)(x)) < RF(y)}.

c,n—00

Then Y} is closed (because R* is a continuous function) and not empty
(because yi, € Y;). Using R_ < 0 we have

Yi2Y; 0.

These sets are closed and not empty, then there exist some zy € mk21 Y.
So, for each k:

limsup ~ log((L2 xr)(x)) < R (o).

cm—oo C

Using the fact that R* (x9) — R>(x), we conclude that

lim sup E log((Ly xr)(z)) < R™(x0) < sup R™(2).

cn—oo C zeF

The second inequality of Theorem 8

Suppose that A is open. So, there exists ng, such that, for n > ny,
and, z € X, there exists y € A, such that, ¢"(y) = z. More precisely,
given y = y1y2... in A, let € > 0, such that, B(y,e) C A. Let ng such that
% < e. If z € X coincide with y;...y,, in its firsts symbols, then, clearly,
d(z,y) < O™ 4 ot < fL_?g < ¢, and, so z € A. We conclude that given
x € X, we have that y;...y,,x € A.

Lemma 12. There exist yo € X such that

lim inf ! log((Ly. xa)(z)) > limsup(  sup R (2)).

en—roo ¢ koo 2€A,0%(2)=yo

12



Proof. For a fixed k > ng, we have

fff”(y):x e(:Rﬁ(y)(fa’“(z) y et (Z)XA( ) dm) dm

1 1
liminf — log((LZ:rkXA)(a:)) = lim inf — log(

c,n—o00 C cn—oo C fa’n(y)—;p €C "

1
> liminf — log(inf / PGy 4 (2) dm)
F(z)=y

c,n—00 C yeX

c—oo yeX C

1 .
= liminf inf — log(/ ey 4 (2) dm).
ok(z)=

Then, we get

c,n—o0o C k—oo 00 yeX C

1
lim inf —log((L” X4)(z)) > limsup liminf inf —log(/ e By 4 (2) dm).
(2)=y

Let y. be such that

yeX C

As X is a compact set, let yo be an accumulation point of y.j, when

¢,k — 0o. Then, we have:

1 1
lim inf — log((L” Xa)(z)) > limsup lim inf — log(/ eCRE(Z)XA(z) dm)—E
Uk( )_yck

c,n—o0 C k—s00 c—oo  C

1
= lim sup lim inf — log(/ e FECy 4 (2) dm).
Uk( )731(‘ k

k—o00 c—=oo  C

For k sufficiently large, let z, € A, such that: o*(z;) = o, and

1
R*(z)> sup RF(2)— =—.
2€A,0%(2)=yo 2k

We denote z := x...x1y0, x; € M. We can take € > 0 sufficiently small such

1
inf —log(/k( ) eCRE(Z)XA(z) dm) > Elog(/k( | Rt @y a(z)dm)
ot (z)=y o =Ye,k

Y dm

that the ball Ay := {ag...a; € m* : |(ay...a1) — (zp...z1)| < €} satisfies:

1. ag...a1yo € A,
2. ag...a1ye € A, for ke >>0
3. RE(ay...aryo) > SUD,c g k(=g BE(2) — 1
Then we have:
1
lim sup lim inf — log(/ e (@ra1w0) g
Ak €

k—o0 €=

13
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1 1
> limsup liminf( sup  R"(2) — =) + = log(m(Ax,))
c

k—oo €% LA ok (z)=yo k

1
=limsup( sup  R*(z)) + limsup liminf - log(¢)

k—oo 36A7 o'k(z):yo k—o0 €00 &

=limsup( sup R (2)). (3)

koo 2€A,0%(2)=yo

By other hand, on A, we have:

Rli(ak...alyc7k) > R]i(ak...alyo) —|R_|o(0 + 6% 4 ... + Hk)d(yc’k,yo)

|R— |9d(yc,ka yo)

> R* (ay,...a1y0) — T 0

Then, we get

1
lim sup lim inf — log(/ BG4 (2) dm)
Uk(z):yc,k’

k—00 =00 C

1
> limsup lim inf — log(/ R (e k) )
Ak,e

k—00 c—oo  C

. .1 k _B=lodve kv0)
> lim sup lim inf — log( eCf= (ar-aryo)—e——5 dm)
k—oo ¢ C Ag.c

k—00 =0 C

1
= lim sup lim inf — log(/ R (ak0190) ) (4)
Ak:,s

Using (2), (4) and (3), we finish the proof. O

Now we fix the point y, given above. The next result is basically contained
in the proof of proposition 5 in [3].

