
CS-TR-4956
UM IACS-TR -2010-04
LAM P-TR -153

June2010

G IBB S SA M PLIN G FOR T HE UN INI TIAT ED

Phil ip Resnik Eric Hard isty

Department ofL inguist ic s
Inst itu te for Adv anced Com puter Studies

Universi ty of M ary land
Col legePark , MD 20742-3275

resnik AT um d.edu

D epartment ofComput er Sc ienc e
Insti tu te for Advanc edComputer St udies

Univ ersi ty of Maryland
Col lege Park, M D 20742-3275

hard isty AT cs .umd.edu

Abs tract

This docum ent is intended for com puter s cientist s who would lik eto try out a Markov Chain M onte

Carlo(M CM C) tec hnique, particu larly in order to do inferenc ewi thBayes ianm odels onproblems r elated
totext proc essing. Wet ry to keep theory totheabsolute minimum needed, though wewor k through the
deta i ls muchm ore expl ic i tly than youusual ly see evenin \in troduc tory " explanations. That m eans we' v e

attem ptedto be rid icu lous ly ex pl ici t inour exposi tion andnotation.
After prov id ing ther easons and reasoningbehind Gibbs sam pl ing (andat least noddingour heads inthe

di rec tionoftheory), wework throughanex ampleappl ication indeta il | thederivationof aGibbs sampler for
aNa��v eBay es m odel . Alongwi th the example, wedisc uss some practica l im plem entation issues, including
the integratingout of continuous param eter s whenposs ib le. Wec oncludewi th som epointers to l i terature
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This document is int ended for computer scientists whowould l ike totry out aM ar kov ChainM onteCarlo
(MCM C) tec hnique, particularly inorder todoinferencewi thB ayesianm odels on pr oblems rela ted totex t
processing. Wetry tok eep theor y to the absolutem in imum needed, thoughwe work through thedetai ls

muc hmoreex pl ici tly thany ouusual ly seeeven in \int roduc tory " ex planations. That m eans we' veattempted
toberidicu lously ex pl ici t inour exposi tionand notation.

After prov id ing ther easons and reasoningbehind Gibbs sam pl ing (andat least noddingour heads inthe
di rec tionoftheory), wework throughanex ampleappl ication indeta il | thederivationof aGibbs sampler for
aNa��v eBay es m odel . Alongwi th the example, wedisc uss some practica l im plem entation issues, including

the integratingout of continuous param eter s whenposs ib le. Wec oncludewi th som epointers to l i terature
that we' vefoundto be som ewhat morefriendly t ounini tia tedr eaders.

1 I nt roduc tion

Markov Chain MonteCarlo(MCM C) techniquesl ikeG ibbssampl ingprov ideapr incip ledway toapproximate

thev alueof an integra l.

1.1 Why integra ls?

Ok, stop right there.M any computers cient ist s,includ ingalot ofus whofocus innatural languageprocessing,

don' t spend alot oftim ewi th integra ls . Wespendm ost ofour tim eandenergy inaworldofd iscrete events.
(Thewordbank canmean (1) a�nanc ial insti tu tion,(2) thes ideof ar iv er, or (3) ti ltinganai rp lane. Which
meaningwas intended, based on thewor ds t hat appear nearby ?) Take alook at M anningand Schuetz e

[14], andyou' l l seethat theprobabi l istic models weusetendt o inv olvesums, not integra ls (t heBaum -Welch
algorit hm forH MM s,for example). So wehavetostart by ask ing: why andwhen dowec areabout int egra ls?

Onegoodans wer has todo wit hprobabi l i ty estimation.1 Num erous c om putational methods involv e
estimating the probabi l i ties of a l ternative disc retec hoic es, often in order to pick thesinglemost probable
choic e. As oneexample, the language model in an autom atic speech recogni tion (ASR ) sys tem estimat es

theprobabi l i ty of thenex t word giventheprev ious contex t. As another ex ample, many spam block ers use
features ofthee-m ai l mess age (l ik etheword Viagra, or thephrasesend this messagetoal ly our friends) t o

predict theprobabi li ty that the mess age is s pam.
Somet im es weestimateprobabi l i ties by using max im imum lik el ihood estimation( MLE).Touseastandard

example, if we are told acoinm ay be unfai r, andwe �ip i t 10 times and seeHHHHTTT TTT (H=heads,
T=tai ls), i t' s conventional to estim atetheprobabi l ity of heads for the next �ipas 0:4. Inpractical terms,
MLE am ounts to count ingand thennorm al izing sothat t heprobabi l ities sum to1.

1T hi ssu bsect i on i s bui l t ar o und t h e ver y ni ce exp li cat i on of B ayesi an pr o babi l it y est i m at i on by Hei nr i ch [ 7] .
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Figure 1: Probabi l ity of generating thec oin-�ip sequence HH HHTTTTTT, using di�erent v alues for
P(heads) ont he x-axis. Thevalue that m ax im iz es the probabi l i ty of theobserved sequenc e, 0:4, is the

max imum l ik el ihood estimate(M LE).

c ount(H)

count(H) + count (T)
=

4

10
= 0:4 (1)

Formal ly, M LE produces thechoice mos tl ike ly tohave generatedtheobserv eddata.

In t his case, themost natural m odel � has just a sing leparam eter ,�, namely theprobabi li ty of heads
(seeFigure1).2 Lett ingX = HHHHTTTTTT represent theobserv ed data, andy theoutcomeof the nex t

coin �ip, weestimat e

~�
M LE

= argm ax
�

P(X j�) (2)

P( yjX) � P( yj~�M LE ) (3)

Ont heother hand, sometimes weestimat eprobabi l i ties us ingm axim um a posterior i ( MAP) es timation.
A MAP es tim ate is t hec hoic ethat is most lik ely giv entheobser ved data. In t his case,

~�M A P = argmax
�

P(�jX )

= argmax
�

P(X j�)P( �)

P( X)

= argmax
�

P(Xj�)P(�) (4)

P(y jX ) � P(y j~�
M A P

) (5)

Incontr ast toM LE,M AP estimationappl ies Bay es' s Rule, sothat our es tim ate(4) can tak eintoaccount

prior knowledge about what we expect � tobein the form of a prior probabi l i ty distribution P(�).3 So,

2
Sp eci� cal ly, � m od els each ch oi cea sa B er nou ll i tr i al , a nd t he pr ob abi l it y of gene ra t in g exact l y t hi sh eads- t ai l ssequ ence f or

ag ive n � is �
4

( 1� � )
6
. If you t yp e Plot[ p̂ 4(1 -p)̂ 6 ,f p,0 ,1g] i nt o Wol f r am Al ph a, y ou get Fi gur e 1, and y ou can i m m edi at el y

se e th at t he cur v e t ops out , i .e. t h e pr oba bi li t y of gene ra t in g t he sequ ence i s hi ghest , exact l y w hen p = 0: 4. C on� r m t hi sb y

ent er i ng der ivati ve of p̂ 4( 1-p) 6̂ and you' l l g et
2
5

= 0: 4 as t he m ax im u m . Th ank st o Kev in K ni ght f or poi nt i ng o ut how

easy al l t hi s i su sin g Wol f ra m Al ph a. Al so see di scussi on i n H ei nr i ch [7 ], Sect i on 2. 1.
3We got t o ( 4) f ro m t h e desi r ed post er i or pr ob abi li t y by a ppl yi ng B ayes' s Ru le an d t hen i gn or in g t he deno m in at or sin ce t he

ar gm ax d oesn' t depen d on i t .
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for ex am ple, wemight believ ethat thecoin�ipper is a scrupulously honest person, and choosea prior

distribution that is b iased infav or of �= 0:5. Themoreheav ily biasedt hat prior distribution is, themore
evidenc ei t wi ll taketo shake our pre-existingbel ief that the coin is fa i r.4

Now, MLE and M AP estimates are both giv ing us thebest estimate, according tot hei r respectiv e
de�nitions of\ best." But noticethat usinga sing leestimate| whether i t' s ~�M LE or ~�M AP | throws away
inform ation. In principle, � couldhav eany valuebetween 0and 1; might wenot get better estimates i f we

took thewholedis tribution P(�jX ) into ac count, ra ther thanjust a single estimated valuefor �? If wedo
that,we 'r emaking us eof al l the infor mationabout � that wec an wringfrom theobser ved data, X.

Theway totakeadvantageofa ll that informat ion is tocalc ulateanex pec tedvaluerathert hanan estimate
usingthesinglebest guess for �. Recal l that theexpectedv alueof a functionf (z ), whenz is adiscrete
variable, is

E[f(z )] =
X

z2Z

f(z )p( z): (6)

HereZ is theset of d is cretev alues z cantak e, andp(z) is theprobabi l ity distributionov er possib lev alues

for z. If z is a continuous variab le, theexpectedv alue is anintegr al rather than asum:

E[f (z)] =

Z

f (z)p(z) dz : (7)

For our ex am ple, z = �, the function f we' re interested in is f(z ) = P( yj�), andthedistribution ov er
which we' re tak ingtheex pectation is P(�jX), i .e. thewholedistributionov er possib lev alues of �given that

we' veobserved X. That g ives us thefol lowingex pected valuefor t hepos terior probabi l ity of y given X:

P(yjX ) =

Z

P (yj�)P(�jX) d� (8)

whereBay es' s Rule de�nes

P(�jX) =
P (Xj�)P(�)

P(X)
=

P(Xj�)P(�)
R
�
P( Xj�)P(�)d�

: (9)

Notice that, un l ik e(3) and(5), Equation(8) de�nes theposterior using atrueequal ity ,not anapprox-

im ation. It t akes ful ly into ac count our prior bel iefs about what thev alueof � wil l be, a longwi th the
interaction of thoseprior bel iefs wi th observ edevidenc eX.

Equations (8) and (9) prov ide onec ompel l ing answer to the questionwe started wi th . Why should
even discrete-minded computer scientists c are about integra ls? Becaus eev en whenthe probabi l i ty spac e
is d iscrete, weoftenc areabout good estimates of posterior probabi l i ties. Computing int egra ls can helpus

im provetheparamet er estimates in our models.5

4
See ht t p :/ / w ww . m at h. uah .ed u/ S TA T / ob ject s/ e xper i m ent s/ B et aC oi nE xp er im en t .x ht m l f or a ni ce ap pl et t h at let s yo u ex-

pl or e t hi s id ea. I f you set a = b = 10, you get a pr i or st r on gly bi ased t ow ar d 0.5 , a nd i t 's h ar d t o m o ve t he p ost er io r to o

far f r om t h at val ue even if yo u gen er at e obser v ed hea ds w it h pr oba bi li t y p = 0: 8. If yo u set a = b = 2, t her e' s st il l a bi as

to war d 0.5 b ut it ' s m uch easi er t o m ove t he po ste ri or o� t h at val ue. A sa secon d po int er , see som e ni ce, sel f - cont ai ned sl i des at

ht t p: / / w w w. cs. cm u. edu/ � lew i cki / cp- s08/ Ba yesia n- in f er ence. pd f.
5
C hr i sD ye r ( p er sonal com m u ni cat io n) poi nt s ou t you d on' t have t o b e doi ng B aye si an est im at i on t o car e abo ut expe ct ed

val ues. For exam p le, bet t er way st o com p ut ee xpect ed va lu esca nb eu sef ul i n t he E st ep of ex pect at i on- m a xim i zat i on al gor i t hm s,

wh ich gi ve you m axi m um l i kel ih ood est im at es f or m o del s w it h lat en t var i abl es. He a lso poi nt s ou t t hat f or m an y m od els,
Bay esian par am et er est i m at i on can b e a wh ole l ot easi er t o im p lem en t t h an E M . T he w i del y used G I ZA + + im pl em ent at i on of

IB M M o del 3 ( a pr o babi l ist i c m ode l used i n st at i st ica l m ach in et r an sla t ion [12 ]) cont a in s2 186 l in esof cod e; C hr i si m p lem en t ed

aG i bb ssam pl er f or M od el 3 i n 67 li ne s. O n a r el at ed no te , K evi n K ni ght ' s excel len t \ Bay esian In fe re nce wi t h T ear s: A t ut or i al
wor k boo k fo r n at ur al la ngua ge r esear cher s" [ 9] wa sw r i t te n wi t h go als ve ry si m i l ar t o o ur ow n, b ut f ro m an al m ost com pl et el y

com pl em ent ar y a ngl e: h e em pha sizes con cept ua l con nect i ons t o EM al gor i t hm s an d fo cuses on t he ki nd sof st r uct ur ed p r obl em s

you t end t o se ei n n at ur al la ngua ge pr ocessi ng .
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1.2 Why sampl ing?

Thetroublewi th in tegr als, of course, is that they canbevery d i�cul t toca lc ulat e. The methods welear ned
in calc ulus class are�nefor class room ex ercises ,but often cannot beapplied to in terestingproblem s in the
real wor ld . Indeed, analy tical solu tions to(8) andthedenominator of (9) might be im possible to obtain ,s o

wemight not beableto determ inetheexac t form of P(�jX). Gibbs samplingallows us tosample from a
distribution that asym ptotical ly fo llow s P(�jX ) wi thout hav ing toex pl ici tly c alcu latethe int egra ls.

1.2.1 M onte Carlo : a ci rc le, a squar e, anda bagof ric e

Gibbs Sampl ing is an instance of a Markov Chain M onteCarlo t echnique. Let' s start wi th t he \M onte
Carlo" part. You canth ink of M onteCar lo methods as algori thm s that helpy ou obtaina desi red valueby

per formingsimulations inv olv ingprobabi l is tic choices. As asim pleex am ple, here' s a cute, low-tech M onte
Carlo techniquefor estimat ingthev alue of �( ther atioofa ci rcle' s ci rc um ferenceto its diam eter) .6

Draw a perfect squareon theground. Inscr ibeac i rcle in i t | i.e. thec ir cleandthesquareare centered
in ex actly thes ame plac e, andtheci rcle' s d iameter has length identical to the sideoft hesquare. Now tak e
abagofric e,and scatter thegrains uniformly at random insidethesquare. Fina lly ,count thetota l number

of gra ins ofr ic e insidetheci rcle(c al l t hat C), andins idethesquare(ca ll that S).
You scatt ered riceat random . Assumingyoumanagedtodoth is pretty uni for mly, ther atiobetweenthe

ci rcle' s gra ins and the square 's grains (which inc ludethe ci rcle' s) shouldapprox im atet heratiobetweenthe
area of theci rcleand the area of thesquare, so

C

S
�
�( d

2
)2

d2
: (10)

Solving for �, weget �� 4 C
S

.
Youm ay nothav erealizedi t, but wejust so lved apr oblem by approximatingthevaluesof in tegrals. The

truearea of thec i rcle, �( d
2
)2 ,is theresul t of summingupan in�ni tenum ber of in�ni tes simal ly sm al l po in ts;

sim i larly for thethetruearea d2 ofthesquare. Themoregra ins of riceweuse, thebetter our approx im ation
wil l be.

1.2.2 M ar kov Chains: walk ing ther ight w alk

In theci rc le-and-squareex am ple, we saw thevalue of sam pl ing inv olvinga uni form distribution, sinc ethe
grains of riceweredistributed uni formly wit hin thesquare. Return ingto theproblem ofcomput ingex pected

values, recal l that we're in terested in Ep( x) [f (x) ](equation 7), wherewe' l l assumet hatt hedistribution p(x )
is not uni form and, in fact ,not easy towor k wi thanalytica l ly .

Figur e2prov ides an ex amplef (z) and p(z) for i llustrat ion. Conceptual ly, the integral in equation(7)
sum s up f (z)p(z) over in�ni tely m any values of z. But rather thantouc hingeachpoint in thesum ex ac tly
once, here' s anot her way to th ink about it: if y ou sam pleN points z ( 0) ;z ( 1) ;z( 2) ; ::: ;z( N ) at random from

theprobabi l it y densi ty p(z ), then

Ep( z) [f( z)] = l im
N ! 1

1

N

NX

t= 1

f (z
( t )

): (11)

That looks alot l ik eak ind of av eraged valuefor f , which makes a lot of sensesincein thediscretecase

(equation6) theex pected value is noth ing but aweight edaver age,w here the weight for each valueof z is
its probabi l i ty.

Notice,though,t hatthevalue inthesum is just f (z (t ) ), not f(z ( t ) )p(z ( t ) )as in the int egra l inequation (7).

Where did thep(z) par t go? Intui tive ly ,i f we' res ampl ingaccord ingto p(z ), andcount(z ) is t henum ber of

6
We' r e ela bor at i ng o n t he i nt r odu ct or y exam p l ea t h ttp:/ /en.w ikipe dia.o rg/w iki/M onte Ca rlo me thod.
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Figure 2: Exampleof com puting ex pectation E
p( z)

[f (z)]. (Th is�gure was adapted fr om page 7of the

handouts for Chris Bishop' s presentation \NATO ASI: Learn ing Theory andPractice" , Leuv en, J uly 2002,
http ://r esearch.m ic rosoft.com /en-us/ um /people/ cmbishop/ downloads /b ishop-nato-2.pdf )

tim es weobservez in the sample, then 1
N

count(z) approaches p(z ) as N ! 1 . Sothep(z ) is im pl ici t in the

way thesamples are drawn.7

Look ingat equat ion(11), it 's clear that wecan get anapproximatevalueby sam pl ingonly a �nit enumber
of times, T:

E
p ( z)

[f(z )]�
1

T

TX

t =1

f (z( t ) ): (12)

Progress! Now we hav ea way toapprox im ate the integral . Theremain ing problem is this: how do we
samplez( 0) ;z( 1) ; z( 2) ;: ::;z ( T) accordingto p(z )?

Thereare awholevarie ty ofways togoabout th is;e .g.,seeBishop[2] Chapter 11 for disc ussionofre jec-
tion sampl ing, adaptiv ere jection sampling, adaptive rejec tion Met ropol is sampl ing, importanc esampling,

sampl ing-im portance-s ampl ing,... For our purpos es, though, the key ideais to th ink of z 's as points in a
state space, and �ndways to \walk around" thespace | goingfrom z( 0) to z( 1) to z( 2) and so forth | s o
that the l ike lihoodofv isi tingany point z is propor tional top(z ). Figure2i l lustr ates thereasoning visual ly:

walkingar ound values for Z,we want tospendour tim eaddingv alues f (z) to the sum whenp(z) is large,
e.g. devoting moreatt entionto the spacebetweenz

1
and z

2
, as opposed tospendingtime in less probable

portions of thespacel ike thepar t between z2 and z3.
A walk of this k ind can becharac terizedabstractly as fol lows:

1: z ( 0) := arandom in i tial po int

2: for t = 1t oT do
3: z ( t+ 1) := g(z ( t ) )

4: endfor

7
O kay | w e' r e pl ayi ng a l i t t le f ast and lo ose her e by t al ki ng a bou t c ount s: w it h Z co nt in uou s, w e' re n ot goi ng t o see t w o

id ent ic al sam p le sz
( i )

= z
( j )

, so it do esn' t r e all y m ak esen se t o t alk abou t co unt i ng h ow m a ny t im esa va lu e was seen . B ut w e

di d say \ i nt ui t i vel y" , r i gh t ?
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Here gis a function that m ak es a probabi l istic choice about what s tate togoto next accordingto an

expl ic it or impl ic it t ransi tionprobabi l ity Ptrans(z
( t +1) j z ( 0) ;z( 1) ; ::: ;z( t ) ).8

The part about probabi listic c hoic es makes this a Monte Carlo technique. What w il l makei t a Markov

Chain M onteCarlo techniqueis de�ning things so that the nex t stateyouv is it, z (t + 1) , depends only onthe
curr ent s tatez ( t ) . That is,

Ptrans(z
( t +1 ) jz ( 0) ;z (1 ) ;::: ;z( t ) ) = Ptrans(z

( t +1 ) jz ( t ) ): (13)

For youlanguagefolks, th is is precise ly the same ideaas model ingword sequences usingabigram model ,
wher eherewehave states z ins tead of hav ingwords w .

We includedthesubsc ript trans in our notation, sot hat Pt rans canbereadas \trans itionprobabi li ty ",
in order t oem phasize that thesearestate-to-s tatet ransi tion probabi l i ties ina (�rs t-order) M ark ov model .
Theheart of M arkov Chain MonteCarlomethods is design ing gso that the probabi l i ty of v isit inga state z

wil l turnout to bep(z), as desi red. This can beacc ompl ishedby guaranteeing that the chain, as de�nedby
the transi tion probabi l i ties Ptrans, m eets certa inc ondi tions. G ibbs sam pl ing is onealgor ithm that meets

thosecondi tions .9

1.2.3 TheG ibbs sampl ingalgor it hm

Gibbs sam pl ing is applicable in si tuations whereZ has at least two dimensions, i .e. each point z is rea l ly

z = hz1; ::: ;zk i ,wi th k > 1. The basic idea inGibbs sampl ing is that, ra ther thanprobabi l is tic al ly p ic king
thenex t state al l at once, y oum ak easeparateprobabi l ist ic choicefor each of the k dim ensions,where each
choic edepends on theother k� 1 dimensions.10 That is ,theprobabi listic walk through thespaceproc eeds

as fol lows:

1: z ( 0) := hz
( 0)

1
;: ::;z

( 0)

k
i

2: for t = 1t oT do

3: for i = 1to k do
4: z( t + 1)

i
� P(Z

i
j z( t + 1)

1
;: ::;z ( t +1)

i� 1
; z( t )

i + 1
;:: :;z (t )

k
)

5: endfor
6: endfor

Note that we can obta in thedistribution we are sam pl ing from by using the de�ni tion of c ondi tional
probabi l i ty:

P(Z
i
j z (t + 1)

1
; :::; z( t + 1)

i �1
;z( t )

i + 1
;: ::;z ( t )

k
) =

P(z
( t+ 1)

1
; :::; z

( t + 1)

i �1
;z

( t )

i
;z

( t )

i +1
;::: ;z

( t )

k
)

P(z
( t + 1)

1
;: ::;z

( t +1)

i� 1
; z

( t )

i + 1
;:: :;z

(t )

k
)

: (14)

Noticethat t heonly d i�erencebetween thenumerator and the denom inator is that thenumerator is theful l
jo int probabi li ty ,includ ing z( t )

i
, wher eas z ( t)

i
i s m is sing in the denom inator. This wi ll be important la ter.

Onefu l l execution of the inner loop and you' ve just computed your new point z( t + 1) = g(z( t ) ) =

hz
( t + 1)
1 ;:: :;z

( t + 1)

k
i .

You can th ink of each dimensionz
i

as corres ponding toa param eter or variab le iny our model. Using

equation(14), wes amplethenew valuefor eachv ariableaccordingto it s distribut ionbasedont hev alues
of al l theother variables. Dur ingth is process, new values for the variables areused as soonas youobta in
them . For the case of threevariab les:

� Thenew v alue of z1 i s sampledc ondi tion ing on theoldv alues of z2 and z3 .

8
We' r e del ib er at el y st ayi ng at a hi gh l evel her e. I n t he bi gger pi ct u re , g m i ght consi der an d r ej ect o ne or m or e st at es bef or e

�nal l y deci di ng t o a ccept on e and r et u r n it as t h ev alu e fo r z( t+ 1) . See d iscu ssion s of t h e M et r opo li s- Ha st in gs alg or i th m , e. g.

Bi shop [2] , Sect i on 11. 2.
9
We t ol d you we w er e goi ng t o keep t heor y t o a m i ni m um , di dn' t we?

10T her e ar e, of cour se, var i at i ons o n t hi s basi c schem e. For ex am pl e, \ bl ocked sam pl i ng" gr o ups t h e var i abl es in t o b < k

bl ocks and th e var i abl es in each bl ock a re sa m pl ed t oget he r b ased on t h e ot her b� 1 bl ocks.
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� Thenew v alue of z
2

i s sampledc ondi tion ing on thenew v alueof z
1

andtheold valueofz
3
.

� Thenew v alue of z3 i s sampledc ondi tion ing on thenew v alues of z1 andz 2.

1.3 The rem ainder of th is docum ent

So, ther eyou hav ei t. Gibbs sampl ingm ak es i t poss ib le to obtain sam ples from probabi l i ty d istributions
without hav ingt oex pl ici tly c alcu la tethev alues for thei r marginal izing integrals, e.g. computingex pected
values, by de�ning aconceptual ly s traightforward approximation. This approx imation is based on theidea

of aprobabi listic walk through astat espacewhose dimensions correspond tothevariables or param eter s in
your model .

Trouble is, from what wec ant el l, most descrip tions ofG ibbs sampl ingpret ty muchst opthere( if they' v e
even gone intot hat muc hdeta il ). To someonerela tiv ely new to this terri tory ,though, that' s not nearly far
enough to�gureout how todo Gibbs sampling. How exactly do you implement the\ sam pl ingfrom the

fo l lowing distribution" par t at theheart of the algori thm (equation14) for your particu lar m odel?H ow do
you dealwi th continuous parameters inyour m odel?Howdoy ouactual ly generatetheexpec tedv aluesy ou ' re

ul timately int erested in (e.g. equation 8), as opposedt o jus t do ingtheprobabi listic walk for T i terations?
Just as the�rst part of th is document aimed at ex plain ing why , the rem ainder aims t oexpla inhow.

InSec tion 2, we tak ea very s im ple probabi l istic m odel | Na��v eBayes | and describe in considerable

(painful?) detai l how to construct a Gibbs sam pler for i t. Th is includes twocrucial th ings, namely how t o
employ c onjugatepriors and how toactual ly samplefrom condi tional distr ibutions per equation(14).

InSection 3wedisc uss how toac tually obta invalues from aGibbs sam pler, as opposed tomerely watc hing
it walk ar ound the state space. (Whichm ight beentertain ing, but wasn' t real ly thepoint .) Our discussion
includes c onvergenceand burn-in , auto-correlat ionand lag, and other pract ic al issues.

In Sec tion 4we conclude with pointers to ot her things y ou might �nd i t usefu l toread, as well as an
invi ta tiont otel l us how we couldm ake this document m oreaccurate or m oreusefu l.

2 D er iving a Gibbs Sam pler for a Na��ve Bayes M odel

In th is sect ionwe consider Naiv eBay es models.1 1 Let' s assumethat items of in terest are documents, that

thefeatures under cons ideration arethewords in the docum ent,and that thedocument-lev el class v ariab le
we' re try ing topredict is a sent im ent label whosev alue is ei ther 0or 1. For easeof referenc e, wepresent
our notation in Figure 3. Figure 4describes t hem odel as a\ plate diagram ", to which wewi l l refer w hen

desc ribingthemodel.

2.1 M odel ingH ow D oc ument s are Generated

We represent each document as a bag of wor ds. Giv en an unlabeled doc ument W
j
, our goal is to pick

the best label L j = 0 or L j = 1. Sometim es we wi ll refer t o0 and 1 as classes instead of labels. In
further d is cuss ion i t wi l lbeconv enient for us torefer to theset s of documents sharing the same label, so for

notational conv enience wede�netheset sC0 = fW j jLj = 0gand C1 = fW j jLj = 1g. Theusual treatment
of thesem odels is toequate \best" wit h \ most probable" , andthereforeour goal is t ochoosethelabel L j

for W
j

t hat max imizes P (L
j

jW
j
). Apply ing Bayes's Rule,

L j = argmax
L

P (LjW j ) = ar gmax
L

P(W j jL )P(L)

P(W j )

= ar gmax
L

P(W j jL )P (L);

wher ethe denom inator P( W
j
) is om i tted becausei t does not dependonL.

This appl ic ation of Bayes' s ru le(the\ Bayes" part o f \Na��v eBay es" ) al lows us toth ink of themodel in
terms of a \generativ estory" that accounts for how documents arecr eated. Acc ord ing tothat story , we

11
We assum e t h e re ader i sf am i l ia r w i t h N aiv e Bay es. F or a r efr esh er , see [ 14] .
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V num ber of words in t hev ocabulary .
N num ber of documents in t hec orpus.

��1, �� 0 hyperpar ameters oftheBetadist ribution.
�
�

hyperpar ameter vector for themult inom ia l prior.

��i pseudocount for word i .
C

x
set of documents labeled x .

C theset of al l documents.

C0 (C1 ) num ber of documents labeled 0(1).
W

j
doc um ent j ' s frequency distribution.

W j i frequency ofword i in document j .
L v ector of document labels.

L j labe l for document j .
Rj num ber of words indoc um ent j .
�
i

probabi l ity of word i .

�x ;i probabi l ity of word i from the distributionofc lass x .
N
C x

(i ) num ber of times word i occ urs in thes et of a ll documents labeledx .

C (� j ) set of al l documents except W j

L (� j ) v ector of a ll document labels ex cept L
j

C(� j )
0

(C(� j )
1

) num ber of documents labeled 0(1) exc ept for W
j

� set of hyperparameters h�� 1;��0; ��i

Figure3: Notation.

2

N

γπ L j

Rj

W j k

γ θ

π

θ

Figure4: Naiv eBay es plated iagram
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�rst pick the class label of thedocument, L
j
; our m odel wi ll assumethat' s doneby�ipp ing ac oin whose

probabi l i ty of heads is somev alue �= P(L j = 1). We can ex pres s this a li ttlem oreformally as

L j � Bernoull i (�):

Then, for ev ery oneof theRj word posi tions in thedocument, we pick a word wi independently by
sampl ing randomly acc ord ing toa probabi l i ty d istribution ov er words . Whic hprobabi l ity d is tribution we

useis based on the labelL j ofthedocument, sowe'l l wri te them as�0 and �1 . Formally onewould describe
thec reat ionof docum ent j ' s bagofwords as

W j � M ul tinomia l(R j ;�): (15)

The assumption that the words are chosen independently is thereason wecall themodel \ na��ve" .
Notice that log ic al ly speaking, it m adesenseto describethemodel in terms of twoseparateprobabi l ity

distributions, �0 and �1 ,eachonebeinga sim pleunigram dis tribution. Thenotation in(15) doesn ' t exp l ici tly
showthat what happens ingenerat ingW

j
depends onwhether L

j
was 0or 1. Unfortunate ly,that notational

choic eseems tobest andard, ev en though i t's less trans parent .
12

We indicate the ex is tenceof two�s by
including the2 int he lower rectangle of Figure4, but m any plate diagram s in the l iterature would not.
Another,perhaps clearer way to desc ribe theprocess would be

W
j
� Mul tinomial (R

j
;�

L j
): (16)

And that' s it: our \ generative story " for thec reationof a whole set of labeled documents hW
n
; L

n
i ,

accord ing totheNa��veBayes model, is that this s im ple docum ent-level generativ estory gets repeatedN
tim es, as indicated by the N int heupper r ectangle in Figure4.

2.2 Pr iors

Wel l , ok , that' s not completely i t. Wher edid � com efrom ? Our generativest ory is goingto ass ume that
beforeth is wholeproc ess began, wealso pick ed� randomly. Speci�c al ly we' l lassumethat � is sampledfrom

aBetadistribution wi thparameters�� 1 and��0. Thesearereferred toas hyperparameters bec ausethey are
parameters of aprior, which isi tse lf usedto pick par ameters of themodel . In Figure4wer epresentt hes etwo
hy per parameters as as ingletwo-dim ensional vect or �

�
= h�

� 1
;�
�0

i . When�
�1

= �
�0

= 1, Beta(�
�1

; �
� 0

)

is just a uni form distribut ion, which means that any v aluefor � i s equal ly l ike ly . For this reasonwe cal l
Beta(1;1) an \uninform edprior" .

Sim ilarly ,wheredo�0 and�1 c omefrom? Just as theBeta distributioncanprov ideanuninformedprior
for ad istribution makinga two-way choice, theDirich let d is tribution can prov ideanuninform ed prior for
V-way c hoic es, whereV is thenumber ofwords in thevocabulary. Let �

�
beaV -dimensional v ector where

the valueof ever y d imension equals 1. If �0 i s sam pled from Dirich le t(��), ev ery probabi l i ty d istribution
over words wi ll beequal ly l ik ely. Simi larly, we' l lassume�

1
i s sam pled from Dirichlet( �

�
).13 Form al ly

�� Beta(�� )

� � Dirich le t(�
�
)

ChoosingtheBetaand Dirichle t distributions as priors for binomia land mul tinomial d is tributions, re-

spectively, helps t hem ath work out cleanly. We' l ld iscuss th is in moredetai l inSection2.4.2.

12
T he act ua l ba si s f or re m ovi ng t he sub scr ip t so n t he par am e te rs � i s th at we assu m et h e dat a f r om one cl ass is i nde pend ent

of t h ep ar am et er est i m at i on of al l t he ot h er cla sse s, so essent i al ly wh en w ed er iv e t he pr ob abi l it y exp r essio ns fo r o ne cl ass t he

ot her s lo ok t he sam e [ 19] .
13

N ot e t hat � 0 and � 1 ar e sam p led se par at el y. T her e' s no assu m pt io n t hat t h ey ar e r el at ed t o each ot her at al l . Al so, it ' s
wor t h n ot i ng t hat a D i ri chl et di st r ib ut i on i s a Bet a d ist r i bu ti on i f t he di m ensi on V = 2. D i r ich let gen er al izes B et a i n t he sam e

way t h at m ul t in om ia l gen er al izes b in om ia l. N ow you see w hy w e to ok t he t r ou bl et o r ep r esent ��1 a nd �� 0 asa 2 -d im ensi onal

vect or �� .
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2.3 States pac eand in i tia l ization

Follow ingPedersen[17, 18], we' regoing todescribetheGibbs sampler in ac ompletely unsuperv ised setting
wher enolabels at al l areprov ided as train ing data. We'l l then br ie�y ex plain how to tak eadvantage of
labeleddata.

St ate spac e. Rec al l t hatthe job ofa Gibbs sampler ist owalk through ank -dimensionalsta tespacede�ned
by t herandom var iables hZ

1
;Z

2
;: ::Z

k
i in themodel . Ev ery point in that walk is acollec tion hz

1
; z

2
;: ::z

k
i

of va lues for thosevariab les.
In theNa��veBayes m odel we' ve just described,here arethev ariab les that de�nethestatespac e.

� onescalar-va lued variable�

� twovector -valuedv ariables, �
0

and�
1

� binary labelv ariables L, onefor each of theN docum ents

We also hav eone vec tor v ariableW j for each of the N docum ents, but these are observ ed variables, i .e.
thei r v alues are al ready known (andwhich is why W

j k
i s shaded in Figure4).

In it ial iz ation. T hein itia liz ation of our sam pler is going tobever y easy. Pick a value�by sampl ingfrom
theBeta(�

�1
; �
� 0

) distribution. Then,for eac hj , �ip acoin wi thsucc ess pr obabil i ty�, andassign labelL ( 0)
j

| t hat is ,t he labelof document j a t the0t h i teration{ based on theoutcomeof thecoin �ip . Simi larly,

you also needto in i tial ize�0 and �1 by s ampl ing from Dirich let(��).

2.4 Deriv ingt he J oint D istr ibut ion

Recall that for eachi teration t = 1:: :T of sampl ing, weupdateev ery var iablede�ningthestatespac eby

sampl ing fr om i ts condi tional distr ibutiongiven the other variab les, as descr ibed inequation (14).
Here 's how we're goingto proceed:

�We wil l de�nethejoin t distributionofa l l thev ariab les, cor respondingtot henum erator in (14) .

�We sim pl i fy our expression for the jo in t distr ibution.

�We us eour �nal ex pr ession of the join t dist ribution to de�nehow to sample from thec ondi tional

distribution in( 14).

�We givethe�nal form of thes ampler as pseudocode.

2.4.1 Expr ess ing and s impl i fy ing the join t d ist ribution

Accordingtoour model , the join td istribution for theenti redocument col lect ion is P(C;L ;�;�0; �1 ;�� 1;��0; �
�
).

Thes emicolon indicates that t hev alues to i ts right areparameters for th is joint d istribution. Another way

tosay this is that thevariab les tothe left of thesem ic olon arec ondi tioned on thehyperpar ameters g iv ent o
theright ofthesem icolon. Usingthemodel' s generative story ,and, cruc ial ly,t he independenc eassumptions
that area part of that st ory, the join t distributioncandecomposedint oaproduct of severa l factors:14

P(�j�
�1

; �
� 0

)P(L j�)P(�
0
j�
�
)P( �

1
j�
�
) P(C

0
j�

0
;L)P( C

1
j�

1
;L)

Let's look at each of theseinturn.

14
N ot et h at we can al so obt ai n t he pr od uct s of t h ej oi nt di str i bu t io n di re ct ly f r om our gr aph ica l m od el, Fi gur e 4 by m ul t ip ly in g

to get her each l at en t v ar ia bl ec ondi t i oned o n it s p ar ent s.
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� P(�j�
�1

;�
� 0

). The�rst factor is theprobabi l ity of choosing th is par tic ular valueof � giv en that �
� 1

and��0 are being usedas thehyperparameters of the Beta distribution. By de�nit ion of theBet a
distribution, that probabi li ty is :

P (�j��1; ��0 ) =
�(��1 + �� 0)

�(�� 1)�(�� 0)
��� 1� 1(1� �)�� 0� 1 (17)

And because

�(�
� 1

+�
�0

)

�( �
�1

)�(�
� 0

)

is a constant that doesn 't dependon�, wecan rewr ite this as:

P (�j��1; �� 0) = c�� � 1� 1(1� �)�� 0� 1: (18)

The constant c is anor mal izingcons tant that m akes sureP(�j�
� 1

;�
�0

) sums to 1over al l �. �(x )

is the gamm afunct ion, a continuous-v alued genera lization of t he factorial function. Wec ould a ls o
express (18) as

P (�j��1; �� 0) / �� � 1� 1(1� �)�� 0� 1: (19)

� P(Lj�) . The second factor is the probabi l i ty of obtainingth is speci�c sequenceL of N binary labels,

giventhat theprobabi li ty of choosing label= 1is�. That' s

P (L j�) =
NY

n =1

�L
n (1� �) (1 �L

n
) (20)

= �C 1 (1� �)C0 (21)

Recall from Figure3 that C0 and C1 ar enoth ingm oret hanthenum ber of documents labeled 1and
0respec tively.15

� P(�
0
j�

�
) andP(�

1
j�
�
). Thethi rd factors aretheprobabi l i ty of havingsam pled thes eparticularc hoic es

of word distr ibutions ,g iven that �
�

was used as thehyperparamet er of theDirich le t distribut ion.

Sincethe�dis tributionsare independent of eachother,let' s makethenotationabi t easier to read here

andconsider eachofthem in iso lation, al lowing us tom om entari ly el idethesubs cript saying which one
is w hich. By thede�ni tion of theDirichlet distribution, theprobabi l i ty ofeach word distr ibution is

P(�j��) =
�(

P V

i= 1
�� i )

Q
V
i = 1
�(�

�i
)

VY

i =1

�
�

� i
� 1

i (22)

= c
0

VY

i= 1

�
�
� i
� 1

i (23)

/

VY

i = 1

�
�
� i
� 1

i (24)

Recall t hat ��i denotes thevalue of v ector ��' s i t h dimension, and simi larly, �i is the valuefor the
i th dimension of v ect or �, i .e. theprobabi li ty as signed by th is distributiont othe i t h wor din the
vocabulary. c0 i s another nor mal ization constant that wecandiscard by changing the equali ty to a

proportional i ty.

15O f c our se w e can r ep r esent t hese q uan t it i es gi ven t h e var i abl es w e al re ady h ave, bu t we d e�ne t h ese in t he i nt er est s of

si m p li f yi ng t he equ at i ons som ew hat .
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� P(C
0
j�

0
;L) andP (C

1
j�

1
;L). Thesearethe probabi l i ties of generating the contents of the bags of

words ineachof the twodocument classes.

Generat ingthebag of words W
n

for document n depends on that document' s label ,L
n

andtheword

probabi l i ty d istribution assoc iated wi th that label , �Ln (so �Ln is ei ther �0 or �1). For notational
simpl ici ty, let' s let � = �

L n
:

P(Wn jL ;�L
n

) =

VY

i= 1

�W n i

i
(25)

Here�
i
i s theprobabi li ty of word i in distr ibution�, andtheex ponent W

n i
i s thefrequency of wor d i

in Wn .

Now, sinc ethedoc um ents aregenerated independently of eachother,we can mul tip ly the value in(25)

for each of thedoc um ent s ineach clas s to get the com bined probabi l i ty of al l theobser ved bags of
words wi thin aclas s:

P( CxjL ;�x) =
Y

n 2C x

VY

i = 1

�
W

n i
x; i (26)

=

VY

i = 1

�
N

C x
( i )

x; i
(27)

Wher eNCx (i ) giv es thecount of word i indoc uments wi th class labelx .

2.4.2 Choic eof Pr iors and Sim pl i fy ingt he J oint P robabi l i ty Expr ess ion

So why did wepic k theDirich let d istribution as our prior for �
0

and �
1

and the Beta distributionas our

prior for �? Let' s look at what happens int he process of simpl ify ing the joint distributionand see what
happens toour est im ates of �(wheret his canbeei ther �0 or �1) and �once weobserv esom eev idence(i .e.
thewords fr om a sing le docum ent). Using (19) and(21) from above:

P(�jL ; �� 1;��0) = P( Lj�)P(�j�� 1;��0) (28)

/
�
�C 1 (1� �)C0

��
��� 1� 1(1� �)�� 0� 1

�
(29)

/ �C 1 +� � 1� 1(1� �)C0 +�� 0� 1 (30)

L ik ewise, for � using( 24) and (25) from above:

P(�jWn ;�
�
) = P(W nj�)P(�j�

�
)

/
VY

i = 1

�Wn i

i

VY

i =1

�� � i� 1
i

/

VY

i = 1

�Wn i + �� i � 1
i

(31)

If weus ethe words inal l of thedocuments of agiv enc lass, thenwehav e:

P(�xjCx ;�
�
) /

VY

i = 1

�
N

C x
( i ) +�

� i
� 1

x; i
(32)
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Notice that (30) is anunnormal izedBeta distribution, wi thparameters C
1

+ �
�1

andC
0

+ �
�0

,and (32)

is an unnormalizedD irich let d istribution, wi thparamet er vector hNC x (i ) + ��i i fo r 1� i � V. When the
posterior probabi li ty d istribution is ofthesam efami ly asthe l ikel ihood probabi l i ty d ist ribution| that is, the

same functional form , just wi th di�erent ar guments | i t is said t obetheconjugateprior of theposterior.
The Beta distribution is the conjugate pr ior for binom ia l (and Bernoull i ) d istributions and theDirich let
distribution is the conjugateprior for mul tinom ia ld istributions. Alsonot ic ewhat role thehyperparameters

play ed| they areadded jus t l ike observ ed ev idence. It is for th is reason that the hyperparameters are
sometimes referred toas pseudocounts.

Okay, so i f wemul tip ly toget her t he indiv idual factors from Sec tion 2.4.1as simpli�ed above (in Section
2.4.2) and let � = h�� 1;��0 ;�

�
i wecanexpress thefu ll join t distributionas:

P (C;L ;�;�0;�1; �) / �C 1 + �� 1� 1 (1� �)C 0 + �� 0� 1

VY

i =1

�
N C

0
(i ) + �� i � 1

0; i
�
N C

1
(i ) + �� i � 1

1 ;i
(33)

2.4.3 Int egrating out �

Havingi l lus tratedhow t oderive the joint distribut ionfor a model , as in( 33), it turns out that, for th is
particularm odel , wecan mak eour liv es al i ttlebi t simpler: wecan reduc ethee�ec tivenumber ofparameters

in the model by integratingour join t distributionwi threspect to�. Th is has t hee�ec t of tak ingal lposs ib le
values of � in toaccount in our sam pler, wi thout repr esenting i t as avariab leexpl ic itly andhavingtos ample

it a t every i teration. Intu i tiv ely, \in tegrating out" av ariab le isanappl ic ation of precisely t hesameprinc ip le
as computingthemarginal probabi l i ty for a disc reted istribution. For ex ample, i fwehav ean ex pression for
P(a; b;c), wec an com puteP (a;b) by sum ming ov er al l possib leva lues of c, i.e. P(a; b) =

P
c

P(a; b;c) . As

ares ul t, c is \ there" c onceptual ly, in ter ms of our understanding of themodel, but wedon't needto deal
with manipulating it exp l ic i tly as aparameter. Wi th acontinuous v ariab le, thepr incip le is the sam e, but

weintegrate over al l possiblev alues of thevariab le rather than sum ming.
So, we have

P(L;C;�0; �1 ;�) =

Z

�
P (L;C;�0;�1; �; �) d� (34)

=

Z

�
P(�j�� 1;��0)P (L j�)P( �0 j�

�
) P(�1j�

�
)P(C0 j�0; L)P(C1j�1;L) d� (35)

= P (�
0

j�
�

)P(�
1
j�
�
)P(C

0
j�

0
; L)P(C

1
j�

1
;L)

Z

�

P (�j�
�1

; �
� 0

)P(L j�) d� (36)

At th is point let' s focus our attentionontheint egrand only and substi tu te thetr uedistributions from

(17) and(21).

Z

�

P(�j�
� 1

;�
�0

)P (L j�) d� =

Z

�

�(�
�1

+ �
�0

)

�(��1)�(��0 )
��� 1� 1(1� �)�� 0�1 �C 1 (1� �)C 0 d� (37)

=
�(�� 1 + ��0 )

�(�� 1)�(�� 0)

Z

�

�C 1 + �� 1� 1(1� �)C 0 + �� 0� 1 d� (38)

Here' s whereour useofc onjugatepriors pays o�. Noticethat the in tegrandin(38) is aBetadistributionwi th
parameters C

1
+�

�1
and C

0
+ �

� 0
. Th ism eans that thevalueof the integra l is just thenorm al izingc onstant

for that distr ibution, which is easy to look up (e.g. in theentry for theBeta distribution inWikipedia): the
normal izingconstant for distr ibut ionBeta(C

1
+ �

� 1
;C

0
+ �

�0
) is

�(C1 + �� 1)�(C0 + �� 0)

�(C 0+ C1 + ��1 + �� 0)
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Makingthat subs tit ution in(38), and alsosubsti tutingN = C
0
+ C

1
,we arrive at

Z

�

P(�j��1 ;�� 0)P(L j�) d�=
�( �

�1
+ �

�0
)

�(��1) �(��0 )

�(C
1

+ �
� 1

)�(C
0

+ �
� 0

)

�(N + ��1 + �� 0)
(39)

Substi tuting(39) and thede�ni tions of the probabi l i ty d istributions from Section 2.4.1back into (36)
gives us

P(L;C;�0; �1 ;�) /
�(�

�1
+ �

� 0
)

�(�� 1)�(��0)

�(C
1

+ �
� 1

)�(C
0

+ �
� 0

)

�(N + �� 1 + �� 0)

VY

i =1

�
N

C 0
( i ) + �

� i
� 1

0; i
�
N

C 1
( i ) + �

� i
� 1

1; i
(40)

Okay, so it would bereasonableat this point to ask , \I thought thepoint of int egrating out � was t o
sim pl i fy t hings, so why did we just ' simpl i fy ' the join t ex pression by adding in a bunch of theseGamm a
functions everywhere?" Goodquestion{holdt hat thought unti l wederive thes ampler.

2.5 Bui ld ing the Gibbs Sampler

The de�nitionof aGibbs sam pler s pec i�es that ineach i teration weass igna new value tovariab leZ i by
sampl ing fr om thecondi tional distr ibut ion

P(Z i j z
(t + 1)

1
;: ::;z

( t +1 )

i �1
;z

( t )

i + 1
;: ::;z ( t)

r
):

So, for ex ample, toassign the valueof L
( t +1 )
1 ,weneedto com puteth is condi tionald istribution:16

P(L
1
jL ( t )

2
;::: ;L ( t )

N
;C;�( t )

0
;�(t )

1
; �);

Toas signthev alue of L (t + 1)
2

, weneed toc omput e

P(L2jL
(t + 1)
1 ; L

( t )
3 ;: ::;L

( t )
N ;C;�

( t )
0 ;�

( t )
1 ;�);

andso forth for L ( t +1 )
3

throughL ( t + 1)
N

. Toass ignthev alue of �
0

weneed tocompute

Sim ilarly ,t oass ignthev alue of �0 weneedt osam plefrom thecondi tional distribution

P (�(t + 1)
0

jL ( t+ 1)
1

; L( t + 1)
2

;: ::;L ( t + 1)
N

;C;�( t )
1

;�);

and, for �
1
,

P(�
( t + 1)

1
jL

( t + 1)

1
;L

( t +1 )

2
;::: ;L

( t+ 1)

N
; C;�

( t+ 1)

0
; �);

Intu i tively, at t he start of an i teration t, we hav ea col lection of al l our curr ent infor mation at th is
point in thesamplingprocess. That information includes thewordcount for each document, thenum ber of

docum ents labeled 0, the number of doc um ents labeled1, thewordc ounts for al l documents labeled 0, the
wordc ounts for a ll documents labeled1,t hecurrent label for eac hdocument, thec urrent va lues of�

0
and�

1
,

etc. Whenwewant tosamplethenew label fordoc um ent j ,wetem porari ly remov eal l infor mation(i .e. word

counts and label in form ation) about th is doc um ent from that co l lection of infor mation. Then we look at the
condi tional probabi li ty t hat L

j
= 0 given al l ther emain ing inform ation, andthecondit ionalprobabi l ity that

L
j

= 1 giventhesameinformation,and wesamplet henew label L ( t +1)
j

by c hoosingrandomly acc ord ingt o

ther elative weight of thosetwo conditionalprobabi l it ies. Sampl ingto get thenew v alues�
( t + 1)

0
and �

( t + 1)

1
operat es ac cord ing tothesameprincipal .

16
T her e' sn o sup er sc r ip t on t he bag sof w or ds C b ecau se t h ey' r ef u ll y obse rv ed and don' t chan ge f r om it er at i on t o i t er at i on.
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2.5.1 Sam pl ing for Doc um ent Labels

Okay ,so how doweactual ly dothesam pl ing?We' rea lmos t ther e. As the�nal step inour journey, weshow
how toselec t al l of thenew document labels L j and the new distributions�0 and �1 duringeachi teration
of the sam pler. By de�ni tionof conditionalprobabi l ity ,

P(L j jL
(� j )

;C
(� j )

;�0; �1; �) =
P(L j ; W j ;L (� j ) ;C (� j ) ;�0; �1 ;�)

P(L (� j ) ;C (� j ) ;�0; �1 ;�)
(41)

=
P(L;C; �0 ;�1;�)

P(L (� j ) ;C (� j ) ;�0; �1 ;�)
(42)

wher eL (�j ) areal l t hedocum ent labels exc ept L
j
, andC (� j ) i s theset of al l documents ex cept W

j
. The

distribution is ov er twopos sib leoutcomes ,L j = 0and L j = 1.
Notice that thenumerator is just t hec omplete jo in t probabi li ty describedin (40). In the denom inator,

wehave the same ex pression,m inus al l the information about document W
j

. Thereforewec an work out

what (42) should look l ikeby c onsider ingt het hree factors in (40) ,one at a time. For eac hfactor, we wil l
remindourse lves of what i t look s l ike in the numerator ( which includes W

j
), and work out what i t should

look lik e in thedenominator (ex clud ingW j ), for each of thetwooutcomes.
The �rst factor in (40),

�(�
� 1

+�
�0

)

�(�
�1

)�(�
� 0

)
; (43)

is very easy. It depends only on the hy perparam eters, so rem ov ing inform ation about W
j

has noim pact

on it s value. Sincei t wi l l be the sam einbot hthenum erat or and denominator of (42), i t wi l lc ancel out.
Ex cel lent! Twofactor s togo.

Let' s look at t hesecondfactor of (40). Tak ingal ldoc um ent s in toaccount includingW
j
,t his is

�(C1 + ��1 )�(C0 + ��0 )

�(N + �� 1 + ��0 )
: (44)

Now, inor der to com putethedenominator of (42), werem ovedocum ent W j from consideration. How does
that changeth ings? It depends on what L

j
was duringtheprevious i teration. Whether L

j
= 0 or L

j
= 1

during theprev ious i terat ion, thecorpus size is e�ectively reducedfrom N toN � 1,and thesizeofone of
thedocum ent classes is smaller by onecom pared to i ts v alue in thenum erator. If L j = 0w hen weremov e

it, then wewi l lhav eC(� j )
0

= C0 � 1and C(� j )
1

= C1. If L j = 1duringtheprev ious i teration, thenwe wil l

hav eC
0

= C(� j )
0

andC (�j )
1

= C
1
� 1. In each case, removingW

j
only changes the inform ationwe know

about oneclass ,whichm eans that oft hetwo term s in thenumerator of th is factor ,one of them is goingt o
bethesameint henum erator andt hedenominator of (42). That' s goingt ocauset heterms from oneof the
classes (the oneW

j
didnot belongto after theprev ious it eration) to cancelout.

Let x 2f 0; 1g bet he outcom ewe' rec onsider ing, i .e. the onefor which C(�j )
x

= C
x
� 1.17 If weusex

andreorganize the expressiona bi t, the second fact or of (42) canberewri tten fr om

�( C
1
+ �

� 1
)� ( C

0
+ �

� 0
)

� ( N +� � 1 + �� 0 )

�( C
( � j )

0
+ �� 0 )� ( C

( � j )

1
+ �� 1 )

�( N + �� 1 +�� 0� 1)

to

�(Cx + ��x) �(N +��1 + ��0 � 1)

�(N + ��1 + �� 0)�(Cx + �� x � 1)
(45)

17
C r uci al ly, not e t h at x her e i s not L

(t )
j

, t he l abel of docu m ent j at t he p re vi ous i t er at io n. We ar e p ul li ng d ocum en t j o ut

of t h e col le ct ion , e�ect i vel y ob via t in g our k now l edge of i t s cur r ent l ab el, an d t hen const r u ct in g a di st r i but i on o ver t he t w o
possi bi li t i es, L

j
= 0 and L

j
= 1. So we n eed f or our exp r essio n t o t ake x as a par am et er , al l ow in g us t o bu il d a p r obab il i t y

di st r i bu t io n by aski ng \ wh at if x = 0?" an d \ w hat i f x = 1?" .
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Using the fact that �(a+ 1) = a�(a) for al l a, wec ans im pl i fy further toget

C
x

+ �
�x
� 1

N + �
� 1

+ �
�0
� 1

(46)

Look ,nom ore pes ky Gam mas!

Final ly, theth ird fac tor in( 40) is

VY

i =1

�N C 0 ( i ) + �� i � 1
0; i

�N C 1 ( i ) + �� i � 1
1; i

: (47)

When welook at what changes whenwerem ov eW
j

from consideration, inor der to wri te thecorr esponding

expression int hedenom inator of (42), wesee that it w il l behavein thes ame way as the second factor. One
of theclass es rem ains unchanged, sooneof the term s, ei ther the �

0
or �

1
, wi l l cancel out when wedothe

division. If,s im i lar to above, welet x betheclass for which C(� j )
x = Cx � 1, thenwe can again capture

bothcases in oneex pression:

VY

i= 1

�
N C

x
( i ) +� � i �1

x; i

�
N

C ( � j )
x

(i ) + �� i � 1

x ;i

=

VY

i = 1

�
W

j i

x; i
(48)

Wit hthat, wehave �nishedwor king thr ought hethree factors in(40), which means wehaveworked out
how toex pr ess thenum erat or and denominator of (42), factor by fac tor. Recombin ing the factors, weget
thefo llowingexpressionfor t hec ondi tional d is tribution in (42): for x 2f 0;1g,

Pr(L j = x jL (� j ) ;C (� j ) ;�0; �1 ;�) =
Cx + ��x � 1

N + ��1 + �� 0 �1

VY

i= 1

�
W

j i

x; i
(49)

Let' s tak eastepback andtakealook at what th is equation is tel l ingus about how alabel is chosen. Its

�rst factor g iv es us anindication of how lik ely i t is that L j = x consideringonly t hedistribution of theother
labels . So,for example,i f thecorpus hadm orec lass 0doc um ent s thanclass 1documents, th is factor would
tend topus hthelabel towar dclas s 0. Its secondfactor is l ikeaworddistribution \�tting room." Weget an

indic ation of how wel l thewords inW j \�t" wi th eachof the twodist ributions. If,for ex ample, thewords
fr om W

j
\�t" better wi thd istribution �

0
(by having alarger v alue for thedocument probabil i ty using�

0
)

then th is factor wi ll push thelabel towar dclass 0as wel l.
So (�nal ly!) her e' s the actual proc edureto sam plefrom thecondi tional distribution in(42):

1. Let value0= express ion(49) wi th x = 0

2. Let value1= express ion(49) wi th x = 1

3. Let the distributionbeh val ue0
v al ue0+ val ue1

; val ue1
val ue0+ val u e1

i

4. Select thevalueof L
( t + 1)

j
as theresul t of aBernoul l i trial (weighted coin �ip ) acc ord ing toth is distri -

bution.

2.5.2 Sam pl ing for �

We' l l fo l low asimi lar proceduretodeterm inehow tosamplefornew values of�0 and�1. Sincetheest im ation
of the twodis tributions is independent of oneanot her ,we 're goingto omi t thesubs cripts on� to mak ethe

notation a bi t easier to digest. Just l ik eabove, we' l l need toderive an ex pression for theprobabi l ity of �
given al l other v ariab les, but our work is abi t simpler in th is case. Obs erve,

P(�jC;L ;�) / P (C;L j�) P(�j�) (50)
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Furthermore, rec al l that, sincewe usedc onjugate prior s, this posterior , lik etheprior, works out tobe a

Dir ic hlet d istribution. Weactual ly deriv ed the fu l l expres sion in Section 2.4.2, but we don' t need theful l
expressionhere. Al l weneed todoto sam plea new distribution is to makeanother draw from aDirich let

distribution, but th is timew ith parameters NC x (i ) + ��i for eachi in V. For notationalc onvenience, let' s
de�nethe V dimensionalv ector t suchthat each t i = N C

x
(i )+ �� i ,wherex is againei ther 0 or 1depending

onw hich �weareresampl ing. We then samplea new �as:

� � Dirichle t(t) (51)

How doyouactual ly implement sam pl ingfrom a new Dir ic hlet d istribution?Tosamplearandom v ector
a= ha

1
;: ::;a

V
i from the V-dim ens ional Dir ic hlet d istribution wi thpar ameters h�

1
; :::; �

V
i ,one fast way

is to dr aw V independent samples y1; ::: ;yV from gamma distribut ions, each wit hdens ity

G amm a(�i ;1) =
y� i � 1
i

e� yi

�(�i )
; (52)

andthen set a
i

= y
i
=
P

V
j = 1

y
j

(i.e., jus t normal ize each of thegamm adist ributiondraws).18

2.5.3 Tak ingadvantage of docum ents wi th labels

Using labeled documents is relativ ely pain less: just don' t s ampleL j for those documents! Always k eep
L
j

equal to theobs ervedlabel. Thedoc um ent s wi ll e�ective ly ser veas \ ground truth" evidencefor the

distributions that c reated them . Since wenever sam plefor the ir labels ,t hey wi l la lways contributet othe
counts in (49) and(51) and wi ll never be subtracted out.

2.5.4 Putting it al l t oget her

In it ial iz ation. D e�nethepriors as inSection 2.2 andini tia lize them as desc ribed inSection2.3.

1: for t := 1to T do
2: for j := 1t oN do
3: i f j i s not a train ingdocum ent then

4: Subtrac t j ' s word count s fr om thetotal word counts of whatev er class it 's c urrently a mem ber of
5: Subtrac t 1from the count of documents wi th label L

j

6: Assign anew label L ( t +1)
j

t odocument j as describedat the endof Sect ion2.5.1

7: Add1t othecount of documents wi th labelL
( t + 1)
j

8: Addj ' s wordc ounts to the tota lwordc ounts for class L ( t + 1)
j

9: end i f
10: endfor
11: t

0
:= vec tor of tota lwordc ounts from clas s 0, includingpseudocounts

12: �0 � Dirich le t(t0 ),as describedin Section 2.5.2
13: t

1
:= vec tor of tota lwordc ounts from clas s 1, includingpseudocounts

14: �1 � Dirich le t(t1 ),as describedin Section 2.5.2
15: endfor

Sam pl ing i ter at ions. Noticethat as soonas anew label for L
j

i s ass igned, th is c hanges thecounts that

wil l a�ec t the label ing of thesubsequent documents. This is, in fact, t hew hole principle behind a Gibbs
sampler!

That conc ludes thediscussion of how sampl ing is done. We'l l see how to get from theoutput of the
sampler to estimated values for thev ariab les inSect ion3.

18
For d et ail s, se eh t t p: / / en. w i kip edi a. or g/ w i ki / D ir i chl et di st r i but i on ( ver si on of A pr i l 12 , 20 10) .
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2.6 Opt ional : A N ot eon Integr ating out Cont inuous Parameters

At this point youm ight be ask ing yoursel f why we wereableto integrateout thecontinuous parameter �
fr om our m odel , but d id not dosometh ing simi lar wi th the twoworddistributions�0 and�1. The idea of
doingth is even look s pr omising, but there' s asubtleproblem that wi l lget usin totroubleandendupleaving

us wi th anexpression�lled wi th� functions that wi l l not cancel out. Let us got hroughthederivat ions and
seewhere i t leads us. If youfo llow t his p ieceofthediscussion,then youreal ly understand thedetai ls!19

Our goal here would beto obtain theprobabi li ty that a document was gener ated from thesame dis-
tribution that generatedt he words of a particu lar c lass of documents, Cx . We would then us eth is as a
replacem ent for theproduc t in(48). We start �rst by calcu latingtheprobabi li ty of makinga sing le word

draw giventheother words in theclass, subtracting out the informat ionabout W j . In theequations that
fo l low there' s anim pl ici t (�j ) superscrip t onal l of thec ounts. If welet w

k
denotetheword at someposi tion

k inW j then,

Pr(w
k

= y jC (� j )
x

; �
�

) =

Z

�

Pr(w
k

= y j�)P(�jC (� j )
x

;�
�
)d� (53)

=

Z

�

�x; y
�(

P
V
i =1

N C
x
( i )+ ��i )

Q
V
i = 1

�( N
Cx

(i ) +�
�i

)

VY

i =1

�
N

C x
( i) + �

� i
� 1

x ;i
d� (54)

=
�(

P
V
i = 1

NC
x

(i ) +��i )
Q

V
i= 1
�(N

C x
(i ) + �

�i
)

Z

�

�x; y

VY

i = 1

�
N

C x
( i ) + �

� i
�1

x; i
d� (55)

=
�(

P
V
i = 1

NC
x

(i ) +��i )
Q

V
i= 1
�(N

C x
(i ) + �

�i
)

Z

�

�
N
C x

( y) + �
� y

x; y

VY

i =1^ i 6=y

�
N
C x

( i )+ �
� i
� 1

x;i
d� (56)

=
�(

P
V
i = 1

N
Cx

(i ) +�
�i

)
Q V

i= 1
�(NC x (i ) + ��i )

�(NC
x
(y )+ ��y + 1)

Q
V
i = 1^ i6= y

�(NC
x
(i ) + ��i )

�(1+
P V

i = 1
NCx (i ) +��i )

(57)

=
NC

x
(y) + ��y

P
V
i = 1

N
Cx

(i )+ �
�i

(58)

The process weuse is actual ly thesameas the proces s usedto in tegrate�, just in themultid imensional

case. Thes et � i s theprobabil i ty s im plex of �,nam ely theset of al l �such that
P

i
�i = 1. Weget t o(54)

by s ubsti tut ionfrom theform ulas we deriv ed in Section 2.4.2, then (55) by fac toringout thenormal iz ation
constant for the Dirich le t distr ibut ion, s ince it is constant wi th res pect to �. Notethat the integrand of

(56) is actual ly another Di rich le t distr ibut ion, so i ts integral is i ts norm al izat ionc onstant (samereasoning
as before). We substi tut e this in t oobtain (57). Using the property of� that �(x + 1) = x�(x) for al lx , we

can againc ancel al l of the� terms .
At th is point, ev ent houghwehav eas im pleand intu i tiveresul t for the probabi l i ty of drawing asingle

word from a Dirichlet , weactual ly need the probabi l i ty of drawingal l words in W j from theDirich let
distribution. What we' d real ly lik etodois as sum ethat thewords wi th in apart ic ular docum ent aredrawn
fr om thesam edistribution, andjust calcu latetheprobabil i ty ofW

j
by m ul tip ly ing( 58) over a ll words in the

voc abular y. But wec annotdothat, sinc e, wit hout thevalues of �beingknown,wec annot mak eindependent
draws from a Dirichlet d istribution sinc eour draws have an e�ect onwhat our estimate of �i s!

We can seeth istwo di�erent way s. Firs t,insteadof drawingoneword in equation(53), dotheder iv ation
by drawing twowor ds at a tim e.20 You' ll �nd that onc eyou hi t (57), you' l l have an ext raset of Gamm a
functions that won' t cancelout n icely. Thesec ondway tos eei t is act ua lly by look ingat theplatediagram

for the model , Figure 4. Eac h� e�ective ly has Rj arr ows coming out of i tfor eac hdocument j to ind iv idual

19
T he aut ho r st ha nk Wu K e, w ho r eal l y und er st ood t he det a il s, f or poi nt i ng out ou r er r or in a ne ar li er ver sio n of t hi s docu m ent

and p r ovi di ng t he i ll ust r a ti ng e xam pl e w eg o t hr oug h nex t.
20T hi si s w hat Wu K e di d t o de m onst r at e hi s poi nt t o us.
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words,so every wordwi th in adocument is in theMarkov blank et 21 oftheot hers ;thereforewecan' t assum e

that the words are independent wit hout a �x ed�. At issuehere isn ' t just that ther eare mul tip le instanc es
of words coming out of eachtheta, but crucial ly that t hos einstanc es ar esam pled at thesametim e.

The lesson here is tobecareful when you integrat eout param eters. Ify ou ' redoinga sing le dr aw from a
mul tinomia l, thenint egratingout acont inuous parameterc anm ak ethesampler sim pler ,sinceyouwon' thav e
tosam plefor it a t ev ery i teration. If, ont heother hand, you do multip le draws from thesamem ul tinomial ,

in tegration (a l though possible) wi ll r esu lt inan expres sion that involv es Gamm afunc tions. Calcu lating
Gam mafunct ions is undesi rablesincethey arecomputational ly ex pensiv e, sothey c ans low downasampler

signi�cantly.

3 P roduc ingv alues from theoutput of a Gibbs sam pler

Thein i tial izationand sam pl ing i terations in theGibbs sampl ing algori thm wi ll producevalues for each of
thev ariab les, for i terations t= 1;2;::: ;T. In t heory, theapproximated valuefor any v ariab leZ i can simply
beobta inedby calc ula ting:

1

T

TX

t = 1

z( t )
i

; (59)

as discussed in equation (12). However, ex pression (59) is not always useddi rect ly . Thereare several
addi tional detai ls tonot ethat are apart o fty p ic al sam pl ing practice.22

Conv er gence and burn-in i terations. Depending on thev alues chosen duringthe in i tia l iz ation step,

it may takes ome timefor theGibbs sam pler toreach a point where the points hz
( t )
1 ;z

( t)
2 ; :::z

( t )
r i ar eal l

com ingfrom thestationary d istribution of theM ark ov chain, which is an assumption of theapprox im ation
in (59). Inorder toavoid thees tim ates being contam inat ed by the values at i terations beforet hat po int,

some practi tioners genera lly discard the values at i terations t < B, whic harereferred toas the\burn-in"
iterations, sot hat the average in (59) is tak en only ov er i terations B+ 1 throughT.23

Autocorr ela tion and lag. The approximation in (59) as sum es thesam ples for Z i are independent, but
weknow they 're not,bec ausethey werepr oduc edby a process t hat condi tions ontheprevious point in the
chain to generatethenex t point. This is referred toas autocorrela tion (som etimes seria l autocor relation),

i.e. c orre la tion between suc cessiv evalues int hedata.24 In order to avoidautocor relationproblems (so that
thec hain \m ix es wel l ") ,m any implementat ions of Gibbs sam pl ing av erageonly ev ery L th value, whereL is

referredto as t he lag.25 In this context, J ordan Boy d-G raber (personal com munication) also recommends
look ingat Neal 's [15] disc ussionof l ike lihoodas ametric of conv ergenc e.

21
T he M ar ko v bl ank et o f a n ode i n a g r aphi cal m od el con sist s of t hat n ode' s par en t s, i t s chi ld r en, and t h e copar e nt s of i t s

chi ld r en. [1 6].
22

Jason E isn er ( per sona l co m m uni cat i on) a r gues, w it h som e sup por t f r om t h e li t er at u re , t h at bu rn - in , l ag , a nd m u lt i pl e
chai ns ar e i n f act u nnecessa r y and it i s per f ect l y cor r ect t o do a si ngl e l ong sam pl i ng r un and keep al l sam pl es. S ee [ 4, 5 ],

M acK ay ( [ 13] , en d of sect io n 29. 9, p age 381 ) a nd K ol l er a nd Fr i edm a n ( [1 0] , end of sect i on 1 2.3 .5 .2, pag e 522) .
23

A s fa r as w e can t el l , t h er e i s no pr i nci pl ed way t o cho ose t he \ r i gh t" val ue f or B i n ad vanc e. T her e ar e a var i et y of
way s t o t est f or con ver gence , a nd t o m easur e a ut ocor r el at i on; see, e. g. , B ri an J. Sm i t h, \ b oa: A n R Packa ge f or M C M C

Ou t put C onv er gence A ssessm ent a nd P ost er io r In f er ence" , Jou r nal of St at i st ica l S of tw ar e, N ovem be r 2 007, V olu m e 21, I ssue

11, ht t p: / / w w w. j st at sof t .o rg / f or pr act i cal di scussi on. H ow ever , fr o m wh at we ca n t el l, m any peop le j ust cho ose a r eal l y bi g
val ue f or T , pi ck B to b e la r ge al so , an d assum e t ha t t h eir sam p les ar e co m in g fr om a ch ai n t hat has con ver ged .

24
Lo hni nge r [ 11] obser v est h at \ m ost in f er ent i al t est s and m odel i ng t echn iq ues fa il i f da t a is au to cor r el at ed" .

25
A gai n, t he choi ce of L seem s t o b e m or e a m at t er of a r t t h an sci ence: p eopl e seem t o lo ok at pl ot s of t he aut o cor r el at io n

for d i� er ent val ues o f L and use a val ue f or w hi ch t h e aut oco r r ela ti on dr ops o � qui ckl y. T he a ut ocor r el at i on f or va r iab le Z i

wi t h l ag L is si m pl y t he co r re lat i on b et we en t he sequ ence Z
( t )
i

and t h e sequen ce Z
(t � L)

i
. W hi ch cor r el at i on f un ct ion is u sed

se em st o va r y.
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M ul t iple chains . A s is the case for many other stochastic a lgor ithms (e.g. expectation max imizationas

used in theforward-bac kwar dalgor ithm for HM Ms ), people oftentr y to av oid sensi tiv i ty t o thest arting
point chosen at in itia liz ation timeby doing mul tip leruns from di�erent startingpoints. For Gibbs sam pl ing

andot her M arkov ChainM onteCar lo methods, thesearereferred toas \mul tip lechains".26

Hy per param eter sampl ing. Rather than simply p icking hy per parameters, i t is possib le , and in fact
often cri tical , toas signthei r va lues v ia sam pl ing (Boyd-Graber,pers onal com munication) . See,e.g., Wal lach

et al . [20]and Escobar andWest [3 ].

4 C onc lus ions

Them ainpoint of th is docum ent has beento tak esom eof themy stery out of Gibbs samplingfor c omput er
scient ist s whowant to get t hei r hands di rty and try i t out. L ikeany other technique,howev er, caveatlec tor:

usingatool wi thonly l imi ted understandingofi ts theoretical foundations c anproduceundetected mistak es,
misleading result s,or frus tration.

As a �rst step toward getting fur ther upt os peed on there levant background, Ted Pedersen' s [18]

doctor al dissertationhas a very n icedis cus sionof param eter estimation in Chapter 4, includ ing adeta iled
exposi tionof anEM algorit hm for Na��ve Bayes andhis ownderivation of aNa��v eBay es Gibbs sampler that

high l ights the relationshipto EM. (He work s through sev eral i terations of each algori thm ex pl ici tly, which
in our opinionm eri ts a standingovation.) The ideas introduced inChapter 4ar eappl ied inPeders enand
Bruce [17]; note that the brief desc ription of theG ibbs sam pler t here makes anawful lot mor esenseaft er

you ' veread Pedersen ' s disser tation chapter.
We also recomm end Gregor Heinric h' s [7] \ Parameter estim ation for t ext analysis." Heinrich pr esents

fundamentals of Bay esian inferencest artingwi th a nice discussion of basics l ike maximum l ike lihood es-
tim ation(M LE) and max imum a posteriori (MA P) estimation, al l wi th an eye toward deal ing with text.
(We fol lowed his disc ussionc losely abov ein Section 1.1.) Also, h is is one of thefew papers we' v ebeen

able to �nd that actual ly prov ides ps eudo-c odefor a Gibbs sampler. Heinrich discusses indeta i l Gibbs
sampl ing for thewidely d is cus sed Latent Di richlet Allocat ion(LDA) model , and his correspondingc odeis

at http:// www.arbylon.net/pro jects/ LdaG ibbsSampler.java.
For a text book -styleexposi tion, see Bis hop[2]. The relevant pieces of thebook area l it tle less stand-

alonethan we' d l ike(which mak es sensefor acours eon mac hine learn ing,as opposed to just try ingt odiv e

straight int oas peci�c t op ic ); Chapter 11 (Sampl ingM ethods) is m ost re levant, though youm ay also�nd
yoursel f referring back to Chapter 8(Graphica lM odels).

Thoser eady t odive in tot he top ic of M ar kov Chain Monte Carlo in m ore depth might want to start
with Andr ieuet al . [1]. Weand Andr ieuet al . appear to d i�er somewhat on thesemantics of the word

\introduction," which is one of thereasons the document you' rereadingexists.
Final ly, for people in teres ted in theus eof Gibbs s ampl ingfor structur edm odels inN LP (e.g. parsing),

ther ight p lace tostart is undoubtedly K evin Knight' s ex cel lent \BayesianInferencewi th Tears: A tutorial

work book for natur al languager esearchers" [9], after which you ' l lbeequippedto look at J ohnson, Gri�ths,
andGoldwater [8].27 The leap from the models d iscus sed her etothos ekinds of models actual ly turns out

tobea lot les s scary t hani t appears at �rs t. Them ain thingt oobser ve is that in t he cruc ial sam pl ing
step( equation(14) of Section1.2.3), thedenom inat or is just thenumerator wi thout z ( t)

i
, thevariab le whose

new valueyou' re choos ing. Sowhen you' res ampl ing condi tionald istributions (e.g. Sec tions 2.5.1{2.5.4)
in morec omplex models, thebasic idea wil l bethesame: yousubtract out counts rela ted tothev ariab le

you ' re in terested in based on i ts c urrent v alue, com puteproportions based on therem ain ing counts, t hen

26
A gai n, th er e seem st o b e asm u ch ar t as scien ce in w het h er to u se mu lt i pl e chai ns, how m any, and h ow t o co m bi ne t hem t o

get a sin gl e out pu t . Ch r is D yer ( pe rso nal com m un ica t ion ) r epor t s t hat i t is n ot unco m m on si m pl y t o conc at enat e t he ch ai ns

to get her af t er r em ovi ng t h eb ur n- i n i t er at io ns.
27

A s an asi de, our t r avel s t hr ou gh t he l i t er at ur e i n w ri t i ng t hi s do cum ent l ed t o an i nt er est i ng e ar ly u se of Gi bb s sam pl in g
wi t h C FG s: G r at e et al . [ 6] . Joh nson et al . had not com e acr oss t h is w hen t h ey w ro t et h ei r sem i na l pa per i nt r odu cin g G ib bs

sa m pl in g f or PC F G st o th e N LP com m un it y ( a nd i n f act a sear ch on scho la r .go ogl e.c om t ur ned up n o ci ta t io ns in t he N LP

li t er at ur e) . M ar k Jo hnson ( per son al co m m uni cat i on) o bser ves t ha t t h e \ l ocal m ove" G i bb s sam pl er G r at e et al . descr i be i s

sp eci al ized to a par t i cul ar PC F G, and it ' s not cl ear how t o gener a li ze it t o ar b it r ar y P C FG s.
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pick probabi l is tic al ly based on theresul t, and�nal ly addcounts back in acc ord ingto theprobabi l is tic c hoic e

you just made.
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