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Abstract

We derive a expression for the probability generating function of the distribution�free Freund�

Ansari�Bradley scale statistic� From this generating function we show how to systematically

compute the exact null distribution and the moments of the statistic within the computer

algebra system Mathematica� Finally� we give a table with critical values which extends the

existing tables�
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� Introduction

In this article we derive a expression for the probability generating function of the distribution�free
Freund�Ansari�Bradley statistic� which is abbreviated as the FAB statistic� Statistically equivalent
versions of this statistic were introduced by Freund and Ansari ����	
 and Ansari and Bradley
�����
� We implemented this generating function in the computer algebra system Mathematica
for computing the distribution of the test statistic very quickly� We also show how to use the
generating function for computing �higher
 moments of the test statistic� In the 
rst appendix we
present the Mathematica code for expanding the generating function� in the second appendix we
give a table with critical values for the balanced cases which extends the existing tables from N �
�� to N � ��� For general details about the FAB statistic we refer to Gibbons and Chakraborti
�����
�

Several methods have been developed for computing the null distribution of the FAB statistic�
Ansari and Bradley �����
 and Kannemann �����
 derive recurrence relations based on a two�
dimensional generating function of Euler ��	��� transl� ����
� Other methods are general methods
for computing null distributions of linear two�sample rank tests and hence do not use the speci
c
characteristics of the FAB statistic� Examples of these methods include the Pagano and Tritchler
�����
 approach based on characteristic functions and fast Fourier transforms and the network
algorithm developed by Mehta et al� ����	
� For a short description of these methods we refer to
Good �����
� We give an alternative method based on the two�dimensional generating function
in Van de Wiel �����
� This last method is fast and� although not trivial� very intuitive� We use
exact expressions and do not deal with rounding errors as some recursive methods do�

� The Freund�Ansari�Bradley test

Let �X�� � � � � Xm
 and �Y�� � � � � Yn
 be independent samples from continuous distribution func�
tions� Thus we may and will assume that ties do not occur� We consider the combined sample
�X�� � � � � Xm� Y�� � � � � Yn
� N � m�n� The Freund�Ansari�Bradley test is a two�sample scale test�
The corresponding test statistic is de
ned by�

AN �
NX
���

������� N � �

�

����� Z�� ��
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where Z� � � if the �th order statistic in the combined sample is an X�observation and Z� � �
otherwise� Thus� for this statistic the rank scores are

a��
 �

������ � N � �

�

����� � ��


� � �� � � � � N �

Duran ���	�
 compares the FAB statistic with other scale statistics like the Mood scale statistic�
the Siegel�Tukey statistic and the Klotz statistic �for details about these test statistics� see Gib�
bons and Chakraborti �����

� It turns out that the Siegel�Tukey statistic and FAB statistic are
asymptotically equivalent in terms of �Pitman
 asymptotic relative e�ciency� The Mood statistic
and Klotz statistic are more e�cient when the alternative is normal �or light�tailed
� while the
Siegel�Tukey statistic and FAB statistic are more e�cient for heavy�tailed distributions� The FAB
statistic attains much less values than the Mood and Klotz statistic� This is both a computational
advantage and a potential disadvantage regarding the number of signi
cance levels �for small
sample sizes
�

� The probability generating function

From ��
 we see that for N even the rank scores are of the form i � �
� � i � �� � � � N� � We will 
nd

it to be convenient that the scores are integers and therefore we introduce adjusted FAB scores�

a���
 �

�������
����� � N � �

�

����� �

�
if N is even����� � N � �

�

���� if N is odd�
��


� � �� � � � � N� We de
ne the adjusted FAB test statistic A�N as AN with the FAB scores replaced
by the adjusted FAB scores� The statistic A�N is� of course� statistically equivalent to AN � For N
even� we may split the set of adjusted scores fa���
� � � � � a��N 
g into two sets of Wilcoxon scores
f�� � � � � ��Ng� which is the main idea behind our approach� With the aid of this observation we
found the following theorem for the case N even�

Theorem ��� Under H�� N � m � n even and m � n the probability generating function of the

Freund�Ansari�Bradley statistic is
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Proof� Assume� without loss of generalisation� that m � n� We de
ne Ri as the rank score in the
pooled sample corresponding to Xi� i � �� � � � �m� Similarly� Sj is the rank score corresponding
to Yj � j � �� � � � � n� We know that under H� every con
guration r of R�� � � � � Rm� S�� � � � � Sn is
equiprobable� Let T �a
 be the 
rst half of a con
guration a� We can partition these con
gurations
into classes of con
gurations with i R�s in T �a
� i � m� The class of con
gurations with i R�s
in T �a
 is called Ci� We denote the elements of T �a
 by Ru�� � � �Rui � Sv�� � � � � SvN���i � where
u�� � � � � ui and v�� � � � � vN���i are subsequences of �� � � � �m and �� � � � � n� respectively� We de
ne
the following Wilcoxon statistics�

Wi�N���i �
iX

j��

Ruj and Wm�i�N���m�i �
m�iX
j��

Rui�j �

	



We need to prove the conditional independence of Wi�N���i and Wm�i�N���m�i � given Ci� Let
K��a
 be the class of r�s for which the 
rst half equals the 
rst half of a con
guration a� Similarly�
let K��a
 be the class of r�s for which the second half equals the second half of a� We note that

the event r � a is equivalent to r � K��a
 � r � K��a
� There are
	
N��
i


 	
N��
m�i



con
gurations in

Ci� They are equiprobable under H�� so

Pr�r � ajr � Ci
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Under H� we have�
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Combining ��
 and ��
 we conclude that

Pr�r � K��a
 � r � K��a
jr � Ci
 � Pr�r � ajr � Ci


� Pr�r � K��a
jr � Ci
 Pr�r � K��a
jr � Ci
�
�	


Let r�i be a con
guration of i R�s and N�� � i S�s and let r�i be a con
guration of m � i R�s
and N���m � i S�s� For j � �� ��

Pr�r � Kj�a
jr � Ci
 � fPr�rji � aj
� ��


where aj is the jth �j � �� �
 half of the con
guration a� The symbol Pr denotes the probability

measure on the space with con
gurations of length N � whereas fPr denotes the probability mea�
sure on the space with con
gurations of length N��� The statistics Wi�N���i and Wm�i�N���m�i

are functions of r�i and r�i � respectively� Because of equality ��
 we may regard Wi�N���i and
Wm�i�N���m�i as functions of all r�s for which r � Ci� Since equation �	
 tells us that� given
r � Ci� the events fr � K��a
g and fr � K��a
g are independent� we conclude that Wi�N���i and
Wm�i�N���m�i are also independent� given Ci�

The set of adjusted FAB scores consists of two identical sets of Wilcoxon scores� When i scores of
the 
rst set are assigned to the X�s� we know that m � i scores of the second set are assigned to
the X�s� � � i � m� The sum of the scores assigned to X�s equals A�N and it also equals the sum of
Wi�N���i and Wm�i�N���m�i� Therefore� ��A

�

N � k
 �
Pm

i�� ��Wi�N���i�Wm�i�N���m�i � k
�
Let HZ be a generating function for the number of ways a statistic Z can reach a certain value�
Then�
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where in the last step we used that Wi�N
�
�i and Wm�i�N

�
�m�i are independent� The generating

functionHWa�b can easily be derived from the generating function of the equivalent Mann�Whitney

�



statistic Ma�b� We know that Wa�b � Ma�b�
�
�a�a��
 and from Andrews ���	�� Ch� �
 and David

and Barton ������ pp� �������
 we know that

HMa�b �

�
a� b
a

�
q

�

Therefore�

HWa�b � c�a
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a

�
q

� ���


Substituting ���
 into ��
 with �a� b
 � �i� N� � i
 and �a� b
 � �m � i� N� � m � i
 gives us HA�

N
�

We complete our proof by remarking that for N even� AN � A�N � m
� � �

Theorem ��� Under H�� N � m � n odd and m � n the probability generating function of the

Freund�Ansari�Bradley statistic is
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where

�
r
s

�
q

and c�i
 as in Theorem ����

Proof� The proof is similar to that of Theorem ���� but now we deal with two identical sets of
Wilcoxon scores and one score that is equal to zero� This problem is solved by summing over a
variable j that equals � if zero is assigned to an X�observation and that equals � otherwise� So
for j � � we obtain all possible values of A�N with m scores in the two identical sets and for j � �
we obtain all possible values of A�N with m � � scores in the two identical sets� �

� Moments of the FAB statistic

Formulas ��
 and ���
 tell us that for computing moments of the FAB statistic it su�ces to
compute derivatives of the expression