Lemma 13. Let p be a point on the support of pe. Let y, a sequence satis-
fying 0(Yn) = Yn—1,n =1,2,3, ..., and, 0 = R_(y1) = R_(y2) = ... (it follows
from the property of the calibrated subaction). Then p is a accumulation point

Proof. Let B be the set of accumulation points of {y,}. B is closed and
o(B) = B. Then there exists a invariant probability v with support on B.
The inclusion B C X implies the existence of an extension of v to X by the
rule: v(¢) := v(¢.xp). Using the fact that R_ is a continuous function, and,
that R_(y,) = 0,n = 1,2, ..., we conclude that yg.R_ = 0. So, v(R_) =0,
and then, v = p,. From this we get that the support of p., is contained on

B. [l

14



The next lemma follows the same reasoning of Lemma 18 in [22]:

Lemma 14. If R*(z) > —oo, then the family of probabilities v, (also
called empirical measures), given by ¢ — %Z;:S (a7(z2)), converges to s
weakly™, when n — oo.

Proof. Any accumulation measure of v, is an invariant probability. We are
going to show that

n—1
timinf - 3" F(7(2) > ol ).
=0

Let M = R>*(z). Then, for each n we have R"(z) > M, so:

n—1 n—1
V(2) = V(0"(2)) = npeo(f) + ) f(07(2)) = Y R-(07(2)) = R (2) = M.
j=0 j=0
Then, we get
n—1
1 . M 2|V|
- i) > = — :
2 L) 2 = T
Finally, taking lim inf in the above we show the claim. [
n—o0

Corollary 15. If R™®(z) > —o0, and, p € supp(tis), then p is an accumu-
lation point of 0™(z).

Proof. Let p € supp(jiao), and € > 0. Consider the ball B(p,¢) := {r € X :
d(z,p) < e}. Using the fact that p € supp(peo), we have that pe(B(p,€)) >
0. So, by the above lemma, we have that {o™(z)} is in the ball for infinite
values of n. ]

Lemma 16.

sup R®(z) < limsup( sup  RF(2)).

z€A k=00 z€A, ok (2)=yo
Proof. We fix a point p € supp(piso), and, we denote p = pyps.... For n > ny,
there exists y € A, with ¢"(y) = p. Note that R*(y) = R"(y) > —oo. So,
sup,e4 R®(z) > —oo. Let zp € A be such that, R>(zp) > —oo, and, denote
2 = T1T9.... Given t € N, let n(t) be such that, d(c"®(z),p) < 6, and
moreover, such that, the choice z12,...7,(), determines that 2y € A (open).
By lemma 13 there exist a pre-image of 3 (we suppose the point ;) of the
form ay)...a1(yo)), such that, Rl_(t)(yl(t)) =0, and, d(yi),p) < 6'. Define z(t)
by

2(t) = 1. Tnw @) ---a1(Yo).

15



Then, we have:

Sup Rl(t)+n(t) (Z) 2 Rl_(t)+n(t) (Z(t))
2€A:a (O)+n(t) (2)=yq

= R"D(z(t)) + R () = R"V(2(t))
> R"(2) — |R_[p2(0" + 6" + ... + g"+7®)

> R"(z) — 2% > R®(z) — 2%.
So, when t — oo
limsup( sup  RF(2)) > limsup sup Rl,(t)Jrn(t)(z)
koo zeA, ok (2)=y0 1200 2€ At 700 (2)=yo
> R™(2).

Using that zy is arbitrary, and satisfies R>*(z5) > —oo, we conclude the
proof. O]

From this result and lemma 12 we get:

Proposition 17.

1
liminf —log((Lj x4)(z)) > sup R>(z).

c,n—o0 C 2€A

This conclude the proof of Theorem 8.
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