V �q
 � d�q
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where d�q
 is a 
nite sum of terms of the form c qz� where c and z are rational� If we denote the
kth derivative of f�q
 by f �k��q
 then we see that
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Since d�q
 is a 
nite sum of terms of the form c qz� where c and z are rational� it is straightforward
to compute d�����
 for � arbitrary large� The two other terms in the right hand side of ���
 are
polynomials� so we may take the limit q � � and we 
nd the following expression for the kth
derivative of V �q
 at q � ��
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Di Bucchianico �����
 provides a method for computing expressions of the form

lim
q��

�
r
s

��i�
q

with the aid of the computer algebra package Mathematica� We used his method for computing
moments of the FAB statistic�

�



��� Example

As an illustration we compute the mean for the case N even� In this case k � �� so after expanding
���
 we get
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The same equations hold for s replaced by t� In equation ��
 we see that r � N
� � s � i and

t � m � i� Substituting in ���
 leaves us after some labour
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The last thing we have to do is summing over i and we get the mean �AN for N even�
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which is a special case of the Chu�VanderMonde

formula�� For a complete proof� see �Chu ����� transl� ����
 or Riordan ���	�
� �

��� Example of a higher moment

We give EA

N � the 
fth moment of the FAB statistic for N even� It took �� seconds to compute

this moment on a SunSparc ���
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�Sketch of the proof	 de
ne a generating function with coe�cients equal to the left�hand side of the equality

and with summing variable m� Then use the convolution theorem to split the sum into a product of two sums�

Finally� use the binomial theorem to obtain the desired result�
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	 Computer algebra

This section contains the text of the Mathematica package we used for computing the distribution
of the FAB statistic by using Theorems ��� and ���� We also give a small example�

FABevengf�N��m���� Expand�Simplify��	Binomial�N�m�
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Note that the cases i � � and i � m�j are split o�� because we have to tell Mathematica explicitly

that

�
r
�

�
q

� ��

The contribution of these cases to the sum is equal� The Mathematica functions Expand and
Simplify are used to compute the full polynomial which represents the distribution of the FAB
statistic� The following example gives the distribution of the FAB statistic for m � n � ��

FABevengf�����
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 Table of critical values

With the aid of Theorems ��� and ��� we were able to extend the existing tables of critical values�
Ansari and Bradley �����
 give critical values for N � ��� We give tables for n � m�N � ��� For
practical reasons we did not print the unbalanced cases� Anyone interested in critical values for
an unbalanced case may contact the author�
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Table �� Left and right critical values for the Freund�Ansari�Bradley test� n � m�

��



References

Andrews� G�E� �����
� The theory of partitions� Encyclopedia of mathematics and its applications

�Addison�Wesley� Reading� �nd ed�
�

Ansari� A�R� and R�A� Bradley �����
� Rank sum tests for dispersion� Ann� Math� Statist� ���
��	�������

Chu Chi�Kie �����
� Manuscript� China� in� J� Needham� Science and Civilization in China �

�Cambridge University Press� Cambridge� ����
�

David� F�N� and D�E� Barton �����
� Combinatorial chance �Charles Gri�n � Co�� London


Di Bucchianico� A� �����
� Combinatorics� computer algebra and the Wilcoxon�Mann�Whitney
test� Tech� Rep� COSOR 	
��� �Eindhoven University of Technology� Eindhoven
�

Duran� B�S� ���	�
� A survey of nonparametric tests for scale� Comm� Statist��Theory Methods

A	� ���	������

Euler� L� ��	��
� Introductio in analysin in
nitorum� in� Introduction to analysis of the in�nite

�Springer� New York� ����
�

Freund� J�E� and A�R� Ansari ����	
� Two�way rank sum tests for variance� Virginia Polytechnic

Institute Technical Report to O
ce of Ordnance Research and National Science Foundation ���

Gibbons� J�D� and S� Chakraborti �����
� Nonparametric statistical inference �Marcel Dekker�
New York� �rd ed�
�

Good� P�I� �����
� Permutation tests� a practical guide to resampling methods for testing hypothe�

ses �Springer�Verlag� New York
�

Kannemann� K� �����
� A unifying� analytic model for certain linear rank tests II� Exact distri�
bution algorithms� Biometrical J� �	� 	���	���

Mehta� C�R�� N�R� Patel and L�J� Wei ����	
� Constructing exact signi
cance tests with restricted
randomization rules� Biometrika �	��
� ��������

Pagano� M� and D� Tritchler �����
� On obtaining permutation distributions in polynomial time�
J� Amer� Statist� Assoc� ��� ��������

Riordan� J� ���	�
� Combinatorial identities �Wiley� ��	�� �nd ed�
�

van de Wiel� M�A� �����
� Exact distributions of nonparametric statistics using computer algebra�
Master�s thesis� �Eindhoven University of Technology� Eindhoven
�

��


